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1

Â ðàáîòå èçó÷àåòñÿ âëèÿíèå öâåòíîãî øóìà íà ðàâíîâåñíûå ðåæèìû íåëèíåéíûõ äèíàìè÷åñêèõ ñèñòåì.

Äëÿ èññëåäîâàíèÿ ðåàêöèè ñèñòåìû íà ìàëûå âîçìóùåíèÿ èñïîëüçóåòñÿ àñèìïòîòè÷åñêèé ïîäõîä, ðàç-

âèâàþùèé òåõíèêó �óíêöèé ñòîõàñòè÷åñêîé ÷óâñòâèòåëüíîñòè. Ñòîõàñòè÷åñêàÿ ÷óâñòâèòåëüíîñòü ðàâ-

íîâåñèÿ â îáùåé ìíîãîìåðíîé äèíàìè÷åñêîé ñèñòåìå çàäàåòñÿ íåêîòîðîé ìàòðèöåé. Äëÿ ýòîé ìàòðèöû

ñòîõàñòè÷åñêîé ÷óâñòâèòåëüíîñòè â ðàáîòå ïîëó÷åíî ìàòðè÷íîå àëãåáðàè÷åñêîå óðàâíåíèé. Òî÷íîå ðå-

øåíèå ýòîãî óðàâíåíèÿ äàåòñÿ äëÿ âàæíîãî êëàññà íåëèíåéíûõ îñöèëëÿòîðîâ ñ âîçìóùåíèÿìè â �îðìå

öâåòíûõ øóìîâ. Ýòà òåîðèÿ ïðèìåíÿåòñÿ ê ïàðàìåòðè÷åñêîìó èññëåäîâàíèþ îòêëèêà ýëåêòðîííîãî ãå-

íåðàòîðà ñ æåñòêèì âîçáóæäåíèåì íà öâåòíûå øóìû ñ ðàçëè÷íûì âðåìåíåì êîððåëÿöèè. Â ðàáîòå

èññëåäîâàíà çàâèñèìîñòü äèñïåðñèè ñëó÷àéíûõ ñîñòîÿíèé îò õàðàêòåðíîãî âðåìåíè êîððåëÿöèè. Ïîêà-

çàíî, ÷òî ýòà çàâèñèìîñòü ìîæåò áûòü íåìîíîòîííîé è èìåòü ìàêñèìóìû, ñîîòâåòñòâóþùèå ðåçîíàíñàì.

Â ðàáîòå îáñóæäàåòñÿ âåðîÿòíîñòíûé ìåõàíèçì ñòîõàñòè÷åñêîé ãåíåðàöèè êîëåáàíèé áîëüøèõ àìïëè-

òóä, âûçâàííîé öâåòíûì øóìîì.

Êëþ÷åâûå ñëîâà: öâåòíîé øóì, âðåìÿ êîððåëÿöèè, ñòîõàñòè÷åñêàÿ ÷óâñòâèòåëüíîñòü, ýëåêòðîííûé ãå-

íåðàòîð, ñòîõàñòè÷åñêàÿ âîçáóäèìîñòü.

DOI: 10.20537/vm180201

Â èññëåäîâàíèÿõ äèíàìèêè ðåàëüíûõ ñèñòåì íåîáõîäèìî ó÷èòûâàòü íåèçáåæíî ïðèñóòñòâó-

þùèå ñëó÷àéíûå âîçìóùåíèÿ. Ñðåäè âîçìîæíûõ òèïîâ ñòîõàñòè÷åñêèõ âîçìóùåíèé ÷àñòî ðàñ-

ñìàòðèâàþò òàê íàçûâàåìûå öâåòíûå øóìû, èìåþùèå òå èëè èíûå õàðàêòåðíûå êîððåëÿöè-

îííûå âðåìåííûå ñâîéñòâà [1, 2℄. Âàæíàÿ ðîëü öâåòíûõ øóìîâ áûëà îáíàðóæåíà âî ìíîãèõ

ñèñòåìàõ ñàìîé ðàçíîé ïðèðîäû, íàïðèìåð â ëàçåðàõ [3℄, ñåéñìîëîãèè [4℄, áèîõèìèè [5℄, äèíà-

ìèêå ïîïóëÿöèé [6℄, êèíåòèêå ðîñòà ìèêðîîðãàíèçìîâ [7℄, äèíàìèêå ðîñòà îïóõîëåé [8℄. Âîçäåé-

ñòâèå öâåòíûõ øóìîâ ìîæåò ïðèâîäèòü ê òàêèì ÿâëåíèÿì, êàê èíäóöèðîâàííûå ñëó÷àéíûìè

âîçìóùåíèÿìè ïåðåõîäû [9�12℄, ñòîõàñòè÷åñêèé ðåçîíàíñ [13℄, âûçûâàòü ñòîõàñòè÷åñêèå áè�óð-

êàöèè [14℄ è òðàíñ�îðìàöèè ¾ïîðÿäîê�õàîñ¿ [15℄.

