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Abstract. We investigate an ill-posed Cauchy problem for a linear functional-

di¤erential equation of retarded type on the negative half-line. Using a step-by-step

procedure this problem is replaced by an inverse problem for an operator equation of

the first kind in a functional space. The Tikhonov’s method is then used for finding

solutions. We also construct special boundary value problems for the functional-

di¤erential equations. Solutions of these boundary value problems determine regu-

larized solutions of the ill-posed Cauchy problem by the step-by-step procedure.
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1. Introduction

Let us consider the linear functional-di¤erential equation of retarded type

dxðtÞ
dt

¼
ð0
�r

½dshðt; sÞ�xðtþ sÞ; t A ð�y; 0�;ð1:1Þ

where x : ð�y; 0� ! Rn. We suppose that the following conditions are valid

(H1) hð�; sÞ is a Lebesgue locally integrable function for every fixed

s A ½�r; 0�; in almost every fixed t A ð�y; 0� the function hðt; �Þ has a

bounded variation; Vars A ½�r;0� hðt; sÞ, t A ð�y; 0�, is a Lebesgue locally inte-

grable function.

The Cauchy problem on the positive half-line for a functional-di¤erential

equation is well-studied. There are conditions that provide the continuous

dependence of solutions on the initial functions, i.e. the correctness of the

Cauchy problem [1]. The Cauchy problem on the negative half-line is ill-posed

and is poorly explored. It was investigated in the work [2, 3] in the special

case of a di¤erential equation with one concentrated delay. The method

introduced in [2, 3], however, can be adapted to the functional-di¤erential

equation of retarded type.



When trying to find a solution of the Cauchy problem for system (1.1) on

the negative half-line by the implicit step-by-step procedure, one needs to solve

the equations

Ukþ1xk ¼ xkþ1; ka�1;ð1:2Þ

in a functional space. Here the linear compact operator Ukþ1 acting in the

space Cð½�r; 0�;RnÞ is given by the formula [1]

ðUkþ1xkÞðyÞ ¼ Vkðy;�rÞxkð0Þð1:3Þ

þ
ð�0

�r

ds

ð rþy

0

Vkðy; t� rÞhkðt� r; s� tÞdt
� �

xkðsÞ;

y A ½�r; 0� ðka�1Þ:

Here

hkðt; bÞ ¼ hððk þ 1Þrþ t; bÞ; b A ½�r; 0�;

hkðt; bÞ ¼ hððk þ 1Þrþ t;�rÞ; b < �r;

Vkðy; tÞ ¼ Vððk þ 1Þrþ y; ðk þ 1Þrþ tÞ; y; t A ½�r; 0� ðka�1Þ;

and Vðt; sÞ, tb s� r, is a matrix solution of equation (1.1) with the initial

conditions

Vðt; sÞ ¼ 0; s� ra t < s;

Vðs; sÞ ¼ In; s A ð�y; 0�:

When realizing the step-by-step procedure it is necessary to find the solution

xk ðka�1Þ of equation (1.2) for the fixed function xkþ1. This problem is ill-

posed and for its solution we use the variational method of regularization by

A. N. Tikhonov and the extension of equation (1.2) from the space Cð½�r; 0�;RnÞ
to a separable Hilbert space.

Let us introduce the separable Hilbert space H ¼ L2ð½�r; 0Þ;RnÞ � Rn with

inner product and norm

ðj;cÞ ¼ c>ð0Þjð0Þ þ
ð0
�r

c>ðsÞjðsÞds; kjk ¼ ðj; jÞ1=2:

We suppose that the following conditions are satisfied

vrai sup
t; s A ½0; r�

q

qs

ð t
0

hkðt� r; s� tÞdt
����

����< y; ka�1:ðH2Þ
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In the work [6] it is shown that using by (H2) the representation of operator

(1.3) can be written of the form

ðUkþ1xkÞðyÞ ¼ Vkðy;�rÞxkð0Þð1:4Þ

þ
ð0
�r

q

qs

ð y
�r

Vkðy; tÞhkðt; s� t� rÞdt
� �

xkðsÞds;

y A ½�r; 0� ðka�1Þ;
and this operator allows a continuous extension to H which is a completely

continuous operator.

The variational method was used in the works of A. N. Tikhonov [4] to

find regularized solutions of an integral equation of the first kind in the space of

squared integrable functions L2ð½�r; 0�;RnÞ. It was shown that the regularized

solution of the integral equation was a solution of the special boundary value

problem for an integro-di¤erential equation. A. N. Tikhonov used the smooth

stabilizing functionals which generate a metrization of the sets Wm
2 ð½�r; 0�;RnÞ

that majorizes the metric of the space L2ð½�r; 0�;RnÞ [4, 5].

The operator Ukþ1 ðka�1Þ of equation (1.2) is not integral. By taking into

account the representation of this operator, we change the space L2ð½�r; 0�;RnÞ
on the space H and choose the stabilizing functional of the form

W½x� ¼
Xm�1

j¼0

xð jÞ>ð0ÞQjx
ð jÞð0Þ þ

ð0
�r

Xm
j¼0

xð jÞ>ðsÞPjðsÞxð jÞðsÞds;ð1:5Þ

x A Wm
2 ð½�r; 0�;RnÞ; mb 1;

where the notations xð0ÞðsÞ ¼ xðsÞ, xð jÞðsÞ ¼ d jxðsÞ=ds j, s A ½�r; 0�, jb 1, are

used. We suppose that the following conditions are satisfied

(H3) Qj, 0a jam� 1, and PlðyÞ, y A ½�r; 0�, 0a lam, are symmetric

positive defined matrices, columns of the matrix-functions P0 are elements of

Cð½�r; 0�;RnÞ, columns of the matrix-functions Pl are elements of the space

W l
2ð½�r; 0�;RnÞ, 1a lam.

In the variational method of solving the equation (1.2) for fixed positive

values of the regularization parameter a and for any function xkþ1 A H, we

define the function xk ¼ xka A Wm
2 ð½�r; 0�;RnÞ minimizing the functional

M a½xkþ1; xk� ¼ ðUkþ1xk � xkþ1;Ukþ1xk � xkþ1Þ þ aW½xk� ðka�1Þ:

If there exists the function xka minimizing the smoothing functional then it

is referred to as a regularized solution of equation (1.2). The value of the

regularizing operator of equation (1.2) for the arbitrary function xkþ1 A H is

defined by the formula

Rkþ1ðxkþ1; aÞ ¼ xka ðka�1Þ:
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We define the solution of the ill-posed Cauchy problem for system (1.1)

with the initial function j A H on the negative half-line by the implicit step-by-

step procedure

xk ¼ Rkþ1ðxkþ1; aÞ; ka�1; x0 ¼ j:

This procedure defines the sequence xkð�; j; aÞ, ka�1, which can be used

to find the regularized solutions of system (1.1) on the negative half-line by

the formulas xðkrþ y; j; aÞ ¼ xkðy; j; aÞ, y A ½�r; 0Þ, ka�1, xðy; j; aÞ ¼ jðyÞ,
y A ½�r; 0�.

In the present paper it is shown that the regularized solution xka ðka�1Þ
of equation (1.2) is a component of a solution of a special boundary value

problem for the system of functional-di¤erential equations.

