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1

�àññìàòðèâàåòñÿ ñåìåéñòâî ìàêñèìàëüíûõ ñöåïëåííûõ ñèñòåì, ýëåìåíòàìè êîòîðûõ ÿâëÿþòñÿ ìíîæå-

ñòâà ïðîèçâîëüíîé ðåøåòêè ñ ¾íóëåì¿ è ¾åäèíèöåé¿, à òàêæå åãî ïîäñåìåéñòâî, ñîñòàâëåííîå èç óëü-

òðà�èëüòðîâ äàííîé ðåøåòêè. Èññëåäóþòñÿ ñîîòíîøåíèÿ ìåæäó åñòåñòâåííûìè òîïîëîãèÿìè, èñïîëü-

çóåìûìè äëÿ îñíàùåíèÿ ìíîæåñòâà ìàêñèìàëüíûõ ñöåïëåííûõ ñèñòåì è ìíîæåñòâà óëüòðà�èëüòðîâ

óïîìÿíóòîé ðåøåòêè ìíîæåñòâ. Ïîêàçàíî, ÷òî ïîñëåäíåå ìíîæåñòâî â åñòåñòâåííîì (äëÿ ïðîñòðàíñòâ

óëüòðà�èëüòðîâ) îñíàùåíèè ÿâëÿåòñÿ ïîäïðîñòðàíñòâîì ïðîñòðàíñòâà ìàêñèìàëüíûõ ñöåïëåííûõ ñè-

ñòåì â îñíàùåíèè äâóìÿ ñðàâíèìûìè òîïîëîãèÿìè, îäíà èç êîòîðûõ ïîäîáíà èñïîëüçóåìîé ïðè ïîñòðî-

åíèè ðàñøèðåíèÿ Âîëìýíà, à âòîðàÿ ñîîòâåòñòâóåò íà èäåéíîì óðîâíå ñõåìå ïîñòðîåíèÿ ïðîñòðàíñòâà

Ñòîóíà â ñëó÷àå, êîãäà ðåøåòêà ÿâëÿåòñÿ àëãåáðîé ìíîæåñòâ. Ñâîéñòâà ïîëó÷àþùåéñÿ áèòîïîëîãè÷å-

ñêîé ñòðóêòóðû äåòàëèçèðîâàíû äëÿ ñëó÷àåâ, êîãäà ðåøåòêà ÿâëÿåòñÿ àëãåáðîé ìíîæåñòâ, òîïîëîãèåé,

ñåìåéñòâîì çàìêíóòûõ ìíîæåñòâ òîïîëîãè÷åñêîãî ïðîñòðàíñòâà.

Êëþ÷åâûå ñëîâà: ðåøåòêà ìíîæåñòâ, òîïîëîãèÿ, óëüòðà�èëüòð.

DOI: 10.20537/vm170307

Ââåäåíèå

Ìàêñèìàëüíûå ñöåïëåííûå ñèñòåìû (ÌÑÑ) çàìêíóòûõ ìíîæåñòâ òîïîëîãè÷åñêîãî ïðî-

ñòðàíñòâà èññëåäîâàëèñü â ñâÿçè ñ ïîíÿòèåì ñóïåðêîìïàêòíîñòè è ïîñòðîåíèåì ñóïåððàñøèðå-

íèé (ñì. [1�3℄ è äð.). Îòìåòèì âàæíîå ïîëîæåíèå (ñì. [4℄) î ñóïåðêîìïàêòíîñòè ìåòðèçóåìûõ

êîìïàêòîâ, à òàêæå ñâÿçü ñóïåðêîìïàêòíîñòè ñ ïðîñòðàíñòâàìè Âîëìýíà (ñì. [2℄). Â óïîìÿíó-

òûõ è ìíîãèõ äðóãèõ ðàáîòàõ ðàññìàòðèâàëàñü ñöåïëåííîñòü ñåìåéñòâ çàìêíóòûõ ìíîæåñòâ.

Âîçìîæåí, îäíàêî, è áîëåå øèðîêèé âçãëÿä íà âåùè, êîãäà èìååòñÿ â âèäó ñöåïëåííîñòü ïîä-

ñåìåéñòâ òîãî èëè èíîãî çàäàííîãî àïðèîðè ñåìåéñòâà ìíîæåñòâ. Ïîñëåäíåå ìîæåò, íàïðèìåð,

îòâå÷àòü îñíàùåíèþ ìíîæåñòâà, èãðàþùåãî ðîëü ¾åäèíèöû¿, òîé èëè èíîé èçìåðèìîé ñòðóêòó-

ðîé. Ìîæíî òàêæå ðàññìàòðèâàòü ñöåïëåííûå ñèñòåìû îòêðûòûõ ìíîæåñòâ â òîïîëîãè÷åñêîì

ïðîñòðàíñòâå (ÒÏ). Óïîìÿíóòûå ñëó÷àè óäàåòñÿ îõâàòèòü åäèíîé ñõåìîé, îòâå÷àþùåé èäåå

îñíàùåíèÿ ¾åäèíèöû¿ ïðîèçâîëüíîé ðåøåòêîé åå ïîäìíîæåñòâ (ï/ì). Â òî æå âðåìÿ äàííûé

ïîäõîä ïîçâîëÿåò [5,6℄ èññëåäîâàòü óëüòðà�èëüòðû (ó/�) óïîìÿíóòîé ðåøåòêè ñ ïðèìåíåíèåì

ýëåìåíòîâ òåîðèè áèòîïîëîãè÷åñêèõ ïðîñòðàíñòâ [7℄. Â ñèëó ýòèõ ïðè÷èí ïðåäñòàâëÿåò èíòåðåñ

ñâÿçàòü äëÿ äàííîãî âåñüìà îáùåãî ñëó÷àÿ (îñíàùåíèÿ èñõîäíîãî ìíîæåñòâà ïðîèçâîëüíîé ðå-

øåòêîé åãî ï/ì) êîíñòðóêöèè, îïåðèðóþùèå ñ ÌÑÑ è ñ ó/� óïîìÿíóòîé ðåøåòêè, èìåÿ â âèäó

âîçìîæíîñòü îñíàùåíèÿ ìíîæåñòâà âñåõ ÌÑÑ äâóìÿ õàðàêòåðíûìè òîïîëîãèÿìè: ïî ñìûñëó

âîëìýíîâñêîé è ñòîóíîâñêîé.

� 1. Îáùèå ñâåäåíèÿ

Èñïîëüçóåì ñòàíäàðòíóþ òåîðåòèêî-ìíîæåñòâåííóþ ñèìâîëèêó (êâàíòîðû, ñâÿçêè è äð.); ∅ �

ïóñòîå ìíîæåñòâî,

△
= � ðàâåíñòâî ïî îïðåäåëåíèþ, âûðàæåíèå def çàìåíÿåò �ðàçó ¾ïî îïðåäå-

ëåíèþ¿. Ïðèíèìàåì àêñèîìó âûáîðà; ñåìåéñòâîì íàçûâàåì ìíîæåñòâî, âñå ýëåìåíòû êîòîðî-

ãî � ìíîæåñòâà.

1

�àáîòà âûïîëíåíà â ðàìêàõ Ïðîãðàììû Ïðåçèäèóìà �ÀÍ ¾Ìàòåìàòè÷åñêèå çàäà÷è ñîâðåìåííîé òåîðèè

óïðàâëåíèÿ¿.
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Åñëè x è y � îáúåêòû, òî {x; y} åñòü def ìíîæåñòâî, ñîäåðæàùåå x, y è íå ñîäåðæàùåå íè-

êàêèõ äðóãèõ ýëåìåíòîâ. Ìíîæåñòâà � îáúåêòû; ñëåäóÿ [8, 
. 67℄, ïîëàãàåì äëÿ ïðîèçâîëüíûõ

îáúåêòîâ a è b, ÷òî (a, b)
△
=

{
{a}; {a; b}

}
, ïîëó÷àÿ óïîðÿäî÷åííóþ ïàðó (ÓÏ) ñ ïåðâûì ýëåìåí-

òîì a è âòîðûì ýëåìåíòîì b. Äëÿ ïðîèçâîëüíîé ÓÏ z ÷åðåç pr1(z) è pr2(z) îáîçíà÷àåì ñîîòâåò-

ñòâåííî ïåðâûé è âòîðîé ýëåìåíòû z, îäíîçíà÷íî îïðåäåëÿåìûå óñëîâèåì z =
(
pr1(z),pr2(z)

)
.

Äëÿ êàæäîãî îáúåêòà x â âèäå {x}
△
= {x;x} èìååì ñèíãëåòîí, ñîäåðæàùèé x.

Åñëè X � ìíîæåñòâî, òî ÷åðåç P(X) îáîçíà÷àåì ñåìåéñòâî âñåõ ï/ì X, ïîëàãàåì òàêæå

P ′(X)
△
= P(X) \ {∅}; íàêîíåö, ÷åðåç Fin(X) îáîçíà÷àåì ñåìåéñòâî âñåõ êîíå÷íûõ ìíîæåñòâ èç

P ′(X). Â êà÷åñòâå X ìîæåò, êîíå÷íî, èñïîëüçîâàòüñÿ ñåìåéñòâî. Åñëè X � íåïóñòîå ñåìåéñòâî,

òî ïîëàãàåì, ÷òî

{∪}(X)
△
=

{ ⋃

X∈X

X : X ∈ P(X)
}
, {∩}(X)

△
=

{ ⋂

X∈X

X : X ∈ P ′(X)
}
,

{∪}♯(X)
△
=

{ ⋃

X∈K

X : K ∈ Fin(X)
}
, {∩}♯(X)

△
=

{ ⋂

X∈K

X : K ∈ Fin(X)
}
,

ïîëó÷àÿ ÷åòûðå ñåìåéñòâà ï/ì îáúåäèíåíèÿ âñåõ ìíîæåñòâ èç X; ÿñíî, ÷òî êàæäîå èç ýòèõ

ñåìåéñòâ ñîäåðæèò X. Åñëè M � ìíîæåñòâî è M ∈ P ′
(
P(M)

)
, òî

CM[M]
△
= {M \M : M ∈ M} ∈ P ′

(
P(M)

)
(1.1)

(ñåìåéñòâî ï/ì M, äâîéñòâåííîå ïî îòíîøåíèþ ê M); (1.1) áóäåò, â ÷àñòíîñòè, èñïîëüçîâàòüñÿ
â ñëó÷àå, êîãäà M � òîïîëîãèÿ íà M. Åñëè A � íåïóñòîå ñåìåéñòâî, à B � ìíîæåñòâî, òî

A|B
△
= {A ∩B : A ∈ A} ∈ P ′

(
P(B)

)
;

òåì ñàìûì îïðåäåëåí ñëåä A íà ìíîæåñòâî B (îáû÷íî ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà A ∈
∈ P ′

(
P(A)

)
è B ∈ P(A), ãäå A � ìíîæåñòâî).

Åñëè A è B � ìíîæåñòâà, òî BA
åñòü def ìíîæåñòâî âñåõ îòîáðàæåíèé èç A â B; åñëè

f ∈ BA
è C ∈ P(A), òî f1(C)

△
= {f(x) : x ∈ C} ∈ P(B) (îáðàç C ïðè äåéñòâèè f), f1(C) 6= ∅

ïðè C 6= ∅.
Ñïåöèàëüíûå ñåìåéñòâà. Â ïðåäåëàõ íàñòîÿùåãî ïóíêòà �èêñèðóåì íåïóñòîå ìíîæå-

ñòâî I. Ñåìåéñòâî

π[I]
△
= {I ∈ P ′

(
P(I)

)
| (∅ ∈ I)&(I ∈ I)&(A ∩B ∈ I ∀A ∈ I ∀B ∈ I)}

âñåõ π-ñèñòåì ï/ì I ñ ¾íóëåì¿ è ¾åäèíèöåé¿, â êà÷åñòâå ñâîèõ ïîäñåìåéñòâ ñîäåðæèò ñåìåéñòâà

(alg)[I]
△
= {A ∈ π[I]| I \ A ∈ A ∀A ∈ A}, (1.2)

(top)[I]
△
= {τ ∈ π[I]|

⋃

G∈G

G ∈ τ ∀G ∈ P ′(τ)} = {τ ∈ π[I]|
⋃

G∈G

G ∈ τ ∀G ∈ P(τ)}

âñåõ àëãåáð ï/ì I è âñåõ òîïîëîãèé íà I. Ââåäåì, êðîìå òîãî, ñåìåéñòâî

(LAT)o[I]
△
= {I ∈ π[I]|A ∪B ∈ I ∀A ∈ I ∀B ∈ I} (1.3)

âñåõ ðåøåòîê ï/ì I ñ ¾íóëåì¿ è ¾åäèíèöåé¿. Â ñâÿçè ñ (1.2)�(1.3) ïîëåçíî ó÷åñòü, ÷òî

(
(alg)[I] ⊂ (LAT)o[I]

)
&
(
(top)[I] ⊂ (LAT)o[I]

)
&
(
CI [τ ] ∈ (LAT)o[I] ∀ τ ∈ (top)[I]

)
. (1.4)

Â äàëüíåéøåì áóäåì îðèåíòèðîâàòüñÿ íà ¾ðàáîòó¿ ñ ðåøåòêàìè èç ñåìåéñòâ, ïîäîáíûõ (1.3);

(1.4) ïîêàçûâàåò, ÷òî òàêîé ïîäõîä ÿâëÿåòñÿ âåñüìà îáùèì. Çàìåòèì, ÷òî ïîñëåäíÿÿ â (1.4)
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âîçìîæíîñòü áóäåò îòâå÷àòü èñïîëüçîâàíèþ òðàäèöèîííî ïîíèìàåìîãî ñóïåððàñøèðåíèÿ (ñì.,

íàïðèìåð, [3, ãë. VII, � 4℄).