Ñòîõàñòè÷åñêàÿ äèíàìèêà ñèñòåì ñ ãàóññîâñêèìè öâåòíûìè øóìàìè ìîæåò áûòü �îðìàëü-

íî îïèñàíà óðàâíåíèÿìè Ôîêêåðà�Ïëàíêà�Êîëìîãîðîâà. Îäíàêî àíàëèòè÷åñêîå èññëåäîâàíèå

ðåøåíèé òàêèõ óðàâíåíèé óæå äëÿ äâóìåðíûõ äèíàìè÷åñêèõ ñèñòåì ñòàëêèâàåòñÿ ñ ñåðüåç-

íûìè òåõíè÷åñêèìè òðóäíîñòÿìè. Â ýòèõ îáñòîÿòåëüñòâàõ ðåçóëüòàòèâíûé àíàëèç âîçìîæåí

ñ èñïîëüçîâàíèåì àñèìïòîòèê è àïïðîêñèìàöèé [16℄. Äëÿ ñèñòåì ñ áåëûìè øóìàìè áûë ïðåä-

ëîæåí è ðàçðàáîòàí êîíñòðóêòèâíûé ïîäõîä, îñíîâàííûé íà òåõíèêå àíàëèçà ñòîõàñòè÷åñêîé

÷óâñòâèòåëüíîñòè [17, 18℄. Ýòîò ìåòîä áûë ïðèìåíåí ê èññëåäîâàíèþ ðàçëè÷íûõ ñòîõàñòè÷å-

ñêèõ ÿâëåíèé [19�21℄. Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ðàñïðîñòðàíåíèå àïïàðàòà ñòîõàñòè÷å-

ñêîé ÷óâñòâèòåëüíîñòè íà øèðîêèé êëàññ íåëèíåéíûõ äèíàìè÷åñêèõ ñèñòåì ñî ñëó÷àéíûìè

âîçìóùåíèÿìè â �îðìå öâåòíûõ øóìîâ.

Â � 1 ïðîâåäåíî èññëåäîâàíèå ñòîõàñòè÷åñêîé ÷óâñòâèòåëüíîñòè ðàâíîâåñèÿ äëÿ îáùåé ìíî-

ãîìåðíîé äèíàìè÷åñêîé ñèñòåìû ñ ýêñïîíåíöèàëüíî êîððåëèðîâàííûì ïî âðåìåíè ãàóññîâñêèì

íîðìèðîâàííûì øóìîì. Ñòîõàñòè÷åñêàÿ ÷óâñòâèòåëüíîñòü ðàâíîâåñèÿ õàðàêòåðèçóåòñÿ ñîîò-

âåòñòâóþùåé ìàòðèöåé. Äëÿ ìàòðèöû ñòîõàñòè÷åñêîé ÷óâñòâèòåëüíîñòè âûâåäåíà ñèñòåìà ìàò-

ðè÷íûõ óðàâíåíèé.

Â � 2 ýòè òåîðåòè÷åñêèå ðåçóëüòàòû ïðèìåíÿþòñÿ ê èçó÷åíèþ âîçäåéñòâèÿ öâåòíîãî øóìà íà

ýëåêòðîííûé ãåíåðàòîð ñ æåñòêèì âîçáóæäåíèåì. Íà îñíîâå òåõíèêè �óíêöèé ñòîõàñòè÷åñêîé

1

Èññëåäîâàíèå âûïîëíåíî ïðè ïîääåðæêå �ÔÔÈ (ïðîåêò �16�08�00388).

http://dx.doi.org/10.20537/vm180201
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÷óâñòâèòåëüíîñòè èññëåäîâàíà çàâèñèìîñòü äèñïåðñèè ñëó÷àéíûõ ñîñòîÿíèé îò õàðàêòåðíîãî

âðåìåíè êîððåëÿöèè. Îáñóæäàåòñÿ âåðîÿòíîñòíûé ìåõàíèçì âûçâàííîé öâåòíûì øóìîì ñòî-

õàñòè÷åñêîé âîçáóäèìîñòè.

� 1. Ñòîõàñòè÷åñêàÿ ÷óâñòâèòåëüíîñòü ðàâíîâåñèÿ â íåëèíåéíîé ñèñòåìå

ñ öâåòíûì øóìîì

�àññìîòðèì íåëèíåéíóþ äèíàìè÷åñêóþ ñèñòåìó

ẋ = f(x, r), (1)

ãäå x � n-ìåðíûé âåêòîð, f(x, r) � äîñòàòî÷íî ãëàäêàÿ âåêòîð-�óíêöèÿ, r(t) � ñëó÷àéíîå âîç-

ìóùåíèå, çàäàâàåìîå íåêîòîðûì ñêàëÿðíûì ñòîõàñòè÷åñêèì ïðîöåññîì. Ïðåäïîëàãàåòñÿ, ÷òî

íåâîçìóùåííàÿ ñèñòåìà (r = 0) èìååò ýêñïîíåíöèàëüíî óñòîé÷èâîå ðàâíîâåñèå x̄ : f(x̄, 0) = 0.

Öåëü äàííîé ðàáîòû � èññëåäîâàòü ïîâåäåíèå ñèñòåìû (1) âáëèçè ýòîãî ðàâíîâåñèÿ ïîä

âîçäåéñòâèåì ìàëîãî öâåòíîãî øóìà. Ñëó÷àéíûå âîçìóùåíèÿ r(t) = εs(t), èìåþùèå èíòåíñèâ-
íîñòü ε, ìîäåëèðóþòñÿ ñëåäóþùèì ñòîõàñòè÷åñêèì óðàâíåíèåì:

ds = −as dt+
√
2a dw(t), a > 0. (2)

Çäåñü w(t) � ñòàíäàðòíûé âèíåðîâñêèé ïðîöåññ ñ ïàðàìåòðàìè E(w(t) − w(t′)) = 0, E(w(t) −
w(t′))2 = |t− t′|. Ñèñòåìà (2) �îðìèðóåò êîððåëèðîâàííûé öâåòíîé øóì ñ ïàðàìåòðàìè

Es(t) = 0, Es(t)s(t′) = exp
(

−a|t− t′|
)

, τ =
1

a
.