Main Theorem. Let the conditions (H1)–(H3) be satisfied and let

Ker Ukþ1 ¼ f0g ðka�1Þ. Then the solution of the boundary value problem

for the following system of functional-di¤erential equations

a
Xm
j¼0

ð�1Þ j d
j

dy j
ðPjðyÞxð jÞ

k ðyÞÞð1:6Þ

þ d

dy

ð y
�r

ðhkðs; y� s� rÞ � hkðs;�rÞÞ>ð ŵwkðsÞ � ẑzkðsÞÞds ¼ 0;

d ŵwkðyÞ
dy

¼
ð0
y

½dsh>k ðt; y� sÞjt¼s�ŵwkðsÞ � wkðyÞ;ð1:7Þ

dẑzkðyÞ
dy

¼
ð0
y

½dsh>k ðt; y� sÞjt¼s�ẑzkðsÞ � xkþ1ðyÞ;ð1:8Þ

dwkðyÞ
dy

¼
ð0
�r�y

½dshkðy; sÞ�wkðyþ sÞ þ
ð0
y

½dshkðy; s� y� rÞ�xkðsÞ;ð1:9Þ

with the boundary conditions

a Q0xkð0Þ þ
Xm
j¼1

ð�1Þ j�1 d j�1

dy j�1
ðPjðyÞxð jÞ

k ðyÞÞ
����
y¼0

 !
ð1:10Þ

þ ŵwkð�rÞ � ẑzkð�rÞ ¼ 0;

Qlx
ðlÞ
k ð0Þ þ

Xm
j¼lþ1

ð�1Þ j�l�1 d j�l�1

dy j�l�1
ðPjðyÞxð jÞ

k ðyÞÞ
����
y¼0

¼ 0;ð1:11Þ

1a lam� 1; mb 2;
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Xm
j¼lþ1

ð�1Þ j�l�1 d j�l�1

dy j�l�1
ðPjðyÞxð jÞ

k ðyÞÞ
����
y¼�r

¼ 0; 0a lam� 1;ð1:12Þ

ŵwkð0Þ ¼ wkð0Þ; ẑzkð0Þ ¼ xkþ1ð0Þ; wkð�rÞ ¼ xkð0Þ; ðka�1Þ;

exists and is unique. When m ¼ 1, condition (1.11) is absent. The component

xk ¼ xka ðka�1Þ coincides with the solution of the variation problem of

minimization of the smoothing functional M a.

The component wka of the solution of the boundary value problem satisfies

the condition wka ¼ Ukþ1xka ðka�1Þ. Here a is the regularization parameter

and x0 ¼ j A H is a given function.

2. A boundary value problem for an integro-di¤erential equation

Without loss of generality, we solve the minimization problem of the

smoothing functional for k ¼ �1. Let us introduce new notations x�1 ¼ x,

x0 ¼ j, U0 ¼ U . Then the smoothing functional takes the form

M a½j; x� ¼ ðUx� j;Ux� jÞ þ aW½x�; x A Wm
2 ð½�r; 0�;RnÞ;ð2:1Þ

and the operator U is given by the formula

ðUxÞðyÞ ¼ Vðy;�rÞxð0Þ þ
ð0
�r

q

qs

ð y
�r

Vðy; tÞhðt� r; s� t� rÞdt
� �

xðsÞds;

y A ½�r; 0�; j A H:

Lemma 1. Let the conditions (H1)–(H3) hold. Then the function minimiz-

ing the smoothing functional (2.1) exists if and only if there exists a solution of

the integro-di¤erential equation

U �ðUx� jÞðyÞ þ a
Xm
j¼0

ð�1Þ j d
j

dy j
ðPjðyÞxð jÞðyÞÞ ¼ 0; y A ½�r; 0Þ;ð2:2Þ

that can be extended by continuity with its derivatives xð jÞ, 1a ja 2m� 1, to the

interval ½�r; 0� and satisfies the boundary conditions

U �ðUx� jÞð0Þð2:3Þ

þ a Q0xð0Þ þ
Xm
j¼1

ð�1Þ j�1 d j�1

dy j�1
ðPjðyÞxð jÞðyÞÞ

����
y¼0

 !
¼ 0; j A H;

Qlx
ðlÞð0Þ þ

Xm
j¼lþ1

ð�1Þ j�l�1 d j�l�1

dy j�l�1
ðPjðyÞxð jÞðyÞÞ

����
y¼0

¼ 0;

1a lam� 1; mb 2;
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Xm
j¼lþ1

ð�1Þ j�l�1 d j�l�1

dy j�l�1
ðPjðyÞxð jÞðyÞÞ

����
y¼�r

¼ 0; 0a lam� 1:

When m ¼ 1, the second boundary condition is absent. If there exists the solution

x of the boundary value problem (2.2), (2.3), then it belongs to W 2m
2 ð½�r; 0�;RnÞ

and coincides with the function xa minimizing the smoothing functional (2.1).

Proof. By using the equality

ðUx; yÞ ¼ ðx;U �yÞ; x; y A H;

we find a representation of the adjoint operator U � : H ! H. We have

ðU �yÞð0Þ ¼ V>ð0;�rÞyð0Þ þ
ð0
�r

V>ðs;�r; ÞyðsÞds;

ðU �yÞðyÞ ¼ d

dy

ð0
�r

h>ðt; y� t� rÞV>ð0; tÞdt
� �

yð0Þ

þ
ð0
�r

d

dy

ð s
�r

h>ðt; y� t� rÞV>ðs; tÞdt
� �

yðsÞds; y A ½�r; 0Þ:

From the representations of the operators U and U �, it follows that equation

(2.2) is an integro-di¤erential equation.

The function x A Wm
2 ð½�r; 0�;RnÞ minimizes the smoothing functional if and

only if the inequality

M aðxþ ~xx; jÞ ¼ M aðx; jÞ þ 2

 
ðUx� j;U ~xxÞ þ a

Xm�1

j¼0

~xxð jÞ>ð0ÞQjx
ð jÞð0Þ

þ a

ð0
�r

Xm
j¼0

~xxð jÞ>ðsÞPjðsÞxð jÞðsÞds
!

þ ðU ~xx;U ~xxÞ þ aW½~xx�

bM aðx; jÞ

holds for any function ~xx A Wm
2 ð½�r; 0�;RnÞ. The necessary and su‰cient con-

dition for this is the fulfillment of equality

ðU �ðUx� jÞ; ~xxÞ þ a
Xm�1

j¼0

~xxð jÞ>ð0ÞQjx
ð jÞð0Þð2:4Þ

þ a

ð 0
�r

Xm
j¼0

~xxð jÞ>ðsÞPjðsÞxð jÞðsÞds ¼ 0

for any function ~xx A Wm
2 ð½�r; 0�;RnÞ.
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By using the integration by parts formula, we obtain

ð0
�r

~xxð jÞ>ðyÞPjðyÞxð jÞðyÞdyð2:5Þ

¼
ð0
�r

~xxð jÞ>ðyÞ d

dy
ðJPjð�Þxð jÞð�ÞÞðyÞdy

¼ ~xxð jÞ>ð0ÞðJPjð�Þxð jÞð�ÞÞð0Þ �
ð0
�r

~xxð jþ1Þ>ðyÞðJPjð�Þxð jÞð�ÞÞðyÞdy

¼
Xm�1

k¼ j

ð�1Þk�j ~xxðkÞ>ð0ÞðJ kþ1�jPjð�Þxð jÞð�ÞÞð0Þ

þ ð�1Þm�j

ð0
�r

~xxðmÞ>ðyÞðJm�jPjð�Þxð jÞð�ÞÞðyÞdy; 0a jam� 1:

Here the integral operator J is defined by the formula

ðJxÞðyÞ ¼
ð y
�r

xðsÞds; y A ½�r; 0�; x A H:

By using the formulas (2.5), we have

ð 0
�r

Xm
j¼0

~xxð jÞ>ðyÞPjðyÞxð jÞðyÞdy

¼
Xm�1

k¼0

~xxðkÞ>ð0Þ
Xk
j¼0

ð�1Þk�j ~xxðkÞ>ð0ÞðJ kþ1�jPjð�Þxð jÞð�ÞÞð0Þ

þ
ð0
�r

~xxðmÞ>ðyÞ
Xm
j¼0

ð�1Þm�jðJm�jPjð�Þxð jÞð�ÞÞðyÞdy:

Here J 0 ¼ I is the identity operator.

Let us introduce the function cðyÞ ¼ ðU �ðUx� jÞÞðyÞ, y A ½�r; 0�, c A H,

and simplify the formula of the inner product in equality (2.4)

ðc; ~xxÞ ¼ ~xx>ð0Þcð0Þ þ
ð0
�r

~xx>ðyÞcðyÞdy

¼
Xm�1

k¼0

ð�1Þk~xxðkÞ>ð0ÞðJ kþ1cÞð0Þ þ ð�1Þm
ð 0
�r

~xxðmÞ>ðyÞðJmcÞðyÞdy:
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As a result equality (2.4) takes the form

Xm�1

k¼0

~xxðkÞ>ð0Þ
 
ð�1ÞkðJ kþ1cÞð0Þ þ aQk~xx

ðkÞð0Þ

þ a
Xk
j¼0

ð�1Þk�jðJ kþ1�jPjð�Þxð jÞð�ÞÞð0Þ
!