Ââåäåì â ðàññìîòðåíèå ðåøåòêè ñ ñèíãëåòîíàìè:

(LAT)o[I]
△
= {L ∈ (LAT)o[I]| {x} ∈ L ∀x ∈ I};

ïîëåçíî èìåòü â âèäó, ÷òî ïðè τ ∈ (top)[E], â ñëó÷àå êîãäà (E, τ) åñòü T1-ïðîñòðàíñòâî, íåïðå-

ìåííî CE[τ ] ∈ (LAT)o[I]. Íàêîíåö, â âèäå

π̃o[I]
△
= {L ∈ π[I]| ∀L ∈ L ∀x ∈ I \ L ∃ L̃ ∈ L : (x ∈ L̃) ∧ (L̃ ∩ L = ∅)}

èìååì ñåìåéñòâî îòäåëèìûõ π-ñèñòåì (ñ ¾íóëåì¿ è ¾åäèíèöåé¿); ÿñíî, ÷òî (LAT)o[I] ⊂ π̃o[I].
Â òî æå âðåìÿ âîçìîæåí ñëó÷àé (LAT)o[I] 6= (LAT)o[I] ∩ π̃o[I]. Íàïîìíèì, ÷òî ïðè I ∈ π[I]

(Cen)[I]
△
= {Z ∈ P ′(I)|

⋂
Z∈K

Z 6= ∅ ∀K ∈ Fin(Z)} åñòü ñåìåéñòâî âñåõ íåïóñòûõ öåíòðèðîâàí-

íûõ ïîäñåìåéñòâ π-ñèñòåìû I.
Áàçû è ïðåäáàçû òîïîëîãè÷åñêèõ ïðîñòðàíñòâ. Â öåëÿõ áîëüøåé êðàòêîñòè â îáîçíà-

÷åíèÿõ �èêñèðóåì äî êîíöà íàñòîÿùåãî ïóíêòà íåïóñòîå ìíîæåñòâî X. Áóäåì ðàññìàòðèâàòü

îòêðûòûå è çàìêíóòûå áàçû è ïðåäáàçû òîïîëîãè÷åñêèõ ïðîñòðàíñòâ ñ ¾åäèíèöåé¿ X. Â âèäå

(BAS)[X]
△
=

{
B ∈ P ′

(
P(X)

)∣∣
(
X =

⋃

B∈B

B
)
&
(
∀B1 ∈ B

∀B2 ∈ B ∀x ∈ B1 ∩B2 ∃B3 ∈ B : (x ∈ B3)&(B3 ⊂ B1 ∩B2)
)} (1.5)

èìååì ñåìåéñòâî âñåâîçìîæíûõ îòêðûòûõ áàç òîïîëîãèé íà X. Ïðè ýòîì {∪}(B) ∈ (top)[X]
∀B ∈ (BAS)[X] (òîïîëîãèÿ, ïîðîæäåííàÿ ñîîòâåòñòâóþùåé áàçîé). Åñëè τ ∈ (top)[X], òî

(τ − BAS)o[X]
△
=

{
B ∈ (BAS)[X]| {∪}(B) = τ

}
(1.6)

åñòü ñåìåéñòâî âñåõ îòêðûòûõ áàç ÒÏ (X, τ). Ñåìåéñòâî âñåâîçìîæíûõ îòêðûòûõ ïðåäáàç òî-

ïîëîãèé íà ìíîæåñòâå X èìååò âèä

(p− BAS)[X]
△
=

{
X ∈ P ′

(
P(X)

)
| {∩}♯(X) ∈ (BAS)[X]

}
=

{
X ∈ P ′

(
P(X)

)
|X =

⋃

X∈X

X
}
. (1.7)

Ñ ó÷åòîì (1.5)�(1.7) ïîëó÷àåì ñâîéñòâî {∪}
(
{∩}♯(X)

)
∈ (top)[X] ∀X ∈ (p− BAS)[X]. Åñëè

τ ∈ (top)[X], òî

(p− BAS)o[X; τ ]
△
=

{
X ∈ (p− BAS)[X]| {∩}♯(X) ∈ (τ − BAS)o[X]

}
(1.8)

åñòü ñåìåéñòâî âñåõ îòêðûòûõ ïðåäáàç ÒÏ (X, τ). Ââåäåì òåïåðü â ðàññìîòðåíèå ñåìåéñòâî âñåõ

çàìêíóòûõ òîïîëîãèé Ï.Ñ. Àëåêñàíäðîâà, ïîëàãàÿ â äóõå [9, 
. 98℄, ÷òî

(clos)[X]
△
=

{
F ∈ P ′

(
P(X)

)
| (∅ ∈ F)&(X ∈ F)&(A ∪B ∈ F ∀A ∈ F ∀B ∈ F)&

&
( ⋂

F∈F ′

F ∈ F ∀F ′ ∈ P ′(F)
)}

(ÿñíî, ÷òî CX [τ ] ∈ (clos)[X] ∀ τ ∈ (top)[X]; êðîìå òîãî, CX [F ] ∈ (top)[X] ∀F ∈ (clos)[X]).
Ñåìåéñòâî âñåõ çàìêíóòûõ áàç òîïîëîãèé íà X åñòü

(cl − BAS)[X]
△
=

{
B ∈ P ′

(
P(X)

)
| (X ∈ B)&

( ⋂

B∈B

B = ∅
)
&
(
∀B1 ∈ B ∀B2 ∈ B

∀x ∈ X \ (B1 ∪B2)∃B3 ∈ B : (B1 ∪B2 ⊂ B3)&(x /∈ B3)
)}

;
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ëåãêî âèäåòü, ÷òî {∩}(B) ∈ (clos)[X] ∀B ∈ (cl− BAS)[X]. Ïðè τ ∈ (top)[X] ïîëàãàåì, ÷òî

(cl − BAS)o[X; τ ]
△
=

{
B ∈ (cl − BAS)[X]|CX [τ ] = {∩}(B)

}
, (1.9)

ïîëó÷àÿ ñåìåéñòâî âñåõ çàìêíóòûõ áàç ÒÏ (X, τ). Â âèäå

(p− BAS)cl[X]
△
= {X ∈ P ′

(
P(X)

)
| {∪}♯(X ) ∈ (cl− BAS)[X]}

èìååì ñåìåéñòâî âñåõ çàìêíóòûõ ïðåäáàç òîïîëîãèé íà X. Åñëè æå τ ∈ (top)[X], òî (ñì. (1.9))

(p− BAS)ocl[X; τ ]
△
= {X ∈ (p− BAS)cl[X]| {∪}♯(X ) ∈ (cl− BAS)o[X; τ ]} (1.10)

åñòü ñåìåéñòâî âñåõ çàìêíóòûõ ïðåäáàç ÒÏ (X, τ). Åñëè X ∈ P ′
(
P(X)

)
, òî

(COV)[X| X ]
△
=

{
X ∈ P ′(X )|X =

⋃

X∈X

X
}
.

Ýëåìåíòû òîïîëîãèè. Ñîõðàíÿåì ïðåäïîëîæåíèå îòíîñèòåëüíî X: X � íåïóñòîå ìíîæå-

ñòâî. Ïðè τ ∈ (top)[X] è x ∈ X ïîëàãàåì No
τ (x)

△
= {G ∈ τ |x ∈ G} è

Nτ (x)
△
= {H ∈ P(X)| ∃G ∈ No

τ (x) : G ⊂ H},

ïîëó÷àÿ ñåìåéñòâî îêðåñòíîñòåé (ñì. [10, ãë. I℄) x â ÒÏ (X, τ). Åñëè τ ∈ (top)[X] è A ∈ P(X), òî
cl(A, τ) ∈ CX [τ ] åñòü def çàìûêàíèå A â (X, τ). Íàêîíåö, ïðè τ ∈ (top)[X] ÷åðåç (τ − comp)[X]
îáîçíà÷àåì ñåìåéñòâî âñåõ êîìïàêòíûõ â ÒÏ (X, τ) ï/ì ìíîæåñòâà X.

Ñöåïëåííûå ñèñòåìû. Ââåäåì â ðàññìîòðåíèå ñåìåéñòâî

(link)[X]
△
= {X ∈ P ′

(
P(X)

)
|A ∩B 6= ∅ ∀A ∈ X ∀B ∈ X} (1.11)

âñåõ ñöåïëåííûõ (ñì. [1�3℄) ñèñòåì ï/ì ìíîæåñòâà X. Åñëè X ∈ P ′
(
P(X)

)
, òî ïîëàãàåì, ÷òî

(X− link)[X]
△
= {X ∈ (link)[X]| X ⊂ X}; (1.12)

ýëåìåíòû (1.12) ñóòü ñöåïëåííûå ñèñòåìû èç ñåìåéñòâà (1.11), ñîäåðæàùèåñÿ â X. Íàêîíåö, ïðè
X ∈ P ′

(
P(X)

)

(X− link)o[X]
△
= {X ∈ (X− link)[X]| ∀ X̃ ∈ (X− link)[X] (X ⊂ X̃ ) ⇒ (X = X̃ )}

åñòü ñåìåéñòâî âñåõ ÌÑÑ ï/ì X, ñîäåðæàùèõñÿ â X.

� 2. Ôèëüòðû è ñöåïëåííûå ñèñòåìû (îáùèå ñâîéñòâà)

Â äàëüíåéøåì �èêñèðóåì íåïóñòîå ìíîæåñòâî E; ðàññìàòðèâàåì ñåìåéñòâà ï/ì E.
Ôèëüòðû. Åñëè L ∈ π[E], òî

F
∗(L)

△
=

{
F ∈ P ′(L \ {∅})| (A ∩B ∈ F ∀A ∈ F ∀B ∈ F)&

&
(
∀F ∈ F ∀L ∈ L (F ⊂ L) ⇒ (L ∈ F)

)}
(2.1)

åñòü ìíîæåñòâî âñåõ �èëüòðîâ øèðîêî ïîíèìàåìîãî èçìåðèìîãî ïðîñòðàíñòâà (ÈÏ) (E,L).
Ñîîòâåòñòâåííî, ìíîæåñòâî âñåõ ó/� äàííîãî ÈÏ åñòü

F
∗
o(L)

△
= {U ∈ F

∗(L)| ∀ F ∈ F
∗(L) (U ⊂ F) =⇒ (U = F)} =

= {U ∈ F
∗(L)| ∀L ∈ L (L ∩ U 6= ∅ ∀U ∈ U) =⇒ (L ∈ U)} =

= {U ∈ (Cen)[L]| ∀ V ∈ (Cen)[L] (U ⊂ V) =⇒ (U = V)};
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F
∗
o(L) 6= ∅. Òðàäèöèîííûì îáðàçîì îïðåäåëÿþòñÿ òðèâèàëüíûå �èëüòðû ÈÏ (E,L), ãäå

L ∈ π[E]: åñëè x ∈ E, òî (L − triv)[x]
△
= {L ∈ L|x ∈ L} ∈ F

∗(L) åñòü òðèâèàëüíûé (�èêñè-

ðîâàííûé) �èëüòð, îòâå÷àþùèé òî÷êå x. Ïðè ýòîì (ñì. [11, (5.9)℄)

(
(L − triv)[x] ∈ F

∗
o(L) ∀x ∈ E

)
⇐⇒ (L ∈ π̃o[E]) (2.2)

((2.2) îïðåäåëÿåò íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ìàêñèìàëüíîñòè òðèâèàëüíûõ �èëü-

òðîâ). Ïîëàãàåì, ÷òî (ïðè L ∈ π[E])

ΦL(L)
△
= {U ∈ F

∗
o(L)|L ∈ U} ∀L ∈ L.

Òîãäà (ñì. [11, 12℄) (UF)[E;L]
△
= {ΦL(L) : L ∈ L} ∈ (BAS)[F∗

o(L)], è ïðè ýòîì òîïîëîãèÿ

T
∗
L[E]

△
= {∪}

(
(UF)[E;L]

)
= {G ∈ P

(
F
∗
o(L)

)
| ∀ U ∈ G ∃U ∈ U : ΦL(U) ⊂ G} ∈ (top)[F∗

o(L)]

ïðåâðàùàåò F
∗
o(L) â íóëüìåðíîå T2-ïðîñòðàíñòâî

(
F
∗
o(L),T

∗
L[E]

)
. (2.3)

Åñëè æå L ∈ (LAT)o[E], òî èìååì òàêæå (ñì. [5, (6.7)℄) (UF)[E;L] ∈ (cl− BAS)[F∗
o(L)], à

ïîðîæäåííàÿ äàííîé çàìêíóòîé áàçîé òîïîëîãèÿ

T
o
L[E]

△
= CF∗

o(L)

[
{∩}

(
(UF)[E;L]

)]
∈ (top)[F∗

o(L)] (2.4)

ïðåâðàùàåò [5, ðàçäåë 6℄ F
∗
o(L) â êîìïàêòíîå T1-ïðîñòðàíñòâî

(
F
∗
o(L),T

o
L[E]

)
, (2.5)

ïðè ýòîì (ñì. [6℄) T
o
L[E] ⊂ T

∗
L[E]; â âèäå òðèïëåòà

(
F
∗
o(L),T

o
L[E],T∗

L[E]
)

(2.6)

èìååì (ñì. [7℄) áèòîïîëîãè÷åñêîå ïðîñòðàíñòâî. Òîïîëîãèþ T
o
L[E] óìåñòíî íàçâàòü âîëìýíîâ-

ñêîé, à T
∗
L[E] � ñòîóíîâñêîé, èìåÿ â âèäó àíàëîãèè ñ åñòåñòâåííûìè ñëó÷àÿìè: ïðè L = CE[τ ],

ãäå τ ∈ (top)[E] ðåàëèçóåò T1-ïðîñòðàíñòâî (E, τ), ÒÏ (2.5) îòâå÷àåò ðàñøèðåíèþ Âîëìýíà

èñõîäíîãî ÒÏ (E, τ), à ïðè L ∈ (alg)[E] â âèäå (2.3) èìååì íóëüìåðíûé êîìïàêò, à òî÷íåå,

ïðîñòðàíñòâî Ñòîóíà.

Ñöåïëåííûå ñèñòåìû. Íàïîìíèì, ÷òî ñåìåéñòâî E ∈ P ′
(
P(E)

)
íàçûâàåòñÿ ñöåïëåííûì,

åñëè Σ1 ∩ Σ2 6= ∅ ∀Σ1 ∈ E ∀Σ2 ∈ E . Òîãäà (ñì. (1.11))

(link)[E]
△
= {E ∈ P ′

(
P(E)

)
|Σ1 ∩ Σ2 6= ∅ ∀Σ1 ∈ E ∀Σ2 ∈ E}.

Ïóñòü L ∈ (LAT)o[E]. Áóäåì ðàññìàòðèâàòü ñöåïëåííûå ïîäñåìåéñòâà L, íàçûâàÿ èõ äëÿ êðàò-

êîñòè ñöåïëåííûìè ñèñòåìàìè ï/ì E (â òîì ñëó÷àå, êîãäà L = CE[τ ], ãäå τ ∈ (top)[E], ïîëó÷à-
åì ñöåïëåííûå ñèñòåìû çàìêíóòûõ ìíîæåñòâ, ÷òî ñîîòâåòñòâóåò [1�4℄); â âèäå (L − link)[E] =
= {E ∈ (link)[E]| E ⊂ L} èìååì ñåìåéñòâî âñåõ ñöåïëåííûõ ñèñòåì ï/ì E; ÿñíî, ÷òî F

∗(L) ⊂
⊂ (L − link)[E]. Íàêîíåö,

(L − link)o[E] =
{
E ∈ (L − link)[E]| ∀ Ẽ ∈ (L − link)[E] (E ⊂ Ẽ) ⇒ (E = Ẽ)

}
(2.7)

åñòü ñåìåéñòâî âñåõ ÌÑÑ ï/ì E. Ëåãêî âèäåòü, ÷òî

(L − link)o[E] =
{
E : E ∈ (L − link)[E]| ∀L ∈ L (L ∩Σ 6= ∅ ∀Σ ∈ E) ⇒ (L ∈ E)

}
. (2.8)

Ïðåäñòàâëåíèÿ (2.7), (2.8) ñòàíäàðòíû è íà èäåéíîì óðîâíå ñîîòâåòñòâóþò [3, ïðåäëîæåíèå 4.8℄.

