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ABSTRACT
Relevance. The worldwide spread of a new infection SARS-CoV-2 makes rele-
vant the analysis of the socio-economic factors that make modern civilization 
vulnerable to previously unknown diseases. In this regard, the development of 
mathematical models describing the spread of pandemics like COVID-19 and the 
identification of socio-economic factors affecting the epidemiological situation 
in regions is an important research task. Research objective. This study seeks to 
develop a mathematical model describing the spread of COVID-19, thus enabling 
the analysis of the main characteristics of the spread of the disease and assessment 
of the impact of various socio-economic factors. Data and methods. The study 
relies on the official statistical data on the pandemic presented on coronavirus sites 
in Russia and other countries, Yandex DataLens dataset service, as well as data 
from the Federal State Statistics Service. The data were analyzed by using a cor-
relation analysis of COVID-19 incidence parameters and socio-economic charac-
teristics of regions; multivariate regression – to determine the parameters of the 
probabilistic mathematical model of the spread of the pandemic proposed by the 
authors; clustering – to group the regions with similar incidence characteristics 
and exclude the regions with abnormal parameters from the analysis. Results. 
A mathematical model of the spread of the COVID-19 pandemic is proposed. 
The parameters of this model are determined on the basis of official statistics on 
morbidity, in particular the frequency (probability) of infections, the reliability 
of the disease detection, the probability density of the disease duration, and its 
average value. Based on the specificity of COVID-19, Russia regions are clustered 
according to disease-related characteristics. For clusters that include regions with 
typical disease-related characteristics, a correlation analysis of the relationship 
between the number of cases and the rate of infection ( with the socio-economic 
characteristics of the region is carried out. The most significant factors associated 
with the parameters of the pandemic are identified. Conclusions. The proposed 
mathematical model of the pandemic and the established correlations between 
the parameters of the epidemiological situation and the socio-economic charac-
teristics of the regions can be used to make informed decisions regarding the key 
risk factors and their impact on the course of the pandemic.
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АННОТАЦИЯ
Актуальность. Распространение по всему миру новой инфекции SARS-
CoV-2 делает актуальным анализ социально-экономических факторов, ко-
торые делают современную цивилизацию уязвимой перед неизвестными 
ранее заболеваниями. В связи с этим разработка математических моделей, 
описывающих распространение пандемий типа COVID-19, и выявление 
социально-экономических факторов, влияющих на эпидемиологическую 
ситуацию в регионах, является важной исследовательской задачей. Цель 
исследования. Это исследование направлено на разработку математиче-
ской модели, описывающей распространение COVID-19, что позволит про-
анализировать основные характеристики распространения заболевания 
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Introduction
The rapid worldwide spread of the new SARS-

CoV-2 infection has raised some important ques-
tions about the socio-economic problems that 
make modern civilization vulnerable to new, pre-
viously unknown diseases. To prevent situations 
like the COVID-19 pandemic in the future, its 
development should be analyzed and its patterns 
should be identified, in particular, to assess the in-
fluence of various socio-economic factors on its 
parameters such as the disease spread rate (num-
ber of cases, growth rate) and its peculiarities (dis-
ease duration and mortality). The results of this 
analysis can be used to build models of disease 
spread and make decisions concerning disease 
prevention.

The problems of modeling of global dis-
ease spread have been discussed for a long time. 
A mathematical model of influenza spread deve-
loped by Rvachev (1971) and the models of non-
linear population waves developed by Svirezhev 
(1987) can serve as an example. The issues of con-
struction of probabilistic epidemics models were 
considered by Whittle (1955), who formulated the 
equations for the distribution of the number of in-
dividuals infected during an epidemic. This dis-
tribution turns from unimodal to bimodal with a 
decrease in the ratio of the intensity of isolation of 
infected individuals to the intensity of infection of 
healthy individuals to some critical value (Bailey, 

1975). In more recent works (Barlow & Weinstein, 
2020), the so-called SIR (Susceptible – Infected – 
Recovered) epidemics models were considered 
and differential equations for the number of in-
fected individuals were formulated. Studies that 
focused on the spread of coronavirus proposed 
extensions of the SIR model by using nonlinear 
differential equations describing the dynamics of 
various groups of participants in the epidemic (e.g. 
Ndairou et al., 2020; Abdo et al., 2020). A  large 
number of works are concerned with the algo-
rithms for epidemic spread prediction, based on 
both probabilistic models (e.g. Zhang et al., 2020) 
and more traditional approaches based on ARI-
MA, where epidemiological indicators are linked 
to a number of social and demographic charac-
teristics of countries affected by the COVID-19 
pandemic (e.g. Chakraborty & Ghosh, 2020). Fi-
nally, some studies apply various theoretical mod-
els for calculation of the reproduction index – the 
expected number of secondary cases caused in a 
fully susceptible population by a typical infected 
person (Driessche & Watmough, 2020; Ndairou et 
al., 2020).

Nevertheless, many factors relevant to de-
cision-making in a pandemic, influencing the 
spread of the disease and leading to differences 
in the way the pandemic progressed in different 
regions remain undetected. In these conditions, 
to borrow other’s countries socio-economic strat-

и оценить влияние различных социально-экономических факторов. Дан-
ные и методы. В основе исследования лежат официальные статистические 
данные о пандемии, представленные на российских и зарубежных сайтах, 
сервисе данных Yandex DataLens, а также сайте Росстата. Данные были про-
анализированы с помощью корреляционного анализа параметров заболе-
ваемости COVID-19 и социально-экономических характеристик регионов; 
многомерная регрессия была использована для определения параметров 
вероятностной математической модели распространения пандемии, пред-
ложенной авторами; кластеризация позволила сгруппировать регионы со 
схожими характеристиками заболеваемости и исключить из анализа регио-
ны с аномальными параметрами. Результаты. Предложена математическая 
модель распространения пандемии COVID-19. Параметры этой модели 
определяются на основе официальной статистики заболеваемости, в част-
ности частоты (вероятности) инфекций, надежности выявления болезни, 
плотности вероятности продолжительности болезни и ее среднего значе-
ния. Исходя из специфики COVID-19, регионы России сгруппированы по 
характеристикам, связанным с заболеванием. Для кластеров, которые вклю-
чают регионы с типичными характеристиками, связанными с заболеванием, 
проводится корреляционный анализ взаимосвязи между количеством слу-
чаев и уровнем инфицирования (Rt) с социально-экономическими харак-
теристиками региона. Выявлены наиболее значимые факторы, связанные 
с параметрами пандемии. Выводы. Предложенная математическая модель 
пандемии и установленные корреляции между параметрами эпидемиологи-
ческой ситуации и социально-экономическими характеристиками регионов 
могут быть использованы для принятия обоснованных решений относи-
тельно ключевых факторов риска и их влияния на течение пандемии.
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egies is not the optimal way as it can result in neg-
ative consequences for the country’s people and 
economy. 