Ïðè ýòîì ïàðàìåòð a çàäàåò âðåìÿ êîððåëÿöèè τ ýòîãî öâåòíîãî øóìà. Òîãäà äèñïåðñèÿ

Er2(t) = ε2 ñëó÷àéíîãî âîçìóùåíèÿ r(t) = εs(t) â ñèñòåìå (1) íå çàâèñèò îò ïàðàìåòðà a.

Îáîçíà÷èì ÷åðåç xε(t) ðåøåíèå ñòîõàñòè÷åñêîé ñèñòåìû

ẋ = f(x, εs), (3)

âîçìóùåííîé öâåòíûì øóìîì (2). Äëÿ èçó÷åíèÿ äèñïåðñèè ðåøåíèé xε(t) îêîëî ðàâíîâåñèÿ x̄

ïðè ìàëîì öâåòíîì øóìå áóäåì èñïîëüçîâàòü ñëåäóþùóþ àñèìïòîòèêó:

y(t) = lim
ε→0

xε(t)− x̄

ε
.

Äèíàìèêà ïàðû y(t), s(t) çàäàåòñÿ ñëåäóþùåé ñòîõàñòè÷åñêîé ëèíåéíîé ñèñòåìîé:

ẏ = Fy + gs,

ṡ = −as+
√
2aẇ. (4)

Çäåñü

F =
∂f

∂x
(x̄, 0), g =

∂f

∂r
(x̄, 0).

Äëÿ ðàñøèðåííîãî (n+ 1)-ìåðíîãî âåêòîðà z =

[

y

s

]

ñïðàâåäëèâà ñèñòåìà

ż = Φz + cẇ(t), (5)

ãäå

Φ =

[

F g

O −a

]

, c =

[

O√
2a

]

è O � íóëåâîé âåêòîð.
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Îáîçíà÷èì ÷åðåç Z = E zz⊤ ìàòðèöó âòîðûõ ìîìåíòîâ ðåøåíèé z ñèñòåìû (5). Ýòà ìàòðèöà

óäîâëåòâîðÿåò ñëåäóþùåìó óðàâíåíèþ Ëÿïóíîâà:

Ż = ΦZ + ZΦ⊤ + cc⊤. (6)

Îòìåòèì, ÷òî ñïåêòð σ(Φ) ìàòðèöû Φ ñâÿçàí ñî ñïåêòðîì σ(F ) ìàòðèöû F ñîîòíîøåíèåì

σ(Φ) = σ(F ) ∪ {−a}. Áëàãîäàðÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ðàâíîâåñèÿ x̄ è ïîëîæèòåëü-

íîñòè ïàðàìåòðà a ñèñòåìà (6) èìååò åäèíñòâåííîå ýêñïîíåíöèàëüíî óñòîé÷èâîå ñòàöèîíàðíîå

ðåøåíèå Z, óäîâëåòâîðÿþùåå ìàòðè÷íîìó óðàâíåíèþ

ΦZ + ZΦ⊤ + cc⊤ = 0. (7)

Ìàòðèöà Z èìååò ñëåäóþùóþ ñòðóêòóðó:

Z =

[

W m

m b

]

, W = E yy⊤, m = E ys, b = E s2,

ãäå z =

[

y

s

]

� ñòàöèîíàðíî ðàñïðåäåëåííîå ðåøåíèå ñèñòåìû (5). Îòìåòèì, ÷òî

cc⊤ =

[

O O

O 2a

]

. (8)

Ñ ó÷åòîì (7) è (8) äëÿ áëîêîâ W, m è b ìàòðèöû Z ñïðàâåäëèâà ñèñòåìà

FW +WF⊤ + gm⊤ +mg⊤ = 0,
Fm+ bg − am = 0,
−2ab+ 2a = 0.

Èç ýòîé ñèñòåìû ñëåäóåò, ÷òî

b = 1, m = −(F − aI)−1g.

Òàêèì îáðàçîì, ìàòðèöà W óäîâëåòâîðÿåò óðàâíåíèþ

FW +WF⊤ − gg⊤(F⊤ − aI)−1 − (F − aI)−1gg⊤ = 0. (9)

Îòìåòèì, ÷òî ìàòðèöà W îïðåäåëÿåò ñòîõàñòè÷åñêóþ ÷óâñòâèòåëüíîñòü ðàâíîâåñèÿ x̄ è ìîæåò

áûòü èñïîëüçîâàíà äëÿ îöåíêè êîâàðèàöèè ñòàöèîíàðíî ðàñïðåäåëåííûõ ñîñòîÿíèé xε(t) ñè-
ñòåìû (3), (4): cov(xε(t), xε(t)) ≈ ε2W. Ñèñòåìà (9) ñâÿçûâàåò ýòó ìàòðèöó W ñ ïàðàìåòðàìè

F = ∂f
∂x

(x̄, 0) è g = ∂f
∂r
(x̄, 0) äåòåðìèíèðîâàííîé ñèñòåìû è ïàðàìåòðîì a, õàðàêòåðèçóþùèì

âðåìÿ êîððåëÿöèè äåéñòâóþùåãî íà ñèñòåìó öâåòíîãî øóìà.