Â êà÷åñòâå î÷åâèäíîãî ñëåäñòâèÿ îòìåòèì, ÷òî

F
∗
o(L) ⊂ (L − link)o[E]. (2.9)
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Èç (2.9) ñëåäóåò, ÷òî (L − link)o[E] 6= ∅. Êðîìå òîãî, èìååì ñâîéñòâî, àíàëîãè÷íîå [3, 4.7℄,

∀L1 ∈ (L − link)[E] ∃L2 ∈ (L − link)o[E] : L1 ⊂ L2. (2.10)

Èç îïðåäåëåíèé (ñì., â ÷àñòíîñòè, (2.8)) ëåãêî ñëåäóåò, ÷òî ∀ E ∈ (L− link)o[E] ∀Σ ∈ E ∀L ∈ L

(Σ ⊂ L) =⇒ (L ∈ E); (2.11)

â ñâÿçè ñ (2.11) îòìåòèì î÷åâèäíóþ àíàëîãèþ ñ (2.1). Äîïîëíÿÿ (2.9), îòìåòèì òàêæå, ÷òî

F
∗
o(L) = {U ∈ (L − link)o[E]|A ∩B ∈ U ∀A ∈ U ∀B ∈ U}.

Çàìåòèì, ÷òî {L} ∈ (L−link)[E] ∀L ∈ L\{∅}. Ïðè ýòîì E∪{E} ∈ (L−link)[E] ∀ E ∈ (L−link)[E].
Â âèäå ñëåäñòâèÿ ïîëó÷àåì, ÷òî

E ∈ E ∀ E ∈ (L − link)o[E]. (2.12)

Ââåäåì â ðàññìîòðåíèå ìíîæåñòâà, ïîäîáíûå èñïîëüçóåìûì â [3, 4.10℄:

(L − link)o[E|L]
△
= {E ∈ (L − link)o[E]|L ∈ E} ∀L ∈ L. (2.13)

ßñíî, ÷òî (L − link)o[E|∅] = ∅ è (L− link)o[E|E] = (L− link)o[E] (ñì. (2.12)). Ñ ó÷åòîì (2.11)

ïîëó÷àåì, ÷òî ∀L1 ∈ L ∀L2 ∈ L

(L1 ⊂ L2) =⇒
(
(L − link)o[E|L1] ⊂ (L − link)o[E|L2]

)
.

� 3. Íåêîòîðûå ñâîéñòâà, ñâÿçàííûå ñ äâîéñòâåííîñòüþ

Âñþäó â äàëüíåéøåì L ∈ (LAT)o[E] �èêñèðóåòñÿ; ïîëó÷àåì íåïóñòîå ñåìåéñòâî

C∗
o[E;L]

△
= {(L − link)o[E|L] : L ∈ L} ∈ P ′

(
P
(
(L − link)o[E]

))
. (3.1)

Íàì ïîòðåáóåòñÿ òàêæå ñåìåéñòâî, äâîéñòâåííîå ïî îòíîøåíèþ ê (3.1). Â ýòîé ñâÿçè îòìåòèì

ïðåæäå âñåãî, ÷òî ñ ó÷åòîì ñîîòíîøåíèé äâîéñòâåííîñòè

CE[L] ∈ (LAT)o[E]. (3.2)

Ñ ó÷åòîì (3.2) ââåäåì â ðàññìîòðåíèå ìíîæåñòâà

(L − link)oop[E|Λ]
△
= {E ∈ (L − link)o[E]| ∃Σ ∈ E : Σ ⊂ Λ} ∀Λ ∈ CE[L]. (3.3)

Ïî îïðåäåëåíèþ (äâîéñòâåííîé) ðåøåòêè (3.2) èìååì, êîíå÷íî, ìíîæåñòâà (L− link)oop[E|E \L]
ïðè L ∈ L.
Ïðåäëîæåíèå 3.1. Åñëè L ∈ L, òî

(L − link)oop[E|E \ L] = (L − link)o[E] \ (L − link)o[E|L].

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü V ∈ (L−link)oop[E|E\L]. Ñîãëàñíî (3.3) äëÿ íåêîòîðîãî V ∈ V
èìååì, ÷òî V ⊂ E \ L. Ïðè ýòîì V /∈ (L− link)o[E|L]. Â ñàìîì äåëå, åñëè V ∈ (L− link)o[E|L],
òî ñîãëàñíî (2.13) L ∈ V è V ∩ L 6= ∅ â ñèëó ñöåïëåííîñòè V; îäíàêî V ∩ L = ∅ ïî âûáîðó V.
Ïðîòèâîðå÷èå äîêàçûâàåò òðåáóåìîå ñâîéñòâî, è, êîëü ñêîðî âûáîð V áûë ïðîèçâîëüíûì,

(L − link)oop[E|E \ L] ⊂ (L − link)o[E] \ (L − link)o[E|L].

Ïóñòü W ∈ (L− link)o[E] \ (L− link)o[E|L]. Òîãäà â ñèëó (2.13) L /∈ W. Ïîýòîìó ñîãëàñíî (2.8)

äëÿ íåêîòîðîãî W ∈ W èìååò ìåñòî ñâîéñòâî

L ∩W = ∅
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(ó÷èòûâàåì, ÷òî L ∈ L), òî åñòü W ⊂ E \ L, ãäå E \ L ∈ CE[L]. Èç (3.3) ñëåäóåò, ÷òî

W ∈ (L − link)oop[E|E \ L], ÷åì è çàâåðøàåòñÿ ïðîâåðêà âëîæåíèÿ

(L − link)o[E] \ (L − link)o[E|L] ⊂ (L − link)oop[E|E \ L]. �

Èç ïðåäëîæåíèÿ 3.1 ñëåäóåò, êîíå÷íî, ÷òî

(L − link)oop[E|E] = (L − link)oop[E|E \∅] = (L − link)o[E], (3.4)

òàê êàê (L − link)o[E|∅] = ∅. Îòìåòèì, ÷òî

Co
op[E;L]

△
= {(L − link)oop[E|Λ] : Λ ∈ CE[L]} ∈ (p− BAS)

[
(L − link)o[E]

]
. (3.5)

Çàìå÷àíèå 3.1. Ïðîâåðèì, ÷òî Co
op[E;L] ∈ (p− BAS)

[
(L − link)o[E]

]
. Äåéñòâèòåëüíî, èç

îïðåäåëåíèÿ (ñì. (3.5)) ñëåäóåò, ÷òî

Co
op[E;L] ∈ P ′

(
P
(
(L − link)o[E]

))
. (3.6)

Ïóñòü E ∈ (L − link)o[E]. Òîãäà â ñèëó (3.4) èìååì, ÷òî E ∈ (L − link)oop[E|E]. Ïðè ýòîì

ñîãëàñíî (3.2) E ∈ CE[L], à òîãäà

(L − link)oop[E|E] ⊂
⋃

S∈Co
op

[E;L]

S.

Ïîýòîìó E ∈
⋃

S∈Co
op

[E;L]

S, ÷åì çàâåðøàåòñÿ ïðîâåðêà âëîæåíèÿ

(L − link)o[E] ⊂
⋃

S∈Co
op

[E;L]

S,

à ñëåäîâàòåëüíî (ñì. (3.6)), è ðàâåíñòâà

(L − link)o[E] =
⋃

S∈Co
op

[E;L]

S.

Ñ ó÷åòîì (1.7) ïîëó÷àåì òðåáóåìîå ñâîéñòâî: Co
op[E;L] åñòü îòêðûòàÿ ïðåäáàçà íåêîòîðîé òî-

ïîëîãèè íà (L − link)o[E]. �

Èç (3.5) ïîëó÷àåì, ÷òî {∩}♯(C
o
op[E;L]) ∈ (BAS)

[
(L − link)o[E]

]
è, êàê ñëåäñòâèå,

To(E| L)
△
= {∪}

(
{∩}♯(C

o
op[E;L])

)
∈ (top)

[
(L − link)o[E]

]
; (3.7)

ïðè ýòîì, êàê ëåãêî ïðîâåðèòü (ñì. ïðåäëîæåíèå 3.1),

C∗
o[E;L] = C(L−link)o[E]

[
Co
op[E;L]

]
. (3.8)

Çàìå÷àíèå 3.2. Ïðîâåðèì (3.8). Ïîñêîëüêó ïðè L ∈ L èìååò ìåñòî E \ L ∈ CE[L], òî

(L − link)oop[E|E \ L] ∈ Co
op[E;L],

à ïîòîìó (ñì. ïðåäëîæåíèå 3.1)

(L − link)o[E] \ (L − link)o[E|L] ∈ Co
op[E;L],
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è, êàê ñëåäñòâèå, ïîëó÷àåì ñâîéñòâî

(L−link)o[E|L] = (L−link)o[E]\
(
(L−link)o[E]\(L−link)o[E|L]

)
∈ C(L−link)o[E]

[
Co
op[E;L]

]
. (3.9)

Ñ ó÷åòîì (3.1) è (3.9) ïîëó÷àåì âëîæåíèå

C∗
o[E;L] ⊂ C(L−link)o[E]

[
Co
op[E;L]

]
. (3.10)

Âûáåðåì ïðîèçâîëüíî M ∈ C(L−link)o[E]

[
Co
op[E;L]

]
, ïîñëå ÷åãî ïîäáåðåì N ∈ Co

op[E;L] òàêîå,
÷òî M = (L − link)o[E] \N. Òîãäà ñ ó÷åòîì (3.5) ïîäáåðåì Λ ∈ CE[L] ñî ñâîéñòâîì

N = (L − link)oop[E|Λ].

Ïðè ýòîì E \ Λ ∈ L, è â ñèëó ïðåäëîæåíèÿ 3.1

N = (L − link)oop[E|Λ] = (L − link)oop[E|E \ (E \ Λ)] = (L − link)o[E] \ (L − link)o[E|E \ Λ] ∈

∈ C(L−link)o[E]

[
C∗
o[E;L]

]
.

Êàê ñëåäñòâèå, M ∈ C∗
o[E;L], ÷åì çàâåðøàåòñÿ ïðîâåðêà âëîæåíèÿ

C(L−link)o[E]

[
Co
op[E;L]

]
⊂ C∗

o[E;L],

à ñòàëî áûòü (ñì. (3.10)), è òðåáóåìîãî ðàâåíñòâà (3.8). �

Çàìåòèì, ÷òî ∅ = (L − link)oop[E|∅] ∈ Co
op[E;L] (ñì. (3.2), (3.5)). Çàìåòèì òàêæå, ÷òî ñî-

ãëàñíî (1.6) è (3.7)

{∩}♯(C
o
op[E;L]) ∈

(
To(E| L)− BAS

)
o

[
(L − link)o[E]

]
.

Ñ ó÷åòîì (1.8) è (3.5) ïîëó÷àåì, êàê ñëåäñòâèå, ÷òî

Co
op[E;L] ∈ (p − BAS)o

[
(L − link)o[E];To(E| L)

]
. (3.11)

Ñ ó÷åòîì ýòîãî èç (3.5), (3.8) è (3.11) ïîëó÷àåì, èñïîëüçóÿ äâîéñòâåííîñòü, ÷òî

C∗
o[E;L] ∈ (p− BAS)ocl

[
(L − link)o[E];To(E| L)

]
(3.12)

(çàìåòèì, ÷òî, ïîñêîëüêó ∅ ∈ Co
op[E;L], íåïðåìåííî ∅ ∈ {∩}♯(C

o
op[E;L])). Èòàê (ñì. (3.11),

(3.12)), Co
op[E;L] � îòêðûòàÿ, à C∗

o[E;L] � çàìêíóòàÿ ïðåäáàçû ÒÏ

(
(L − link)o[E],To(E| L)

)
. (3.13)

� 4. Ñóïåðêîìïàêòíîñòü ïðîñòðàíñòâà ìàêñèìàëüíûõ ñöåïëåííûõ ñèñòåì

Ñíà÷àëà íàïîìíèì îñíîâíûå ïîíÿòèÿ, ñâÿçàííûå ñ ñóïåðêîìïàêòíûìè ÒÏ. Â ýòèõ ïîñòðîåíèÿõ

ñëåäóåì [1�3℄. Íåêîòîðûå îïðåäåëåíèÿ íàïîìíèì.

Ñóïåðêîìïàêòíîñòü. Åñëè (X, τ),X 6= ∅, åñòü ÒÏ (òî åñòü X � íåïóñòîå ìíîæåñòâî

è τ ∈ (top)[X]), òî ïîëàãàåì, ÷òî

(
(p,bin)− cl

)
[X; τ ]

△
= {X ∈ (p− BAS)ocl[X; τ ]

∣∣ ⋂

S∈S

S 6= ∅ ∀S ∈ (X − link)[X]} (4.1)

(ñåìåéñòâî âñåõ çàìêíóòûõ áèíàðíûõ ïðåäáàç ÒÏ (X, τ); îíî ìîæåò áûòü ïóñòûì). Ëåãêî âè-

äåòü, ÷òî ∀X ∈
(
(p,bin)− cl

)
[X; τ ] ∀C ∈ (COV)

[
X|CX [X ]

]
∃C1 ∈ C ∃C2 ∈ C:

X = C1 ∪ C2. (4.2)
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Â (4.2) ïðîÿñíÿåòñÿ ñìûñë áèíàðíîñòè ñîîòâåòñòâóþùåé ïðåäáàçû. Îòìåòèì â ñâÿçè ñ (4.1),

(4.2), ÷òî ∀X ∈ (p− BAS)ocl[X; τ ]

(
∀C ∈ (COV)

[
X|CX [X ]

]
∃C1 ∈ C ∃C2 ∈ C : X = C1 ∪C2

)
⇒

(
X ∈

(
(p,bin)− cl

)
[X; τ ]

)
.

Ñëåäóÿ [1�3℄, íàçûâàåì ÒÏ (X, τ) ñóïåðêîìïàêòíûì, åñëè
(
(p,bin)− cl

)
[X; τ ] 6= ∅.

