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Abstract

We give a solution of the problem on trigonometric polynomials f;; with the given leading harmonic
y cos nt that deviate the least from zero in measure, more precisely, with respect to the functional u(f,) =
mes{t € [0, 27] : | fn(¢)| > 1}. For trigonometric polynomials with a fixed leading harmonic, we consider
the least uniform deviation from zero on a compact set and find the minimal value of the deviation over
compact subsets of the torus that have a given measure. We give a solution of a similar problem on the unit
circle for algebraic polynomials with zeros on the circle.
© 2010 Elsevier Inc. All rights reserved.
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1. Statement of the problem and preliminaries
1.1. Introduction

Let F, be the set of trigonometric polynomials

ao

fn(t) = )

n
+ > (ax coskt + by sinkr) (1.1)
k=1
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of order n > 0 with real coefficients; in this paper, depending on the situation, we consider these
functions on the whole real line R, on the period, i.e., a segment of length 277, or on the torus
T which can be interpreted as a segment of length 2 (for example, the segment [0, 27r]) with
identified end-points. On the set F,,, we consider the functional

p(fn) =mes{r € T:|fu(D)] = 1} (1.2)

whose value is the Lebesgue measure of the set of points of the torus at which an absolute value
of the polynomial f,, € F, is greater than or equal to 1. For a fixed y > 0, we introduce the value

on(y) = inf{u (ycosnt — fu_1()) : fu1 € Fu1} (1.3)

which can be interpreted as the value of the best approximation of the function y cos nt by the
set F,—1 of trigonometric polynomials of order n — 1 with respect to functional (1.2). Value (1.3)
can be written in another form. Let J,,(y) be the set of trigonometric polynomials of order n of
the form

fn(t)=y005nf+fn—1(t), fnfl e-7:1171'
Then,

on(y) = inf{u (fo) : fn € Fn(Mh 1.4)

this is a variant of the problem on polynomials that deviate the least from zero. It is easily seen
that problem (1.3)—(1.4) is nontrivial only for y > 1. The following assertion is valid for problem
(1.4); in this assertion and throughout the paper, we denote by 7,, the Chebyshev polynomial of
the first kind which is specified by the formula 7, (x) = cos(n arccos x) for x € [—1, 1].

Theorem 1. For y > 1 and n > 1, the following equality is valid:

1
on(y) = 4arccos —-. (1.5)
yﬂ
Moreover, fork =0, 1, ...,2n — 1, the polynomial

k 1 Tk 1
Ja®) = fau () = (=1)"T, (y"COS (I—7) —yn +1> (1.6)

belongs to the set F,(y) and it is an extremal polynomial in problem (1.4) (i.e., the polynomial
that deviates the least from zero) and only such polynomials solve problem (1.4).

Mendelev announced this result in 2000 in abstracts of his talk [11]. The proof of Theorem 1
is published in the present paper for the first time. In 1998, Mendelev and Plotnikov [12] proved
assertion (1.5) for large values of y or, more precisely, for

1

y =

sin?"

_r
2@2n+1)

In 1992, Babenko [2] studied the least constant 8, in the inequality
ulay cosnt + by sinnt) < Bou(fn),  fu € Fa, (1.7)

on the set F, of trigonometric polynomials (1.1); he obtained the following estimates for §,:

V2n < B, <nv2, n=>1. (1.8)
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Below (see Theorem 9), as a consequence of Theorem 1, we find the value §,,; namely, we show
that 8, = V/2n. Thus, it turned out that the lower bound in (1.8) holds true.

In this paper, in connection with the investigation of problem (1.4), we discuss several
other related extremal problems for trigonometric polynomials on the torus T and for algebraic
polynomials on the unit circle I" of the complex plane. In particular, we produce the following
results.

(1) For algebraic polynomials with zeros on the unit circle of the complex plane and with the
unit leading coefficient, we consider the least uniform deviation from zero on a compact set
and find the minimal value of the deviation over compact subsets of the circle that have a
given measure.

(2) For trigonometric polynomials with a fixed leading harmonic, we consider the least uniform
deviation from zero on a compact set and find the minimal value of the deviation over
compact subsets of the torus that have a given measure.

The main parts of the results of this paper were stated without proofs in [1].
1.2. A restriction of the class of polynomials

We need certain known facts about trigonometric polynomials (1.1); for further actions, it is
sufficient to consider only polynomials whose order is equal to , i.e., such that a,zl + b,% > 0.
For a trigonometric polynomial f, of order n > 1 with real coefficients, the following formula
is valid:

fu(®) =™ Py(e"), teR, (1.9)
where
2n
Py(x) =Y uyz’ (1.10)
v=0

is an algebraic polynomial of degree 2n whose coefficients have the properties
Uy =y, 0=<v=<2n (1.11)

Conversely, if the coefficients of polynomial (1.10) satisfy conditions (1.11), then formula (1.9)
specifies a trigonometric polynomial of order n with real coefficients. In this case, in particular,

oy =T = % (1.12)

Condition (1.11) means that the following formula is valid for polynomial (1.10):
2n ——1\ _
Z"Poy (Z7') = Pan(2), z€C, z#0. (1.13)
Hence, polynomial (1.10) can be written in the form
ay — iby | ) 2n "
__ v _ I _ al®j
Py, (z) = 3 ]U(z k) (z Zk ) . l_[ (z e _,)_ (1.14)
=1 j=2i+1

In this representation, the first product corresponds to 2/ complex zeros of the polynomial f;, and
0 < |zkl < 1,1 <k < I;if f, has no complex zeros (I = 0), then this representation is absent.
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The second product in (1.14) corresponds to 2(n —I) real zeros of the polynomial f;; if all zeros
of the polynomial f,, are complex, then the second product in (1.14) is absent.

However, there exist polynomials of the form (1.14) without property (1.13). Substituting
expression (1.14) into (1.13), we ascertain that (1.13) holds only in the case where

] 2n
20,+2> e+ Y ¢ =27N. NeZ, (1.15)
k=1 j=20+1

where 6, is an argument of the coefficient a, — ib,, and ¢; are arguments of the zeros zz, 1 <
k < I, of the polynomial P,,. Thus, relation (1.15) is a necessary and sufficient condition for
polynomial (1.14) to have property (1.11), and so to generate, via formula (1.9), a trigonometric
polynomial of order n with real coefficients; in addition, the leading harmonic of the polynomial
has the form a, cosnt + b, sinnt. More detailed information on the facts presented here can be
found in, for example, [13, Sect. V1.2].

Let us discuss the representation of polynomials f, € F,(y) (fory > 0 and n > 1) in more
detail. In this case, a, = y > 0 and b,, = 0; therefore, 8, = 0. Polynomial (1.14) and condition
(1.15) take the form

l 2n
Py, (2) = % |:H(Z—Zk) (z—ﬁ_lﬂ l_[ (z—ei¢-f), (1.16)
k=1 j=20+1
[ 2n
2) g+ Y, ¢j=27N, Nel (1.17)
k=1 j=21+1

By formulas (1.9) and (1.16), the following equality is valid:

l 1
fult) = efim% 1_[ << _rkeup;‘) ( . W)) 1—[ (en 1¢j)7 (1.18)
k=1

j=2i+1

where ry = |zx| and ¢ = argz; are the modulus and argument of the zero zx, 1 < k < [,
respectively. Let us simplify the right-hand side of representation (1.18). For the multipliers from
the second product, we have

. . t+¢ t — .
e — e =iel 2 (2sin i .
2
Let us transform the multipliers from the first product as follows:
. . . ik . . .
<elt _ rkel(pk> (elt _ e_) — e21t _ <rk + l) el(t+<pk) + eZupk
Tk Tk

. 1 1
= —2elH) (A — cos(t — @),  Ap = 3 (rk + —) > 1.

Thus, the following representation is valid for a polynomial f, € F,(y):

fu®) = (= 1>"+Ny ]"[<2<Ak—cos<r—¢k)>) H <2sm 2¢1), (1.19)

Jj=2I+1
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where Ay > 1forl <k <[;¢p e Rforl <k <Il;and ¢; € Rfor2/ +1 < j < 2n. We recall
that, in addition, condition (1.17) is valid.