To address the above research gap, this study 
intends to meet the following objectives:

– to compare the statistical data on the prog-
ress of the COVID-19 pandemic in Russian re-
gions;

– to identify socio-economic factors that de-
termined the main characteristics of the disease 
spread;

– to construct a probabilistic mathematical 
model describing the progress of the pandemic 
that would enable us to forecast the course of pan-
demic and assess the reliability of such forecasts.

The study relies on the materials retrieved 
from the Yandex DataLens1 service, the official 
website on coronavirus in the Russian Federation2 
as well as the Rosstat data for Russian regions 
(2018)3.

1. Theoretical foundations  
of the analysis of the COVID-19 pandemic

As already noted in the literature described 
above, a large number of problems in a variety of 
fields can be reduced to random-walk processes 
of the subjects under study along the nodes of a 
directed graph. Moreover, each node corresponds 
to a particular group (cluster) in which the sub-
jects under study are united in accordance with 
their inherent characteristics. This can be, for ex-
ample, customers choosing the products of one 
of the competing manufacturers (Sinitsyn et al., 
2011), vehicles moving along city streets between 
the intersections where they congregate (Tol-
machev et al., 2019), and even students belonging 
to different performance groups in massive open 
online courses.

In the model of the COVID-19 pandemic 
considered herein, the population is grouped by 
health status as follows:

I – infected individuals in whom the disease 
has not been identified: those who are ill without 
clinical symptoms, who did not apply to medical 
institutions or were mistakenly diagnosed with 
the absence of the disease;

H – healthy and susceptible to disease indi-
viduals;

1 https://datalens.yandex.ru (date of access: August 10, 
2020)

2 https://стопкоронавирус.рф (date of access: August 10, 
2020)

3 Regions of Russia. Socio-Economic Indicators (2018). 
P32. Rosstat. Moscow, 1162.

A – detected active cases of the disease;
R – recovered;
D – deaths;
U – disease-resistant (disease-resistant indi-

viduals: the cases of infected persons who were 
undetected and then recovered as well as vacci-
nated persons).

Hereinafter, the size of each group will be de-
noted by letter N with the corresponding index 
NI…NU. The relative share of each group in the 
population of region N will be denoted as n with 
an index denoting the group: nI…nU. 

NI + NH + … + NU = N
or 

nI + nH + … + nU = 1	  (1)
The graph corresponding to the model used 

herein is shown in Figure 1.
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PRR
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Figure 1. The graph of possible transitions between 
groups of participants in the epidemic.  

The indicators on the arrows are transition  
probabilities

The following assumptions arising from 
the information about the course of the coro-
navirus-induced disease contained on the sites 
on coronavirus in the Russian Federation4 and 
other countries5 were made when constructing 
the graph:

1. The recovery is accompanied by persistent 
immunity (the probability of re-infection is for-
mally taken into account by the probability of PUH, 
hereinafter the authors will assume PUH = 0).

4 https://стопкоронавирус.рф (date of access: August 10, 
2020)

5 https://www.worldometers.info/coronavirus/ (date of 
access: August 10, 2020)
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2. All the recovered persons recover com-
pletely, that is, there is no return of those who 
have recovered to the group of active cases (treat-
ment is not completed or the conclusion about the 
recovery is wrong).

3. Long-term consequences leading to death 
after a fixed recovery (transitions between groups 
R and D) are not taken into account6.

4. There are no vaccinations, that is, transi-
tions from the H group directly to the U group are 
impossible.

If necessary, the above restrictions can be re-
moved and the model can be expanded, but this 
will lead to computational complexity.

The transitions shown in Figure 1 can be de-
scribed by using a 6 × 6 matrix T̂ , which, taking 
into account the above remarks, has the following 
form:

 
 
 
 
 =  
 
 
 
 
 

0 0 0 0
0 0 0 0 0

ˆ 0 0 0 0
0 0 0 0

0 0 0
0 0 0

II HI

HH

IA AA

AR RR

ID AD DD

IU RU UU

I H A R D U
P P I

P H
P P AT

P P R
P P P D
P P P U  

(2)

The columns of matrix (2) contain the proba-
bilities of transitions from the group indicated in 
the top row to the group presented in the right-
most column, which implies that the sum of all 
elements of each column is equal to 1. Such ma-
trices are usually called stochastic (Leskovec et al., 
2020).

Using matrix (2), it is easy to for-
mulate the equation for probability 

≡ ≡


( , ,..., ; ) ( ; )I H UP N N N y P X t P that groups  
I – U at the time unit t will contain NI, NH, …, NU 
individuals. Here = …


{ , , }I UX N N  is the vector 

with components equal to the sizes of the cor-
responding groups. Performing simple calcula-
tions by analogy with the approach described, 
for example, by Feller (1964) when deriving the 
equations for the processes of birth and death, 
one can get the following: 

≠

∂ = − +
∂

+ + … + … − …

{ }

( 1) ( , 1, , 1, ; ).

kk k

k j k k j

P P T N N
t

T N P N N t 	
(3)

6 In reality, such situations may arise, for example, 
due to the exacerbation of chronic diseases provoked by the 
COVID-19 disease, however, there are no reliable statistics on 
such facts.