Äëÿ âñÿêîãî ìíîæåñòâà M,M 6= ∅, â âèäå

(
(SC)− top

)
[M ]

△
=

{
t ∈ (top)[M ]|

(
(p,bin)− cl

)
[M ; t] 6= ∅

}

èìååì ñåìåéñòâî âñåõ òîïîëîãèé, ïðåâðàùàþùèõ M â ñóïåðêîìïàêòíîå ÒÏ. Ñóïåêîìïàêòíîå

T2-ïðîñòðàíñòâî íàçûâàåòñÿ [13, 5.11℄ ñóïåðêîìïàêòîì. Íàïîìíèì, ÷òî (ñì. [1�3,13℄) ñóïåðêîì-

ïàêòíîå ÒÏ êîìïàêòíî; ïîýòîìó ïðè τ ∈
(
(SC)− top

)
[M ], ãäå M � íåïóñòîå ìíîæåñòâî, èìååì

â âèäå (M, τ) êîìïàêòíîå ÒÏ.
Ïðåäëîæåíèå 4.1. Â âèäå C∗

o[E;L] (3.8) èìååì çàìêíóòóþ áèíàðíóþ ïðåäáàçó ÒÏ (3.13):

C∗
o[E;L] ∈

(
(p,bin)− cl

)[
(L − link)o[E];To(E| L)

]
.

Ä î ê à ç à ò å ë ü ñ ò â î. Èäåÿ äîêàçàòåëüñòâà ñîîòâåòñòâóåò [3, 4.13℄. Òåì íå ìåíåå

ðàññìîòðèì äàííîå ðàññóæäåíèå, èìåÿ â âèäó ìîìåíò, ñâÿçàííûé ñ ñóùåñòâåííûì îáîáùåíèåì

ïîñòàíîâêè (ñì. (1.4)). Ïîëàãàåì äëÿ êðàòêîñòè, ÷òî C
△
= C∗

o[E;L], ïîëó÷àÿ (ñì. (3.12)) ñâîéñòâî

C ∈ (p− BAS)ocl
[
(L − link)o[E];To(E| L)

]
. (4.3)

Âûáåðåì ïðîèçâîëüíî U ∈ (C−link)
[
(L−link)o[E]

]
. Òîãäà â ñèëó (1.12) U ∈ (link)

[
(L−link)o[E]

]
,

ïðè ýòîì

U ⊂ C. (4.4)

Òîãäà ∀A ∈ U ∀B ∈ U : A ∩B 6= ∅. Ââåäåì â ðàññìîòðåíèå

V
△
= {L ∈ L| (L − link)o[E|L] ∈ U}. (4.5)

Çàìåòèì, ÷òî U 6= ∅ â ñèëó (1.11). Ïóñòü U ∈ U . Òîãäà U ∈ C. Ïðè ýòîì U ∈ P
(
(L − link)o[E]

)
;

ñì. (1.11). Èç (4.4) ñëåäóåò (ñì. (3.1)), ÷òî äëÿ íåêîòîðîãî U ∈ L

U = (L − link)o[E|U ].

Ïîëó÷àåì, ÷òî (L− link)o[E|U ] ∈ U . Ýòî îçíà÷àåò (ñì. (4.5)), ÷òî U ∈ V. Òàêèì îáðàçîì, V 6= ∅.
Ïîëó÷èëè ñâîéñòâî V ∈ P ′(L) è, â ÷àñòíîñòè, V ∈ P ′

(
P(E)

)
. Ââåäåì â ðàññìîòðåíèå

U
△
= {(L − link)o[E|L] : L ∈ V}. (4.6)

Â ñèëó íåïóñòîòû V è (4.5) èìååì, ÷òî U 6= ∅. Äàëåå, ïî îïðåäåëåíèþ V èìååì âëîæåíèå U ⊂ U .
Ñòàëî áûòü,

U ∈ P ′(U).

Âûáåðåì ïðîèçâîëüíî α ∈ U . Ïðè ýòîì ñîãëàñíî (1.11) U ⊂ P
(
(L − link)o[E]

)
, à ïîòîìó

α ∈ P
(
(L − link)o[E]

)
, òî åñòü α ⊂ (L − link)o[E]. Îòìåòèì (ñì. (4.4)), ÷òî α ∈ C, à òîãäà

ñîãëàñíî (3.1) äëÿ íåêîòîðîãî F ∈ L

α = (L − link)o[E|F ]. (4.7)

Òîãäà â ñèëó (4.5), (4.7) F ∈ V. Èç (4.6), (4.7) èìååì òåïåðü, ÷òî α ∈ U. Ïîñêîëüêó âûáîð α áûë

ïðîèçâîëüíûì, óñòàíîâëåíî, ÷òî U ⊂ U è, êàê ñëåäñòâèå,

U = U = {(L − link)o[E|L] : L ∈ V}. (4.8)
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Ïóñòü V1 ∈ V è V2 ∈ V. �àññìîòðèì ìíîæåñòâà (L − link)o[E|V1] ∈ U è (L − link)o[E|V2] ∈ U .
Â ñèëó ñöåïëåííîñòè U èìååì ñâîéñòâî

(L − link)o[E|V1] ∩ (L − link)o[E|V2] 6= ∅.

Ïóñòü β ∈ (L − link)o[E|V1] ∩ (L − link)o[E|V2]. Òîãäà β ∈ (L − link)o[E]; ïðè ýòîì V1 ∈ β
è V2 ∈ β. Ïîñêîëüêó β ñöåïëåíî, èìååì ñâîéñòâî V1 ∩ V2 6= ∅. Êîëü ñêîðî âûáîð V1 è V2 áûë

ïðîèçâîëüíûì, óñòàíîâëåíî, ÷òî V ∈ (link)[E] (ñì. (1.11)). Îäíàêî V ⊂ L â ñèëó (4.5), à ïîòîìó

(ñì. (1.12))

V ∈ (L − link)[E].

Âûáåðåì (ñì. (2.10)) ïðîèçâîëüíóþ ÌÑÑ W ∈ (L − link)o[E] ñî ñâîéñòâîì

V ⊂ W. (4.9)

Òîãäà, â ÷àñòíîñòè, W ⊂ L. Åñëè V ∈ V, òî â ñèëó (4.9) V ∈ W, à ýòî îçíà÷àåò, ÷òî

W ∈ (L − link)o[E|V]. Èòàê,

W ∈ (L − link)o[E|S] ∀S ∈ V. (4.10)

Âûáåðåì ïðîèçâîëüíî λ ∈ U . Â ñèëó (4.8) èìååì äëÿ íåêîòîðîãî Φ ∈ V ðàâåíñòâî

λ = (L − link)o[E|Φ]. (4.11)

Ñ ó÷åòîì (4.10), (4.11) ïîëó÷àåì òåïåðü ñâîéñòâî W ∈ λ. Ïîñêîëüêó λ âûáèðàëîñü ïðîèçâîëüíî,
óñòàíîâëåíî, ÷òî W ∈ κ ∀κ ∈ U , òî åñòü

W ∈
⋂

κ∈U

κ.

Òàêèì îáðàçîì, ïåðåñå÷åíèå âñåõ ìíîæåñòâ èç U íåïóñòî. Êîëü ñêîðî âûáîð U áûë ïðîèçâîëü-

íûì, óñòàíîâëåíî, ÷òî

⋂

L∈L

L 6= ∅ ∀L ∈ (C− link)
[
(L − link)o[E]

]
. (4.12)

Èç (4.1), (4.3) è (4.12) âûòåêàåò, ÷òî

C ∈
(
(p,bin)− cl

)[
(L − link)o[E];To(E| L)

]
,

÷åì è çàâåðøàåòñÿ äîêàçàòåëüñòâî. �

Èç ïðåäëîæåíèÿ 4.1 âûòåêàåò, ÷òî ÒÏ (3.13) ñóïåðêîìïàêòíî; èíûìè ñëîâàìè,

To(E| L) ∈
(
(SC)− top

)[
(L − link)o[E]

]
. (4.13)

Èç (4.2) è ïðåäëîæåíèÿ 4.1 èìååì, ÷òî ∀χ ∈ (COV)
[
(L − link)o[E]|C(L−link)o[E]

[
C∗
o[E;L]

]]

∃C1 ∈ χ ∃C2 ∈ χ : (L − link)o[E] = C1 ∪ C2. Îäíàêî â ñèëó (3.8) èìååì ðàâåíñòâî

C(L−link)o[E]

[
C∗
o[E;L]

]
= Co

op[E;L].

Ïîýòîìó ïîëó÷àåì ñëåäóþùåå ñâîéñòâî:

∀χ ∈ (COV)
[
(L − link)o[E]|Co

op[E;L]
]
∃C1 ∈ χ ∃C2 ∈ χ : (L − link)o[E] = C1 ∪ C2. (4.14)

Ñ ó÷åòîì (3.5) è (4.14) ïîëó÷àåì, ÷òî ∀G ∈ P ′(CE[L])

(
(L − link)o[E] =

⋃

G∈G

(L − link)oop[E|G]
)
⇒

(
∃G1 ∈ G ∃G2 ∈ G : (L − link)o[E] =

= (L − link)oop[E|G1] ∪ (L − link)oop[E|G2]
)
.
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� 5. Ñâÿçü ñ óëüòðà�èëüòðàìè

�àññìîòðèì ÒÏ (2.5), èìåÿ â âèäó ñâîéñòâî (2.9). Èòàê, ó/� � ñóòü ÌÑÑ. Â òî æå âðåìÿ

ïîëåçíî îòìåòèòü î÷åâèäíîå ïîëîæåíèå: ∀Λ1 ∈ CE[L] ∀Λ2 ∈ CE[L]

(Λ1 ∩ Λ2 = ∅) =⇒
(
(L − link)oop[E|Λ1] ∩ (L − link)oop[E|Λ2] = ∅

)
. (5.1)

Çàìå÷àíèå 5.1. Ïðîâåðèì (5.1), �èêñèðóÿ Λ1 ∈ CE[L] è Λ2 ∈ CE [L] ñî ñâîéñòâîì Λ1 ∩ Λ2 =
= ∅. Ïîêàæåì, ÷òî

(L − link)oop[E|Λ1] ∩ (L − link)oop[E|Λ2] = ∅. (5.2)

Äîïóñòèì ïðîòèâíîå: äàííîå ìíîæåñòâî-ïåðåñå÷åíèå íåïóñòî. Âûáåðåì

E ∈ (L − link)oop[E|Λ1] ∩ (L − link)oop[E|Λ2]. (5.3)

Òîãäà â ñèëó (3.3) è (5.3) äëÿ íåêîòîðûõ Σ1 ∈ E è Σ2 ∈ E èìåþò ìåñòî âëîæåíèÿ

(Σ1 ⊂ Λ1)&(Σ2 ⊂ Λ2). (5.4)

Ïî âûáîðó Λ1 è Λ2 èìååì èç (5.4), ÷òî Σ1 ∩ Σ2 = ∅, ÷òî ïðîòèâîðå÷èò ñöåïëåííîñòè E . Ïîëó-
÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò (5.2), ÷åì è çàâåðøàåòñÿ ïðîâåðêà (5.1). �

Çàìåòèì çäåñü æå, ÷òî â ñèëó (2.10) è ñöåïëåííîñòè êàæäîãî ñèíãëåòîíà, îòâå÷àþùåãî

íåïóñòîìó ìíîæåñòâó èç L, ïîëó÷àåì, ÷òî

L \ {∅} =
⋃

E∈(L−link)o[E]

E =
⋃

U∈F∗

o(L)

U

(äëÿ ó/� ñïðàâåäëèâî ñâîéñòâî, ïîäîáíîå (2.10)). Âåðíåìñÿ ê ïðîñòðàíñòâó (2.5). Ïîëàãàåì,

÷òî

F̃C[L|Λ]
△
= {U ∈ F

∗
o(L)| ∃U ∈ U : U ⊂ Λ} ∀Λ ∈ CE[L]. (5.5)

Ïðåäëîæåíèå 5.1. Åñëè L ∈ L, òî

F
∗
o(L) \ ΦL(L) = F̃C[L|E \ L]. (5.6)

Ä î ê à ç à ò å ë ü ñ ò â î ïîäîáíî îáîñíîâàíèþ ïðåäëîæåíèÿ 3.1. Òåì íå ìåíåå ðàññìîòðèì

åãî ñõåìó. Ïóñòü V ∈ F̃C[L|E \ L]. Òîãäà, â ÷àñòíîñòè, V ∈ F
∗
o(L), è ïðè ýòîì äëÿ íåêîòîðîãî

V ∈ V èìååò ìåñòî âëîæåíèå

V ⊂ E \ L.

Â ýòîì ñëó÷àå V ∩L = ∅. Òîãäà ñîãëàñíî îïðåäåëåíèþ � 2 èìååì, ÷òî V /∈ ΦL(L) (ñì. òàêæå [14,
(2.4)℄). Ïîëó÷èëè, ÷òî V ∈ F

∗
o(L) \ ΦL(L), ÷åì çàâåðøàåòñÿ ïðîâåðêà âëîæåíèÿ

F̃C[L|E \ L] ⊂ F
∗
o(L) \ ΦL(L). (5.7)

Âûáåðåì ïðîèçâîëüíî W ∈ F
∗
o(L) \ ΦL(L). Òîãäà L /∈ W, è, êàê ñëåäñòâèå, äëÿ íåêîòîðîãî

W ∈ W èìååò ìåñòî (ñì. [14, (2.4)℄) ñâîéñòâî L ∩W = ∅. Òîãäà W ⊂ E \ L, ãäå ïî âûáîðó L
èìååì E \ L ∈ CE[L]. Ïîýòîìó ñîãëàñíî (5.5) W ∈ F̃C[L|E \ L]. Èòàê, ïîëó÷èëè âëîæåíèå

F
∗
o(L) \ ΦL(L) ⊂ F̃C[L|E \ L],

à ñòàëî áûòü (ñì. (5.7) ), è òðåáóåìîå ðàâåíñòâî (5.6). �

Ââåäåì â ðàññìîòðåíèå íåïóñòîå ñåìåéñòâî

F̃C[L]
△
= {F̃C[L|Λ] : Λ ∈ CE[L]} ∈ P ′

(
P
(
F
∗
o(L)

))
. (5.8)
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Ïðåäëîæåíèå 5.2. Ñïðàâåäëèâî ðàâåíñòâî

F̃C[L] = CF∗

o(L)

[
(UF)[E;L]

]
. (5.9)

Ä î ê à ç à ò å ë ü ñ ò â î. Âûáåðåì ïðîèçâîëüíî V ∈ F̃C[L]. Òîãäà äëÿ íåêîòîðîãî V ∈ CE [L]
èìååì (ñì. (5.8))

V = F̃C[L|V ]. (5.10)

Îòìåòèì, ÷òî W
△
= E \ V ∈ L ïî âûáîðó V, ïðè÷åì E \W = V, à òîãäà â ñèëó ïðåäëîæåíèÿ 5.1