In what follows, the set ]—"nre"‘l( y) of trigonometric polynomials from F;, (y) all zeros of which
are real will play an important role. By (1.9) and (1.16), for a polynomial f, € .’Fnreal(y), we have

2n
o) =P, P =[] (:-%): (1.20)

j=1
here, ¢; € R, 1 < j < 2n, and the following condition holds:

2n
Y ¢j=27N, NeL (1.21)
j=1

Formula (1.20) also implies the representation

2n
y . 1=
fn®) = (—1)”+N§g2n(t), g (t) = ,1:[1 <2 sin — : ) ; (1.22)
here, ¢;, 1 < j < 2n, are (real) zeros of the polynomial f,,. From the above reasoning, it is clear
that condition (1.21) is necessary and sufficient for function (1.20) or, what comes to the same,
(1.22) to be a polynomial from fnreal(y).
Justifying results of [12], Mendelev and Plotnikov obtained the following assertion.

Lemma 1. Foranyn > 1 and y > 1, an extremal polynomial exists in problem (1.4); all zeros
of the extremal polynomial are real.

Proof. Assume that a polynomial f, € F,(y) has at least one complex zero; i.e., representation
(1.19) contains at least one multiplier Ay — cos(t — ). Since Ay > 1, the following inequality
is valid for all ¢:

t —
A —cos(t — @) > 1 —cos(t — ) = 2sin® —(pk.

Let us consider the function

- . L, N2 A . .
fat) = e_mt% l_[ (e” - e“"k) | l_[ (e” - el¢f) , (1.23)
k=1 j=21+1

which is a trigonometric polynomial of order n. The polynomial f, satisfies condition (1.21);
hence, function (1.23) is a trigonometric polynomial with real zeros; more precisely, fn
F, re“1( y). Absolute values of the polynomials f, and fn are connected by the inequality | f,, )] <
| fu(®)], t € R; moreover, the strict inequality | fn )] < | fn (#)] holds at points ¢ € R distinct from
real zeros {qu} 25141 of the polynomial f,. Hence, /L(f,,) < u(fn).

At this stage we have proved, in particular, that, in (1.4), it is necessary to restrict our attention
to polynomials f,, € fnreal(y); consequently, the following equality holds:

on(y) = inf{ue (fa) : fu € (). (1.24)

To complete the proof of the lemma, it remains to show that the infimum in the right-hand side of
(1.24) is reached. For polynomials f;, € ]—"nre"‘l( y), the value u( f;,) is a function of 2n (real) zeros
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of the polynomial f, € F,(y). We will use the same symbol y to denote this function; thus,
w(fn) = w(d1, ..., ¢2,). The zeros {¢j}§”=] are related by condition (1.21). We can assume that

0<¢; <2m,1<j<2n—1,and ¢y, =—3 ;2" ¢;. This set of points ¢ = {¢;}3~ will be
denoted by I1,. Relation (1.24) can be rewritten in the form
on(y) = inf{u(@1, ..., o) : ¢ = (¢}, € Ihy). (1.25)

It is easily seen that the function w continuously depends on the point ¢ = {¢;}; in addition,
11, is a compact subset of the space R2"_ Therefore, the infimum in (1.25) or, what comes to the
same, in (1.24) is reached. The proof of the lemma is completed. [

1.3. A restatement and expansion of the initial problem

Lemma 1 reduces initial problem (1.4) to a clearer problem of minimization of a (continuous)
function of several real variables. Let m be natural; in the sequel, studying problem (1.4), we
take m = 2n. We denote by 13, (I") the set of algebraic polynomials

Pu)=]]z—-¢%). zeC, (1.26)
j=1

of order m with the unit leading coefficient, all m zeros of which belong to the unit circle
I' = {¢" : t € [0,27]}. Every such polynomial is uniquely defined by the point ¢ =

(#1, ..., &) € R™. On the unit circle, polynomial (1.26) is representable in the form
. cm, P n
Pu(e') = eH1e2i"g, (), =7 ¢;, (1.27)
j=1
where
gm(®) = gn(t: ) =[] (2sin —’> , teR (1.28)
Jj=1 2

The set of functions (1.28) will be denoted by G,,.
Let us consider the quantity

h(m) = min{liglic,, : & € Gm} = min{[|Pullcr) : Pm € Bm (1)} (1.29)

of the least value of the uniform norm of polynomials (1.28) on the real line or, what comes to
the same, of the uniform norm of polynomials (1.27) on the unit circle. It is well known that

h(m) =2, m> 1. (1.30)

Besides, this can be easily verified. Indeed, polynomial (1.26) has the form
m
Pn(x) =) et (1.31)
k=0

here, ¢;;, = 1, and ¢p = eiw, ¥ = mm + Z'};l ¢;. For a fixed ¥, on the set of algebraic
polynomials F,, € P, of order m > 1, let us consider the linear functional

U+ 2ml

1 m—1 )
Em(Fm)z—ZFm(e“’l), where 6; = 0<l<m-—1.
m =0
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For the polynomials py(z) = z¥, we have

1 mel v 1" j 22kl
Y - — E okt — oifF E )
m(pk) Ty

Hence, we see that X, (pr) = 0,1 < k < m — 1; (1) = 1; Zp(pm) = e'¥. Therefore,
Y (Py) = 2t for polynomial (1.26). On the other hand, the estimate | X, (Py)| < || Pullc(r)
is valid. Consequently, /(m) > 2. The polynomial P, (z) = z" + 1 provides the inverse estimate.
Thus, assertion (1.30) really holds.

For a parameter 4,0 < h <2 = h(m), we set

8m(h) = inf{mes{t € T : |Py(e")| > h} : Py € Pu(D)). (1.32)
Relations (1.27) and (1.28) imply also that

Sm(h) = inf{mes{t € T : |g, ()| = h}: gm € Gn} (1.33)
= inf{)m(P; h) : ¢ = ($1, ..., Pm) € R™}, (1.34)
where
Xm (@3 1) = Xm(gm: h) = mes{t € [0, 2] : |gm (2; @)| = h} (1.35)
is a function of the point ¢ = (¢, ..., ¢n) € R™. Representation (1.34) means that (for a

fixed h € [0, 2]) the value §,, (k) can be interpreted as the minimum of a (continuous) function
Xm (@) = xm(¢; h) of m variables. A considerable part of this paper is devoted to studying the
value §,, (h). In the sequel, depending on the situation, it will be convenient for us to use one of
the three representation forms, (1.32)—(1.34), for the value &, (h).

In the case m = 1, function (1.28) takes the form

r— 1

¢1(t) = 2sin (1.36)

For any such function, mes{t € T : |g{(¢)| > h} = 4 arccos(h/2). Consequently, the following
formula holds for m = 1:

h
81(h) = 4 arccos (§> , 0<h<2 (1.37)

Moreover, any polynomial (1.36) is extremal in (1.33); so, any polynomial Pj(z) = z — ¢ whose
zero ¢ satisfies the condition |¢| = 1 is extremal in (1.32).

Lemma 2. For m > 1, the following assertions are valid:

(1) for any h,0 < h < 2, there exists an extremal point ¢ = ¢* € R™, at which an infimum in
(1.34) is reached;

(2) for the extreme values of h, we have §,,(0) = 2m, 6,,(2) = O;

(3) the value &,,(h) (strictly) decreases with respect to h € [0, 2].

Proof. It is sufficient to consider m > 2. If h = 0, then, for any function (1.28), value (1.35)
is equal to 27; so 6,,(0) = 2m. Let us discuss the case & = 2. For example, the polynomial
P,.(z) = z™ + 1 belongs to the set B, (I"); for this polynomial, the set {r € T : | P, (e")| > 2}
consists of m points; thus, its measure is zero. Therefore, §,,(2) = 0.
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The existence of an extremal point for 0 < & < 2 in (1.34) (and so, of extremal functions
in (1.32) and (1.33)) can be easily justified with the help of the arguments used in the proof of
Lemma 1.