� 2. Ñòîõàñòè÷åñêàÿ ÷óâñòâèòåëüíîñòü íåëèíåéíûõ îñöèëëÿòîðîâ

�àññìîòðèì íåëèíåéíûé îñöèëëÿòîð

ẍ = ϕ(x, ẋ, r), (10)

âîçìóùåííûé ñêàëÿðíûì öâåòíûì øóìîì r(t) = εs(t). Ýòî óðàâíåíèå ìîæíî çàïèñàòü â âèäå

ñèñòåìû:

ẋ1 = x2,

ẋ2 = ϕ(x1, x2, εs),

ṡ = −as+
√
2aẇ,

(11)

ãäå a > 0, à w(t) � ñòàíäàðòíûé âèíåðîâñêèé ïðîöåññ ñ ïàðàìåòðàìè E(w(t) − w(t′)) = 0,
E(w(t)− w(t′))2 = |t− t′|.
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Ïóñòü x̄ � ýêñïîíåíöèàëüíî óñòîé÷èâîå ðàâíîâåñèå ñîîòâåòñòâóþùåãî äåòåðìèíèðîâàííîãî

îñöèëëÿòîðà (10) ñ ε = 0. Äëÿ ýòîãî ðàâíîâåñèÿ ýëåìåíòû ìàòðèöû ßêîáè

F =





0 1
∂ϕ

∂x1
(x̄, 0, 0)

∂ϕ

∂x2
(x̄, 0, 0)





äîëæíû óäîâëåòâîðÿòü íåðàâåíñòâàì

∂ϕ

∂x1
(x̄, 0, 0) < 0,

∂ϕ

∂x2
(x̄, 0, 0) < 0.

Â äåòåðìèíèðîâàííîì ñëó÷àå äëÿ ìàëûõ îòêëîíåíèé y = x−x̄ ìîæíî çàïèñàòü àïïðîêñèìàöèþ

â �îðìå ëèíåéíîãî îñöèëëÿòîðà

ÿ + kẏ + ω2y = 0, k = − ∂ϕ

∂x2
(x̄, 0, 0), ω =

√

∂ϕ

∂x1
(x̄, 0, 0).

PSfrag replaements

D1

a

0.5

1

× 10−6

00 2 4 6 8

PSfrag replaements

D2

a

1

3

× 10−7

0
0

2

2 4 6 8

�èñ. 1. Äèñïåðñèè D1 è D2 ñëó÷àéíûõ ñîñòîÿíèé (çâåçäî÷êè) è èõ òåîðåòè÷åñêèå îöåíêè D̄1 è D̄2 (ñïëîøíûå

ëèíèè) äëÿ k = 1, ε = 0.001

Ìàòðèöà W ñòîõàñòè÷åñêîé ÷óâñòâèòåëüíîñòè ðàâíîâåñèÿ x̄ íåëèíåéíîãî îñöèëëÿòîðà (11)

ñî ñëó÷àéíûìè âîçìóùåíèÿìè óäîâëåòâîðÿåò óðàâíåíèþ (9), ãäå

F =

[

0 1
−ω2 −k

]

, g =

[

0
p

]

, gg⊤ = p2
[

0 0
0 1

]

, F − aI =

[

−a 1
−ω2 −k − a

]

,

(F − aI)−1 =
1

∆

[

−k − a −1
ω2 −a

]

, ∆ = a(a+ k) + ω2, p =
∂ϕ

∂r
(x̄, 0, 0).

Äëÿ ýëåìåíòîâ ìàòðèöû ñòîõàñòè÷åñêîé ÷óâñòâèòåëüíîñòè W =

[

w11 w12

w21 w22

]

, ñ ó÷åòîì ðàâåí-

ñòâà w12 = w21, ìîæíî ïåðåïèñàòü ìàòðè÷íîå óðàâíåíèå (9) â âèäå ñèñòåìû òðåõ ñêàëÿðíûõ

óðàâíåíèé:

2w12 = 0,

−ω2w11 − kw12 + w22 = −p2

∆
,

−2ω2w12 − 2kw22 = −2ap2

∆
.

(12)
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Ñèñòåìà (12) èìååò ñëåäóþùåå ðåøåíèå:

w11 =
(a+ k)p2

ω2k(a2 + ak + ω2)
,

w12 = w21 = 0,

w22 =
ap2

k(a2 + ak + ω2)
.

(13)

Òàêèì îáðàçîì, äëÿ íåëèíåéíîãî îñöèëëÿòîðà (11) ìàòðèöà ñòîõàñòè÷åñêîé ÷óâñòâèòåëüíîñòè

ðàâíîâåñèÿ x̄ ÿâëÿåòñÿ äèàãîíàëüíîé. �àññìîòðèì, êàê ìåíÿþòñÿ äèàãîíàëüíûå ýëåìåíòû w11,

w22 ìàòðèöû ñòîõàñòè÷åñêîé ÷óâñòâèòåëüíîñòè W ïðè èçìåíåíèè ïàðàìåòðà a íà èíòåðâàëå

0 < a < ∞. Êîãäà a ñòðåìèòñÿ ê áåñêîíå÷íîñòè, îáà ýëåìåíòà ñòðåìÿòñÿ ê íóëþ. Åñëè ω 6 k, òî

�óíêöèÿ w11(a) ìîíîòîííî óáûâàåò è èìååò ìàêñèìóì w11(0) =
p2

ω4
. Ïðè ω > k, �óíêöèÿ w11(a)

èìååò åäèíñòâåííûé ìàêñèìóì â òî÷êå a = ω−k > 0. Ôóíêöèÿ w22(0) = 0 è èìååò åäèíñòâåííûé
ìàêñèìóì â òî÷êå a = ω. Ýòè ýêñòðåìóìû ëîêàëèçóþò çíà÷åíèÿ ïàðàìåòðà a öâåòíîãî øóìà,

ñîîòâåòñòâóþùèå ðåçîíàíñàì.