è (5.10) V = F̃C[L|V ] = F̃C[L|E \W ] = F
∗
o(L) \ΦL(W ) ∈ CF∗

o(L)
[
(
UF

)
[E;L]], ÷åì è çàâåðøàåòñÿ

ïðîâåðêà âëîæåíèÿ

F̃C[L] ⊂ CF∗

o(L)

[
(UF)[E;L]

]
. (5.11)

Ïóñòü M ∈ CF∗

o(L)

[
(UF)[E;L]

]
, à N ∈ (UF)[E;L] òàêîâî, ÷òî

M = F
∗
o(L) \N. (5.12)

Èñïîëüçóÿ îïðåäåëåíèÿ � 2, ïîäáåðåì L ∈ L ñî ñâîéñòâîì N = ΦL(L). Òîãäà ñîãëàñíî ïðåäëî-

æåíèþ 5.1 èìååì (ñì. (5.12))

M = F
∗
o(L) \ ΦL(L) = F̃C[L|E \ L], (5.13)

ãäå E \ L ∈ CE[L]. Èç (5.8) è (5.13) ïîëó÷àåì, ÷òî M ∈ F̃C[L]. Èòàê, óñòàíîâëåíî, ÷òî

CF∗

o(L)

[
(UF)[E;L]

]
⊂ F̃C[L],

îòêóäà ñ ó÷åòîì (5.11) ïîëó÷àåì òðåáóåìîå ðàâåíñòâî (5.9). �

Íàïîìíèì (ñì. � 2), ÷òî (UF)[E;L] åñòü çàìêíóòàÿ áàçà, ïîðîæäàþùàÿ òîïîëîãèþ T
o
L[E];

ïðè ýòîì ∅ = ΦL(∅) ∈ (UF)[E;L] è F
∗
o(L) = ΦL(E) ∈ (UF)[E;L]. Òîãäà (ñì. [5, (1.18)℄)

CF∗

o(L)

[
(UF)[E;L]

]
∈ (BAS)[F∗

o(L)], (5.14)

è ïðè ýòîì (ñì. (2.4), [5, (1.20)℄) ñïðàâåäëèâà öåïî÷êà ðàâåíñòâ

T
o
L[E] = CF∗

o(L)

[
{∩}

(
(UF)[E;L]

)]
= {∪}

(
CF∗

o(L)

[
(UF)[E;L]

])
. (5.15)

Èç (5.14) è ïðåäëîæåíèÿ 5.2 ïîëó÷àåì, ÷òî F̃C[L] ∈ (BAS)[F∗
o(L)], è ïðè ýòîì (ñì. (5.15))

T
o
L[E] = {∪}(F̃C[L]). (5.16)

Èç (1.6) è (5.16) âûòåêàåò ñëåäóþùåå ñâîéñòâî:

F̃C[L] ∈ (To
L[E]− BAS)o[F

∗
o(L)]. (5.17)

Èòàê (ñì. (5.17)), ñåìåéñòâî (5.8) ÿâëÿåòñÿ îòêðûòîé áàçîé ÒÏ (2.5).

Ïðåäëîæåíèå 5.3. Åñëè Λ ∈ CE[L], òî

F̃C[L|Λ] = (L − link)oop[E|Λ] ∩ F
∗
o(L). (5.18)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü U ∈ F̃C[L|Λ]. Òîãäà U ∈ F
∗
o(L) è äëÿ íåêîòîðîãî U ∈ U

èìååò ìåñòî âëîæåíèå U ⊂ Λ. Èç (2.9) ïîëó÷àåì, ÷òî U ∈ (L − link)o[E], à òîãäà ñîãëàñíî (3.3)
U ∈ (L − link)oop[E|Λ] ∩ F

∗
o(L). Èòàê, óñòàíîâëåíî âëîæåíèå

F̃C[L|Λ] ⊂ (L − link)oop[E|Λ] ∩ F
∗
o(L). (5.19)

Ïóñòü U ∈ (L − link)oop[E|Λ] ∩ F
∗
o(L). Òîãäà â ñèëó (3.3) äëÿ íåêîòîðîãî Σ ∈ U èìååò ìåñòî

Σ ⊂ Λ (ïðè ýòîì, êîíå÷íî, U ∈ (L − link)o[E]), à, ïîñêîëüêó U ∈ F
∗
o(L), èç (5.5) ñëåäóåò, ÷òî
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U ∈ F̃C[L|Λ], ÷åì è çàâåðøàåòñÿ ïðîâåðêà âëîæåíèÿ (L − link)oop[E|Λ] ∩ F
∗
o(L) ⊂ F̃C[L|Λ], à

ñëåäîâàòåëüíî (ñì. (5.19)), è ðàâåíñòâà (5.18). �

Èç (3.5), (5.8) è ïðåäëîæåíèÿ 5.4 âûòåêàåò, ÷òî

F̃C[L] = {(L − link)oop[E|Λ] ∩ F
∗
o(L) : Λ ∈ CE[L]} =

= {S ∩ F
∗
o(L) : S ∈ Co

op[E;L]} = Co
op[E;L]

∣∣
F∗

o(L)
. (5.20)

Èòàê, îòêðûòàÿ áàçà (5.17) åñòü ñëåä îòêðûòîé ïðåäáàçû (3.11). Èç (5.20) ñëåäóåò

Ïðåäëîæåíèå 5.4. Òîïîëîãèÿ T
o
L[E] èíäóöèðîâàíà íà F

∗
o(L) èç ÒÏ (3.13):

T
o
L[E] = To(E| L)

∣∣
F∗

o(L)
.

Èòàê, (2.5) ÿâëÿåòñÿ ïîäïðîñòðàíñòâîì ÒÏ (3.13). Ñ ó÷åòîì ïîëîæåíèé � 2 ïîëó÷àåì, ÷òî

F
∗
o(L) ∈

(
To(E| L)− comp

)[
(L − link)o[E]

]
.

Ïðåäëîæåíèå 5.5. Åñëè E ∈ (L − link)o[E], òî

⋂

Σ∈E

(L − link)o[E|Σ] = {E}. (5.21)

Ä î ê à ç à ò å ë ü ñ ò â î. Îáîçíà÷èì ÷åðåç L ìíîæåñòâî-ïåðåñå÷åíèå â ëåâîé ÷àñòè (5.21).

Ñðàâíèì L è {E}. Òîãäà èç (2.13) èìååì ñ î÷åâèäíîñòüþ, ÷òî E ∈ L, à ïîòîìó

{E} ⊂ L. (5.22)

Âûáåðåì ïðîèçâîëüíî S ∈ L. Òîãäà S ∈ (L − link)o[E|Σ] ∀Σ ∈ E . Ïîñêîëüêó E 6= ∅, èìååì

èç (2.13), ÷òî S ∈ (L − link)o[E]. Êðîìå òîãî, â ñèëó (2.13) Σ ∈ S ∀Σ ∈ E . Èíûìè ñëîâàìè,

E ⊂ S, à òîãäà ñ ó÷åòîì ìàêñèìàëüíîñòè E ïîëó÷àåì (ñì. (2.7)) ðàâåíñòâî S = E ; ïîýòîìó
S ∈ {E}, ÷åì è çàâåðøàåòñÿ ïðîâåðêà âëîæåíèÿ L ⊂ {E}, îòêóäà (ñì. (5.22)) ñëåäóåò òðåáóåìîå
ðàâåíñòâî L = {E}. �

Çàìåòèì, ÷òî (ñì. � 1) èç (3.12) âûòåêàåò, ÷òî

C∗
o[E;L] ⊂ {∪}♯(C

∗
o[E;L]) ⊂ C(L−link)o[E][To(E| L)]; (5.23)

ìû ó÷ëè (1.9) è (1.10), à òàêæå î÷åâèäíîå âëîæåíèå {∪}♯(C
∗
o[E;L]) ⊂ {∩}

(
{∪}♯(C

∗
o[E;L])

)
.

Èç (3.1) è (5.23) ïîëó÷àåì ñëåäóþùåå ñâîéñòâî:

(L − link)o[E|L] ∈ C(L−link)o[E][To(E| L)] ∀L ∈ L.

Òåïåðü ñ ó÷åòîì ïðåäëîæåíèÿ 5.5 ïîëó÷àåì (ïî ñâîéñòâàì çàìêíóòûõ ìíîæåñòâ), ÷òî

{E} ∈ C(L−link)o[E][To(E| L)] ∀ E ∈ (L − link)o[E].

Ýòî îçíà÷àåò, ÷òî (3.13) ÿâëÿåòñÿ T1-ïðîñòðàíñòâîì. Ñ ó÷åòîì ïîëîæåíèé � 4 ïîëó÷àåì âàæíîå

ñâîéñòâî: â âèäå (3.13) èìååì ñóïåðêîìïàêòíîå T1-ïðîñòðàíñòâî.

Çàìåòèì, ÷òî ñîãëàñíî (3.7) Co
op[E;L] ⊂ To(E| L), à ïîòîìó (ñì. (3.5)) ïðè Λ ∈ CE[L]

(L − link)oop[E|Λ] ∈ To(E| L);

åñëè ïðè ýòîì E ∈ (L − link)oop[E|Λ], òî (ñì. � 1) (L − link)oop[E|Λ] ∈ No
To(E| L)(E); â êà÷åñòâå Λ

ìîæåò èñïîëüçîâàòüñÿ ìíîæåñòâî E \ L, ãäå L ∈ L.

Ïðåäëîæåíèå 5.6. Åñëè E1 ∈ (L − link)o[E] è E2 ∈ (L − link)o[E], òî

(E1 6= E2) ⇐⇒
(
(E1 \ E2 6= ∅)&(E2 \ E1 6= ∅)

)
.
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Ä î ê à ç à ò å ë ü ñ ò â î. Ôèêñèðóåì ÌÑÑ E1 è E2. Ïóñòü E1 6= E2. Òîãäà E1 \ E2 6= ∅.

Â ñàìîì äåëå, äîïóñòèì ïðîòèâíîå: E1 ⊂ E2. Òîãäà â ñèëó ìàêñèìàëüíîñòè E1 èìååì (ñì. (2.7))

ðàâåíñòâî E1 = E2, ÷òî íåâîçìîæíî. Ïðîòèâîðå÷èå äîêàçûâàåò, ÷òî E1 \ E2 6= ∅. Àíàëîãè÷íûì
îáðàçîì ïðîâåðÿåòñÿ, ÷òî E2 \ E1 6= ∅. Èòàê, (E1 6= E2) =⇒

(
(E1 \ E2 6= ∅)&(E2 \ E1 6= ∅)

)
.

Ïðîòèâîïîëîæíàÿ èìïëèêàöèÿ î÷åâèäíà. �

Ñëåäñòâèå 5.1. Ïóñòü E1 ∈ (L − link)o[E] è E2 ∈ (L − link)o[E]. Òîãäà

(E1 6= E2) ⇐⇒ (∃Σ1 ∈ E1 ∃Σ2 ∈ E2 : Σ1 ∩ Σ2 = ∅).

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü E1 6= E2. Òîãäà ñîãëàñíî ïðåäëîæåíèþ 5.6 E1 \E2 6= ∅. Ïóñòü
A ∈ E1 \ E2. Òîãäà A ∈ L, è â ñèëó (2.8) äëÿ íåêîòîðîãî B ∈ E2 èìååò ìåñòî A ∩ B = ∅. Èòàê,
óñòàíîâëåíà èìïëèêàöèÿ (E1 6= E2) =⇒ (∃Σ1 ∈ E1 ∃Σ2 ∈ E2 : Σ1 ∩ Σ2 = ∅). Åñëè æå Ξ1 ∈ E1
è Ξ2 ∈ E2 òàêîâû, ÷òî Ξ1 ∩ Ξ2 = ∅, òî E1 6= E2 ñèëó ñöåïëåííîñòè è E1, è E2. �

Äëÿ ëþáûõ äâóõ íåïóñòûõ ñåìåéñòâ E1 è E2 ïîëàãàåì, ÷òî

(Dis)[E1; E2]
△
= {z ∈ E1 × E2|pr1(z) ∩ pr2(z) = ∅}. (5.24)

Äëÿ íàñ âàæåí âàðèàíò (5.24) â ñëó÷àå, êîãäà E1 è E2 ñóòü ÌÑÑ. Ëåãêî âèäåòü, ÷òî ïðè

E1 ∈ (L − link)o[E], E2 ∈ (L − link)o[E] è z ∈ (Dis)[E1; E2]

(L − link)oop[E|E \ pr2(z)] ∈ No
To(E| L)(E1) : E2 /∈ (L − link)oop[E \ pr2(z)]. (5.25)

Â äîïîëíåíèå ê (5.25) îòìåòèì (ñì. (5.24) è ñëåäñòâèå 5.1), ÷òî (Dis)[E1; E2] 6= ∅ ïðè E1 ∈
∈ (L− link)o[E] è E2 ∈ (L− link)o[E] \ {E1}. Ïîýòîìó (5.25) îïðåäåëÿåò êîíêðåòíóþ ðåàëèçàöèþ

T1-îòäåëèìîñòè â ÒÏ (3.13).