Finally, let us prove the monotonicity of the value §,,(h) with respect to h € [0, 2]. Let

0 < hy < hy < 2. We denote by g,(n1 ) the polynomial from G, on which the infimum in (1.33) is

reached for 4 = hj. The strict inequality mes{r € T : |g,§11)(t)| > hy} <mes{tr € T: |g,(nl)(t)| >
h1} holds. This implies that &, (h2) < 8, (h1),0 < h1 < hy < 2. The lemma is proved. [J

We denote by H = H,, the hyperplane of points ¢ = (¢1, ..., ¢n) € R™ satisfying the
condition

m
Z ¢; =0. (1.38)
j=1
This hyperplane is orthogonal to the vector & = 6,, = (1,1,...,1) € R™. Let us ascertain
that, in (1.34), we can restrict our attention to points ¢ = (¢1, ..., ¢;) € H,,; more precisely,
that the following formula holds:
Sm(h) = inf{)m(P; h) : ¢ = (¢1,...,¢m) € Hp}, O0=<h=2. (1.39)

Indeed, let ¢ = (¢1,...,0m) € R™. We set ¢9g = (¢ + --- + ¢m)/m. Then, the point

¢ = ¢ — PppO = (1 — oo, . s ®m — ¢o) belongs to the hyperplane H,. It is easily seen
that the equality y,, (¢, h) = xm (¢, h) holds. Hence, relation (1.39) follows.
By Lemma 1 and formula (1.22), the following assertion is valid.

Corollary 1. Forn > 1 and y > 1, values (1.4) and (1.32) are related as follows:

2
on(y) = b2 (h), h= 3 (1.40)

2. A problem equivalent to problem (1.34) and its investigation
2.1. An equivalent problem

In this section, we will study a problem equivalent to problem (1.34). For natural m and real
h > 0, we introduce the set

m

[]s@)

V:V(h)::x:(xl,xz,...,xm)eR’":
j=l

zh} C R™; 2.1

here and subsequently,
t
s(t) = 2sin 5 t eR.

Set (2.1) is nonempty if and only if 2 < 2™. However, as will be seen below, we are interested
only in values 0 < h < 2. To a number ¢ € R and point ¢ = (¢1, ..., ¢) € R™ we assign the
set

Y, h;a) =[p+ab,¢+ (a+27r)O]NV(h) CR", (2.2)

which is the intersection of the segment [¢p+a ©, ¢+ (a+27) O] C R™ with set (2.1); here, © =
(1,1,...,1) € R™ We are interested in the linear measure mes; (1, (¢, h; a)) of this set. The
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subsequent considerations will show that this measure is independent of the parameter a. We set
Ay (h) = inf{mes; ([¢ +a O, ¢ + (a +27)OINV(h)) : ¢ € R} 2.3)

As will be shown below (see Lemma 4), problems (2.3) and (1.34) are closely interrelated,;
namely, the following equality holds:

Ap(h) = m - 8,(h), 0<h <?2. 2.4)

To make sure of this, let us compare the linear measure mes; (15, (¢, i; a)) of set (2.2) and the
measure mes(vy, (¢, h; a)) of the set

Un(p, h;a) ={t €la,a+2m]:[gn(t; )| = h} CR 2.5

constructed from the function

m ) t+¢)‘ m
2n (1) = gm(t; $) = ]]:[l <2 sin T’) = ]]:[l s(t+¢)). (2.6)

Note that, here, in comparison with the previous section, the zeros ¢; have reversed signs.

Lemma 3. For a point ¢ = (¢1, ..., ¢m) € R™ and parameter h,0 < h < 2, the following
assertions are valid: (1) there holds the equality

mes;([¢ +aB,¢+ (a+2n)O1NV(h))
=/m-mes{t € [a,a +21]: |gn(t; §)| > h}; (2.7)

(2) the two sets (2.5) and (2.2) consist of the same number of segments (probably, degenerating
to a point) whose lengths are directly proportional to the coefficient /m; (3) the measures of
sets (2.5) and (2.2) are independent of the parameter a € R.

Proof. Let us consider the linear vector function () = ¢ + 16 = (a1(¢), ..., o, (1)), where
aj(t) =¢;+t,j =1,...,m,t € [a,a + 2n]. This function is a bijection of the segment
[a,a 4+ 2m] onto the segment [¢p + a©, ¢ + (a + 27)O]. An interval X C [a,a + 27] is
mapped by the function & onto an interval X = a(X) C [¢ +a O, ¢ + (a + 27) O] of the same
type; moreover, it is easily seen that the measure mes(X) of an interval X C [a,a + 27] and
the linear measure mesj (X) of the interval X = «(X) are related by the equality mes;(X) =
/m - mes (X). It easily follows that, for any measurable subset X C [a,a + 27], its image
X = a(X) C [¢, ¢ +2m O] is also measurable and the (linear) measures of these sets are related
by the equality mes| (X) = /m - mes(X).
Let us ascertain that the set (2.2) is the image of set (2.5) under the mapping «; i.e.,

Tin(@, h;a) = a(un(9, h; a)). 2.8)

The fact that the point «(f) = ¢ + 1O belongs to set (2.2) means that this point lies on the
segment [¢p +a O, ¢ + (a + 27) ©] and in the set V (k) simultaneously. The first fact means that
t € [a,a + 2m]. By definition (2.1), the fact that the point «(¢) belongs to the set V(&) means
that [T}, Is(ax ()| > h. However,

[Ts@)=]]s@i+n=]] (2 sin* +2¢”) = gu(t: 9).
j=1

j=1 j=1

Thus, a(t) € T, (¢, h; a) if and only if 1 € vy, (¢, h; a). Assertion (2.8) is proved.
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Set (2.5) consists of a finite number of segments (some of which can degenerate to a point).
Set (2.2) has the same structure. Both of the sets are measurable and their measures are related
by equality (2.7).

The measure of set (2.5) and, by equality (2.7), the measure of set (2.2) are independent of
the number a. The lemma is proved. [

Lemmad. Form > 1 and 0 < h < 2, the following assertions are valid for problems (1.34) and
(2.3): (1) equality (2.4) holds; (2) there exists an extremal point ¢ = ¢* € R at which infima
in (1.34) and (2.3) are reached; this point has property (2) from Lemma 3; (3) value (2.3) is
independent of the parameter a € R.

Proof. Equality (2.4) is a consequence of the previous lemma. By Lemma 3, it is also sufficient
to justify the existence of an extremal point in (1.34); this has been done in Lemma 2. Lemma 4
is proved. [

Our immediate aim is to ascertain that an extremal set in problem (2.3) (i.e., set (2.2) for the
extremal point ¢ = ¢* of problem (2.3)) consists of one segment and m — 1 points. This and
Lemmas 3 and 4 will imply that the set {r € T : |g,,(¢)| > h} for the extremal polynomial g, in
(1.33) or, what comes to the same, the set {r € T : | P, (e')| > h} for the extremal polynomial
P,, in (1.32) also consists of one segment and m — 1 points.

2.2. Properties of the set V

Starting with the set V. = V(h) defined by (2.1), we introduce the set Vo = Vo(h) =
V(h) N (0, 2)™. The function s has the property s(2[7) = 0 for [ € Z; therefore,

Vo(h) =V(h) N (0,27)" =V(h) N[O,2x]", h>0. (2.9)

Evidently, for any h,0 < h < 2™, the set Vo(h) is nonempty; and, for 0 < h < 2™, this set
consists of more than one point. In addition, the set Vy(h) decreases with respect to &; more
precisely,

Vo(ha) C Vo(hy), 0<hy <hy <2". (2.10)

We consider, along with Vy, the sets Vi = Vi (h) = Vg + 2nk = {x + 27k : x € Vj} that
are shifts of set (2.9) by the vectors 2wk, k € Z™.