 

 

PSfrag replaements

w11

a0 2 40

2

4

6 8

k = 1
k = 0.5
k = 0.2
k = 0.1

 

 

PSfrag replaements

w22

a0 2 40

2

4

6 8

k = 1
k = 0.5
k = 0.2
k = 0.1

�èñ. 2. Ñòîõàñòè÷åñêàÿ ÷óâñòâèòåëüíîñòü ðàâíîâåñèÿ

� 3. Ñòîõàñòè÷åñêèé ýëåêòðîííûé ãåíåðàòîð ñ æåñòêèì âîçáóæäåíèåì

�àññìîòðèì ñèñòåìó, ìîäåëèðóþùóþ ðàáîòó ýëåêòðîííîãî ãåíåðàòîðà ñ æåñòêèì âîçáóæ-

äåíèåì [22℄ â ïðèñóòñòâèè öâåòíîãî øóìà:

ẋ1 = x2,

ẋ2 = −x1 − (k − x2
1
+ x4

1
)x2 + εs,

ṡ = −as+
√
2aξ(t).

(14)

Äëÿ k > 0 äåòåðìèíèðîâàííàÿ ñèñòåìà (14) ñ ε = 0 èìååò óñòîé÷èâîå òðèâèàëüíîå ðàâíîâå-

ñèå x̄1 = x̄2 = 0. Ïðè k > 0.125 ýòî ðàâíîâåñèå ÿâëÿåòñÿ åäèíñòâåííûì àòòðàêòîðîì. Ïðè

0 < k < 0.125 ñèñòåìà áèñòàáèëüíà è èìååò äâà àòòðàêòîðà: óñòîé÷èâîå ðàâíîâåñèå è óñòîé÷è-

âûé öèêë, ðàçäåëåííûå íåóñòîé÷èâûì öèêëîì. Çíà÷åíèå k = 0.125 ñîîòâåòñòâóåò ñåäëî-óçëîâîé
áè�óðêàöèè æåñòêîãî ðîæäåíèÿ öèêëà.

Äèàãîíàëüíàÿ ìàòðèöà ñòîõàñòè÷åñêîé ÷óâñòâèòåëüíîñòè (13) ðàâíîâåñèÿ (0, 0) ñèñòåìû (14)

èìååò ñëåäóþùèå ýëåìåíòû:

w11 =
a+ k

k(a2 + ak + 1)
,

w22 =
a

k(a2 + ak + 1)
.
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Èñïîëüçóÿ ýòè ÿâíûå �óíêöèè, ìû ìîæåì àïïðîêñèìèðîâàòü äèñïåðñèè Di = Ex2i ≈ D̄i, ãäå

D̄i = ε2wii (i = 1, 2). Íà ðèñ. 1 äëÿ k = 1, ε = 0.001 ñïëîøíûìè ëèíèÿìè ïîêàçàíû �óíê-

öèè D̄1(a) è D̄2(a). Çíà÷åíèÿ äèñïåðñèé D1 è D2, íàéäåííûå ïðÿìûì ÷èñëåííûì ìîäåëèðîâà-

íèåì ðåøåíèé ñèñòåìû (14), èçîáðàæåíû çâåçäî÷êàìè. Êàê âèäèì, íàøè òåîðåòè÷åñêèå îöåíêè,

ïîëó÷åííûå ñ ïîìîùüþ òåõíèêè �óíêöèè ñòîõàñòè÷åñêîé ÷óâñòâèòåëüíîñòè, õîðîøî ñîãëàñó-

þòñÿ ñ ðåçóëüòàòàìè ÷èñëåííîãî ìîäåëèðîâàíèÿ.

�àññìîòðèì òåïåðü, êàê ñòîõàñòè÷åñêàÿ ÷óâñòâèòåëüíîñòü çàâèñèò îò ïàðàìåòðîâ a è k. Íà

ðèñ. 2 �óíêöèè w11(a), w22(a) èçîáðàæåíû äëÿ ðàçëè÷íûõ çíà÷åíèé ïàðàìåòðà k.

a)

PSfrag replaements
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x2
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0
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�èñ. 3. Ñòîõàñòè÷åñêèå òðàåêòîðèè è âðåìåííûå ðÿäû ñèñòåìû (14) ïðè k = 0.01, ε = 0.01: à) äëÿ a = 0.1;

á) äëÿ a = 1; â) äëÿ a = 10. Äåòåðìèíèðîâàííûå óñòîé÷èâûé è íåóñòîé÷èâûé öèêëû èçîáðàæåíû ñïëîøíîé

çåëåíîé è ïóíêòèðíîé êðàñíîé ëèíèÿìè.