þ
ð0
�r

~xxðmÞ>ðyÞ a
Xm
j¼0

ð�1Þm�jðJm�jPjð�Þxð jÞð�ÞÞðyÞ þ ð�1ÞmðJmcÞðyÞ
 !

dy

þ ~xx>ð0Þcð0Þ ¼ 0:

Since ~xx A Wm
2 ð½�r; 0�;RnÞ is arbitrary and because of the definition of the

function c we obtain

ð�1ÞmðJmU �ðUx� jÞÞðyÞ þ a
Xm
j¼0

ð�1Þm�jðJm�jPjð�Þxð jÞð�ÞÞðyÞ ¼ 0;ð2:6Þ

y A ½�r; 0Þ;

ð�1ÞkðJ kþ1U �ðUx� jÞÞð0Þ þ aQkx
ðkÞð0Þð2:7Þ

þ a
Xk
j¼0

ð�1Þk�jðJ kþ1�jPjð�Þxð jÞð�ÞÞð0Þ ¼ 0; 1a kam� 1;

ðU �ðUx� jÞÞð0Þ þ ðJU �ðUx� jÞÞð0Þ þ aQ0xð0Þ þ aðJP0ð�Þxð�ÞÞð0Þ ¼ 0;ð2:8Þ

from the last equality. When m ¼ 1, equality (2.7) is absent. From (2.6)–(2.8)

it follows that the function x minimizing the smoothing functional belongs to

the space W 2m
2 ð½�r; 0�;RnÞ and satisfies integro-di¤erential equation (2.6) with

the boundary conditions (2.7), (2.8).

If we di¤erentiate m times equality (2.6), we obtain the integro-di¤erential

equation

ð�1ÞmðU �ðUx� jÞÞðyÞ þ a
Xm
j¼0

ð�1Þm�jðJ�jPjð�Þxð jÞð�ÞÞðyÞ ¼ 0; y A ½�r; 0Þ;

with the boundary conditions

Xm
j¼m�k

ð�1Þm�jðJm�j�kPjð�Þxð jÞð�ÞÞð�rÞ ¼ 0; 0a kam� 1:
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Here J�j is the operator of di¤erentiation

ðJ�jyÞðyÞ ¼ d jyðyÞ
dy j

; y A ½�r; 0�; 1a jam; y A Wm
2 ð½�r; 0�;RnÞ:

By taking into account the definition of the function c we conclude that

the integro-di¤erential equation (2.6) is equivalent to the following boundary

value problem of integro-di¤erential equations

U �ðUx� jÞðyÞ þ a
Xm
j¼0

ð�1Þ j d
j

dy j
ðPjðyÞxð jÞðyÞÞ ¼ 0; y A ½�r; 0Þ;

Xm
j¼lþ1

ð�1Þ j�l�1 d j�l�1

dy j�l�1
ðPjðyÞxð jÞðyÞÞ

����
y¼�r

¼ 0; 0a lam� 1:

If we di¤erentiate q times equality (2.6) and suppose that y ¼ 0, we obtain

ð�1ÞmðJm�jcÞð0Þ þ a
Xm
l¼0

ð�1Þm�lðJm�l�jPlð�ÞxðlÞð�ÞÞð0Þ ¼ 0; 0a jam� 1:

By taking into account the last equalities we bring the boundary conditions (2.7)

and (2.8) to the form in the statement of Lemma 1. r

3. Existence and uniqueness of the boundary value problem for

the integro-di¤erential equation

Let us introduce the unbounded operator L : H ! H defined by the

formulas

ðLxÞðyÞ ¼
Xm
j¼0

ð�1Þ j d
j

dy j
ðPjðyÞxð jÞðyÞÞ; y A ½�r; 0Þ;

ðLxÞð0Þ ¼ Q0xð0Þ þ
Xm
j¼1

ð�1Þ j�1 d j�1

dy j�1
ðPjðyÞxð jÞðyÞÞ

����
y¼0

;

with its domain

DðLÞ ¼ fx : x A W 2m
2 ð½�r; 0�;RnÞ; F 1

l ðxÞ ¼ 0; 1a lam� 1; mb 2;

F 2
l ðxÞ ¼ 0; 0a lam� 1g;
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which is dense in the space H. Here

F 1
l ðxÞ ¼ Qlx

ðlÞð0Þ þ
Xm
j¼lþ1

ð�1Þ j�l�1 d j�l�1

dy j�l�1
ðPjðyÞxð jÞðyÞÞ

����
y¼0

;

1a lam� 1; mb 2;

F 2
l ðxÞ ¼

Xm
j¼lþ1

ð�1Þ j�l�1 d j�l�1

dy j�l�1
ðPjðyÞxð jÞðyÞÞ

����
y¼�r

; 0a lam� 1:

When m ¼ 1, we have DðLÞ ¼ fx : x A W 2
2 ð½�r; 0�;RnÞ;F 2

0 ðxÞ ¼ 0g.
By using the definition of the operator L, the boundary value problem for

integro-di¤erential equations can be written in operator form as follows

U �ðUx� jÞðyÞ þ aðLxÞðyÞ ¼ 0; y A ½�r; 0�:ð3:1Þ

Lemma 2. Let conditions (H1)–(H3) hold. Then the unbounded operator

L : DðLÞ ! H is self-adjoint and positive.

Proof. Let us show that the equality

ðLx; yÞ ¼ ðx;LyÞ; x; y A DðLÞ;

holds, by using the definition of the adjoint operator [8]. By taking into

account the definitions of the inner product and the operator L, we obtain

ðLx; yÞ ¼ y>ð0Þ Q0xð0Þ þ
Xm
j¼1

ð�1Þ j�1 d j�1

dy j�1
ðPjðyÞxð jÞðyÞÞ

����
y¼0

 !

þ
ð0
�r

y>ðyÞ
Xm
j¼0

ð�1Þ j d
j

dy j
ðPjðyÞxð jÞðyÞÞdy:

By using the integration by parts formula, we have

ð0
�r

y>ðyÞ d j

dy j
ðPjðyÞxð jÞðyÞÞdy

¼
Xj

l¼1

ð�1Þ l�1
yðl�1Þ>ðyÞ d j�l

dy j�l
ðPjðyÞxð jÞðyÞÞ

����
0

�r

þ ð�1Þ j
ð0
�r

yð jÞ>ðyÞPjðyÞxð jÞðyÞdy; 1a jam:
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This equality gives us

ð0
�r

y>ðyÞ
Xm
j¼0

ð�1Þ j d
j

dy j
ðPjðyÞxð jÞðyÞÞdy

¼
Xm
j¼1

Xj

l¼1

ð�1Þ jþl�1
yðl�1Þ>ðyÞ d j�l

dy j�l
ðPjðyÞxð jÞðyÞÞ

����
0

�r

þ
ð0
�r

y>ðyÞP0ðyÞxðyÞdyþ
Xm
j¼1

ð0
�r

ðyð jÞÞ>ðyÞPjðyÞxð jÞðyÞdy:

When mb 2, we reduce the following expression by changing the order of

summation

Xm
j¼1

Xj

l¼1

ð�1Þ jþl�1
yðl�1Þ>ðyÞ d j�l

dy j�l
ðPjðyÞxð jÞðyÞÞ

����
0

�r

¼ �
Xm�1

l¼0

yðlÞ>ðyÞ
Xm
j¼lþ1

ð�1Þ j�l�1 d j�l�1

dy j�l�1
ðPjðyÞx jðyÞÞ

����
0

�r

¼ �
Xm�1

l¼0

yðlÞ>ðyÞ
Xm
j¼lþ1

ð�1Þ j�l�1 d j�l�1

dy j�l�1
ðPjðyÞx jðyÞÞ

����
y¼0

¼ �y>ð0Þ
Xm
j¼1

ð�1Þ j�1 d j�1

dy j�1
ðPjðyÞx jðyÞÞ

����
y¼0

þ
Xm�1

j¼1

yð jÞ>ð0ÞQjx
ð jÞð0Þ:

As a result, we find

ðLx; yÞ ¼
Xm�1

j¼0

yð jÞ>ð0ÞQjx
ð jÞð0Þ þ

Xm
j¼0

ð0
�r

yð jÞ>ðyÞPjðyÞxð jÞðyÞdy:ð3:2Þ

By using the integration by parts formula, we have

ð 0
�r

yð jÞ>ðyÞPjðyÞxð jÞðyÞdy

¼
Xj

l¼1

ð�1Þ l�1 d l�1

dy l�1
ðPjðyÞyð jÞðyÞÞ>xð j�lÞðyÞ

����
0

�r

þ ð�1Þ j
ð0
�r

d j

dy j
ðPjðyÞyð jÞðyÞÞ>xðyÞdy; 1a jam:
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The latest equality and the equation (3.2) give us

ðLx; yÞ ¼
Xm�1

j¼0

yð jÞ>ð0ÞQjx
ð jÞð0Þ

þ
Xm
j¼1

Xj

l¼1

ð�1Þ l�1 d l�1

dy l�1
ðPjðyÞyð jÞðyÞÞ>xð j�lÞðyÞ

����
0

�r

þ
Xm
j¼0

ð�1Þ j
ð0
�r

d j

dy j
ðPjðyÞyð jÞðyÞÞ>xðyÞdy:

We reduce the expression

Xm
j¼1

Xj

l¼1

ð�1Þ l�1 d l�1

dy l�1
ðPjðyÞyð jÞ>ðyÞxð j�lÞðyÞÞ

����
0

�r

¼
Xm
j¼1

Xj�1

l¼0

ð�1Þ j�l�1 d j�l�1

dy j�l�1
ðPjðyÞyð jÞðyÞÞ>xðlÞðyÞ

����
0

�r

¼
Xm�1

l¼0

Xm
j¼lþ1

ð�1Þ j�l�1 d j�l�1

dy j�l�1
ðPjðyÞyð jÞðyÞÞ>xðlÞðyÞ

����
0

�r

¼
Xm
j¼1

ð�1Þ j�1 d j�1

dy j�1
ðPjðyÞyð jÞðyÞÞ>xðyÞ

����
y¼0

�
Xm�1

j¼1

yð jÞ>ð0ÞQjx
ð jÞð0Þ:

As a result, we obtain the equality

ðLx; yÞ ¼ y>ð0ÞQ0 þ
Xm
j¼1

ð�1Þ j�1 d j�1

dy j�1
ðPjðyÞyð jÞðyÞÞ>

����
y¼0

 !
xð0Þ

þ
ð0
�r

Xm
j¼0

ð�1Þ j d
j

dy j
ðPjðyÞyð jÞðyÞÞ>xðyÞdy ¼ ðx;LyÞ; x; y A DðLÞ

Thus, the operator L is self-adjoint.

The equality (3.2) and a positive definiteness of the matrices Qj ,

j ¼ 0; . . . ;m� 1, and PjðyÞ, y A ½�r; 0�, j ¼ 0; . . . ;m, lead to

ðLx; xÞ ¼
Xm�1

j¼0

xð jÞ>ð0ÞQjx
ð jÞð0Þ þ

Xm
j¼0

ð0
�r

xð jÞ>ðyÞPjðyÞxð jÞðyÞdy > 0;

for any x A DðLÞ, x0 0. Consequently, the operator L is positive. r
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Lemma 3. Let conditions (H1)–(H3) be satisfied. Then the operator

L�1 : H ! H is bounded and determined by the formula

ðL�1yÞðyÞ ¼ Gðy; 0Þyð0Þ þ
ð0
�r

Gðy; sÞyðsÞds; y A ½�r; 0�;ð3:3Þ

where

(i) Gðy; sÞ ¼ G>ðs; yÞ, y; s A ½�r; 0�;
(ii) for a fixed s A ½�r; 0�, the matrix-function Gðy; sÞ, y A ½�r; 0Þ, has

almost everywhere the 2m-th partial derivative which is square integrable on

½�r; 0Þ;
(iii) for a fixed s A ½�r; 0Þ, the discontinuity of the partial derivative

G
ð2m�1Þ
y ðy; sÞ, y A ½�r; 0Þ, in the point y ¼ s is determined by the equality

qm�1

qym�1
ðPmðyÞG ðmÞ

y ðy; sÞÞ
����
y¼sþ0

� qm�1

qym�1
ðPmðyÞGðmÞ

y ðy; sÞÞ
����
y¼s�0

¼ ð�1ÞmIn;ð3:4Þ

here G
ðmÞ
y ðy; sÞ ¼ qmGðy; sÞ=qym;

(iv) for a fixed s A ½�r; 0�, the matrix-function Gðy; sÞ, y A ½�r; 0Þ, satisfies
almost everywhere the matrix ordinary di¤erential equation

Xm
j¼0

d j

dy j
ðPjðyÞG ð jÞ

y ðy; sÞÞ ¼ 0;ð3:5Þ

as well as the boundary conditions

Qk

qkGðy; sÞ
qyk

����
y¼�0

þ
Xm
j¼kþ1

ð�1Þ j�k�1 q j�k�1

qy j�k�1
ðPjðyÞG ð jÞ

y ðy; sÞÞ
����
y¼�0

¼ 0;ð3:6Þ

1a kam� 1; mb 2;

Xm
j¼kþ1

ð�1Þ j�k�1 q j�k�1

qy j�k�1
ðPjðyÞGð jÞ

y ðy; sÞÞ
����
y¼�r

¼ 0;ð3:7Þ

0a kam� 1; s A ½�r; 0Þ;

when m ¼ 1, equality (3.6) is absent;

(v) the matrix-function Gðy; 0Þ, y A ½�r; 0Þ, is defined by the formula

Gðy; 0Þ ¼ �
Xm
l¼1

ð�1Þ l�1 q l�1

qsl�1
ðG ðlÞ

s ðy; sÞPlðsÞÞ
����
s¼�0

Q�1
0 ;ð3:8Þ
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and the matrix Gð0; 0Þ is defined by the formula

Gð0; 0Þ ¼ Q�1
0 In �

Xm
l¼1

ð�1Þ l�1 q l�1

qy l�1
ðPlðyÞGðlÞ

y ðy; 0ÞÞ
����
y¼�0

 !
:ð3:9Þ

Proof. Here we use the methods from the work [7]. It is follows from

Lemma 2 that the equation ðLxÞðyÞ ¼ yðyÞ, y A ½�r; 0�, has a unique solution

for any function y A H. The representation of this solution xðyÞ ¼ ðL�1yÞðyÞ,
y A ½�r; 0�, takes the form

ðL�1yÞðyÞ ¼ G0ðyÞyð0Þ þ
ð 0
�r

Gðy; sÞyðsÞds; y A ½�r; 0�:

The requirement of self-adjointness of the operator L�1 is given by the

equality ðL�1y; zÞ ¼ ðy;L�1zÞ, y; z A H, from which the expressions for the

coe‰cients of representation of the operator L�1 follow:

G>ðs; yÞ ¼ Gðy; sÞ; y; s A ½�r; 0Þ; G0ðyÞ ¼ G>ð0; yÞ; y A ½�r; 0Þ;

G>
0 ðsÞ ¼ Gð0; sÞ; s A ½�r; 0Þ; G>

0 ð0Þ ¼ G0ð0Þ:

Therefore one can conclude that G0ðyÞ ¼ Gðy; 0Þ, y A ½�r; 0�, where Gðy; sÞ ¼
G>ðs; yÞ, y; s A ½�r; 0�. As a result, we obtain formula (3.3) of the operator L�1.