Lemma 5. Form > 1 and 0 < h < 2™, the following assertions are valid:

the sets {Vy : k € Z"} are pairwise disjoint, (2.11)

V=] Vi (2.12)
kezm

Vo is compact, (2.13)

Vo is strictly convex, (2.14)

Vo has a nonempty interior; i.e., it is a body in R™. (2.15)

Proof. Property (2.11) is evident.
The set V (see definition (2.1)) can be written in the form

V={x=@1x,. . %) €R" :wx) > h},
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where
m
wx) = wxg, ..., Xy = 1_[ Is(xp)l,  x = (x1,...,xp) € R™. (2.16)
j=1

The function |s(¢)| = 2|sin(¢/2)| is continuous and 2w -periodic on the real line. Therefore,
function (2.16) is continuous on R™ and 2m-periodic with respect to every variable; more
precisely, w(x 4 2wk) = w(x) for all x € R™ and k € Z™. This, in particular, implies property
(2.12).

Since function (2.16) is continuous on R™, the set V is closed. By representation (2.9), the set
Vo is also closed and bounded, i.e., compact. Property (2.13) is checked.

Let us prove property (2.14); moreover, property (2.15) will be proved simultaneously. Let us
take points x = (x1, X2, ...,Xy) and y = (y1, ¥2, ..., Yym) € VYo, i.e., points with coordinates
xj,yj €(0,2m),1 < j < m, satisfying the conditions

m m

[[s@p =n [[sGi) = h (2.17)

j=1 j=1

Let us prove that )% € Vosie, []7;s (’%) > h. We will prove the stronger inequality

[1s (%) > \[Isen[Ts0- (2.18)
=1 j=1

j=1

To do this, let us find the logarithms of the left-hand and right-hand sides of (2.18); we obtain
the equivalent inequality

m . . m 1 . 1 .
) ins (@) = ns(xf);“ nsy). (2.19)
j=1

=1

The function Ins(z) = In (2 sin %) is strictly convex upwards on (0, 277); therefore, the following
inequalities are valid:

s Xj+y; - Ins(x;) +Ins(y;)
2 - 2
Consequently, inequality (2.19) and so inequality (2.18) are valid. Thus, we have proved that if
x,y € Vo, then % € V. Since V) is closed, we can conclude that the set Vj is convex.

Let us ascertain that, in fact, the set V) is strictly convex. Let us prove that if x, y € V( and
x # y, then the following strict inequality holds:

x+y m x;—i—y;
w( 5 ):Hs(%)>h. (2.21)

j=1

. j=12...,m. (2.20)

If x # y, then x; # y; at least for one index j. By the strict convexity of the function
Ins(t) = In (2 sin %) on the interval (0, 277), corresponding inequality (2.20) is strict; but then,
inequality (2.18) is also strict; consequently, (2.21) holds. The function w defined by (2.16) is
continuous everywhere in R™; therefore, there exists a neighborhood O of the point (x + y)/2
(situated in (0, 2;v)™) in which the inequality w(z) > h,z € O, is valid. Consequently, this
neighborhood lies in the set V().
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Since, for 0 < h < 2™, the set Vo (h) consists of more than one point, the previous reasonings
imply that Vo(h), 0 < h < 2™, is strictly convex; in particular, its interior is nonempty; i.e., this
set is a body. Properties (2.14) and (2.15) are checked. The proof of Lemma 5 is complete. [

2.3. The intersection of a line with cubes

We assign to a point k = (ky, ..., ky) € Z™ the m-dimensional cube
Ui = %L, [2mk;, 2m (ki + 1))

in the space R™,m > 2. Evidently, sets from the family {U; : k € Z™} are disjoint
and R" = U{Ux : k € 2Z"}. Let Zy = {0} x 7™~ be the set of points k =
0, k2, ..., ki) € Z™ with integer coordinates, the first of which is zero. For x € R™, we denote
by £(x) the line with the direction vector © = (1, ..., 1) (i.e., the line orthogonal to the plane
H = H,,) passing through the point x. In the following lemma, we study the intersection of lines
£(x) with cubes Uy, k € Z{'. We denote by ey, ez, ..., e, the unit orts of the space R™.

Lemma 6. The positional relationship of lines £ = £(x), x € R™, and cubes Uy, k € Zg, has
the following properties.
(1) Any line € intersects at most m cubes
(U, kP € 23 _, 1B <m.
=

(2) For p > 2 and points k'P) € 7y, 2 < p < D, the following recurrence formula is valid:

kP = k"D £y HeizieI(p)), 2<p =D, (222)

where k1 ¢ Zy and {I(p)}ﬁz2 is a family of nonintersecting subsets that form a
decomposition of the set of natural numbers {2, ..., m}.
(3) If a line € intersects exactly m cubes {Uy), kP e Zy }21:1, then

P
kP =k +> ey, 2<p=m,

q=2

where {i (q)}ZL2 is a permutation of the set {2, ..., m}.
Proof. We can consider the line £ = £(x) parallel to the vector © = (1,...,1) and passing

through the point x = (x1, ..., x;,) in the parametric form
AM)=(@,t+x2—x1,...,t+xy —x1)=tO+ A, teR, (2.23)
where A = 1(0) = (0, x2 —x1, ..., X —x1); in particular, A(x1) = x. We denote by I = Il (m)
the band of points z = (z1,...,zn) € R satisfying the condition 0 < z; < 27; we have
1T = Ugezm Uy. The line £ intersects the boundary hyperplanes z; = 0 and z; = 27 of the band
IT at the points A and B = A(2w) = 2m, 27 +x2 — X1, . . ., 2 + X,;, — Xx1); the distance between

these points is equal to /m2m. Moreover, the line ¢ intersects the band I exactly by the half-
open interval [A, B). Now we have to find cubes that are intersected by this half-open interval.

The fact that the point A(¢) = (¢, + x — Xx1,...,t + X, — x1) belongs to the cube
Uk, k = (0, ko, ..., ky) € Z, means that the following m relations are valid:

0<t<2m; 2mki<t+xi—x1<2nki+1), 2<i<m. (2.24)
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First, we construct a cube U, kD e zm, containing the point A = A(0); since the cubes {Uy}
do not intersect, such a cube is unique. Let us choose integers ki(l), 2 < i < m, satisfying
the condition anl.(l) < xi —x1 < Zn(kfl) +1),2 < i < m, and let us set kD =
(kil), kél), e, k,(nl)), where kfl) = 0. It is clear that A € Uyq). Let us consider the numbers
ri = 2n(kl.(l) + 1) — (x; — x1), 1 <i < m; they satisfy the condition 0 < r; < 27; moreover,
r1 = 2m. Let T’ be the set of distinct numbers {r; };": 1> we denote by p, 1 <p < m, the number of
elements of this set. Let us arrange elements of the set 7’ in order of magnitude and let us number

P+l .
p—- In this

case, we have t5,1 = 27. Let us specify the set T = {t,,}‘" 1 where #; = 0; elements of this set
are distinct and situated on the half-open interval [0, 27r). We set A, = A(1y),1 < p <p+ 1.
We have A} = A(0) = Aand A5 = A(27n) = B.For 1 < p < p, points A, lie in the band II.

First, we assume that p > 1. For every p,2 < p < p + 1, we denote by 7 (p) the set of
(all) indices i with the property r; = t,,. The sets I (p) are disjoint; their union composes the set
{1, ..., m} of the first m natural numbers. With the help of recurrence relation (2.22), we define
a family of p — 1 integral points; these points can be also written in the form

them by index p,2 < p < p + 1; as a result, we obtain the representation 7" = {1, }

P
kP =kO 4+ feizieZ(p)), IZ(p)=|JI@. 2<p <D
qg=2
For 2 < p < P, the sets I(p) do not contain the number 1; therefore, the constructed points
k"), 1 < p < P, belong to the set Z{".
Let us ascertain that the line ¢ intersects exactly the cubes U, 1 < p < p. Let us verify
that, in fact, the following stronger assertion is valid:

[Ap, Apr) =€NUimw, 1=p=p. (2.25)
+

On the basis of the choice of values of the parameter {tp}g }, the definitions of the points

{A p}le, and the integral points {k(P) }§=1’ it is easily seen that the following embeddings are
valid:

[Ap, Apt1) C Ui, 1=<p=D. (2.26)

Since, in addition,

C~

[Ap, Aps1) =[A, B) = €NTI,
1

p

all embeddings (2.26) turn into equalities (2.25). Thus, in fact, the line £ intersects only the cubes
Uip, 1 <p <P

If p = 1, then, as is easily seen, the line £ intersects only one cube Uy .