It is implied that repeated indices are summed.
Obviously, (3) is an analog of the Kolmogo- 

rov equation for the considered model. Using 
(3), various aspects connected with probability 
P(NI, NH, …, NU; t) can be studied; in particular, 
it is possible to determine confidence intervals for 
all projections of morbidity, mortality, and reco- 
very rates as well as to analyze possible epidemic 
scenarios and assess their probabilities. However, 
it is more appropriate to discuss these results in 
a special work concerned with the mathematical 
aspects of the model under consideration. For the 
purposes of further analysis, this paper is restric- 
ted to the derivation on the basis of (3) of the 
equations for the mathematical expectations of 
values nI, nH, …, nU

7. In discrete form8 after a se-
ries of transformations, one can obtain:

+ = −( 1) ( ) ( )H H HI Hn t n t P n t 	 (4a)

+ = − − +( 1) ( ) ( )( ) ( )I I IA I IU I HI Hn t n t P n t P n t P n t 	(4b)

+ = − − +( 1) ( ) ( )( ) ( )A A AD A AR A IA In t n t P n t P n t P n t (4c)

+ = +( 1) ( ) ( )D D AD An t n t P n t 	 (4d)

+ = + +1 ( ) ( ) ( )( )U U RU R IU In t n t P n t P n t 	 (4e)

+ = + −( 1) ( ) ( )  ( )R R AR A RU Rn t n t P n t P n t 	 (4f)
When deriving equations (4), the above-men-

tioned feature of matrix (2) was used (the sum of 
the elements of each column is equal to 1). It was 
additionally assumed that PID = 0. The reason for 
this is that all severe cases ending in death re-
quire medical intervention and are recorded as 
active before death (transition from group I to 
group A). Those who are asymptomatic or mildly 
symptomatic and do not seek medical help and 
accordingly, are unlikely to die may well remain 
undetected. 

Let us make one more well-grounded as-
sumption: let us exclude the probability of delayed 
formation of immunity (thus the subjects from 
group R (recovered) will go to group U (disease 
resistant) immediately after their recovery, with-
out participating in group R for the time required 
for the final formation of immunity). This is con-

7  This approach, with the exception of the number of an-
alyzed participants in the epidemic, is similar to the SIR model 
described above.

8 Equations (4) can be written in differential form similar-
ly to (3). To do this, it is required to transfer nH(t) to the left side 
of the equation and replace, 

∂
+ − →

∂
[ ( 1) ( )] ,H

H H
n

n t n t
t

etc. for all other equations.
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sistent with the fact that PRU = 1, while PRR = 0. It is 
obvious that in this case, group U actually absorbs 
group R, and equations (4e) and (4f) can be re-
placed by one: 

+ = + +( 1) ( ) ( ) ( )U U AR A IU In t n t P n t P n t 	 (4g)
It should also be noted that the selection of 

two different groups of infected people (I) and ac-
tive cases (A) is based on the assumption that not 
all cases of COVID-19 are detected. Therefore, 
the probability of transition between these groups 
is different from 1. The available statistical infor-
mation does not have enough data to determine 
the size of group I. As noted in the monograph by 
Svirezhev (1987), the probability PIA can be repre-
sented as:

α
 
 

= +


.IA
TP P d
N 	

(5)

Here d is the likelihood of an infected person 
self-referring to a doctor per time unit, T is the 
number of tests carried out per time unit to detect 
COVID-199, and finally, Pα is the reliability of dis-
ease detection – the probability of a type I error in 
diagnosis (the disease goes detected).

An attempt can be made to determine param-
eters (5) using equation (4c) and data on the num-
ber of active cases and the number of tests. For ex-
ample, Figure 2 shows the proportion of detected 
COVID-19 cases in the tests performed. 

9 In (5), the number of tests is divided by with the popu-
lation size.

The initial phase of the pandemic is clearly 
visible (until about mid-May 2020). In this phase, 
an exponential increase in the number of cases 
and positive results of tests performed was ob-
served10. Its subsequent stabilization followed by 
a decline to a certain constant value is a characte- 
ristic form of such graphs for most countries. For 
example, Figure 2 shows the graphs for Russia and 
Germany.

Assuming that the concentration of cases de-
termined for the tested groups can be extended 
to the entire population of Russia, a simple calcu-
lation shows that the number of infected people 
in the country should be about 4.25 million peo-
ple, which significantly exceeds the official data of 
about 860 thousand people. However, formula (5) 
assumes the use of a random sample of represen-
tatives of the population for testing. In practice, 
in Russia and in the world, mainly representatives 
of risk groups are tested (those who have been in 
contact with patients, who have arrived from di- 
sadvantaged regions with signs of SARS, tourists, 
medical workers, etc.), among whom the concen-
tration of cases is naturally higher. This situation 
with testing explains the above discrepancy and 
suggests that to estimate the total number of in-
fected people in the country, separate studies of 
the representative samples of the entire popula-
tion are required.

10 A closer analysis shows that the rate of exponential 
growth in the number of cases during this period is mainly due 
to the exponential increase in the number of tests performed.
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Figure 2. The proportion of detected COVID-19 diseases in the tests performed as of August 5, 2020  
and the number of cases

Source: the authors’ calculations based on the dataset from Yandex DataLens service https://datalens.yandex.ru
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Figure 3 shows the graph of the probability 
density distribution of the proportion of cases in 
tests performed across the countries of the world, 
which shows a large spread of values. The median 
value for the countries of the world is 3.13%, the 
average value is 4.84%. 
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Figure 3. Probability density of distribution 
of the proportion of SARS-CoV-2  

cases by country
Source: the authors’ calculations based on the dataset 

from Yandex DataLens service https://datalens.yandex.ru

Figure 4 shows the number of tests performed 
in Russia every day. Periodic fluctuations in Figure 
4 reflect the activity of testing by days of the week, 
apparently related to the established COVID-19 
testing procedures. Figure 4 shows that since May 
30, the ratio T/N has stabilized at the average level 
of 0.194%, while the median value has remained 
practically the same – 0.198%. 
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T
N  – in (5). 