The existence of 2m-th partial derivative G
ð2mÞ
y ðy; sÞ, y A ½�r; 0Þ, s A ½�r; 0�,

which is square integrable on ½�r; 0Þ, follows from the definition DðLÞ.
For finding the function G we use the equality

L � L�1y ¼ y; y A H:

This holds when L�1y A DðLÞ for y A H. By taking into account the definition

of the set DðLÞ, we derive the conditions

Qk

qkGðy; 0Þ
qyk

����
y¼�0

yð0Þ þ
ð0
�r

qkGðy; sÞ
qyk

����
y¼�0

yðsÞds
 !

ð3:10Þ

þ
Xm
j¼kþ1

ð�1Þ j�k�1 q j�k�1

qy j�k�1
ðPjðyÞGð jÞ

y ðy; 0ÞÞ
����
y¼�0

yð0Þ

þ
Xm
j¼kþ1

ð�1Þ j�k�1

ð0
�r

q j�k�1

qy j�k�1
ðPjðyÞG ð jÞ

y ðy; sÞÞ
����
y¼�0

yðsÞds ¼ 0;

for 1a kam� 1, and
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Xm
j¼kþ1

ð�1Þ j�k�1 q j�k�1

qy j�k�1
ðPjðyÞGð jÞ

y ðy; 0ÞÞ
����
y¼�r

yð0Þð3:11Þ

þ
Xm
j¼kþ1

ð�1Þ j�k�1

ð0
�r

q j�k�1

qy j�k�1
ðPjðyÞG ð jÞ

y ðy; sÞÞ
����
y¼�r

yðsÞds ¼ 0;

for 0a kam� 1. The last conditions and the definition of the operator L

yield the equalities

Xm
j¼0

ð�1Þ j q j

qy j
ðPjðyÞG ð jÞ

y ðy; 0ÞÞyð0Þ þ q j

qy j

ð0
�r

PjðyÞG ð jÞ
y ðy; sÞyðsÞds

� �
ð3:12Þ

¼ yðyÞ; y A ½�r; 0Þ;

Q0 Gð0; 0Þyð0Þ þ
ð0
�r

Gð0; sÞyðsÞds
� �

ð3:13Þ

þ
Xm
j¼1

ð�1Þ j�1

�
q j�1

qy j�1
ðPjðyÞG ð jÞ

y ðy; 0ÞÞyð0Þ

þ q j�1

qy j�1

ð0
�r

PjðyÞG ð jÞ
y ðy; sÞyðsÞds

�����
y¼�0

¼ yð0Þ;

Under the conditions of smoothness of the matrix-function Gðy; sÞ, y; s A
½�r; 0Þ, in the statement of Lemma 3, equality (3.12) can be written in the form

Xm
j¼0

ð�1Þ j q
j

qy j
ðPjðyÞGð jÞ

y ðy; 0ÞÞyð0Þ þ
Xm�1

j¼0

ð�1Þ j
ð0
�r

q j

qy j
ðPjðyÞG ð jÞ

y ðy; sÞÞyðsÞds

þ ð�1Þm q

qy

ð0
�r

qm�1

qym ðPmðyÞGðmÞ
y ðy; sÞÞyðsÞds ¼ yðyÞ; y A ½�r; 0Þ:

For the last integral we obtain

q

qy

ð0
�r

qm�1

qym�1
ðPmðyÞG ðmÞ

y ðy; sÞÞyðsÞds

¼
ð y
�r

qm

qym ðPmðyÞGðmÞ
y ðy; sÞÞyðsÞdsþ

ð0
y

qm

qym ðPmðyÞGðmÞ
y ðy; sÞÞyðsÞds

þ qm�1

qym�1
ðPmðyÞG ðmÞ

y ðy; sÞÞ
����
s¼y�0

� qm�1

qym�1
ðPmðyÞG ðmÞ

y ðy; sÞÞ
����
s¼yþ0

 !
yðyÞ;

y A ½�r; 0Þ:
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As a result, we have equality (3.12) in a new form

Xm
j¼0

ð�1Þ j q
j

qy j
ðPjðyÞG ð jÞ

y ðy; 0ÞÞyð0Þ þ
Xm�1

j¼0

ð�1Þ j
ð 0
�r

q j

qy j
ðPjðyÞG ð jÞ

y ðy; sÞÞyðsÞds

þ ð�1Þm
�ð y

�r

qm

qym ðPmðyÞG ðmÞ
y ðy; sÞÞyðsÞdsþ

ð 0
y

qm

qym ðPmðyÞG ðmÞ
y ðy; sÞÞyðsÞds

þ qm�1

qym�1
ðPmðyÞG ðmÞ

y ðy; sÞÞ
����
s¼y�0

yðyÞ � qm�1

qym�1
ðPmðyÞG ðmÞ

y ðy; sÞÞ
����
s¼yþ0

yðyÞ
�

¼ yðyÞ; y A ½�r; 0Þ;

Therefore we conclude

Xm
j¼0

ð�1Þ j q
j

qy j
ðPjðyÞGð jÞ

y ðy; 0ÞÞyð0Þ þ
Xm
j¼0

ð�1Þ j
ð0
�r

q j

qy j
ðPjðyÞG ð jÞ

y ðy; sÞÞyðsÞds

þ ð�1Þm
ð0
y

qm

qym ðPmðyÞG ðmÞ
y ðy; sÞÞyðsÞds

þ ð�1Þm
�

qm�1

qym�1
ðPmðyÞG ðmÞ

y ðy; sÞÞ
����
y¼sþ0

� qm�1

qym�1
ðPmðyÞG ðmÞ

y ðy; sÞÞ
����
y¼s�0

� ð�1ÞmIn
�
yðyÞ ¼ 0; y A ½�r; 0Þ:

For the fulfillment of the last equality for any function y A H, one needs that

the matrix-function Gðy; sÞ, y A ½�r; 0Þ, for y0 s, s A ½�r; 0Þ, satisfies the matrix

di¤erential equation (3.5), and the discontinuity of its derivative is determined

by formula (3.4). Also the matrix-function Gðy; 0Þ, y A ½�r; 0Þ, satisfies the

equation

Xm
j¼0

ð�1Þ j d
j

dy j
ðPjðyÞGð jÞ

y ðy; 0ÞÞ ¼ 0; y A ½�r; 0Þ:ð3:14Þ

The conditions (3.10), (3.11) give us that the matrix-function Gðy; sÞ,
y A ½�r; 0Þ, y0 s, s A ½�r; 0Þ, satisfies the boundary conditions (3.6), (3.7),

and the matrix-function Gðy; 0Þ, y A ½�r; 0Þ, satisfies the boundary conditions

Qk

qkG
ðkÞ
y ðy; 0Þ
qyk

����
y¼�0

þ
Xm
j¼kþ1

ð�1Þ j�k�1 q j�k�1

qy j�k�1
ðPjðyÞG ð jÞ

y ðy; 0ÞÞ
����
y¼�0

¼ 0;ð3:15Þ
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for 1a kam� 1, and

Xm
j¼kþ1

ð�1Þ j�k�1 q j�k�1

qy j�k�1
ðPjðyÞG ð jÞ

y ðy; 0ÞÞ
����
y¼�r

¼ 0; 0a kam� 1;ð3:16Þ

When m ¼ 1, condition (3.15) is absent.

The condition (3.13) gives us the dependencies (3.8) and (3.9).

From the properties of the matrix-function Gðy; sÞ, y A ½�r; 0Þ, y0 s,

s A ½�r; 0Þ, it follows that the matrix function Gðy; 0Þ, y A ½�r; 0Þ, defined by

formula (3.8) satisfies equation (3.14), and the boundary conditions (3.15), and

(3.16). r

Theorem 1. Let the conditions (H1)–(H3) be satisfied and let Ker U ¼ f0g.
Then for a positive a the solution of the boundary value problem for the integro-

di¤erential equation (2.2), (2.3) exists, is unique and continuously depends on

j A H.

Proof. Since the operator U � is completely continuous and because of

Lemma 3 it follows that the equation (3.1) is equivalent to the Fredholm

equation of the second kind

L�1U �ðUx� jÞðyÞ þ axðyÞ ¼ 0; y A ½�r; 0�:

If the homogeneous equation

L�1U �Uxþ ax ¼ 0;

has a nontrivial solution, then one has y ¼ Ux0 0. Here y is a solution of the

equation

UL�1U �yþ ay ¼ 0:

Since UL�1U � is a self-adjoint positive operator, the eigenvalues are non-

negative. This is a contradiction.