Let us discuss the situation when the line £ intersects exactly m cubes; i.e., p = m. This will
be in the case if, for any p,2 < p < m + 1, the sets I (p) consist only of one number i(p); as
a consequence, the numbers {i(p)};’”=1 form the set {1, ..., m}and i(m + 1) = 1. The lemma is
proved. [

2.4. Decomposition of the measure into a sum of strictly convex functions

By assertion 3 of Lemma 3, the measure of the set [x+a ©, x+(a+27)O)NV(h),0 < h < 2,
is independent of the numbers a € R. In the sequel, it is convenient for us to take a = —x; for
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every point x = (xq, ..., X;) € H. WesetI(x) = [x —x1 O, x + (—x] +27) O). Let us consider
the function

t(x) =1t(x;h) =mes{[x —x10,x + (—x1 +27)O) NV (h)} = mes; {I(x) NV} (2.27)
of variable x € H. With this notation, we can write problem (2.3) in the form

Ay (h) = min{t(x; h) : x € H}. (2.28)
Let us decompose function (2.27) into a sum of simpler functions. To this end, let us represent
the set I(x) NV in a special form. The half-open interval I(x) = [x — x; 0, x 4+ (—x| +27)O)
is the intersection I(x) = £(x) N II of the line £(x) and the band IT = {z = (z1,...,2m) € R :

0 <z <2} =[0,27) x R™~!. Now, using property (2.12) of the set V, we represent the set
I(x) NV as a union of disjoint subsets:

Ix)NV=¢£x)NIN U Vi = £(x) N U (VenII)=£e(x)N U \/
kezZm keZm keZBl

= J € nvy).

keZy

We recall that Zy' = {0} x 7™~ Thus, we obtain the representation

1) NV = e NV k ez}, (2.29)

The sets Vj are strictly convex (see property (2.14)) and pairwise disjoint (see property
(2.11)); £(x) is a line. Consequently, each of the sets {£(x) N Vi} can be either the empty set
or a point, or a segment; in addition, the sets {£(x) N V;} are pairwise disjoint. Therefore, the
following decomposition is valid:

T(x) = Z T (x), where 1, (x) = 1 (x; h) = mes;{£(x) NV} (2.30)
keZy

Let K(x) be the set of those k € Zg for which £(x) NV # &. By Lemma 6, for any point x € H,
the set K(x) consists of at most m elements. Consequently, for any x € H, at most m summands
are nonzero in sum (2.30). In the following lemma, we study properties of the functions tz, in
particular, properties of their supports supp tx C H.

Lemma 7. Form >2,0 <h < 2™ andk € Zg, the functions T (x), x € H, have the following
properties:

supp tx is a strictly convex compact body in the hyperplane H; (2.31)
Tk is a strictly convex (upwards) nonnegative function on supp tx; (2.32)
Tk is a continuous function on the hyperplane H. (2.33)

Proof. For a subset X € R, we denote by Pry(X) the orthogonal projection of the set X to the
hyperplane H = H,,; i.e.,

Prg(X) = {x e H: £(x) N X # o}.

In these terms, we have supp tx = Prip(Vy). By Lemma 5, the sets V. are strictly convex and
compact bodies in R™. Therefore, each of the sets supp 7 is also a strictly convex and compact
(m — 1)-dimensional body in the hyperplane H. The function 7; is nonnegative and strictly
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convex (upwards) on its support supp tk, since, for x € supp tx, its value is the measure of the
intersection of the strictly convex set Vi and the line £(x). The function 7, as a strictly convex
function, is continuous in the interior of the set supp . It is easily understood that this function
is also continuous and has zero values at points of the boundary of the set supp 7. Hence, the
function tx is continuous on the hyperplane H. The lemma is proved. O

2.5. The structure of an extremal set

Lemma 8. Let m > 2 and let 0 < h < 2. If a point x* € H is extremal in A,,(h)—more
precisely, if the infimum in (2.28) is reached at this point—then the set K(x*) consists of m
points and only one of the functions Ty, k € K(x*), is different from the identical zero.

Proof. Let L be a linear or, more generally, affine subspace of R” of dimension/, 1 <! <m—1.
In the sequel, by the [-neighborhood of a point z € L we mean the open ball O(z) = O,(z) =
{x € L :|x —z| < r}in L centered at the point z of certain radius r > 0; here, | - | is the
Euclidean norm of the space R™.

Let us pay attention to formula (2.30) for the point x* € H at which an infimum in (2.28) is
reached:

)= Y wEh. (2.34)
keK(x*)
We recall that, here, K(x*) is the set of those k € Z' for which £(x*) NV} # &; this set contains
at most m elements. The set

W) = JVi k€ 2 \ K@)},

being the union of all the sets Vi over k € Z’g \ K(x*), is closed (in R™) and does not intersect
the line £(x*). It is easily understood that a distance p (£(x*), W(x™*)) between these sets (in the
space R™) is positive. Let us fix an (m — 1)-neighborhood O, (x*) = {x e H : |[x — x*| < p} of
the point x* of radius p = p (£(x™), W(x™)) in the hyperplane H. For each k € Z7 \ K(x*), the
projection

wy = Prg(Vy) = supp 7

of the set V; to the hyperplane H and the neighborhood O, (x*) of the point x* are disjoint.
Therefore, in fact, representation (2.34) is valid in the whole neighborhood O,(x*); i.e., the
following formula is valid:

)= Y ub). xe0,x"); (2.35)
keK (x*)
though some of the summands in (2.35) can be zero.

Points k € K(x*) necessarily have one of the following two properties: (1) x* is an interior
point of the set wy = supp tx; (2) x* is a boundary point of the set wy = supp t¢. Let us number
the points k € K(x*) (or, what comes to the same, the functions 7, k € K(x™*)) in a special way.
First, note that there exists a point k£ € K(x*) with property (1). Indeed, otherwise, representation
(2.34) implies that t(x*) = 0; consequently, A,,(h) = 0. However, this contradicts Lemmas 2
and 4. Thus, let us number points k € K(x*) with property (1) (with upper indices) from 1 to p.
We number points k € K(x*) with property (2), if they exist, from p + 1 to g.

Assume that m > 3. For everyi = 1, ..., p there exists an (m — 1)-neighborhood 0D (x*)
of the point x* in the hyperplane H such that O® (x*) C supp 74 . For each of the numbers
i =(p+1),...,q, in hyperplane H, there exists an (affine) subspace LD (x*) (of dimension
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m — 2) tangent to supp 7, at the point x*. Since the set supp 7, is strictly convex, we can
assert that this subspace has only one point in common with the set supp 7, namely, the point
x*. In each of the subspaces L® (x*), we choose an (m — 2)-neighborhood O® (x*) of the point
x* (though we can take the subspaces L® (x*) themselves). Note that the dimension of each of
these neighborhoods is equal to m — 2. We need to prove that p = 1 and ¢ = m. Let us argue by
contradiction. Assume that p > 1 or ¢ < m. We consider the intersection

q

O(x*) = (ﬂ O(’)(x*)> (10,"
i=1

of the neighborhoods constructed. Let us find the dimension / = dim (~)(x*) of thisset. If p = ¢

(i.e., there are no points of the second type), then/ = m — 1. Now, let p < ¢g. Then, g — p tangent

planes intersect at the point x* and

q
[ =dimO(x*) =dim [ 0P =m—1-(g—p)=m—q+p—1
i=p+1
By assumption, at least one of the inequalities p > 1 org < m holds. Therefore,m—g+p—1=
1. Thus, [ = dim ﬂ?:pﬂ 0D (x*) > 1; ie., O(x*) is an [-neighborhood of the point x* of
dimension / > 1. By (2.35), the following representation holds at points x € 6(x*):

p
T(x) = Z‘Ck(i)(x).
i=1

The function 7, as a sum of strictly convex funciions, is strictly convex on the set (~)(x*) and has
a minimum on this set (at the point x*); the set O(x™) is open in an affine subspace of dimension
[ > 1 (passing through the point x*). However, this is impossible; a contradiction. In the case
m > 3, the lemma is proved.