Source: the authors’ calculations based on the dataset 
from Yandex DataLens service https://datalens.yandex.ru

To eliminate problems with the analysis of 
equations (4) in terms of the above-mentioned 
uncertainty of data on the number of infected 
individuals, various simplifying assumptions can 
be used:

1. The country’s health care system detects all 
cases of the disease (more precisely, the propor-
tion of those undiagnosed is negligible). In this 
case, group I is actually eliminated.

2. The ratio of the number of infected indi-
viduals and detected cases is approximately con-
stant. For example, for Russia, according to the 
estimates above, the number of detected infected 
individuals is approximately 20–24% of the total 
number of infected people.

In what follows, we will focus on the second 
assumption. To accurately determine the ratio be-
tween the infected and detected active cases, it is 
required to solve equations (4), having previously 
determined the parameters by using, for example, 
regression models, analysis of medical statistics, 
etc. Relevant examples will be discussed below. 

One more remark should be made. Following 
the works [5–9] cited above, a local temporal con-
nection between all variables in equations (4) was 
assumed. In reality, this is not the case. For exam-
ple, at time t, the individuals who were infected 
a certain number of days ago recover. Similarly, 
due to the long incubation period, at time t, the 
individuals who were infected up to 14 days ago 
are detected11. Thus, equations (4) are retarded 
equations. The current size of the groups under 
consideration depends on their past size. To take 
this into account in equations (4), the following 
substitutions should be made12:

 τ
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n
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(7d)

11 https://www.worldometers.info/coronavirus/ (date of 
access: August 10, 2020)

12 For the discrete form of equations, the integration should 
be replaced by summation. The authors have kept the integral 
notation for the reasons of compactness. Thus, in their original 
form, Eqs. (4) are integro-differential retarded equations.
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Here functions fIA(t – τ), …, fIU(t – τ)specify 
(in the order of the equations): the density of the 
probability distribution of the incubation peri-
od (7a), the time from disease detection to death 
(7b), to recovery (7c) and (7d). The latter two will 
be determined by using the available statistics in 
section 3.2 below.

The probability distribution of the incubation 
period can be estimated by using the website data 
on the spread of coronavirus in the world13. Thus, 
it can be assumed, that function fIA(t – τ) has the 
form shown in Figure 5 (obviously, the function 
must also include multiplier PIA ≤ 1, taking into 
account that some infected persons remain unde-
tected). 
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Figure 5. Probability of infection depending on 
the time elapsed from the moment of infection 

(incubation period). The function is shown without 
a constant multiplier for all points of PIA (5)

Source: the authors’ calculations based on the dataset from 
Yandex DataLens service https://datalens.yandex.ru

Let us consider the process of transition of 
healthy individuals to the group of infected ones, 
which is the most important in the light of the 
pandemic. At the same time, further fate of the 
infected will not be considered (that is, transitions 
I → U are not analyzed). Then, from 4 (a) and (4b), 
one can find: 
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(8b)

The latter terms in (8) appeared due to the de-
coding of probability PHI (4a, b). In this case, an 
urn sampling scheme of two with returns is used 
as a model of contacts. The choice is made among 

13 https://www.worldometers.info/coronavirus/ (date of 
access: August 10, 2020)

all the undetected infected and healthy and sus-
ceptible to disease individuals; f is the average fre-
quency of contacts in the population, multiplied 
by the probability of infection by contact14. Thus, 
the presented formula assumes that an individual 
can become infected with a probability propor-
tional to the fraction of the infected among all in-
dividuals with whom the said individual came in 
contact (Svirezhev, 1987).

We can attempt to determine the parameters 
(8b) on the basis of statistical data on COVID-19 
cases. For this purpose, it should be taken into ac-
count that, despite the large absolute number of 
cases, their share in the population is small: 

≈ << 1,I
I

H

n
n

n

where (8) has the form:
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(9b)

The above-mentioned multiplier PIA (5) is 
clearly distinguished in formula (9b). Taking into 
account the above assumption that the ratio of the 
number of infected individuals and detected cases 
is constant, the construction of a regression mod-
el can be simplified. Namely, the statistical data on 
the number of detected cases provided by Yandex 
DataLens15 were used instead of the unavailable 
data on the number of the infected. The results are 
summarized in Table 1.

Table 1
Parameters of equation (9b) according 

to regression data

No. Parameter Value
Significance level of rejec-
tion of the null hypothesis 
according to t-statistics, %

1 Pαd 0.12 9.1

2 αP
N 4.45 · 10–9 5.5 · 10–102

3 f 0.14 5.5 · 10–112

Source: the authors’ calculations based on the dataset 
from Yandex DataLens service https://datalens.yandex.ru.

14 f can be decomposed by different social groups, regions, 
dates (for example, the frequency of contacts obviously in-
creases on holidays), just as the frequency of contacts between 
teaching staff of schools and universities, doctors is higher than 
the average for the population due to the specifics of their work. 
However, this task is quite complex and requires special socio-
logical and virological research.

15 https://datalens.yandex.ru (date of access: August 10, 2020)
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Using the data on the population of the Rus-
sian Federation16 and parameters from Table 1, Pα 
(reliability of disease detection – second line) can 
be determined: Pα = 65.3%. Then, from the first 
line, the proportion of individuals with the com-
pleted incubation period who independently con-
sult doctors every day can be found: d = 18.4%. 
Finally, f = 0.14. The comparison of the data 
calculated by model (9b) with the actual data is 
shown in Figure 6.

Finally, using equations (4)–(9), some of the 
usual characteristics of the epidemic can be ex-
pressed. 

The spreading coefficient Rt:
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(10)

The condition Rt < 1, which is mandatory to 
remove the quarantine’s restrictions, is reduced to 
the following equation:

≤ λ ⋅ − τ ⋅ τ ⋅ τ∫
0

( ) ( ) ( ) ,
t

I IA In t f t n d
	

(11)

where:

16 https://rosstat.gov.ru/ (date of access: August 10, 2020)

α
 
 

+
λ =


.