� 6. Ñåìåéñòâî ìàêñèìàëüíûõ ñöåïëåííûõ ñèñòåì êàê íóëüìåðíîå T2-ïðîñòðàíñòâî

Âåðíåìñÿ ê ðàññìîòðåíèþ ñåìåéñòâà (3.1). �àíåå îòìå÷àëîñü, ÷òî (ñì. ïðåäëîæåíèå 4.1) äàííîå

ñåìåéñòâî åñòü çàìêíóòàÿ áèíàðíàÿ ïðåäáàçà ÒÏ (3.13). Âìåñòå ñ òåì (ñì. (2.7), (2.13))

⋃

S∈C∗

o[E;L]

S =
⋃

L∈L

(L − link)o[E|L] = (L − link)o[E],

à ïîòîìó ñîãëàñíî (1.7) è (3.1) èìååò ìåñòî ñâîéñòâî

C∗
o[E;L] ∈ (p− Bas)

[
(L − link)o[E]

]
, (6.1)

òî åñòü (3.1) åñòü òàêæå è îòêðûòàÿ ïðåäáàçà. Êàê ñëåäñòâèå,

{∩}♯(C
∗
o[E;L]) ∈ (BAS)

[
(L − link)o[E]

]

è

T∗(E| L)
△
= {∪}

(
{∩}♯(C

∗
o[E;L])

)
∈ (top)

[
(L − link)o[E]

]
. (6.2)

Ìû ïîëó÷èëè (íåïóñòîå) ÒÏ (
(L − link)o[E],T∗(E| L)

)
, (6.3)

äëÿ êîòîðîãî (ñì. (6.1), (6.2)) èìååò ìåñòî âëîæåíèå

C∗
o[E;L] ⊂ T∗(E| L). (6.4)

Îòìåòèì, ÷òî â ñèëó (2.13) ∀L1 ∈ L ∀L2 ∈ L

(L1 ∩ L2 = ∅) =⇒
(
(L − link)o[E|L1] ∩ (L − link)o[E|L2] = ∅

)
(6.5)
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(èñïîëüçóåì îïðåäåëåíèå ñöåïëåííîñòè â � 1). Ïîýòîìó ñ ó÷åòîì (5.24) èìååì, ÷òî

(L − link)o[E|pr1(z)] ∩ (L − link)o[E|pr2(z)] = ∅

∀ E1 ∈ (L − link)o[E] ∀ E2 ∈ (L − link)o[E] ∀ z ∈ (Dis)[E1; E2].
(6.6)

Èç (2.13), (3.1) è (6.4) âûòåêàåò, îäíàêî, ÷òî (L − link)o[E|L] ∈ No
T∗(E|L)(E) ∀ E ∈ (L − link)o[E]

∀L ∈ E . Èç (6.6) ïî ñâîéñòâàì, îòìå÷åííûì â çàêëþ÷åíèè � 5, ñëåäóåò òåïåðü, ÷òî

∀ E1 ∈ (L − link)o[E] ∀ E2 ∈ (L − link)o[E] \ {E1}

∃G1 ∈ No
T∗(E|L)(E1) ∃G2 ∈ No

T∗(E|L)(E2) : G1 ∩G2 = ∅.
(6.7)

Çàìå÷àíèå 6.1. Ïðîâåðèì (6.7), �èêñèðóÿ E1 ∈ (L − link)o[E] è E2 ∈ (L − link)o[E] \ {E1}.
Òîãäà (Dis)[E1; E2] 6= ∅ (ñì. ñëåäñòâèå 5.1 è (5.24)). Âûáåðåì ïðîèçâîëüíî z ∈ (Dis)[E1; E2]; òîãäà

èìååì äëÿ L1
△
= pr1(z) ∈ E1 è L2

△
= pr2(z) ∈ E2 ñâîéñòâî L1∩L2 = ∅. Ïîñêîëüêó L1 ∈ L è L2 ∈ L,

èìååì èç (6.5)

(L − link)o[E|L1] ∩ (L − link)o[E|L2] = ∅, (6.8)

ãäå (L− link)o[E|L1] ∈ No
T∗(E|L)(E1) è (L− link)o[E|L2] ∈ No

T∗(E|L)(E2). Òåïåðü èç (6.8) ïîëó÷àåì

óòâåðæäåíèå, îïðåäåëÿþùåå (6.7), òàê êàê âûáîð E1 è E2 áûë ïðîèçâîëüíûì. �

Èç (6.7) âûòåêàåò, ÷òî (6.3) åñòü T2-ïðîñòðàíñòâî. Ïîêàæåì, ÷òî äàííîå ÒÏ íóëüìåðíî.

Çàìåòèì ñíà÷àëà, ÷òî ñïðàâåäëèâî ñëåäóþùåå

Ïðåäëîæåíèå 6.1. Åñëè A ∈ L, òî ñïðàâåäëèâî ðàâåíñòâî

(L − link)o[E|A] = {E ∈ (L − link)o[E]|A ∩ Σ 6= ∅ ∀Σ ∈ E}. (6.9)

Ä î ê à ç à ò å ë ü ñ ò â î. Îáîçíà÷èì ÷åðåç Ω ìíîæåñòâî â ïðàâîé ÷àñòè (6.9) (ìíîæåñòâî

A ∈ L �èêñèðóåì). Ïóñòü S ∈ (L − link)o[E|A]. Òîãäà â ñèëó (2.13) S ∈ (L − link)o[E], è ïðè

ýòîì A ∈ S. Òîãäà ïî ñâîéñòâó ñöåïëåííîñòè A ∩ Σ 6= ∅ ∀Σ ∈ S. Â èòîãå S ∈ Ω. Óñòàíîâëåíî
âëîæåíèå

(L − link)o[E|A] ⊂ Ω. (6.10)

Ïóñòü V ∈ Ω. Òîãäà V ∈ (L − link)o[E], è ïðè ýòîì A ∩ Σ 6= ∅ ∀Σ ∈ V. Ñ ó÷åòîì ýòîãî

ñâîéñòâà è (2.8) ïîëó÷àåì â ñèëó ìàêñèìàëüíîñòè V, ÷òî A ∈ V, à òîãäà èç (2.13) ñëåäóåò, ÷òî

V ∈ (L− link)o[E|A], ÷åì è çàâåðøàåòñÿ ïðîâåðêà âëîæåíèÿ Ω ⊂ (L− link)o[E|A], à ñòàëî áûòü
(ñì. (6.10)), è ðàâåíñòâà (6.9). �

Ïðåäëîæåíèå 6.2. Åñëè A ∈ L, òî (L − link)o[E|A] ∈ C(L−link)o[E][T∗(E| L)].

Ä î ê à ç à ò å ë ü ñ ò â î. Ôèêñèðóåì A ∈ L; ïîëàãàåì A
△
= (L− link)o[E] \ (L− link)o[E|A].

Ïóñòü V ∈ A. Òîãäà ñîãëàñíî ïðåäëîæåíèþ 6.1 äëÿ íåêîòîðîãî V ∈ V èìååì

A ∩ V = ∅. (6.11)

Îòìåòèì, ÷òî V ∈ (L − link)o[E], à òîãäà V ∈ L (ñì. � 2) è â ñîîòâåòñòâèè ñ (2.13) îïðåäåëåíî

ìíîæåñòâî

(L − link)o[E|V ] = {E ∈ (L − link)o[E]|V ∈ E}, (L − link)o[E|V ] ∈ C∗
o[E;L]

(ñì. (3.1)). Ïðè ýòîì V ∈ (L − link)o[E|V ]. Åñëè W ∈ (L − link)o[E|V ], òî â ñèëó (2.13)

V ∈ W, îòêóäà ñ ó÷åòîì (6.11) ñëåäóåò, ÷òî ∃Σ ∈ W : A ∩ Σ = ∅. Âíîâü èñïîëüçóÿ ïðåäëî-

æåíèå 6.1, ïîëó÷àåì, ÷òî W /∈ (L − link)o[E|A], à ïîòîìó W ∈ A. Èòàê, óñòàíîâëåíî âëîæåíèå

(L − link)o[E|V ] ⊂ A. Òàêèì îáðàçîì, ∃G ∈ C∗
o[E;L] : (V ∈ G) ∧ (G ⊂ A). Êîëü ñêîðî âûáîð V

áûë ïðîèçâîëüíûì, ïîëó÷àåì, ÷òî

∀ E ∈ A ∃G ∈ C∗
o[E;L] : (E ∈ G)&(G ⊂ A). (6.12)
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Ïîñêîëüêó C∗
o[E;L] ⊂ {∩}♯(C

∗
o[E;L]), (6.12) îçíà÷àåò (ñì. (6.2)), ÷òî A ∈ T∗(E| L), à òîãäà

(L − link)o[E|A] = (L − link)o[E] \A ∈ C(L−link)o[E][T∗(E| L)], ÷òî è òðåáîâàëîñü äîêàçàòü. �

Èç ïðåäëîæåíèÿ 6.2 è (3.1) âûòåêàåò, ÷òî C∗
o[E;L] ⊂ C(L−link)o[E][T∗(E| L)], è, êàê ñëåäñòâèå

(ïî ñâîéñòâàì çàìêíóòûõ ìíîæåñòâ),

{∩}♯(C
∗
o[E;L]) ⊂ C(L−link)o[E][T∗(E| L)]; (6.13)

ðàçóìååòñÿ, ó÷èòûâàåì òî, ÷òî â ïðàâîé ÷àñòè (6.13) èñïîëüçóåòñÿ ñåìåéñòâî âñåõ ïîäìíîæåñòâ

(L − link)o[E], çàìêíóòûõ â ÒÏ (6.3). Èòàê, ÒÏ (6.3) îáëàäàåò áàçîé, ñîñòîÿùåé èç îòêðûòî-

çàìêíóòûõ ìíîæåñòâ. Ïîýòîìó (6.3) åñòü íóëüìåðíîå T2-ïðîñòðàíñòâî.

Îòìåòèì, ÷òî èç îïðåäåëåíèé � 2, (2.9) è (2.13) ñëåäóåò ñâîéñòâî

ΦL(L) = (L − link)o[E|L] ∩ F
∗
o(L) ∀L ∈ L. (6.14)

Ïðåäëîæåíèå 6.3. Ñïðàâåäëèâî ðàâåíñòâî (UF)[E;L] = C∗
o[E;L]

∣∣
F∗

o(L)
.

Ä î ê à ç à ò å ë ü ñ ò â î. Èñïîëüçóåì (6.14). Åñëè U ∈ (UF)[E;L], òî äëÿ íåêîòîðîãî L ∈ L
èìååì (ñì. � 2, (6.14)) U = ΦL(L) = (L − link)o[E|L] ∩ F

∗
o(L), ãäå (L − link)o[E|L] ∈ C∗

o[E;L]
ñîãëàñíî (3.1). Ïîýòîìó U ∈ C∗

o[E;L]
∣∣
F∗

o(L)
. Óñòàíîâëåíî, ÷òî

(UF)[E;L] ⊂ C∗
o[E;L]

∣∣
F∗

o(L)
. (6.15)

Ïóñòü òåïåðü α ∈ C∗
o[E;L]

∣∣
F∗

o(L)
, à β ∈ C∗

o[E;L] òàêîâî, ÷òî

α = β ∩ F
∗
o(L).

Òîãäà äëÿ íåêîòîðîãî B ∈ L èìååò ìåñòî β = (L − link)o[E|B] (ñì. (3.1)), à ïîòîìó èç (6.14)

ñëåäóåò, ÷òî ΦL(B) = (L− link)o[E|B]∩F
∗
o(L) = β ∩F

∗
o(L) = α, ãäå ΦL(B) ∈ (UF)[E;L]. Â èòîãå

α ∈ (UF)[E;L], ÷åì çàâåðøàåòñÿ ïðîâåðêà âëîæåíèÿ C∗
o[E;L]

∣∣
F∗

o(L)
⊂ (UF)[E;L], à ñ ó÷åòîì (6.15)

è òðåáóåìîãî ðàâåíñòâà (UF)[E;L] = C∗
o[E;L]

∣∣
F∗

o(L)
. �

Â êà÷åñòâå âåñüìà î÷åâèäíîãî ñëåäñòâèÿ ïîëó÷àåì

Ïðåäëîæåíèå 6.4. Ñïðàâåäëèâî ñëåäóþùåå ðàâåíñòâî òîïîëîãèé:

T
∗
L[E] = T∗(E| L)

∣∣
F∗

o(L)
. (6.16)

Ïðåäëîæåíèå 6.5. Òîïîëîãèè To(E| L) è T∗(E| L) ñðàâíèìû, è ïðè ýòîì

To(E| L) ⊂ T∗(E| L).

Ä î ê à ç à ò å ë ü ñ ò â î. Ó÷òåì (3.1), (3.8) è (3.12). Â ñâÿçè ñ (3.12) îòìåòèì, ÷òî (ñì. (1.10))

{∪}♯(C
∗
o[E;L]) ∈ (cl− BAS)o[(L− link)o[E];To(E| L)], à òîãäà ñîãëàñíî (1.9) ïîëó÷àåì ðàâåíñòâî

C(L−link)o[E][To(E| L)] = {∩}
(
{∪}♯(C

∗
o[E;L])

)
. (6.17)

Ïðè ýòîì, êîíå÷íî, ñïðàâåäëèâî âëîæåíèå C∗
o[E;L] ⊂ {∪}♯(C

∗
o[E;L]). Êàê ñëåäñòâèå, ïîëó÷àåì

(ñì. (6.17)) ñëåäóþùåå âëîæåíèå: {∩}(C∗
o[E;L]) ⊂ C(L−link)o[E][To(E| L)]. Âûáåðåì ïðîèçâîëüíî

ìíîæåñòâî F ∈ C(L−link)o[E][To(E| L)]. Òîãäà F ∈ P
(
(L − link)o[E]

)
, è ñîãëàñíî (6.17)

F =
⋂

X∈κ

X, (6.18)

ãäå κ ∈ P ′
(
{∪}♯(C

∗
o[E;L])

)
. Ïðè ýòîì κ 6= ∅ è κ ⊂ {∪}♯(C

∗
o[E;L]). Çàìåòèì, ÷òî ñîãëàñíî (6.13)

èìååì, â ÷àñòíîñòè, öåïî÷êó âëîæåíèé C∗
o[E;L] ⊂ {∩}(C∗

o[E;L]) ⊂ C(L−link)o[E][T∗(E| L)].
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Ïîýòîìó ïî ñâîéñòâàì çàìêíóòûõ ìíîæåñòâ â ïðîèçâîëüíîì ÒÏ ïîëó÷àåì î÷åâèäíîå âëî-

æåíèå {∪}♯(C
∗
o[E;L]) ⊂ C(L−link)o[E][T∗(E| L)] (îáúåäèíåíèå êîíå÷íîãî ñåìåéñòâà çàìêíóòûõ

ìíîæåñòâ çàìêíóòî). Òîãäà ïî âûáîðó κ èìååì ñëåäóþùåå ñâîéñòâî:

κ ⊂ C(L−link)o[E][T∗(E| L)],

ãäå κ 6= ∅. Íî â ýòîì ñëó÷àå (ñì.(6.18))

F ∈ C(L−link)o[E][T∗(E| L)].

Ïîñêîëüêó âûáîð F áûë ïðîèçâîëüíûì, óñòàíîâëåíî âëîæåíèå

C(L−link)o[E][To(E| L)] ⊂ C(L−link)o[E][T∗(E| L)].

Êàê ñëåäñòâèå, ïîëó÷àåì òðåáóåìîå âëîæåíèå To(E| L) ⊂ T∗(E| L). �

Ñ ó÷åòîì ïðåäëîæåíèÿ 6.5 ïîëó÷àåì, ÷òî

(
(L − link)o[E],To(E| L),T∗(E| L)

)
(6.19)

åñòü áèòîïîëîãè÷åñêîå ïðîñòðàíñòâî [7℄. Ñ ó÷åòîì ïðåäëîæåíèé 5.4 è 6.4 ïîëó÷àåì (ñì. (6.19))

ñëåäóþùåå ïîëîæåíèå.