In the case m = 2, we have to prove that p = 1 and ¢ = 2. The negative fact means that
either p = ¢ = 1 or p = g = 2. Using the arguments above, we can again ascertain that both of
the situations are impossible. Thus, Lemma 8 is proved. [

As a consequence of Lemma 8, the following assertion is valid, which will be important in
the sequel.

Theorem 2. For m > 1,0 < h < 2, and the extremal polynomial Py, € By (I") of problem
(1.32), the set {t € T : | P, (e")(¢)| > 1} consists of one segment and m — 1 points.

For m > 2, this assertion follows from Lemma 8. The case m = 1 is trivial and discussed in
the first section (see, in particular, (1.37)).

By relation (1.40) between problems (1.4) and (1.32), the following assertion is valid as a
special case of Theorem 2.

Corollary 2. For n > 1,y > 1, and the extremal polynomial f,(t) = ycosnt + f,_1(t) of
problem (1.4), the set {t € T : | f,(¢)| > 1} consists of one segment and 2n — 1 points.

3. On Chebyshev polynomials on compact sets of the unit circle; the completion of studying
problem (1.32)

In this section, we discuss several close problems on polynomials with a fixed leading
coefficient, all zeros of which are situated on the unit circle, and that deviate the least from
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zero on compact sets of the circle. Problems of this type are related to problem (1.32). Using this
relationship, Theorem 2, and a result of Maergoiz and Rybakova [8—10], we will, in particular,
complete the study of problem (1.32).

3.1. Chebyshev polynomials that deviate the least from zero on compact sets of the unit circle

We recall that, in this paper, we denote by B, (I") the set of algebraic polynomials
m
P =]]G@—e%), {¢;)7., CR, 3.1)
j=l

of degree m with the unit leading coefficient, all m zeros of which are situated on the unit circle
I' = {e" : ¢ € [0,2n]} of the complex plane C. To the parameter § € R and polynomial (3.1),
we assign the polynomial

m
[ = @) = e p,, ze ™), (3.2)
j=1

whose zeros are obtained by a rotation of zeros of polynomial (3.1) by the angle 8 around the
origin of the complex plane C. Polynomial (3.2) also belongs to the set 3, (I"); we will say that
it is obtained by a rotation of polynomial (3.1) (by the angle 6 around the origin of the complex
plane).

For a compact subset Q of the circle I', we define the value

Epn(Q) = inf{[|Pullccg) : Pm € B (D)} (3-3)

of the best uniform deviation from zero of polynomials from the set J3,, (1) on Q. For 0 < o <
7, we denote by Q = Q(2«) the set of all compact sets Q C ' whose (linear) measure | Q] is
equal to the number 2« : |Q| = 2«. We are interested is the least value

EpnQa) = En(QQa)) = inf{Ey(Q) : |Q] = 2a} G4

of (3.3) over all compact sets Q € Q(2«). The following assertion is valid.

Theorem 3. Problems (1.32) and (3.4) are related as follows:
E,Qa) =h, dmh) =2m —20, O0<h<2, 0<a<m. 3.5)

This assertion seems to be rather natural; let us present some arguments. Let Q C I be a
compact set of measure |Q| = 2,0 < « < 7, and let P, be a polynomial from ‘B,,(I"). For
h = ||Pyllc(g), the measure of the set {t € T : | Py, (e'")| > h} is at most 27t — 2a. A fortiori, the
following inequality is valid:

Sm(h) <2 —2a, h = ||Pullcg)-

In the sequel, we will not return to Theorem 3 since Theorems 6 and 7 proved below contain
stronger assertions in comparison with (3.5).

Chebyshev polynomials (that deviate the least from zero with the unit leading coefficient) on
compact sets of the complex plane have been studied by many mathematicians; they have nu-
merous applications (see, for example, [14]). Let us describe in more detail the results of Cheby-
shev and Polya on algebraic polynomials that deviate the least from zero. Let 3, = ,,(C),
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m > 1, be the set of algebraic polynomials

m—1

P,(x)=x"+ Z crxk
k=0

with the unit leading coefficient and, generally speaking, with complex other coefficients.
Chebyshev [4] found the least deviation from zero

em([—1, 1) = inf{|| Pullcr—1,17 * P € P} (3.6)

on the segment [—1, 1] of polynomials from the class ‘13,,,. Namely, he showed that

em([—1,1]) =

1 m= L

and the polynomial

1
Pr(x) = 2m—ile(x), Tn(x) = cos(marccosx), x € [—1, 1]

is extremal. Using a linear change of variable, it is easily checked that, for any segment I = [a, b]
of length |I| = b —a = 2p, p > 0, the quantity

en(l) :inf{”Pm”C(I) 2 Py o€ B}

has the value e;, (1) = 2 ("2—’)'" and an extremal polynomial can be found accordingly. For a closed
set O C R, we set

en(Q) = inf{”Pm”C(Q) 2 Py € Pl 3.7
Polya studied the least value
en(2p) = infle, (Q) : Q € Q(2p)} (3-8)

of (3.7) over the family Q@ = Q(2p) of all compact subsets Q C R of the real line whose
measure is equal to a fixed number 2p, p > 0. He proved the following assertion (see, for
example, [3, p. 23]).

Theorem 4. For any p > 0 and any set Q € Q(2p), the following inequality is valid:
pP\M
em(Q) = 2 (—) ;
2
it turns into an equality only in the case where Q is a segment (of length 2p). As a consequence,

i =2(5)"

Problem (3.4) can be considered to be an analog of problem (3.8). However, to study problem
(3.4), we need other arguments in comparison with the proof of Theorem 4.

3.2. Chebyshev polynomials on an arc of the unit circle

For a segment I = [a, b] (_)fthe real line, we define the arc I'(1) = ell = {ei’ 1t € I} of length
|1] of the unit circle I' = {e" : ¢ € [0, 27]}. Let B, (I'(1)) be the set of algebraic polynomials
(3.1) with the unit leading coefficient, all zeros of which are situated on I"'(1). We set

em(I) = min{|| Pullcray © Pm € Pum (L' ()} (3.9
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this is one of the variants of the problem of finding polynomials that deviate the least from zero.
Value (3.9) is invariant with respect to shifts of the segment I (i.e., with respect to rotations of
the arc I'(1)). Therefore, this value depends only on the length of the segment /. Let us fix the
lengths of segments: |I| = 2o, 0 < @ < 7, and let us set

em(2a) = en(), 1| = 2. (3.10)

Maergoiz and Rybakova [8—10] obtained a solution of problem (3.10). Earlier, Tyshkevich [16]
solved problem (3.10) for at least two arcs of the circle. His solution is expressed in terms of
harmonic measure. Lukashov and Tyshkevich also discuss problem (3.9) for several arcs of the
circle in their recent paper [7]. As a special case, [7] contains a solution of problem (3.10) (for
one arc). Note that methods of [16,7] are different from that of [8—10]; in fact, [16,7] continue
investigations by Lukashov [6]. Problem (3.9) on an arc of the circle without any restrictions
on the arrangement of zeros was studied earlier in [15]. The following assertion is contained
in [8-10].