Êàê âèäíî, âàæíîé ÷åðòîé ýòèõ ãðà�èêîâ ÿâëÿåòñÿ íàëè÷èå ïèêîâ. Ôóíêöèÿ w11(a) èìååò
ìàêñèìóì â òî÷êå a1 = 1− k, à �óíêöèÿ w22(a) � â òî÷êå a2 = 1. Çíà÷åíèÿ a1, a2 îïðåäåëÿþò

ïàðàìåòðû öâåòíîãî øóìà, äëÿ êîòîðîãî êîîðäèíàòû ñèñòåìû (14) íàèáîëåå ÷óâñòâèòåëüíû
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ê äåéñòâóþùèì ñëó÷àéíûì âîçìóùåíèÿì. Ìàêñèìàëüíûå çíà÷åíèÿ ýòèõ �óíêöèé ðàâíû

max
a

w11(a) =
1

k(2 − k)
, max

a
w22(a) =

1

k(2 + k)
.

Êàê âèäèì, ïðè ñòðåìëåíèè k ê íóëþ ýòè ìàêñèìóìû ñòðåìÿòñÿ ê áåñêîíå÷íîñòè, ÷òî îçíà÷àåò

íåîãðàíè÷åííûé ðîñò ñòîõàñòè÷åñêîé ÷óâñòâèòåëüíîñòè.

�àññìîòðèì òåïåðü, êàê öâåòíîé øóì ìîæåò ðåçêî èçìåíèòü ñòîõàñòè÷åñêóþ äèíàìèêó ñè-

ñòåìû âáëèçè çíà÷åíèÿ a = 1, ãäå ñèñòåìà íàèáîëåå ÷óâñòâèòåëüíà. Çà�èêñèðóåì k = 0.01
è ñðàâíèì îòêëèê ñèñòåìû (14) íà öâåòíîé øóì ñ òðåìÿ ðàçíûìè çíà÷åíèÿìè ïàðàìåòðà:

a = 0.1, a = 1 è a = 10 äëÿ îäèíàêîâîé èíòåíñèâíîñòè ε = 0.01. Ïðè k = 0.01 äåòåðìèíè-

ðîâàííàÿ ñèñòåìà áèñòàáèëüíà è èìååò (ñì. ðèñ. 3) óñòîé÷èâîå ðàâíîâåñèå (0, 0) è óñòîé÷èâûé

ïðåäåëüíûé öèêë. Áàññåéíû ïðèòÿæåíèÿ ýòèõ àòòðàêòîðîâ ðàçäåëåíû íåóñòîé÷èâûì öèêëîì.

Ïðè a = 0.1 ñëó÷àéíûå òðàåêòîðèè, ñòàðòóþùèå èç ðàâíîâåñèÿ, ðàñïîëàãàþòñÿ â åãî áàñ-

ñåéíå ïðèòÿæåíèÿ (ñì. ðèñ. 3, à). Â ýòîì ñëó÷àå ðåøåíèÿ äåìîíñòðèðóþò ìàëîàìïëèòóäíûå

ñòîõàñòè÷åñêèå îñöèëëÿöèè. Àíàëîãè÷íîå ïîâåäåíèå íàáëþäàåòñÿ è ïðè a = 10 (ñì. ðèñ. 3, â).

Ïðè a = 1, âñëåäñòâèå âûñîêîé ñòîõàñòè÷åñêîé ÷óâñòâèòåëüíîñòè, ñëó÷àéíûå òðàåêòîðèè âûõî-

äÿò èç áàññåéíà ïðèòÿæåíèÿ ðàâíîâåñèÿ, ïåðåñåêàþò ñåïàðàòðèñó è â äàëüíåéøåì îñöèëëèðóþò

óæå â îêðåñòíîñòè óñòîé÷èâîãî ïðåäåëüíîãî öèêëà (ñì. ðèñ. 3, á). Òàêèì îáðàçîì, ïðè a = 1
öâåòíîé øóì ïåðåâîäèò ñèñòåìó èç ðåæèìà ìàëîàìïëèòóäíûõ îñöèëëÿöèé â ðåæèì ñòîõàñòè-

÷åñêèõ êîëåáàíèé ñ áîëüøèìè àìïëèòóäàìè.

Èíòåðåñíî ñîïîñòàâèòü ýòè ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ ñî çíà÷åíèÿìè ñòîõàñòè-

÷åñêîé ÷óâñòâèòåëüíîñòè. Äåéñòâèòåëüíî, ïðè a = 0.1 ìû èìååì w11 = 10.9, w22 = 9.9, ïðè
a = 1 ìû èìååì w11 = 50.2, w22 = 49.8, à ïðè a = 10 âûïîëíÿåòñÿ w11 = 9.9, w22 = 9.9. Êàê
âèäíî, ïðè çíà÷åíèè ïàðàìåòðà a = 1 ñèñòåìà (14) èìååò âûñîêóþ ñòîõàñòè÷åñêóþ ÷óâñòâèòåëü-

íîñòü, ïðèâîäÿùóþ ê óâåëè÷åíèþ äèñïåðñèè ñ ïåðåõîäàìè ÷åðåç ñåïàðàòðèñó. Ýòî â êîíå÷íîì

ñ÷åòå âûçûâàåò êà÷åñòâåííûå èçìåíåíèÿ ñòîõàñòè÷åñêîé äèíàìèêè ìîäåëè.