Consequently, for a > 0 there exists a bounded operator ðL�1U �U þ aIÞ�1.

Then the solution xa of equation (1.6) exists, is unique, continuously depends

on j A H, and is determined by the formula xa ¼ ðL�1U �U þ aIÞ�1
L�1U �j,

j A H. By taking into account a connection between equation (3.1) and the

boundary value problem (2.2), (2.3), the proof of the theorem is complete.

r

For functional-di¤erential equations conditions implying Ker U ¼ f0g were

investigated in [1].

From Theorem 1 it follows that the regularized solution of the above given

ill-posed problem exits and is unique. It coincides with the solution of the

boundary value problem (2.2)–(2.3) for the integro-di¤erential equation. In the
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next paragraph it is shown that this boundary value problem is equivalent to

the boundary value problem for a system of functional-di¤erential equations.

4. A boundary value problem for a system of functional-di¤erential equations

In the definition of the operator U we use the Cauchy matrix V , which is

defined implicitly by the functional-di¤erential equation (1.1). When finding

solutions of the ill-posed problem for the di¤erential equation with one

concentrated delay it is shown in the paper [2, 3] that one can replace equation

(3.1) by an equivalent boundary value problem for ordinary di¤erential

equations, with coe‰cients that can be defined explicitly. It will be shown

below that the boundary value problem for the system of functional-di¤erential

equations arises when finding solutions of the ill-posed problem for the

functional-di¤erential equation.

Lemma 4. Let the conditions (H1) and (H2) be satisfied. Then for the

operator U : W 1
2 ð½�r; 0�;RnÞ ! W 1

2 ð½�r; 0�;RnÞ the following representation holds

U ¼ T0 þ T1 � T2;ð4:1Þ

where the operators T0 : W
1
2 ð½�r; 0�;RnÞ ! W 1

2 ð½�r; 0�;RnÞ, T1 : H !
W 1

2 ð½�r; 0�;RnÞ, T2 : W
1
2 ð½�r; 0�;RnÞ ! H are determined by the formulas:

ðT0xÞðyÞ ¼ Vðy;�rÞxð0Þ; y A ½�r; 0�;ð4:2Þ

ðT1xÞðyÞ ¼
ð y
�r

Vðy; sÞxðsÞds; y A ½�r; 0�;

ðT2xÞðyÞ ¼
ð�0

y

½dshðy; s� y� rÞ�xðsÞ; y A ½�r; 0Þ;

ðT2xÞð0Þ ¼ 0;

Proof. Let us transform the representation (1.4)

ðUxÞðyÞ ¼ Vðy;�rÞxð0Þ þ
ð�0

�r

ds

ð y
�r

Vðy; tÞhðt; s� t� rÞdt
� �

xðsÞ

¼ Vðy;�rÞxð0Þ þ
ð y
�r

Vðy; tÞ
ð�0

�r

½dshðt; s� t� rÞ�xðsÞ
� �

dt

¼ Vðy;�rÞxð0Þ þ
ð y
�r

Vðy; tÞ
ð�0

t

½dshðt; s� t� rÞ�xðsÞ
� �

dt

y A ½�r; 0�; x A W 1
2 ð½�r; 0�;RnÞ:
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The definitions of the operators T0, T1, and T2 given in (4.2) imply the

representations (4.1) hold. r

Lemma 5. Let the conditions (H1) and (H2) be satisfied. Then for the

operator U � : H ! H we have the following representation

U � ¼ T �
0 þ T �

2 � T �
1 ;ð4:3Þ

where the operators T �
0 : H ! H, T �

1 : H ! H 1 ¼ W 1
2 ð½�r; 0Þ;RnÞ � Rn,

T �
2 : H 1 ! H are determined by the formulas:

ðT �
0 yÞðyÞ ¼ 0; y A ½�r; 0Þ;

ðT �
0 yÞð0Þ ¼ V>ð0;�rÞyð0Þ þ

ð0
�r

V>ðs;�rÞyðsÞds;

ðT �
1 yÞðyÞ ¼ V>ð0; yÞyð0Þ þ

ð 0
y

V>ðs; yÞyðsÞds; y A ½�r; 0Þ;

ðT �
1 yÞð0Þ ¼ 0;

ðT �
2 yÞðyÞ ¼

d

dy

ð y
�r

ðhðs; y� s� rÞ � hðs;�rÞÞ>yðsÞds; y A ½�r; 0Þ;

ðT �
2 yÞð0Þ ¼ 0:

Proof. The operator T0 defined by the formula (4.2) admits an extension

T0 : H ! H defined by the same formula. For this extension the equality

ðT0x; yÞ ¼ y>ð0ÞVð0;�rÞxð0Þ þ
ð 0
�r

y>ðsÞVðs;�rÞdsxð0Þ

¼ ðx;T �
0 yÞ; x; y A H;

holds, from which we find a representation for the adjoint operator T �
0 . The

representation for the adjoint operator T �
1 follows from the equality

ðT1x; yÞ ¼
ð0
�r

y>ð0ÞVð0; yÞ þ
ð0
y

y>ðsÞVðs; yÞds
� �

xðyÞdy

¼ ðx;T �
1 yÞ; x; y A H:

The codomain of the operator T �
1 belongs to the space H 1 ¼ W 1

2 ð½�r; 0Þ;RnÞ�
Rn.

When finding a representation for the adjoint operator T �
2 from the

equality

ðT2x; yÞ ¼ ðx;T �
2 yÞ; x A W 1

2 ð½�r; 0�;RnÞ; y A H 1;
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at first we rewrite the formula

ðT2x; yÞ ¼
ð0
�r

y>ðyÞ
ð�0

y

½dshðy; s� y� rÞ�xðsÞ
� �

dy

¼
ð0
�r

y>ðyÞðhðy;�0� y� rÞ � hðy;�rÞÞdyxð0Þ

�
ð0
�r

y>ðyÞ
ð�0

y

ðhðy; s� y� rÞ � hðy;�rÞÞx 0ðsÞdsdy

¼
ð0
�r

ð s
�r

y>ðyÞðhðy; s� y� rÞ � hðy;�rÞÞdyx 0ðsÞds

¼
ð0
�r

d

dy

ð y
�r

y>ðsÞðhðs; y� s� rÞ � hðy;�rÞÞdsxðyÞdy

¼ ðx;T �
2 yÞ; x; y A H 1:

This gives us the representation of the adjoint operator T �
2 . Finally, the use of

representation (4.1) for the operator U implies that formula (4.3) holds. r

According to Theorem 1 we have that for an arbitrary function j A H the

equation (3.1) has a unique solution x ¼ xa A W 2m
2 continuously depending on

j. This equation is equivalent to the system

U �ðUx� jÞðyÞ þ aðLxÞðyÞ ¼ 0; y A ½�r; 0Þ;

U �ðUx� jÞð0Þ þ aðLxÞð0Þ ¼ 0;

F 1
s ðxÞ ¼ 0; 1a sam� 1; F 2

s ðxÞ ¼ 0; 0a sam� 1:

By taking into account representation (4.3) for the operator U � and by introduc-

ing the function wðyÞ ¼ ðUxÞðyÞ, y A ½�r; 0�, the last system can be reduced to

the form

T �
2 T

�
1 ðw� jÞðyÞ þ aðLxÞðyÞ ¼ 0; y A ½�r; 0Þ;

T �
0 ðw� jÞð0Þ þ aðLxÞð0Þ ¼ 0;

F 1
s ðxÞ ¼ 0; 1a sam� 1; F 2

s ðxÞ ¼ 0; 0a sam� 1:

By introducing the functions

ŵwðyÞ ¼ ðT �
1 wÞðyÞ; ẑzðyÞ ¼ ðT �

1 jÞðyÞ; y A ½�r; 0Þ;

ŵwð0Þ ¼ ðT �
1 wÞð�0Þ; ẑzð0Þ ¼ ðT �

1 jÞð�0Þ;

we have the last system of equations in the form
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T �
2 ðŵw� ẑzÞðyÞ þ aðLxÞðyÞ ¼ 0; y A ½�r; 0Þ;ð4:4Þ

T �
0 ðw� jÞð0Þ þ aðLxÞð0Þ ¼ 0;ð4:5Þ

F 1
s ðxÞ ¼ 0; 1a sam� 1; F 2

s ðxÞ ¼ 0; 0a sam� 1:ð4:6Þ

We proceed to the proof of the Main Theorem, where the index k is

omitted in the statement and in the proof.