Theorem 5. For m > 1 and 0 < o < 7, the following formula is valid:

Y
em(2a) = 2sin™ 5 (3.11)
Moreover, with the notation
72k — 1) .o
kazcosT, akm(oz)zl—Zx,%m~s1n25, k=1,...,n,

foranarc I'(a) = {z = el :reR, |t <a}yandm =2norm=2n+1, the polynomials

Pn(2) = Sp(2),  Su(z) = l_[(22 —2akm(e)z+ 1), m=2n, n > 1; (3.12)
k=1

Pn(z) =@ —=DS(z), m=2n+1,n=0, (3.13)
are the unique extremal polynomials in problem (3.10).

For easy reference in the sequel, we observe some properties of polynomials (3.12) and (3.13)
on the unit circle. The following two relations are valid:

|Pa(e)] 2sin" 2. 1€ [~aal, (3.14)

| Py ()] > 2sin™ %, t € (o,2mr —a). (3.15)
Starting with polynomials (3.12) and (3.13), we define the polynomials

gn() =e ™Pu(e"), m=2n,nx>1; (3.16)

gn(t) = —ie 3P, e"), m=2n+1,n>0. (3.17)

Let us introduce the notation

an -2
A= (sin —) .
2
It is easily checked that polynomial (3.16) has the following structure:

gon(t) = A7"2T,(hcost — (A — 1)), teR, (3.18)
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where T}, is the Chebyshev polynomial (of the first kind) of order n. Polynomial (3.17) can be
represented in the form

gon+1(t) = 2sin <%) D,(Acost —(L—1)), tekR, (3.19)

where D,, is an algebraic polynomial of order n which is expressed in terms of the Dirichlet
kernel on the segment [—1, 1] by the formula

sin (#t)
Dy(cost) =2D,(t), D,(t)= ———=,t#2km, keZ.
2 sin (%t)

Note that polynomial (3.18) arose in investigations by Chebyshev [5]; before [8-10], it
was used, in particular, in papers by Mendelev and Plotnikov [12], Mendelev [11], and
Babenko [2].

3.3. Solution of problem (1.32)
The following assertion is valid for problem (1.32).

Theorem 6. For m > 1 and 0 < h < 2, the following equality holds:

1

m

8m (h) = 4 arccos (g) . (3.20)

Moreover, polynomials (3.12) and (3.13) are the unique (to within an arbitrary rotation) extremal
polynomials in problem (1.32) for even and odd m, respectively; here, the parameters h and o
are related as follows:

h = 2sin” % 0<a <. 3.21)
Proof. Let
n .
Pu@ =[] (z - e“*”f) (3.22)

j=l1
be an extremal polynomial of problem (1.32). By Theorem 2, the set
{r €T:|Pue"] = h)

consists of m — 1 points and a segment; we can assume that this segment is symmetrical with
respect to the point 7; more precisely, it has the form [a,27 — a],0 < a < 7. On the
complementary segment I* = [—a, a], the inequality | P, (e?)(z)| < h,t € I* = [—a,al],
holds or, what comes to the same, the value of the uniform norm of polynomial (3.22) on the arc
r* =e!" ={e" :t e I*}is equal to h:

| Prnllc vy = h- (3.23)
Note that, in addition, all m zeros of polynomial (3.22) belong to the arc I'(I*). By definition
(3.10), assertion (3.11), and relation (3.23), we have

em(2a) = 2 sin™ a

— <h. 3.24
5 = (3.24)
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Hence, we obtain the following upper estimate for the length of the segment 7*:

A\ m
|I*| = 2a < 4 arcsin <§) )

The equality 8,,(h) = 2 — |I*| provides now the estimate

W\ m h\ m
Sm(h) = 2w — 2a > 2w — 4 arcsin (§> = 4 arccos (E) . (3.25)

Using (3.21), we represent the parameter % in terms of o € (0, ). By properties (3.14) and
(3.15), polynomials (3.12) and (3.13) provide the inverse estimate. Thus, assertion (3.20) and the
property of polynomials (3.12) and (3.13) to be extremal are proved. It is seen from the proof that
a = « and polynomial (3.22) solves problem (3.10). By Theorem 5, polynomial (3.22) coincides
with (3.12) or (3.13) depending on the evenness of the number m. Theorem 6 is proved. [

3.4. The investigation of problem (3.4)

Let us return to approximation problem (3.4). Evidently, values (3.4) and (3.10) are related by
the inequality

Ena) < em(I(@)) = &m(2a) = 2 sin™ % 0<a<m. (3.26)
Now, we will see that, in fact, they coincide.

Theorem 7. For any o, 0 < a < 7, and any set Q € Q(2«), the following inequality is valid:
En(Q) = 2sin" 2

it turns into an equality only in the case where the set Q is an arc (of length 2a). As a
consequence,

Ep(2a) = £, (20) = 2sin™ %

Proof. Assume that, for a compact subset Q C I' of measure |Q| = 20,0 < a < m, the
following inequality is valid:

En(Q) <h, whereh = 2sin" %‘; (3.27)

by definitions (3.3) and (3.9), an arbitrary arc of the unit circle of length 2« has this property a
fortiori. Let us prove that, then, the set Q is certainly an arc of length 2« and inequality (3.27)
turns into an equality. Thus, Theorem 7 will be proved.

Let P, € P, (I") be the polynomial on which an infimum in (3.3) is reached for the
set Q under consideration. We use the notation i’ = || Py|lc(p); assumption (3.27) means
that 7’ < h. Let us ascertain that the following estimate is valid for the measures of the set
{zel:|Pn@)| =}

Hz €I |Pu(x)| = h'}| <27 — 2. (3.28)
Indeed,
{zel: Py =h}={zel:|Py@)|>h}U{zel:|Py2)| =h}.
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The embedding {z € I" : |P,y(z)| > A’} C '\ Q is valid; therefore,
Hz el :|Pn(2)|>h}| <2m —2a.

Using, for instance, representation (1.27)—(1.28) of the polynomial P,,, we can easily check that
the set {z € I" : | P,,(z)| = h'} is finite and so has the measure zero. Therefore, estimate (3.28) is
really valid.

By definition (1.32) and inequality (3.28), we have

Sm(h) <z el :|Pn(x)| = h'}| <27 —2a. (3.29)

Using (3.20), we can easily check that if & = 2sin™ «/2, then 27 — 2a = 6, (h). Therefore,
inequality (3.29) can be written in the form

Sm(h') < 8m(h). (3.30)

By Theorem 6, value (1.32) decreases with respect to its argument; therefore, (3.30) implies that
K’ > h. Taking into account the property &’ < h, we conclude that 2’ = h and

Sm(h) =Wz € I': |Pu(2)| = hil.

This fact means that the polynomial P, is extremal in problem (1.32). By Theorem 6, the
polynomial P, coincides to within a rotation with (3.12) or (3.13) depending on the evenness of
the number m. Consequently, the set

zel:|Py)| <h}, h=2sin" % 3.31)

is an arc of length 2«.. The set Q is compact; its measure is also equal to 2«; this set belongs to arc
(3.31). Therefore, the set Q coincides with arc (3.31). The arguments above contain the equality
h = || Pullc(g), which means that (3.27) turns into an equality for the set or, more precisely, the
arc Q. Theorem 7 is proved. [

4. The completion of the proof of Theorem 1; trigonometric polynomials deviating the least
from zero with respect to the uniform norm on compact subsets of the torus that have a
given measure

4.1. Proof of Theorem 1

Assertion (1.5) follows from Corollary 1 and Theorem 6, more precisely, from equalities
(1.40) and (3.20). It remains to describe the set of extremal polynomials of problem (1.4).
By Lemma 1, an extremal polynomial has only real roots; i.e., it belongs to the set F,/%(y).
According to the results of the first section (see (1.20) and (1.21)), a polynomial f, € ]—',{eal(y)
has the representation

falt) = %e‘i‘“Pzn(ei’), (4.1)

where

2n
Pou(2) = [[@@—¢?) 42)
j=1
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is a polynomial from the set 135, (I") with the property

2n
b= ¢ =2k, kel (4.3)
j=1

By Corollary 1, polynomial (4.1) is extremal in problem (1.4) if and only if polynomial (4.2) is
extremal in problem (1.32) form = 2n and h = 2/y. According to Theorem 6, such a polynomial
coincides to within a rotation with polynomial (3.12) if the parameters satisfy relations (3.21).