Òåîðåìà 6.1. Áèòîïîëîãè÷åñêîå ïðîñòðàíñòâî (2.6) èíäóöèðîâàíî èç áèòîïîëîãè÷åñêîãî

ïðîñòðàíñòâà (6.19):

(
T

o
L[E] = To(E| L)

∣∣
F∗

o(L)

)
&
(
T

∗
L[E] = T∗(E| L)

∣∣
F∗

o(L)

)
. (6.20)

Ïîëàãàåì äî êîíöà íàñòîÿùåãî ïàðàãðà�à, ÷òî L ∈ (LAT)o[E] ∩ π̃o[E], ïîëó÷àÿ ñëó÷àé

îòäåëèìîé ðåøåòêè (çàìåòèì, ÷òî (ñì. � 1) óïîìÿíóòîå ñâîéñòâî îòäåëèìîñòè ðåøåòêè L èìååò

ìåñòî ïðè L ∈ (LAT)o[E]). Òîãäà ñîãëàñíî (2.2)

(L − triv)[x] ∈ F
∗
o(L) ∀x ∈ E. (6.21)

Ñ ó÷åòîì (6.21) ìû â âèäå (L − triv)[·]
△
=

(
(L − triv)[x]

)
x∈E

èìååì îòîáðàæåíèå èç E â F
∗
o(L),

à ïîòîìó ïðè A ∈ P(E)

(L − triv)[·]1(A) = {(L − triv)[x] : x ∈ A} ∈ P
(
F
∗
o(L)

)
(6.22)

è îïðåäåëåíû ñëåäóþùèå ìíîæåñòâà-çàìûêàíèÿ:

(
cl
(
(L − triv)[·]1(A),T∗

L[E]
)
∈ P

(
F
∗
o(L)

))
&
(
cl
(
(L − triv)[·]1(A),To

L[E]
)
∈ P

(
F
∗
o(L)

))
, (6.23)

äëÿ êîòîðûõ ïî ñâîéñòâàì (2.6) èìååò ìåñòî âëîæåíèå

cl
(
(L − triv)[·]1(A),T∗

L[E]
)
⊂ cl

(
(L − triv)[·]1(A),To

L[E]
)
. (6.24)

�àçóìååòñÿ, (6.23) è (6.24) ïðèìåíèìû â ñëó÷àå A ∈ L.

Ïðåäëîæåíèå 6.6. Åñëè L ∈ L, òî

cl
(
(L − triv)[·]1(L),T∗

L[E]
)
= cl

(
(L − triv)[·]1(L),To

L[E]
)
= ΦL(L). (6.25)

Ä î ê à ç à ò å ë ü ñ ò â î. Çàìåòèì, ÷òî â ñëó÷àå L ∈ (LAT)o[E] (6.25) óñòàíîâëåíî â [6, (4.10)℄.
Êîëü ñêîðî ó íàñ ðàññìàòðèâàåòñÿ áîëåå îáùèé ñëó÷àé, ïðèâåäåì ñîîòâåòñòâóþùåå ðàññóæäå-

íèå, ó÷èòûâàÿ (6.24). Ïîñêîëüêó (ñì., íàïðèìåð, [12, (1.20)℄) ΦL(L) = cl
(
(L−triv)[·]1(L),T∗

L[E]
)
,

äëÿ äîêàçàòåëüñòâà (6.25) äîñòàòî÷íî óñòàíîâèòü âëîæåíèå

cl
(
(L − triv)[·]1(L),To

L[E]
)
⊂ ΦL(L). (6.26)
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Çàìåòèì â ýòîé ñâÿçè, ÷òî ñîãëàñíî (2.4) (UF)[E;L] ⊂ {∩}
(
(UF)[E;L]

)
= CF∗

o(L)

[
T

o
L[E]

]
è ïðè

ýòîì ΦL(L) ∈ (UF)[E;L]. Òîãäà

ΦL(L) ∈ CF∗

o(L)

[
T

o
L[E]

]
. (6.27)

Åñëè U∗ ∈ (L−triv)[·]1(L), òî (ñì. (6.22)) äëÿ íåêîòîðîãî x∗ ∈ L èìååò ìåñòî U∗ = (L − triv)[x∗],
à ïîòîìó L ∈ U∗ è, êàê ñëåäñòâèå, U∗ ∈ ΦL(L). Èòàê, (L − triv)[·]1(L) ⊂ ΦL(L), îòêóäà â ñè-

ëó (6.27) èçâëåêàåòñÿ (6.26). �

Èç ïðåäëîæåíèÿ 6.6 ñëåäóåò, â ÷àñòíîñòè, ÷òî

F
∗
o(L) = cl

(
(L − triv)[·]1(E),T∗

L[E]
)
= cl

(
(L − triv)[·]1(E), T

o
L[E]

)
.

� 7. Äîáàâëåíèå 1: ïðîñòðàíñòâî çàìêíóòûõ óëüòðà�èëüòðîâ

Â íàñòîÿùåì ïàðàãðà�å îòìå÷àþòñÿ íåêîòîðûå ñâîéñòâà, ñâÿçàííûå ñ áèòîïîëîãè÷åñêèì ïðî-

ñòðàíñòâîì (2.6) â òîì ñëó÷àå, êîãäà L = CE[τ ], ãäå τ ∈ (top)[E] ðåàëèçóåò â âèäå (E, τ)
T1-ïðîñòðàíñòâî. Èòàê, â âèäå

(E, τ) (7.1)

èìååì T1-ïðîñòðàíñòâî, à òîãäà L ∈ (LAT)o[E] è, â ÷àñòíîñòè, L ∈ (LAT)o[E] ∩ π̃o[E]. Äàííûé
÷àñòíûé ñëó÷àé, ñâÿçàííûé ñ (7.1), ðàññìàòðèâàëñÿ â [6, � 6℄ â ñâÿçè ñ âîïðîñàìè ïîñòðîå-

íèÿ ðàñøèðåíèé àáñòðàêòíûõ çàäà÷ î äîñòèæèìîñòè. Ñåé÷àñ îòìåòèì íåêîòîðûå äîñòàòî÷íî

ïðîñòûå ñëåäñòâèÿ ïîëîæåíèé ïðåäûäóùèõ ïàðàãðà�îâ íàñòîÿùåé ðàáîòû. Òàê, â ÷àñòíîñòè,

∀A ∈ P(E) ∀F ∈ CE[τ ]

(
(CE[τ ]− triv)[·]1(A) ⊂ ΦCE [τ ](F )

)
=⇒ (A ⊂ F ). (7.2)

Â ñâîþ î÷åðåäü, èç (7.2) âûòåêàåò, ÷òî

cl
(
(CE[τ ]− triv)[·]1(A),To

CE [τ ][E]
)
= ΦCE [τ ]

(
cl(A, τ)

)
∀A ∈ P(E).

Ñ ó÷åòîì ïðåäëîæåíèÿ 6.5 è T1-îòäåëèìîñòè ÒÏ (7.1) ïîëó÷àåì, ÷òî (ñì. [15, ïðåäëîæåíèå 8.3℄)

(CE[τ ]− triv)[x∗] ∈ cl
(
(CE [τ ]− triv)[·]1(A), T

o
CE [τ ][E]

)
\cl

(
(CE [τ ]− triv)[·]1(A),

T
∗
CE [τ ][E]

)
∀A ∈ P(E) ∀x∗ ∈ cl(A, τ) \A.

(7.3)

Â ñâîþ î÷åðåäü, ñ èñïîëüçîâàíèåì (7.3) óñòàíàâëèâàåòñÿ [15, òåîðåìà 8.1℄ ðàâåíñòâî

CE[τ ] =
{
A ∈ P(E)| cl

(
(CE [τ ]− triv)[·]1(A),T∗

CE [τ ][E]
)
= cl

(
(CE[τ ]− triv)[·]1(A),To

CE [τ ][E]
)}

.
(7.4)

Òåîðåìà 7.1. Åñëè ÒÏ (E, τ) íå ÿâëÿåòñÿ äèñêðåòíûì, òî åñòü â ñëó÷àå τ 6= P(E), íåïðå-
ìåííî

T
∗
CE [τ ][E] 6= T

o
CE [τ ][E]. (7.5)

Ä î ê à ç à ò å ë ü ñ ò â î. Èòàê, ïóñòü τ 6= P(E). Òîãäà, êàê ñëåäñòâèå,

CE[τ ] 6= P(E). (7.6)

Â ñàìîì äåëå, åñëè CE[τ ] = P(E), òî, ïîñêîëüêó τ = CE [CE[τ ]], ïîëó÷àåì öåïî÷êó ðàâåíñòâ

τ = CE[P(E)] = P(E), ÷òî íåâîçìîæíî ïî ïðåäïîëîæåíèþ. Èòàê, (7.6) óñòàíîâëåíî, ÷òî îçíà-

÷àåò ñïðàâåäëèâîñòü ñâîéñòâà P(E) \ CE[τ ] 6= ∅. Ñ ó÷åòîì ýòîãî âûáåðåì è çà�èêñèðóåì

H ∈ P(E) \CE[τ ] (H íåçàìêíóòî â ÒÏ (E, τ)). Òîãäà â ñèëó (7.4)

cl((CE [τ ]− triv)[·]1(H),T∗
CE [τ ][E]

)
6= cl

(
(CE[τ ]− triv)[·]1(H),To

CE [τ ][E]
)
, (7.7)

ãäå (CE[τ ]− triv)[·]1(H) ∈ P(F∗
0(CE[τ ])). Èç (7.7) ñëåäóåò (7.5). �
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Ñëåäñòâèå 7.1. Ïðè óñëîâèè τ 6= P(E) íåïðåìåííî

T∗(E|CE [τ ]) 6= To(E|CE [τ ]). (7.8)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü ÒÏ (E, τ) íå ÿâëÿåòñÿ äèñêðåòíûì. Òîãäà èìååì (7.5), ãäå

òîïîëîãèè, èñïîëüçóåìûå â (7.5), óäîâëåòâîðÿþò (6.20). Èç (6.20) âûòåêàåò, îäíàêî, ÷òî

(T∗(E|CE [τ ]) = To(E|CE [τ ])) =⇒ (T∗
CE [τ ][E] = T

o
CE [τ ][E]),

à ïîòîìó (ñì. (7.5)) èìååò ìåñòî (7.8). �

� 8. Äîáàâëåíèå 2: ïðîñòðàíñòâà Ñòîóíà

Â íàñòîÿùåì ïàðàãðà�å, ó÷èòûâàÿ (1.4), ïîëàãàåì, ÷òî L ∈ (alg)[E]. Â ýòîì ñëó÷àå ñîãëàñíî

[5, ïðåäëîæåíèå 9.2℄ èìååì ðàâåíñòâî

T
∗
L[E] = T

o
L[E]; (8.1)

ïðè ýòîì ÒÏ (2.3) åñòü íåïóñòîé íóëüìåðíûé êîìïàêò (êîìïàêòíîå T2-ïðîñòðàíñòâî), ïðîñòðàí-

ñòâî Ñòîóíà. �àññìîòðèì òåïåðü áèòîïîëîãè÷åñêîå ïðîñòðàíñòâî (6.19). Îòìåòèì ïðåæäå âñåãî,

÷òî â ðàññìàòðèâàåìîì ñåé÷àñ ñëó÷àå

L = CE[L]. (8.2)

Çàìå÷àíèå 8.1. Ñâîéñòâî (8.2) ïðàêòè÷åñêè î÷åâèäíî, íî âñå æå ðàññìîòðèì åãî îáîñíîâà-

íèå. Èòàê, ïðîâåðèì (8.2). Ïóñòü A1 ∈ L. Òîãäà E \ A1 ∈ L (ñì. (1.2)), ãäå A1 ∈ P(E), à òîãäà
E \(E \A1) = A1. Íî E \(E \A1) ∈ CE[L], à ïîòîìó A1 ∈ CE[L], ÷åì è çàâåðøàåòñÿ îáîñíîâàíèå

âëîæåíèÿ L ⊂ CE[L]. Îñòàëîñü óñòàíîâèòü âëîæåíèå CE[L] ⊂ L. Èòàê, ïóñòü A2 ∈ CE[L]. Òîãäà
ñîãëàñíî (1.1) A2 = E \L, ãäå L ∈ L. Íî â ýòîì ñëó÷àå ñîãëàñíî (1.2) E \L ∈ L, à ñëåäîâàòåëüíî,
A2 ∈ L. Èòàê, CE[L] ⊂ L. �

Èç (3.3) è (8.2) âûòåêàåò, ÷òî ïðè L ∈ L îïðåäåëåíî ìíîæåñòâî

(L − link)oop[E|L] = {E ∈ (L − link)o[E]|∃Σ ∈ E : Σ ⊂ L}. (8.3)

Ïðåäëîæåíèå 8.1. Åñëè L ∈ L, òî

(L − link)oop[E|L] = (L − link)o[E|L]. (8.4)

Ä î ê à ç à ò å ë ü ñ ò â î. Ôèêñèðóåì L ∈ L. Ïóñòü V ∈ (L − link)oop[E|L]. Òîãäà
V ∈ (L − link)o[E], è ñîãëàñíî (8.3) äëÿ íåêîòîðîãî V ∈ V èìååò ìåñòî

V ⊂ L. (8.5)

Èç (2.11) è (8.5) ñëåäóåò, ÷òî L ∈ V. Ñòàëî áûòü, V ∈ (L − link)o[E] : L ∈ V. Ïîýòîìó (ñì.

(2.13)) V ∈ (L − link)o[E|L], ÷åì è çàâåðøàåòñÿ ïðîâåðêà âëîæåíèÿ

(L − link)oop[E|L] ⊂ (L − link)o[E|L]. (8.6)

Ïóñòü W ∈ (L − link)o[E|L]. Òîãäà â ñèëó (2.13) W ∈ (L − link)o[E], è ïðè ýòîì L ∈ W. Òîãäà,
â ÷àñòíîñòè, ∃Σ ∈ W : Σ ⊂ L. Ïîýòîìó (ñì. (8.3)) W ∈ (L − link)oop[E|L], ÷åì è çàâåðøàåòñÿ

ïðîâåðêà âëîæåíèÿ (L − link)o[E|L] ⊂ (L − link)oop[E|L]. Ñ ó÷åòîì (8.6) ïîëó÷àåì òðåáóåìîå

ðàâåíñòâî (8.4). �

Ïðåäëîæåíèå 8.2. Ñïðàâåäëèâî ðàâåíñòâî C∗
o[E;L] = Co

op[E;L].
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Ä î ê à ç à ò å ë ü ñ ò â î. Âûáåðåì ïðîèçâîëüíî A ∈ C∗
o[E;L]. Òîãäà A ∈ P((L − link)o[E])

è äëÿ íåêîòîðîãî A ∈ L
A = (L − link)o[E|A]. (8.7)

Ïðè ýòîì ñîãëàñíî (8.2) A ∈ CE[L] è, êðîìå òîãî (ñì. (8.7), ïðåäëîæåíèå 8.1), âûïîëíåíî A =
= (L − link)oop[E|A]. Òîãäà (ñì. (3.5)) (L − link)oop[E|A] ∈ Co

op[E;L], à ïîòîìó A ∈ Co
op[E;L], ÷åì

è çàâåðøàåòñÿ ïðîâåðêà âëîæåíèÿ

C∗
o[E;L] ⊂ Co

op[E;L]. (8.8)

Ïóñòü B ∈ Co
op[E;L], à ìíîæåñòâî Λ ∈ CE [L] òàêîâî, ÷òî B = (L−link)oop[E|Λ]. Òîãäà â ñèëó (8.2)

Λ ∈ L, è ïðè ýòîì ñîãëàñíî ïðåäëîæåíèþ 8.1

(L − link)oop[E|Λ] = (L − link)o[E|Λ].