TP d
N

f 	
(11b)

The equal sign in (11) corresponds to a pla-
teau – a growth termination of the number of the 
infected. Using the mean value theorem standard 
for estimation of the value of the integral in (11) 
(Fikhtenholts, 1970), one can find:

λ ≥ ≤
( )

1.
[ ( )]

i

T I

n t
SMA n t 	

(12a)

Here SMAT[nI(t)] is the simple moving aver-
age with a period equal to the incubation period. 
In accordance with (12a), the sufficient condition 
for reaching a plateau has the following form:

α
 +  

≥ 1.

TP d
N

f 	
(12b)

The meaning of this condition is obvious, in 
a time unit (e.g. a day) the number of infected 
people identified and isolated should exceed the 
number of newly infected. We use the data from 
Table 1 and take into account that the most con-
trollable parameter in (12b) is the number of tests 
carried out per time unit. It can be shown that to 
reach a plateau and subsequent transition to a de-
cline in incidence, at least 4.6 million tests must 
be performed daily (provided that all other factors 
remain the same). Of course, the current testing 
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Figure 6. Comparison of the actual data on the identified infected persons and model (9b) 
with the parameters of Table 1. The coefficient of determination is 0.99

Source: the authors’ calculations based on the dataset from Yandex DataLens service https://datalens.yandex.ru
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figures for the Russian Federation are much more 
modest. Given the cost of testing, the alterna-
tive is obvious – the transformation in the right 
direction of all the factors listed in the previous 
paragraph, including reduction in the number of 
contacts (social distancing) and the probability 
of infection upon contact (mask and glove mode, 
disinfection).

The exact solution to equations (4)–(9) is a 
rather complicated problem, which will not be 
considered in this work. However, as the above 
assessments show, even without such a solution, 
one can obtain useful information for analyzing 
the development of the COVID-19 pandemic in 
Russian regions.

In the following sections, we are going to dis-
cuss the dependence of the parameters of models 
(9b) and (4), determining the main characteristics 
of the pandemic on socio-economic parameters 
and characterizing Russian regions. 

2. Methods of analysis
The following methods were used to analyze 

the entire set of collected data on the COVID-19 
pandemic and the socio-economic situation in 
Russian regions.

We apply such methods of statistical analysis 
as correlation analysis of parameters character-
izing morbidity and factors describing the so-
cio-economic state of the regions and multivariate 
regression.

Correlation analysis was used to determine 
the degree of influence of regions’ socio-econom-
ic characteristics on the epidemiological situation 
in these regions.

By using a multivariate regression, we were 
able to determine the parameters of the mathe-
matical epidemic spread model proposed in Sec-
tion 1 based on the comparison of the number of 
cases predicted by the model and the actual num-
ber of cases registered in Russia.

We also applied the following methods of 
data mining (Barsegyan et al., 2007; Leskovec et 
al., 2020):

– clustering by using self-organizing Kohonen 
maps (Debock, & Kohonen, 2001), which led us 
to divide all Russian regions into clusters – groups 
with similar characteristics of the incidence of 
COVID-19;

– hierarchical clustering (Zhambu, 1988), 
which enabled us to separate the “abnormal” 
clusters that differ significantly from the others 
in terms of morbidity characteristics and exclude 

them from the sample for subsequent regression 
and correlation analysis.

The data from the website on coronavirus in 
the Russian Federation17, the service with Yandex 
DataLens18 datasets as well as the data from Ross-
tat for Russian regions (2018) were used for the 
analysis.

3. Results of the analysis of factors 
affecting the incidence of COVID 
in Russian regions

This section provides a comparative analysis 
of Russian regions in terms of the incidence of 
COVID-19 and socio-economic factors, which, 
in accordance with the theoretical concepts de-
scribed in Section 2, can affect the characteristics 
of the padndemic.

3.1. Characteristics of the COVID-19 epidemic 
in Russian regions 

The selection of adequate characteristics of 
the analyzed objects is a prerequisite for success-
ful application of data mining methods. In the 
future, in addition to the obvious characteristics 
such as the infection rate (number of cases per 
1,000 people) and the mortality rate (proportion 
of deaths among those infected), we are going to 
use the following indicators:

– as the growth rate of the infected (the popu-
lar parameter Rt) see (10);

– the growth rate of the recovered 
+

=
( 1)

( ) ,
( )

R
R

R

N t
i t

N t
defined by equation (4f);

– the growth rate of lethal outcomes
+

=
( 1)

( ) ,
( )

D
D

D

N t
i t

N t
defined by equation (4d);

– the time from the moment the infected per-
son is identified until the moment of his or her 
recovery or death.

Let us now consider these characteristics 
in more detail. 

3.1.1. General characteristics of COVID-19  
pandemic in Russian regions

Figure 7 shows the distribution of the mortal-
ity rate by Russian regions. For comparison, the 

17 https://стопкоронавирус.рф (date of access: August 
10, 2020)

18 https://datalens.yandex.ru (date of access: August 10, 2020)
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figure shows a normal distribution with the same 
mean and standard deviation.

As can be seen, the distribution of the lethal-
ity level differs significantly from the normal one 
(this is also confirmed by the corresponding check 
using the Pearson, Kolmogorov-Smirnov criteria 
(Ivchenko, & Medvedev, 2014)).
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Figure 7. Distribution of the mortality rate 
by Russian regions 

Source: the authors’ calculations based on the dataset 
from Yandex DataLens service https://datalens.yandex.ru

The level of infection is shown in Figure 8. 
For comparison, the normal distribution curve is 
shown by the dotted line.
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rate by Russian regions 

Source: the authors’ calculations based on the dataset 
from Yandex DataLens service https://datalens.yandex.ru 

The significant difference between the data 
presented in Figures 7 and 8 from the normal dis-
tribution indicates the presence of certain non-
random factors that distinguish the course of the 
pandemic in various regions. This is evidenced by 
the data on the geometric mean growth indices 
of the number of the infected, the recovered, and 
lethal outcomes since the beginning of the pan-
demic in Russia. The corresponding data as of the 
end of July are presented in Figure 9.
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Figure 9. Growth rates of indices for cases: 
infections – [Rt – 1], recoveries – [iR(t) – 1] 

and lethal outcomes – [iD(t) – 1]
Source: the authors’ calculations based on the dataset 

from Yandex DataLens service https://datalens.yandex.ru 

As can be seen, the spread of indices by re-
gions is also quite noticeable. In this regard, it 
is of interest to analyze the factors affecting the 
rate of development of the pandemic. It can be 
concluded from the theoretical model in Sec-
tion 2 that the presented indices are determined 
not only by the pathogenicity of the virus in a 
particular region but also by the socio-economic 
parameters of the latter, which affect the proba-
bilities of transitions between different groups of 
pandemic participants in equation (9).