Proof of the Main Theorem. By taking into account the definitions of the

operators T �
2 and L, we rewrite equation (4.4) in the implicit form (1.6).

From the definition of the function ŵw we have

ŵwðyÞ ¼ V>ð0; yÞwð0Þ þ
ð0
y

V>ðx; yÞwðxÞdx; y A ½�r; 0Þ:

This equation is equivalent to the di¤erential equation

dŵwðyÞ
dy

¼ qV>ð0; yÞ
qy

wð0Þ � wðyÞ þ
ð0
y

qV>ðx; yÞ
qy

wðxÞdx; y A ½�r; 0Þ;ð4:7Þ

with the boundary condition

ŵwð�0Þ ¼ wð0Þ:

The Cauchy matrix V satisfies the integral equation [1]

Vðx; yÞ ¼ In �
ð x
y

Vðx; sÞhðs; y� sÞds; �ra ya x < 0:

The condition hðy; 0Þ ¼ 0, y A ½�r; 0Þ, gives us that

qV>ðx; yÞ
qy

¼
ð x
y

½dsh>ðt; y� sÞjt¼s�V>ðx; sÞ; �ra ya x < 0:

Consequently, we have

qV>ð0; yÞ
qy

wð0Þ þ
ð0
y

qV>ðx; yÞ
qy

wðxÞdx

¼
ð0
y

½dsh>ðt; y� sÞjt¼s�V>ð0; sÞwð0Þ þ
ð0
y

ð x
y

½dsh>ðt; y� sÞjt¼s�V>ðx; sÞwðxÞdx

¼
ð0
y

½dsh>ðt; y� sÞjt¼s�
ð0
s

V>ðx; sÞwðxÞdxþ V>ð0; sÞwð0Þ
� �

¼
ð0
y

½dsh>ðt; y� sÞjt¼s�ŵwðsÞ; y A ½�r; 0Þ:

As a result, equation (4.7) takes the form (1.7).
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Similarly, from the definition of the function ẑz we find that it satisfies the

di¤erential equation (1.8) with the boundary condition

ẑzð�0Þ ¼ jð0Þ:

The definition of the function w leads to

wðyÞ ¼ Vðy;�rÞxð0Þ þ
ð y
�r

Vðy; xÞx̂xðxÞdx; y A ½�r; 0Þ:

The previous equation is equivalent to the di¤erential equation

dwðyÞ
dy

¼ qVðy;�rÞ
qy

xð0Þ þ x̂xðyÞ þ
ð y
�r

qVðy; xÞ
dy

x̂xðxÞdx; y A ½�r; 0Þ;ð4:8Þ

with the boundary condition

wð�rÞ ¼ xð0Þ:

The Cauchy matrix V satisfies the di¤erential equation [1]

qVðy; xÞ
dy

¼
ð0
�r

½dshðy; sÞ�Vðyþ s; xÞ

¼
ð0
x�y

½dshðy; sÞ�Vðyþ s; xÞ; �ra xa y < 0:

By taking into account these equations we rewrite the equation (4.8) in the form

x̂xðyÞ þ
ð0
�r

½dshðy; sÞ�
ð0
x�y

Vðyþ s; xÞx̂xðxÞdx

¼ dwðyÞ
dy

�
ð0
�r�y

½dshðy; sÞ�Vðyþ s;�rÞxð0Þ; y½�r; 0Þ:

Let us reduce the previous equation to the form

x̂xðyÞ þ
ð0
�r�y

½dshðy; sÞ�
ð yþs

�r

Vðyþ s; xÞx̂xðxÞdxþ Vðyþ s;�rÞxð0Þ
� �

¼ dwðyÞ
dy

; y A ½�r; 0Þ:

So equation (1.8) and the definition of the function x̂x give us (1.9).

Let us find the implicit form of the boundary condition (4.5). We have

T �
0 ðw� jÞð0Þ ¼ V>ð0;�rÞðwð0Þ � jð0ÞÞ þ

ð0
�r

V>ðx;�rÞðwðxÞ � jðxÞÞdx

¼ T �
1 ðw� jÞð�rÞ ¼ ŵwð�rÞ � ẑzð�rÞ:
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Consequently, the boundary condition (4.5) coincides with (1.10) and the

boundary conditions (4.6) coincide with conditions (1.11), (1.12). The re-

maining boundary conditions appear by changing the integral equations to the

di¤erential equations.

The equivalence of the boundary value problem for integro-di¤erential

equation to the boundary value problem for a system of functional-di¤erential

equations and Theorem 1 leads to the existence and uniqueness of solution of

the boundary value problem (1.6)–(1.12). r

5. Application

The boundary value problem (1.6)–(1.12) for the functional-di¤erential

equation of the general form (1.1) has a complicated structure. This bound-

ary value problem can be simplified for di¤erential equations with multiple

delays.

Example 1. Let us consider the nonautonomous di¤erential equation with

some constant delays

dxðtÞ
dt

¼
Xp
j¼0

AjðtÞxðt� tjÞ; t A ð�y; 0�;ð5:1Þ

where x : ð�y; 0� ! Rn, 0¼ t0 < t1 < � � � < tp ¼ r, det ApðtÞ00 for t A ð�y; 0�,
p A N . The stabilizing functional is defined by the formula (1.5) and m ¼ 1.

The equation (5.1) is equivalent to (1.1) when

hðt; sÞ ¼ �
Xp�1

j¼0

Ið�tp;�tjÞðsÞAjðtÞ; hðt;�tpÞ ¼ �
Xp
j¼0

AjðtÞ;

�tp < s < 0; t A ð�y; 0�;

where IEð�Þ is an indicator of the set E.

Then the statement of the Main Theorem holds. The boundary value

problem (1.6)–(1.12) is equivalent to the system of di¤erential equation with

deviating arguments

a
d

dy
P1ðyÞ

dxkðyÞ
dy

� �
¼ aP0ðyÞxkðyÞð5:2Þ

þ
Xp
j¼1

Ið�tj ;0ÞðyÞA>
jkðy� tp þ tjÞ

� ðŵwkðy� tp þ tjÞ � ẑzkðy� tp þ tjÞÞ;
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d ŵwkðyÞ
dy

¼ �
Xp�1

j¼0

Ið�tp;�tjÞðyÞA>
jkðyþ tjÞŵwkðyþ tjÞ � wkðyÞ;

dẑzkðyÞ
dy

¼ �
Xp�1

j¼0

Ið�tp;�tjÞðyÞA>
jkðyþ tjÞẑzkðyþ tjÞ � xkþ1ðyÞ;

dwkðyÞ
dy

¼
Xp�1

j¼0

Iðtj�tp;0ÞðyÞAjkðyÞwkðy� tjÞ

þ
Xp
j¼1

Ið�tp; tj�tpÞðyÞAjkðyÞxkðyþ tp � tjÞ;

with boundary conditions

aðQ0xkð0Þ þ P1ð0Þx 0
kð0ÞÞ þ ŵwkð�tpÞ � ẑzkð�tpÞ ¼ 0; x 0

kð�tpÞ ¼ 0;ð5:3Þ

ŵwkð0Þ ¼ wkð0Þ; ẑzkð0Þ ¼ xkþ1ð0Þ; wkð�tpÞ ¼ xkð0Þ:

Here x0 ¼ j A H is a given function and AjkðyÞ ¼ Ajððk þ 1Þtp þ yÞ, y A ½�tp; 0�,
0a ja p, ka�1.