Polynomial (3.12) has n pairs of complex-conjugate roots e*'¢/, where 0 < ¢ i <a<m 1<
j < n. For this polynomial, sum (4.3) is equal to zero; i.e., k = 0. Hence, on the basis of formulas
(3.16), (3.18) and (4.1), we conclude that the polynomial

. . 1
Fao(®) = JeMS,(@") = Ty (7 cost — y7 +1) (44)

belongs to the set P, (y) and is extremal in problem (1.4).
The procedure of rotation (3.2) of polynomial (3.12) by a value 8 € R gives the polynomial

Poy(z) = 278, (ze™1%), (4.5)

for which sum (4.3) is equal to the number 2n6. By (4.3), for the respective polynomial (4.1) to
be extremal it is necessary and sufficient to have 2n6 = 27k, k € Z, or

k
b= =" kel

For this value 6, we have
Falt) = fuxt) = %e*i“‘sn(e“’*@“) = %ei”eke*i"“*ewsn(e“’*"“) = (=X fro(t — B

or, by (4.4),

k 1 1
Sal)) = fur(®) = (DT, (37 cose = 6) = y7 +1). (4.6)

Thus, we have shown that extremal polynomials of problem (1.4) are described by formula (4.6);
this is precisely the assertion of Theorem 1. Theorem 1 is proved. [

4.2. On trigonometric polynomials that deviate the least from zero on compact sets of a given
measure

For 0 < o < 7, we denote by 7 (2) the set of all compact subsets Q of the torus T whose
measure | Q] is equal to the number 2« : |Q| = 2«. For n > 1 and a compact subset Q C T, we
define the value

En(Q) = inf{| cosnt — fu—illco) * fa-1 € Fu-1} 4.7

of the best uniform approximation of the function cosnt by the family F,,—; of trigonometric
polynomials of order n — 1 on the set Q. We are interested in the least value

En(2a) = E(T (2a)) = inf{&,(Q) = | Q] = 2a} (4.8)

of (4.7) over all compact sets Q € 7 2).
Problems (4.7) and (4.8) can also be considered as analogs of problems (3.6) and (3.8) studied
by Chebyshev and Polya. However, for the study of (4.7) and (4.8), other methods are applied.
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Lukashov [6] gave a solution of problem (4.7) for a finite set of segments; however, terms that
he used to obtain these results do not allow one to conclude anything about problem (4.8).
Problem (4.7) for the segments

ki km km
LiQRa)=I1QRux)+ —=|—-a+—,a+— |, ke€Z, 4.9
n n n

which are shifts of the segment I (2a) = [—«, «], plays an important role. For these segments, a
solution of problem (4.7) can be easily given.

Lemma9. Letn > 1and 0 < a < w. Then,

&, (I, 2)) = sin®” % ke, (4.10)
and the polynomials

~ k

Far(®) = (=DF (sinZ" %) T, (yi cos <t n ”-) —yi+ 1) .y =sin2 % 4.11)

n
are extremal; they differ from polynomials (1.6) only by the proper normalization.
Proof. We restrict our attention to the case k = 0. The polynomial
o 1 1 .o @
f,,(t)—f,, o(t) = (sm 2)-Tn (yn cost — yn +l), y = sin P 4.12)

has the form fn (1) = cosnt + fu—1(1), fa—1 € Fn—1; it has a (2n + 1)-point alternance on the
segment [—a, «]. Therefore, &, (I 2a)) = ||f,,||c[ —aa] = = sin? " /2. The lemma is proved. O

The following assertion contains a solution of problem (4.8).

Theorem 8. For any a,0 < « < m, for any compact subset Q C T of the torus of measure
| Q| = 20, the following inequality is valid:

Ea(Q) = sin™ %; (4.13)

it turns into an equality only on segments (4.9). As a consequence, the following equality holds
Sforvalue (4.8):

£,(2a) = sin (4.14)

I\JIQ

Proof. The proof of this assertion is carried out with the help of Theorem 1 by the same scheme
as the proof of Theorem 7, starting from Theorem 6. Indeed, let us assume that, for a compact
subset Q C T of measure |Q| = 2¢, 0 < @ < 7, the inequality &, (Q) < sin®” «/2 is valid. Let
fn(t) = cosnt — fu_1, fu—1 € Fu—1, be a polynomial on which an infimum in (4.7) is reached
for this set Q. We have d’ = || fullc(g) < d = sin®" a/2. Let us estimate the measure of the set

teT:YHl=1, y=1/d,
from above. This set can be represented in the form
teT:Yfilz={teT: |y ful > 1JU{reT: |y ful = 1}.

The embedding {t € T : |y’ f4| > 1} € T\ Q is valid; consequently, |{t € T : |y’ f,| > 1}| <
27 — 2a. However, the set {t € T : |y’ fy| = 1} is finite; so, |{ € T : |y fu| = 1}| = 0.
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Therefore, the following estimate is valid:
HreT: |y fu)] = 1}] <27 —2a.
The function y’ f;, belongs to the set F,(y’) and satisfies the following inequalities:
on(Y) <t €Ty ful = 1} <27 =20 =04(y), y=1/d=sin""" %- (4.15)
By Theorem 1, value (1.4) increases with respect to its argument. Since y’ > y, (4.15) implies
that y’ = y and
on(y) =t eT:yfu®| = 1} =27 - 2a. (4.16)

This fact means that the polynomial yf, is extremal in problem (1.4). By Theorem 1, the
polynomial yf;, coincides with one of polynomials (1.6). Consequently, the set

teT: Iyl =1} ={teT: |0 =d}, d=sin" %, (4.17)

is one of the segments (4.9) of length 2«. The set Q is compact; its measure is also equal to
2u; this set belongs to segment (4.17). Consequently, Q coincides with segment (4.17); i.e., it
coincides with one of the segments (4.9). In this case, inequality (4.13) turns into an equality.
Theorem 7 is proved. [J

As a consequence of Theorems 1 and 8, the following analog of Theorem 3 is valid.
Corollary 3. Problems (1.4) and (4.8) are related as follows:
& Q) = y_l, 200 =2 — 0, (y), y > 1. (4.18)

4.3. The sharp constant in inequality (1.7)
Theorem 1 allows us to find a value of the best constant §, in inequality (1.7).

Theorem 9. For any n > 1, the following formula is valid for the best constant B, in
inequality (1.7):

Bn = ~2n. (4.19)

Proof. The leading harmonic of trigonometric polynomial (1.1) can be written in the form
a, cosnt + b, sinnt = ycos(nt + t,), where y = y(f,,) = ‘/a,% + bﬁ, and 1, is the respective
shift of the argument. Functional (1.2) is invariant with respect to a shift of argument of the
polynomial; hence, we can assume that y cosnt is the leading harmonic of the polynomial f;;
ie., fn € Fn(y). Studying inequality (1.7), we have to restrict our attention to only polynomials
with y = y(f,;) > 1; in addition, it is reasonable to choose lower harmonics of the polynomial so
that functional (1.2) will have the least value. As a result, we arrive at the following representation
of the best constant §,, in inequality (1.7):

u(y cos(nt))
y>1 on(y) .

IBn =
‘We have

1
u(ycos(nt)) = 4arccos —.
y
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Now, applying Theorem 1, we obtain

1
4 arccos arccos 12" . arccos 12"
Pn=sup ———— = sup ————— = lim —— = +/2n.
y>1 4 arccos T 0<t<l Aarccosft t—1-0 arccost
yn

Assertion (4.19) is proved. [

Remark. Problems (1.3), (4.7) and (4.8) for the leading harmonic of the general form A cos nt +
B sinnt are reduced to the case y cosnt considered in this paper by an appropriate change of
variable.
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