3.1.2. Analysis of the time of recovery  
and death of patients in Russia 

In this section we are going to consider 
one more characteristic of the pathogenicity of 
SARS-CoV-2 – the duration of the disease. The 
initial data for the analysis of the time of recove- 
ry or a lethal outcome were obtained from Yan-
dex DataLens19. The period from March 2, 2020 
to July 18, 2020 was analyzed for the regions of 
Russia and from January 22, 2020 to July 17, 2020 
for the world. Data processing was performed by 
using the scripts developed by the authors in the 
Python language in the Anaconda data analysis 
package.

According to the data mining standard 
CRISP-DM (Chapman et al., 2000), the obtained 
initial data required processing and prepara-
tion for analysis. Therefore, first, the countries 
in which there were no records of the recovered 

19 https://datalens.yandex.ru (date of access: August 10, 2020)
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people20 or the presented values differed signifi-
cantly from the values for most countries21 were 
excluded from the data sample. Such distortions 
of statistics lead to an abnormally high mortality 
rate. We excluded regions and countries where the 
mortality rate exceeded 50% from the sample for 
analyzing the duration of the disease. Moreover, 
subjects with an unrepresentative number (less 
than 2,000) of closed cases – recoveries and lethal 
outcomes – were also excluded from the sample. 
Finally, the erroneous initial data were corrected, 
for example, the negative values of the numbers of 
new cases, recoveries, and lethal outcomes.

To determine the duration of the disease, the 
FIFO method (First In – First Out) – the first to 
enter the group of active cases is the first to leave 
it – recover or die, was used as the only available 
method according to official statistics. Thus, in 
each sample analyzed, the total number of reco- 
veries and lethal outcomes was equal to the num-
ber of cases.

To determine which of the groups a closed 
case belongs to, the Monte Carlo procedure was 
applied, namely, the closed cases were divided into 
groups “Recovered” or “Dead” with the probabili-
ty equal to the probability of recovery or death by 
the time point in question. The latter probability 
was determined by the ratio of the total number of 

20 For example, in Sweden, the number of cases is 77,281, 
the number of lethal outcomes is 5568, the number of recov-
eries is 0.

21 For example, in the UK, the number of cases is 294,803, 
the number of lethal outcomes is 42,477, the number of recov-
eries is 1312. 

recoveries (lethal outcomes) to the total number 
of the infected (detected). The results obtained in 
the form of the distribution of the disease dura-
tion until recovery or death for Russian regions 
are shown in Figure 10.

For comparison, Figure 11 shows the data for 
the countries included in the sample formed in 
accordance with the above rules.

The presented figures show that the disease 
duration until recovery or death does not differ 
statistically significantly. On the contrary, the data 
on the disease duration for different countries 
and different Russian regions differ significantly. 
In particular, in Russia, the most probable disease 
duration is higher than in other countries (with a 
significantly lower mortality rate). Given the oc-
casional foreign reports of the re-infections with 
COVID-19, there is some reason to believe that 
the existing treatment regimens for such patients 
may allow the completion of treatment prior to 
the patient’s final recovery.

3.2. Clustering of Russian regions by disease 
characteristics

It should be noted that in different Russian 
regions, the disease can be caused by different 
strains of SARS-CoV-222; therefore, before ana-
lyzing the socio-economic factors influencing the 

22 There have been reports in the media about the exis-
tence of various modifications of coronavirus in Russia (for 
example, https://radiokp.ru/obschestvo/skoltekh-nashel-v-ros-
sii-9-shtammov-koronavirusa-kotorykh-net-v-drugikh-stra-
nakh_nid28655_au67au); however, at the time of this writing, 
it was not possible to find any serious scientific papers confirm-
ing this (quite probable) thesis.
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Figure 10. Distribution of disease duration by Russian regions
Source: the authors’ calculations based on the dataset from Yandex DataLens service https://datalens.yandex.ru 
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spread of the disease, it is necessary to group the 
regions where the course of the disease has sim-
ilar medical characteristics, that is, the subjects 
included in the cluster are closer to each other in 
these characteristics than to the subjects of other 
clusters. The mortality rate and the average time 
that elapses from the moment of infection to the 
recovery or death of the infected person were con-
sidered as such characteristics. The clustering of 

Russian regions was carried out by using a self-or-
ganizing neural network (Debock, & Kohonen., 
2001). As a result of data processing by the neu-
ral network23 for all Russian regions included in 
the sample, the subjects were distributed across 
10 clusters presented in Table 2. Table 2 also shows 
the significance levels of the variables for cluster 

23 The Deductor Studio software, academic version 
5.3.0.88, was used for clustering.
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Source: the authors’ calculations based on the dataset from Yandex DataLens service https://datalens.yandex.ru 

Table 2 
Results of the clustering of Russian regions by medical characteristics. The levels of significance 

of the variables for cluster formation are presented
Cluster 
num-

ber

Cluster members Variable significance:
Time until 
recovery, %

Time until 
death, %

Mortality 
rate, %

0 Republic of Dagestan 76.6 95.3 100
1 Novosibirsk Region, Perm Region, the Republic of Ingushetia, Tver Region, 

Tula Region
83.9 85.5 97.9

2 Altai Territory, Belgorod Region, Bryansk Region, Voronezh Region, Zabaikalsky 
Region, Kirov Region, Krasnodar Region, Leningrad Region, Orenburg Region, 
Penza Region, Primorye Territory, Republic of Buryatia, Republic of Mari El, 
Republic of Sakha (Yakutia), the Republic of North Ossetia – Alania, Republic of 
Tatarstan, Republic of Khakassia, Khanty-Mansi Autonomous Area – Yugra