Êàê âèäèì, ðåàêöèÿ ñèñòåìû íà öâåòíûå øóìû îäíîé è òîé æå èíòåíñèâíîñòè ñóùåñòâåííî

çàâèñèò îò âðåìåíè êîððåëÿöèè öâåòíîãî øóìà. Èçìåíåíèå âðåìåíè êîððåëÿöèè, ïðèâîäÿùåå

ê ðîñòó ñòîõàñòè÷åñêîé ÷óâñòâèòåëüíîñòè, ìîæåò íå òîëüêî óâåëè÷èòü äèñïåðñèþ, íî è âûçâàòü

êà÷åñòâåííûå èçìåíåíèÿ ðåæèìà ñòîõàñòè÷åñêîé äèíàìèêè. Ïðåäñòàâëåííàÿ â ðàáîòå òåõíèêà

ñòîõàñòè÷åñêîé ÷óâñòâèòåëüíîñòè ïîçâîëÿåò âåñòè êîíñòðóêòèâíûé ïàðàìåòðè÷åñêèé àíàëèç

ÿâëåíèé òàêîãî ðîäà.

ÑÏÈÑÎÊ ËÈÒÅ�ÀÒÓ�Û

1. H�anggi P., Jung P. Colored noise in dynamial systems // Advanes in Chemial Physis. Vol. 89 /

I. Prigogine, S.A. Rie. Hoboken, NJ, USA: John Wiley & Sons, In.

DOI: 10.1002/9780470141489.h4

2. Àíèùåíêî Â.Ñ., Àñòàõîâ Â.Â., Âàäèâàñîâà Ò.Å., Íåéìàí À.Á., Ñòðåëêîâà �.È., Øèìàíñêèé��àéåð Ë.

Íåëèíåéíûå ý��åêòû â õàîòè÷åñêèõ è ñòîõàñòè÷åñêèõ ñèñòåìàõ. Èæåâñê: Èíñòèòóò êîìïüþòåðíûõ

èññëåäîâàíèé, 2003. 535 ñ.

3. Short R., Mandel L., Roy R. Correlation funtions of a dye laser: Comparison between theory and

experiment // Physial Review Letters. 1982. Vol. 49. Issue 9. P. 647�650.

DOI: 10.1103/PhysRevLett.49.647

4. Marano S., Edwards B., Ferrari G., Faeh D. Fitting earthquake spetra: olored noise and inomplete

data // Bulletin of the Seismologial Soiety of Ameria. 2017. Vol. 107. No. 1. P. 276�291.

DOI: 10.1785/0120160030

5. Sarkar P. The linear response of a glyolyti osillator, driven by a multipliative olored noise // Journal

of Statistial Mehanis: Theory and Experiment. 2016. Vol. 2016. Issue 12. P. 123202.

DOI: 10.1088/1742-5468/2016/12/123202

6. Spanio T., Hidalgo J., Mu�noz M.A. Impat of environmental olored noise in single-speies population

dynamis // Physial Review E. 2017. Vol. 96. Issue 4. 042301.

DOI: 10.1103/PhysRevE.96.042301

http://dx.doi.org/10.1002/9780470141489.ch4
http://dx.doi.org/10.1103/PhysRevLett.49.647
http://dx.doi.org/10.1785/0120160030
http://dx.doi.org/10.1088/1742-5468/2016/12/123202
http://dx.doi.org/10.1103/PhysRevE.96.042301


140 È.À. Áàøêèðöåâà

ÌÀÒÅÌÀÒÈÊÀ 2018. Ò. 28. Âûï. 2

7. Dong H., He L., Lu H., Li J. A mirobial growth kinetis model driven by hybrid stohasti olored noises

in the water environment // Stohasti Environmental Researh and Risk Assessment. 2016. Vol. 31.

No. 8. P. 2047�2056. DOI: 10.1007/s00477-016-1282-y

8. Guo Q., Sun Z., Xu W. The properties of the anti-tumor model with oupling non-Gaussian noise and

Gaussian olored noise // Physia A: Statistial Mehanis and its Appliations. 2016. Vol. 449. P. 43�52.

DOI: 10.1016/j.physa.2015.12.102

9. H'walisz L., Jung P., H�anggi P., Talkner P., Shimansky�Geier L. Colored noise driven systems with

inertia // Zeitshrift f�ur Physik B Condensed Matter. 1989. Vol. 77. Issue 3. P. 471�483.

DOI: 10.1007/BF01453798

10. Àíèùåíêî Â.Ñ., Íåéìàí À.Á. Äèíàìè÷åñêèé õàîñ è ¾öâåòíîé øóì¿ // Ïèñüìà â æóðíàë òåõíè÷åñêîé

�èçèêè. 1990. Ò. 16. Âûï. 7. Ñ. 21�25.

11. Jung P., Neiman A., Afghan M.K.N., Nadkarni S., Ullah G. Thermal ativation by power-limited oloured

noise // New Journal of Physis. 2005. Vol. 7. P. 17. DOI: 10.1088/1367-2630/7/1/017

12. Çàõàðîâà À.Ñ., Âàäèâàñîâà Ò.Å., Àíèùåíêî Â.Ñ. Âëèÿíèå øóìà íà àâòîãåíåðàòîð ñïèðàëüíîãî õà-

îñà // Èçâåñòèÿ âóçîâ. Ïðèêëàäíàÿ íåëèíåéíàÿ äèíàìèêà. 2006. Ò. 14. � 5. Ñ. 44�61.