The deviations of the arguments have di¤erent signs in the obtained

system of di¤erential equations. Numerical integration of these equations is

a di‰cult problem, some approaches to its solution are considered in the works

[9, 11]. The presence of a small parameter at the highest derivative requires a

special numerical method.

Example 2. Let us consider a problem of numerical finding regularized

solutions of equation (5.1) for p ¼ 2, t1 ¼ t > 0, and t2 ¼ 2t, on the finite

interval ½�Kt2; 0�, K A N , for a given value of the regularization parameter a

and for a given initial function j AH. We assume that vrai sup
t A ½�Kt2;0�

jA2ðtÞj<y.

For solving the boundary value problem (5.2), (5.3) we use the non-uniform

mesh, the choice of which does not depend on k, �Ka ka�1. The system

of di¤erential equations (5.2) is replaced by the following system of di¤erence

equations

xiþ1
k ¼ hiP

�1
1 ðQiÞyi

k þ xi
k;

yiþ1
k ¼ hiðP0ðQiÞxi

k þ a�1Hði �NÞA>
1kðQi�NÞðŵw i�N

k � ẑzi�N
k Þ

þ a�1A>
2kðQiÞðŵw i

k � ẑzikÞÞ þ yi
k;

ŵw iþ1
k ¼ �hiðA>

0kðQiÞŵw i
k þHðN � iÞA>

1kðQiþNÞŵw iþN
k þ w i

kÞ þ ŵw i
k;
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ẑziþ1
k ¼ �hiðA>

0kðQiÞẑzik þHðN � iÞA>
1kðQiþNÞẑziþN

k þ xi
kþ1Þ þ ẑzik;

w iþ1
k ¼ hiðA0kðQiÞw i

k þHði �NÞA1kðQiÞw i�N
k þHðN � iÞA1kðQiÞxiþN

k

þ A2kðQiÞxi
kÞ þ w i

k; i ¼ 0; . . . ; 2N � 1;

where Hð�Þ is the Heavyside step function, hi ¼ Qiþ1 � Qi, 0a ia 2N � 1, and

Qi ð0a ia 2NÞ is the mesh points of the interval ½�t2; 0�. The boundary

conditions (5.3) take the form

aðQ0x
2N
k þ P2N

1 y2Nk Þ þ ŵw0k � ẑz0k ¼ 0; y0k ¼ 0;

ŵw2Nk ¼ w2Nk ; ẑz2Nk ¼ x2N
kþ1; w0k ¼ x2N

k ; �Ka ka�1:

By using the methods of the work [12] we define the points of non-uniform

mesh by the formulas

Qi ¼
�2t� a1=2s1b

�1 lnð1� ð1�N�1Þ4i=NÞ; i ¼ 0; . . . ;N=4;

�tþ g1 þ rði �N=4Þ; i ¼ N=4; . . . ;N=2;

�tþ a1=2s2b
�1 lnð1� ð1�N�1Þ2ðN � iÞ=NÞ; i ¼ N=2; . . . ;N;

8><
>:

and Qi ¼ Qi�N þ t for N þ 1a ia 2N. Here g1 ¼ �tþ a1=2s1b
�1 ln N, g2 ¼

�a1=2s2b
�1 ln N, and r ¼ 4ðg2 � g1Þ=N, where b, s1 and s2 > 0 are some

constants.

Fig. 1. Regularized solutions of equation (5.4) on ½�3;�1� for a ¼ 10�6 and jðyÞ ¼ sinðyÞ þ 1,

y A ½�1; 0�.
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Let us consider the scalar equation

x 0ðtÞ ¼ xðtÞ þ txðt� 1=2Þ þ expð�tÞxðt� 1Þ;ð5:4Þ

with a given initial function jðyÞ ¼ sinðyÞ þ 1, y A ½�1; 0�. The stabilizing

functional is defined by the formulas (1.5) for m ¼ 1, Q0 ¼ 1, P1ðyÞ ¼ 1 and

P0ðyÞ ¼ 3, y A ½�1; 0�. We will construct the regularized solution of equation

(5.4) on the interval ½�3;�1�.
The equation (5.4) coincides with (5.1) when p ¼ 2, t1 ¼ 0:5, t2 ¼ 1,

A0ðtÞ ¼ 1, A1ðtÞ ¼ t and A2ðtÞ ¼ expð�tÞ, �3a ta 0.

We choose the mesh parameters as follows N ¼ 256, b ¼ expð�5Þ, s1 ¼ 3b

and s2 ¼ 12b, and choose the value of the regularization parameter a ¼ 10�6.

Then we find g1 ¼ �0:983, g2 ¼ �0:0665, r ¼ 0:0143.

The results of calculations are presented in fig. 1.

References

[ 1 ] Hale, J. K. and Verduyn Lunel, S. M., Introduction to Functional-Di¤erential Equations,

Applied Mathematical Sciences, 99, Springer-Verlag, New York, 1993.

[ 2 ] Dolgii, Yu. F. and Putilova, E. N., Backward of Solutions of a Linear Di¤erential

Equation with Delay as an Ill-Posed Problem, Di¤erentsial’nye Uravneniya, 29 (1993),

1317–1323.

[ 3 ] Dolgii, Yu. F. and Surkov, P. G., Asymptotics of Regularized Solutions of a Linear

Nonautonomous System of Advanced Di¤erential Equations, Di¤er. Equ., 46 (2010),

470–488.

[ 4 ] Tikhonov, A. N. and Arsenin, V. Ya., Solutions of ill-posed problems, Scripta Series in

Mathematics, John Wiley & Sons, New York-Toronto, Ont.-London, 1977.

[ 5 ] Vasin, V. V., Some tendencies in the Tikhonov regularization of ill-posed problems,

J. Inverse Ill-Posed Probl., 14 (2006), 813–840.

[ 6 ] Dolgii, Yu. F., Characteristic Equation in the Problem of Asymptotic Stability of Periodic

System with Aftere¤ect, Proc. Steklov Inst. Math. 2005, Dynamical Systems and Control

Problems, suppl. 1, 82–94.

[ 7 ] Naimark, M. A., Linear di¤erential operators, Part I: Elementary theory of linear di¤erential

operators, Frederick Ungar Publishing Co., New York, 1967.

[ 8 ] Yosida, K., Functional Analysis, Grundlehren der Mathematischen Wissenschaften, 123,

Springer-Verlag, Berlin-New York, 1980.

[ 9 ] Azbelev, N., Maksimov, V. and Rakhmatullina, L., Introduction to the theory of linear

functional di¤erential equations, Advanced Series in Mathematical Science and Engineering,

3, World Federation Publishers Company, Atlanta, GA, 1995.

[10] Maksimov, V. P., Rumyantsev, A. N. and Shishkin, V. A., On constructing solutions

of functional-di¤erential systems with a guaranteed precision, Funct. Di¤er. Equ., 3 (1995),

135–144.

[11] Neverova, D. A. and Skubachevskii, A. L., On the Classical and Generalized Solutions

of Boundary-Value Problems for Di¤erence-Di¤erential Equations with Variable Coe¤cients,

Math. Notes, 94 (2013), 653–667.

182 Yu. F. Dolgii and P. G. Surkov



[12] Miller, J. J., O’Riordan, E. and Shishkin, G. I., Fitted numerical methods for singular

perturbation problems. Error estimates in the maximum error for linear problems in one and

two dimensions, World Scientific Publishing Co., Inc., River Edge, NJ, 1996.

nuna adreso:

Yu. F. Dolgii

Institute of Mathematics and Computer Science

Ural Federal University

pr. Lenina 51, Yekaterinburg 620000

Russia

E-mail: Yurii.Dolgii@usu.ru

P. G. Surkov

Institute of Mathematics and Mechanics

Ural Branch of the Russian Academy of

Sciences

ul. S. Kovalevskoi 16, Yekaterinburg 620990

Russia

E-mail: Platon.Surkov@gmail.com

(Ricevita la 22-an de aprilo, 2013)

(Reviziita la 12-an de marto, 2014)

183A Variational Approach towards Solving an Ill-Posed Cauchy Problem