100 100 84.3

3 St. Petersburg 41.5 45.8 100
4 Vladimir Region, Kamchatka Territory, Krasnoyarsk Territory, Nizhny 

Novgorod Region, Smolensk Region
92.1 94.1 79.1

5 Moscow, Moscow Region 99.6 99.4 56.2
6 Karachayevo-Circassian Republic, Kursk Region, Murmansk Region, Komi 

Republic, Republic of Tuva, Ryazan Region, Tambov Region, Ulyanovsk Region, 
Khabarovsk Territory, Chuvash Republic, Yamal-Nenets Autonomous District

99.0 99.9 94.8

7 Arkhangelsk Region, Astrakhan Region, Ivanovo Region, Irkutsk Region, Kab-
ardino-Balkarian Republic, Omsk Region, Oryol Region, Pskov Region, Rostov Re-
gion, Sverdlovsk Region, Stavropol Territory, Tyumen Region, Chelyabinsk Region

12.5 32.9 14.8

8 Volgograd Region, Kaluga Region, Lipetsk Region, Republic of Mordovia, 
Samara Region, Saratov Region, Yaroslavl Region

96.1 75.2 84.0

9 Republic of Bashkortostan 84.3 83.5 66.8
Source: the authors’ calculations based on the dataset from Yandex DataLens service https://datalens.yandex.ru.
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formation (100% is the maximum significance). 
The higher the level of significance of a variable, 
the more likely it is that subjects with similar val-
ues of this variable will fall into the same cluster. 

The clusters presented in Table 2 by the de-
gree of similarity of the variables of the subjects 
included in them can be combined into a hierar-
chical structure shown in Figure 12.
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Figure 12. Hierarchical structure of the clusters 
uniting the subjects of the Russian Federation 
according to the medical characteristics of the 

COVID-19 disease
Source: the authors’ calculations based on the dataset 

from Yandex DataLens service https://datalens.yandex.ru 

The vertical axis represents the conditional 
distance (degree of difference) between the clus-
ters (%). The less the given distance, the less the 
difference between the clusters. It is noteworthy 
that the clusters containing a small number of sub-
jects (0, 3, 5, 9) are quite far from all the others. In 
the next section, when analyzing the dependence 
of the characteristics of the epidemic on the so-
cio-economic factors of the region, we will focus 
on this hierarchy and carry it out only for subjects 
belonging to relatively close clusters.

4. Discussion. Correlation 
and regression analysis 
of socio-economic factors affecting 
the characteristics of the pandemic

As we pointed out at the end of the previous 
section, we will restrict ourselves to a correlation 
analysis of morbidity characteristics only for sub-
jects included in clusters 1, 2, 4, 6, 7, 8. As can 
be concluded from equations (9)–(11), the rate 
of increase in the morbidity Rt is determined by 
the difference between the frequency of infection 
f and the frequency of detection and localization 
of patients: 

α
 ≈ + − +  

1 .t
TR f P d
N 	

(13)

At the same time, the very number of cases 
when the morbidity plateau is reached satisfies the 
equation:

α
 ≈ ⋅ − ⋅ − + ⋅  

0 ) ).((1 ()I I I
Tf n n t P d n t
N 	 (14)

Hence:

α
 − +  

= .I

Tf P d
Nn

f 	
(15)

Thus, the morbidity rate Rt and the number of 
cases are proportional to the same value. 

In accordance with the above, let us con-
sider the factors able to affect parameters (15). 
At the same time, we will present below the re-
sults only in the case of a significant difference 
in the correlation coefficients and morbidity 
characteristics from zero. We will consider the 
correlation coefficients by groups of socio-eco-
nomic factors. At the same time, since the val-
ues of the correlation coefficients are small in 
general and the distributions of the number of 
factors differ significantly from the normal, the 
quadrant correlation coefficient will also be cal-
culated (Amosova et al., 2001). The factors for 
which the values of the standard and quadrant 
correlation coefficients differ significantly (and, 
moreover, have different signs) are discarded. 
All characteristics Xi for the sample of Russian 
regions before correlation analysis are reduced 
to the standard form:

−=
σ


( ) ,

X

X Xx

where X  is the average, and σX is the standard 
sample deviation. The results are presented  
below.

First, the presence of correlations of general 
characteristics of a region, such as square area, 
population, number of municipalities, popu-
lation density, and road density (affecting the 
transport mobility of the population) with the 
characteristics of morbidity, was checked. Sta-
tistically significant correlations are presented in 
Table 3.

Thus, the risk group (high rate of develop-
ment of the epidemic and a large number of ca-
ses) includes regions with a large population and 
a large number of municipalities.
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Table 3 
Statistically significant (with the confidence rate 

of more than 99% and the value greater than 
0.3) correlation coefficients of the characteristics 
of the incidence of COVID-19 with the general 
characteristics of Russian regions, correlation 

coefficient/quadrant correlation coefficient
Characteristics 
of the disease

General characteristics of a region
Number  

of municipalities, 
units

Population size as 
of January 1, 2020, 

people
Number of cases 0.30/0.29 0.61/0.44
Infection rate 0.30/0.24 0.34/0.39

Source: the authors’ calculations based on the dataset 
from Yandex DataLens service https://datalens.yandex.ru.

When analyzing the structure of the popu-
lation, significant (with a confidence level more 
than 99%) correlations were found only for the 

share of the urban and rural population (correla-
tion coefficient is +0.3 for the share of the urban 
population and -0.3 for the rural population, the 
corresponding quadrant correlation coefficient 
is ± 0.27). The analysis confirms the above con-
clusion about the increased risk of disease for 
large settlements. This conclusion is confirmed 
by the analysis of the main economic indicators 
presented in Table 4.