13. H�anggi P., Jung P., Zerbe C., Moss F. Can olored noise improve stohasti resonane? // Journal of

Statistial Physis. 1993. Vol. 70. Issue 1�2. P. 25�47. DOI: 10.1007/BF01053952

14. Xu Y., Gu R., Zhang H., Xu W., Duan J. Stohasti bifurations in a bistable Du�ng�Van der Pol

osillator with olored noise // Physial Review E. 2011. Vol. 83. Issue 5. 056215.

DOI: 10.1103/PhysRevE.83.056215

15. Lei Y., Hua M., Du L. Onset of olored-noise-indued haos in the generalized Du�ng system // Nonlinear

Dynamis. 2017. Vol. 89. Issue 2. P. 1371�1383. DOI: 10.1007/s11071-017-3522-1

16. Âåíòöåëü À.Ä., Ôðåéäëèí Ì.È. Ôëóêòóàöèè â äèíàìè÷åñêèõ ñèñòåìàõ ïîä äåéñòâèåì ìàëûõ ñëó-

÷àéíûõ âîçìóùåíèé. Ì.: Íàóêà, 1979. 424 ñ.

17. Bashkirtseva I., Ryashko L. Analysis of exitability for the FitzHugh�Nagumo model via a stohasti

sensitivity funtion tehnique // Physial Review E. 2011. Vol. 83. Issue 6. 061109.

DOI: 10.1103/PhysRevE.83.061109

18. Bashkirtseva I., Ryashko L. Stohasti sensitivity of regular and multi-band haoti attrators in disrete

systems with parametri noise // Physis Letters A. 2017. Vol. 381. Issue 37. P. 3203�3210.

DOI: 10.1016/j.physleta.2017.08.017

19. Ryashko L., Slepukhina E. Noise-indued torus bursting in the stohasti Hindmarsh-Rose neuron

model // Physial Review E. 2017. Vol. 96. Issue 3. 032212. DOI: 10.1103/PhysRevE.96.032212

20. Bashkirtseva I., Ryashko L. Stohasti sensitivity and variability of glyolyti osillations in the randomly

fored Sel'kov model // The European Physial Journal B. 2017. Vol. 90. Issue 1.

DOI: 10.1140/epjb/e2016-70674-4

21. Bashkirtseva I., Ryashko L. Noise-indued shifts in the population model with a weak Allee e�et //

Physia A: Statistial Mehanis and its Appliations. 2018. Vol. 491. P. 28�36.

DOI: 10.1016/j.physa.2017.08.157

22. Àíäðîíîâ À.À., Âèòò À.À., Õàéêèí Ñ.Ý. Òåîðèÿ êîëåáàíèé. Ì.: Íàóêà, 1981. 568 ñ.

Ïîñòóïèëà â ðåäàêöèþ 02.03.2018

Áàøêèðöåâà Èðèíà Àäîëü�îâíà, äîöåíò, Èíñòèòóò åñòåñòâåííûõ íàóê è ìàòåìàòèêè, Óðàëüñêèé �åäå-

ðàëüíûé óíèâåðñèòåò, 620000, �îññèÿ, ã. Åêàòåðèíáóðã, óë. Ëåíèíà, 51.

E-mail: irina.bashkirtseva�urfu.ru

I. A. Bashkirtseva

The impat of olored noise on the equilibria of nonlinear dynami systems

Citation: Vestnik Udmurtskogo Universiteta. Matematika. Mekhanika. Komp'yuternye Nauki, 2018, vol. 28,

issue 2, pp. 133�142 (in Russian).

Keywords: olored noise, orrelation time, stohasti sensitivity, eletroni generator, stohasti exitability.

MSC2010: 93E03

DOI: 10.20537/vm180201

http://dx.doi.org/10.1007/s00477-016-1282-y
http://dx.doi.org/10.1016/j.physa.2015.12.102
http://dx.doi.org/10.1007/BF01453798
http://dx.doi.org/10.1088/1367-2630/7/1/017
http://dx.doi.org/10.1007/BF01053952
http://dx.doi.org/10.1103/PhysRevE.83.056215
http://dx.doi.org/10.1007/s11071-017-3522-1
http://dx.doi.org/10.1103/PhysRevE.83.061109
http://dx.doi.org/10.1016/j.physleta.2017.08.017
http://dx.doi.org/10.1103/PhysRevE.96.032212
http://dx.doi.org/10.1140/epjb/e2016-70674-4
http://dx.doi.org/10.1016/j.physa.2017.08.157
mailto:irina.bashkirtseva@urfu.ru
http://dx.doi.org/10.20537/vm180201


Î âëèÿíèè öâåòíîãî øóìà 141

ÌÀÒÅÌÀÒÈÊÀ 2018. Ò. 28. Âûï. 2

The in�uene of olored noise on the equilibrium regimes of nonlinear dynamial systems is investigated.

To study the response of the system to small perturbations, we use an asymptoti approah that develops

the stohasti sensitivity funtion tehnique. The stohasti sensitivity of equilibrium in a general multidi-

mensional dynamial system is de�ned by some matrix. For this stohasti sensitivity matrix, we obtain a

matrix algebrai equation. An exat solution of this equation is given for an important lass of nonlinear

osillators with perturbations in the form of olored noises. This theory is applied to the parametri study of

the response of the eletroni generator with hard exitation to olored noises with various orrelation times.

The dependene of the dispersion of random states on the harateristi orrelation time is investigated.

It is shown that this dependene an be nonmonotoni and have maxima orresponding to the resonanes.

The paper disusses the probabilisti mehanism of the stohasti generation of large-amplitude osillations

aused by olor noise.
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