Ñòàëî áûòü, B = (L − link)o[E|Λ], ãäå (ñì. (3.1)) (L− link)o[E|Λ] ∈ C∗
o[E;L]. Èòàê, B ∈ C∗

o[E;L],
÷åì è çàâåðøàåòñÿ ïðîâåðêà âëîæåíèÿ Co

op[E;L] ⊂ C∗
o[E;L], à ñëåäîâàòåëüíî (ñì. (8.8)), è òðå-

áóåìîãî ðàâåíñòâà. �

Èç (3.7), (6.2) è ïðåäëîæåíèÿ 8.2 âûòåêàåò, ÷òî â ðàññìàòðèâàåìîì ñåé÷àñ ñëó÷àå (àëãåáðû

ìíîæåñòâ)

To(E|L) = T∗(E|L).

Èñïîëüçóÿ ñâîéñòâà ÒÏ (3.13) è (6.3), ïîëó÷àåì (ñì. (4.13), (6.7)), ÷òî

((L − link)o[E],To(E|L)) = ((L − link)o[E],T∗(E|L)) (8.9)

åñòü íåïóñòîé ñóïåðêîìïàêò (ñóïåðêîìïàêòíîå T2-ïðîñòðàíñòâî). Â ÷àñòíîñòè, (8.9) � êîìïàêò.

Çàìåòèì, ÷òî èç ïðåäëîæåíèÿ 6.4 è ñóïåðêîìïàêòíîñòè ÒÏ (8.9) âûòåêàåò, ÷òî ïðîñòðàíñòâî

Ñòîóíà (ñì. (2.3) â ðàññìàòðèâàåìîì ñåé÷àñ ñëó÷àå L ∈ (alg)[E]) ÿâëÿåòñÿ ïîäïðîñòðàíñòâîì

ñóïåðêîìïàêòà, òàê êàê (8.9) � ñóïåðêîìïàêò è ñïðàâåäëèâî (6.16). Èòàê, ïðîñòðàíñòâî Ñòî-

óíà (êîìïàêò Ñòîóíà) åñòü ïîäïðîñòðàíñòâî ñóïåðêîìïàêòà. Ñ ó÷åòîì ïðåäëîæåíèÿ 6.4 è îò-

äåëèìîñòè ÒÏ (8.9) ïîëó÷àåì, ÷òî F
∗
o(L) ∈ C(L−link)o[E][T∗(E|L)] (íàïîìíèì î êîìïàêòíîñòè

ïðîñòðàíñòâà ñ òîïîëîãèåé (8.1)).

� 9. Äîáàâëåíèå 3: ìàêñèìàëüíûå ñöåïëåííûå ñèñòåìû îòêðûòûõ ìíîæåñòâ

Ó÷èòûâàÿ (1.4), âñþäó â íàñòîÿùåì ïàðàãðà�å ïîëàãàåì, ÷òî L = τ, ãäå τ åñòü �èêñèðî-

âàííàÿ òîïîëîãèÿ ìíîæåñòâà E, òî åñòü τ ∈ (top)[E]. Îòìåòèì, ÷òî, êàê ïîêàçàíî â [6, � 8℄,

T
o
τ [E] = T

∗
τ [E],

ïðè÷åì ÒÏ (F∗
o(τ),T

o
τ [E]) = (F∗

o(τ),T
∗
τ [E]) åñòü íåïóñòîé íóëüìåðíûé êîìïàêò. Ýëåìåíòû ìíî-

æåñòâà F
∗
o(τ) � ñóòü ó/�, ¾ñîñòàâëåííûå¿ èç îòêðûòûõ ìíîæåñòâ. Äëÿ êðàòêîñòè áóäåì íàçû-

âàòü ó/� èç F
∗
o(τ) îòêðûòûìè. Íàïîìíèì, ÷òî ∀G1 ∈ τ ∀G2 ∈ τ

(G1 ∩G2 = ∅) =⇒ (G1 ∩ cl(G2, τ) = ∅). (9.1)

Ïðåäëîæåíèå 9.1. Åñëè G ∈ τ, òî ñïðàâåäëèâî ðàâåíñòâî

(τ − link)o[E] \ (τ − link)o[E|G] = (τ − link)o[E|E \ cl(G, τ)]. (9.2)

Ä î ê à ç à ò å ë ü ñ ò â î. Ôèêñèðóåì G ∈ τ. Ïóñòü V ∈ (τ − link)o[E]\ (τ − link)o[E|G]. Òîãäà
G /∈ V. Ñîãëàñíî (2.8) èìååì èìïëèêàöèþ (G ∩ Σ 6= ∅ ∀Σ ∈ V) =⇒ (G ∈ V), à ïîòîìó äëÿ

íåêîòîðîãî V ∈ V ðåàëèçóåòñÿ ðàâåíñòâî G ∩ V = ∅. Ïðè ýòîì V ∈ τ, à ïîòîìó ñîãëàñíî (9.1)

V ∩ cl(G, τ) = ∅. Èòàê, V ⊂ E \ cl(G, τ), ãäå E \ cl(G, τ) ∈ τ. Ñ ó÷åòîì (2.11) èìååì ïî âûáîðó
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ÌÑÑ V, ÷òî E \ cl(G, τ) ∈ V. Ïîýòîìó ñîãëàñíî (2.13) V ∈ (τ − link)o[E|E \ cl(G, τ)], ÷åì
è çàâåðøàåòñÿ ïðîâåðêà âëîæåíèÿ

(τ − link)o[E] \ (τ − link)o[E|G] ⊂ (τ − link)o[E|E \ cl(G, τ)]. (9.3)

Âûáåðåì ïðîèçâîëüíî W ∈ (τ − link)o[E|E \ cl(G, τ)]. Òîãäà W ∈ (τ − link)o[E], è ïðè ýòîì

E \ cl(G, τ) ∈ W. (9.4)

Èç (9.4) ñëåäóåò â ñèëó ñöåïëåííîñòè W, ÷òî

(E \ cl(G, τ)) ∩ Σ 6= ∅ ∀Σ ∈ W. (9.5)

Ïðè ýòîì G ⊂ cl(G, τ)) è, êàê ñëåäñòâèå, G ∩ (E \ cl(G, τ)) = ∅, à ïîòîìó (ñì. (9.5)) G /∈ W
è ñîãëàñíî (2.13) W /∈ (τ − link)o[E|G]. Ïîëó÷àåì, ÷òî W ∈ (τ − link)o[E] \ (τ − link)o[E|G], ÷åì
è çàâåðøàåòñÿ ïðîâåðêà âëîæåíèÿ (τ − link)o[E|E \ cl(G, τ)] ⊂ (τ − link)o[E] \ (τ − link)o[E|G],
à ñòàëî áûòü (ñì. (9.3)), è ðàâåíñòâà (9.2). �

Ïðåäëîæåíèå 9.2. Ñïðàâåäëèâî ðàâåíñòâî

To(E|τ) = T∗(E|τ). (9.6)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðåæäå âñåãî íàïîìíèì, ÷òî (ñì. (1.4)) ñîãëàñíî ïðåäëîæåíèþ 6.5

To(E|τ) ⊂ T∗(E|τ). (9.7)

Ïîêàæåì òåïåðü, ÷òî ñïðàâåäëèâî ñëåäóþùåå âëîæåíèå:

C(τ−link)o[E][T∗(E|τ)] ⊂ {∩}({∪}♯(C
∗
o[E; τ ])). (9.8)

Â ñàìîì äåëå, ïóñòü F ∈ C(τ−link)o[E][T∗(E|τ)], à ìíîæåñòâî G ∈ T∗(E|τ) òàêîâî, ÷òî

F = (τ − link)o[E] \G. (9.9)

Èç ïîëîæåíèé � 2 ëåãêî ñëåäóåò èìïëèêàöèÿ (G = ∅) =⇒ (F = (τ − link)o[E|E]), ãäå

(τ − link)o[E|E] ∈ C∗
o[E; τ ] ñîãëàñíî (3.1). Èòàê,

(G = ∅) =⇒ (F ∈ {∩}({∪}♯(C
∗
o[E; τ ]))). (9.10)

Ïóñòü òåïåðü G 6= ∅. Ñ ó÷åòîì (6.2) èìååì äëÿ íåêîòîðîãî ñåìåéñòâà B ∈ P ′({∩}♯(C
∗
o[E; τ ]))

ðàâåíñòâî

G =
⋃

B∈B

B. (9.11)

Èç (9.9) è (9.11) ïîëó÷àåì, ñëåäîâàòåëüíî, öåïî÷êó ðàâåíñòâ

F = (τ − link)o[E] \ (
⋃

B∈B

B) =
⋂

B∈B

((τ − link)o[E] \ B). (9.12)

Ïóñòü B ∈ B. Òîãäà (ñì. � 1) äëÿ íåêîòîðîãî K ∈ Fin(C∗
o[E; τ ])

B =
⋂

G∈K

G. (9.13)

Ñ ó÷åòîì (3.1) ïîäáåðåì ñåìåéñòâî K ∈ Fin(τ), äëÿ êîòîðîãî

K = {(τ − link)o[E|L] : L ∈ K}. (9.14)
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Òîãäà èç (9.13) è (9.14) ïîëó÷àåì,÷òî

(τ − link)o[E] \B = (τ − link)o[E] \ (
⋂

G∈K
G) =

⋃
G∈K

((τ − link)o[E] \G) =

=
⋃
L∈K

((τ − link)o[E] \ (τ − link)o[E|L]).
(9.15)

Èç ïðåäëîæåíèÿ 9.1 è (9.15) âûòåêàåò (ñì. (9.2)) ðàâåíñòâî

(τ − link)o[E] \B =
⋃

L∈K

(τ − link)o[E|E \ cl(L, τ)]; (9.16)

ïðè ýòîì, êîíå÷íî, (τ − link)o[E|E \cl(L̃, τ)] ∈ C∗
o[E; τ ] ∀ L̃ ∈ K (ïðè ýòîì K ⊂ τ). Ñ ó÷åòîì (1.10)

èìååì, ñòàëî áûòü, ñâîéñòâî

⋃

L∈K

(τ − link)o[E|E \ cl(L, τ)] ∈ {∪}♯(C
∗
o[E; τ ]. (9.17)

Â ñàìîì äåëå, L
△
= {(τ − link)o[E|E \ cl(L, τ)] : L ∈ K} ∈ Fin(C∗

o[E; τ ]), ïðè÷åì

⋃

L∈K

(τ − link)o[E|E \ cl(L, τ)] =
⋃

L∈L

L ∈ {∪}♯(C
∗
o[E; τ ]

(ñì. îïðåäåëåíèÿ � 1). Èòàê, èìååì (9.17). Ïîëó÷àåì èç (9.16), (9.17), ÷òî èìååò ìåñòî âêëþ÷åíèå

(τ − link)o[E] \B ∈ {∪}♯(C
∗
o[E; τ ]). Êîëü ñêîðî è âûáîð B áûë ïðîèçâîëüíûì, óñòàíîâëåíî, ÷òî

(τ − link)o[E] \ B ∈ {∪}♯(C
∗
o[E; τ ]) ∀B ∈ B. Êàê ñëåäñòâèå, ïîëó÷àåì ñëåäóþùåå ñâîéñòâî:

B
△
= {(τ − link)o[E] \ B : B ∈ B} ∈ P ′({∪}♯(C

∗
o[E; τ ])).

Ïðè ýòîì (ñì. (1.10), (3.12)) {∪}♯(C
∗
o[E; τ ]) ∈ (cl−BAS)o[(τ − link)o[E];To(E|L)]. Â ýòîì ñëó÷àå

(ñì. îïðåäåëåíèÿ � 1) è ïðè G 6= ∅

F =
⋂

B∈B

((τ − link)o[E] \ B) =
⋂

B̃∈B

B̃ ∈ {∩}({∪}♯(C
∗
o[E; τ ])),

è, ñ ó÷åòîì (1.9), (3.12) è (9.12), ïîëó÷àåì âêëþ÷åíèå

F ∈ {∩}({∪}♯(C
∗
o[E; τ ])). (9.18)

C ó÷åòîì (9.10) ïîëó÷àåì òåïåðü, ÷òî (9.18) èìååò ìåñòî âî âñåõ âîçìîæíûõ ñëó÷àÿõ. Ïîñêîëü-

êó âûáîð F áûë ïðîèçâîëüíûì, óñòàíîâëåíî âëîæåíèå (9.8), à òîãäà C(τ−link)o[E][T∗(E|τ)] ⊂
⊂ C(τ−link)o[E][T0(E|τ)]. Ýòî îçíà÷àåò (ïî äâîéñòâåííîñòè), ÷òî T∗(E|τ) ⊂ T0(E|τ), îòêóäà ñ ó÷å-
òîì (9.7) âûòåêàåò òðåáóåìîå ðàâåíñòâî (9.6). �

Èòàê, ïîëó÷àåì, ÷òî ÒÏ ((τ − link)o[E],T0(E|τ)) = ((τ − link)o[E],T∗(E|τ)) åñòü íåïóñòîé ñó-
ïåðêîìïàêò. Êîìïàêò (F∗

o(τ),T
∗
τ [E]) = (F∗

o(τ),T
o
τ [E])) ÿâëÿåòñÿ ïîïðîñòðàíñòâîì óïîìÿíóòîãî

ñóïåðêîìïàêòà (ñì. òåîðåìó 6.1). Ïî ñâîéñòâàì T2-ïðîñòðàíñòâ èìååì, ÷òî

F
∗
o(τ) ∈ C(τ−link)o[E][T∗(E|τ)].
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The family of maximal linked systems all elements of whi
h are sets of an arbitrary latti
e with �zero� and

�unit� is 
onsidered; its subfamily 
omposed of ultra�lters of that latti
e is also 
onsidered. Relations between

natural topologies used to equip the set of maximal linked systems and the set of the latti
e ultra�lters are

investigated. It is demonstrated that the last set under natural (for ultra�lter spa
es) equipment is a subspa
e

of the spa
e of maximal linked systems under equipment with two 
omparable topologies one of whi
h is

similar to the topology used for the Wallman extension and the se
ond 
orresponds (
on
eptually) to the

s
heme of Stone spa
e in the 
ase when the initial latti
e is an algebra of sets. Properties of the resulting

bitopologi
al stru
ture are detailed for the 
ases when our latti
e is an algebra of sets, a topology, and a

family of 
losed sets in a topologi
al spa
e.
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