The results of Table 4, in line with the previous 
data, indicate an increased risk of the pandemic 
in industrialized regions with large fixed assets, 
significant gross regional product, and developed 
retail trade. This is natural, since all of the above 
factors imply the concentration of a sufficient-
ly large number of people in a relatively limited 
space (work premises, offices, shopping centers 
and shops), that is, an increase in the number of 

Table 4
Significant (with the confidence rate of more than 99% and the value greater than the specified value) 
correlation coefficients of the characteristics of the incidence of COVID-19 with the main economic 

indicators of a Russian region, correlation coefficient/quadrant correlation coefficient
Characteristics of the disease

Number of cases (with the 
value greater than 0.5)

Infection rate (with the 
value greater than 0.3)

Average annual number of employed, ths people 0.64/0.44 0.34/0.34
Gross regional product in 2017, mln rbs 0.64/ 0.39 0.36/0.34
Fixed assets in the economy (at full reported value; as of the end 
of the year), mln rbs

0.53/0.29 0.31/0.24

Volume of shipped domestic goods, works and services performed 
independently by types of economic activities*, mln rbs

0.6575/0.47 0.32/0.27

Retail turnover, mln rbs 0.63/0.49 0.31/0.34
* Average value by type: “Manufacturing”, “Supply of electricity, gas and steam; air conditioning”, “Water supply; wastewater 

disposal, waste collection and disposal, pollution elimination activities”, “Retail trade turnover, mln rubles”.
Source: the authors’ calculations based on the dataset from Yandex DataLens service https://datalens.yandex.ru.

Table 5 
Significant (with the confidence rate of more than 99% and the value greater than the specified value) 

correlation coefficients of the characteristics of the COVID-19 morbidity with other indicators  
of the activities in Russian regions, correlation coefficient/quadrant correlation coefficient

Disease characteristics 
Number of cases (with a 
value greater than 0.5)

Infection rate (with the 
value greater than 0.3)

number of employees of state bodies and local self-government bod-
ies, people

0.64 /0.39 0.39/0.34

Number of unemployed, ths people 0.51/0.16 0.37/0.06(!)
Number of foreign citizens with a work permit, people 0.55/0.29 0.28/0.29
Number of enterprises operating in the field of culture, sports, leisure 
and entertainment, organizations, units

0.55/0.29 0.29/0.14

Number of students in educational programs of primary, basic, and 
secondary general education, ths people

0.58/0.34 0.34/0.29

Passengers travelling by railway, ths people 0.50 /0.39 0.25/0.29
Passengers travelling by public buses, mln people 0.61/0.44 0.29/0.44
Passenger turnover, public buses, mln pass./km 0.52/0.44 0.26/0.34

Source: the authors’ calculations based on the dataset from Yandex DataLens service https://datalens.yandex.ru.

http://doi.org/10.15826/recon.2020.6.3.011
https://datalens.yandex.ru
https://datalens.yandex.ru
https://datalens.yandex.ru


R-ECONOMY, 2020, 6(3), 129–145 doi: 10.15826/recon.2020.6.3.011

143 https://journals.urfu.ru/index.php/r-economy

Online ISSN 2412-0731

contacts – parameter f in (13–15). This feature of 
pandemics like that of COVID-19 indicates the 
significant risks that they can pose for economi- 
cally developed regions. In this regard the risk 
management plan for business entities should be 
revised in order to take into account such threats.

When analyzing the impact of the labor mar-
ket on the COVID-19 morbidity, the following 
significant correlations (with the confidence rate 
of more than 99%) are worth noting:

It is obvious that the factors listed above cover 
the main activities of modern urbanized territo-
ries, the state of the labor market, transport sys-
tems, and education. The lack of any significant 
correlation with the characteristics of health care 
and morbidity unrelated to COVID-19 is note-
worthy. The use of such information makes it pos-
sible to determine all the parameters characteri- 
zing the development of the disease in equations 
(4)–(9) and thereby develop a consistent mathe-
matical model corresponding to the actual data, 
whose the numerical solution will enable us to 
consider various probable scenarios for the deve- 
lopment of the pandemic in Russia. This task will 
be addressed in our future works.

Conclusion
The mathematical model proposed in this 

article allows for a logically consistent descrip-
tion of the development of the COVID-19 pan-
demic in Russia. It is noteworthy that the model 
relies on the data that can be obtained by using 
the national morbidity rate system and does not 
require the analysis of individual case histories, 
the data which are much more difficult to ob-
tain. At the same time, an additional result was 
a check of the completeness and reliability of 
statistical data. Thus, when calculating the dis-
tribution of disease durations in the regions, the 
correspondence of the daily flows of the infected 
and the closed cases was checked. While in Rus-
sia only the isolated cases of inconsistency were 
observed, then the analysis of the data around 

the world revealed quite a number of countries 
giving reasons to doubt the adequacy of the sta-
tistical recording of morbidity. It should be no-
ted that the need and importance of organizing 
an adequate and operational statistical accoun- 
ting system necessary for making management 
decisions during pandemics like COVID-19 can 
be considered as one of its lessons.

Due to the relevance of this issue, we decided 
not to present in detail the results and conclusions 
obtained in this article, leaving them for indivi- 
dual research.

The correlation analysis of the influence of 
socio-economic factors on the development 
of the disease indicates that COVID-19 and  
other similar pandemics are a serious challenge 
for modern civilization. Like the development 
of a virus in the cells of an organism that uses 
the normal processes to function, the pandemic 
develops by using the socio-economic process-
es that have developed and are necessary for a 
civilized society. In this regard, a kind of “vac-
cination” of socio-economic systems is required 
to reduce the rate of infection, the number of 
cases, or both indicators at the same time. This 
refers to the rational organization of transport 
services, cultural events, jobs, educational pro-
cesses, and the entire socio-economic structure 
of the region. Certain experience in connection 
with quarantine measures has already been ac-
cumulated. However, to ensure the resilience of 
socio-economic systems to such diseases, evi-
dence-based measures are needed that have a se-
lective effect on the key risk factors for the deve- 
lopment of the pandemic and take into account 
their long-term consequences. It could be rec-
ommended to analyze the developed strategies 
for the socio-economic development of the re-
gions for the period up to 2035 from this point of 
view and make the necessary adjustments. Such 
activities and adjustments to strategies should be 
based on models such as those outlined in this 
paper.
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