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The article discusses a mathematical model of solid-phase diffusion over substance surface accompanied
a frontal chemical reaction. The purpose of our article is to describe the concentration distribution and
surface reacted layer growth. The model is a system parabolic equations, complicated with the presence
of mobile front. It takes account of diffusive fluxes redistribution, sublimation from the surface, chemical
reaction reversibility. The asymptotic approximation of the obtained nonlinear problem is constructed.
Numerical solution was also carried out. Both numerical and analytical solutions conform to each other
in a wide range of parameter changes, whereas observed differences are explained. It was obtained that
the reaction front at the substrate surface grows as the fourth root of time in the assumed absence of
evaporation and reaction reversibility. In the presence of evaporation the logarithmic distribution law
ln(t) is obtained. The theoretical possibility of sharp deceleration and stop of reaction product layer
growth is obtained.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

In the course of the last decades film technologies have been
widely used in microelectronics; they were in the basis of inte-
grated optics elements production, vacuum obtaining and artificial
corrosion-resistant coating production, etc. There is a large number
of film obtaining techniques [1].

During investigation of the method for creating thin films it was
discovered the phenomenon of rapid solid-phase spreading couple
with a chemical reaction. Experimental research is carried out by
by the method of ‘‘contact diffusion annealing’’ [2]. Reagents were
shaped as disks, and the diffusant is more less then the substrate
(Fig. 1). The main quantitative characteristic of the process is sur-
face layer length ls. It was found that ‘‘spreading of the diffusant on
the substrate surface is retarded sharply’’ [2], when a certain crit-
ical value is achieved. Visible surface reaction interface almost
stops (Fig. 2), and this is not typical for the diffusion processes.
The phenomenon was termed surface-reaction diffusion (SRD).

Experimental investigations have shown that diffusion over the
substrate surface passes rapidly, whereas reaction front distribu-
tion inside- slowly. The effect actively appears at solid-phase inter-
action of the following substances: CoO and WO3; CuO and MoO3;
ZnO and WO3; Pb2MoO5 and MoO3 [2,3]. There are two precondi-
tions for surface-reaction diffusion: a low surface energy and a
high surface mobility of the diffusant.
ll rights reserved.
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There are some similarities between mass transfer in surface-
reaction diffusion and the model of diffusion in polycrystalline
materials, where surface diffusion is rapid and diffusant outflows
to the granules. It is the classic subdiffusion Fisher‘s model – ‘‘dif-
fusion in bicrystal’’ [4] and its analogues – Suzuoka and Whipple
models [5–7]. However these models don not explain the growth
deceleration of the surface layer length.

In our case the process of surface-reaction diffusion is compli-
cated by mobile reaction front, chemical reaction reversibility, dif-
fusing substance evaporation from the open substrate surface
(Fig. 1). Such systems are found in other technologies of material
production (see, among others, [8–11]), geophysics [12–14] and
medical physics [15]. A reversible chemical reaction and a processes
of evaporation have been studied by various research ([16–18]).

The mobile reaction front leads up to the necessity to consider
the of partial derivatives equations with unknown moving bound-
ary. The classic problem with moving boundary is the Stefan
problem. Other examples can be the following problems: solidifi-
cation-meltdown [19], wound healing [20], concrete carbonation
[21,22], issues concerning processes of evaporation, condensation
[17,23]. There are not general solution techniques for problems
with unknown moving boundaries, and virtually any of such
nonlinear problems requires developing special approaches. Suffi-
ciently detailed survey of Stefan-like problem and its applications
is described in works [24–27].

In this article we analyze a mathematical model of SRD under
condition of an ‘‘inexhaustible source’’, diffusion fluxes redistribu-
tion, chemical reaction reversibility and diffusant evaporation.

http://dx.doi.org/10.1016/j.ijheatmasstransfer.2012.10.024
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Nomenclature

�uðt; xÞ diffusant concentration on the substrate surface, mol/
m3

�uc diffusant dynamic equilibrium concentration, mol/m3

�wðt; x; yÞ diffusant concentration inside the substrate, mol/m3

D1 diffusion coefficient of the flow along the surface of the
substrate, m2/s

D2 diffusion coefficient of the vertical flow, m2/s
h substances chemical interaction rate constant, m/s
h1, h2 discretization steps size of the uniform partition the �x-

axis and �y-axis
l(s) surface layer length of the reaction product, non-dimen-

sional variable
P dimensionless parameter, which express intensity of

outflow from the surface
S(s,n) dimensionless reaction front depth
S0(s) reaction front coordinate at n = 0
S1(s,n) reaction front coordinate in the first approximation

Sðr�1Þ
ki reaction front coordinate value in node of the time–

space grid on iteration with number r � 1
t time, s
tR the boundary motion characteristic time
tD characteristic time of diffusion process inside the sub-

strate
u(s,n) diffusant concentration on the substrate surface, non-

dimensional variable
u1(s,n) diffusant concentration on the substrate surface in the

first approximation when constructing analytical solu-
tion, non-dimensional variable

u2(s,n) diffusant concentration on the substrate surface in the
second approximation when constructing analytical
solution, non-dimensional variable

uc dimensionless value of �uc

u0 initial substance concentration, mol/m3

uðrÞki diffusant concentration value in the node of spatio-tem-
poral net on iteration with number r

W(s,n,g) diffusant concentration inside the substrate, non-
dimensional variable

w(s,n,g) dimensionless concentration inside substrate,
w = W � uc

wðrÞkij diffusant concentration value inside the substrate
w(s,n,g) in the node of spatio-temporal net on iteration
with number r

x,y Cartesian coordinates measured along the substrate sur-
face and normal to it, respectively, m

b coefficient of evaporation, non-dimensional variable
d thickness of the substrate surface layer, where the diffu-

sant spreads
g dimensionless coordinate in horizontal direction
c frequency at which diffusant molecules leave the sur-

face, 1/s
k integration step by the variable s
R(t,x) reaction front coordinate, m
s non-dimensional time
u concentration of the substrate material
n dimensionless coordinate in vertical direction
r, q iteration numbers
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Fig. 2. Surface-reaction diffusion experimental investigation in the CoO–WO3

system at temperature 900 �C [2] (ls – surface layer length of the reaction product).

216 D.V. Permikin, V.S. Zverev / International Journal of Heat and Mass Transfer 57 (2013) 215–221
The possibility of sharp deceleration of the surface substrate layer
growth is obtained.

In Section 2 the model of surface-reaction diffusion is described.
We present analytical and numerical solutions in Sections 3 and 4,
accordingly. In the final paragraph we discusses results and com-
pares models of surface-reaction diffusion (model without reaction
reversibility and without evaporation, model with evaporation,
model with reaction reversibility and generalized model).

2. The model

Generalized model construction based on the following
assumptions.

1. Coefficient of diffusion over the substrate surface D1 is much
greater than that of its volume D2. This makes possible to divide
complete diffusive flux into two interconnected fluxes: diffu-
sant flux over the substrate surface and flux from the surface
layer inside the substrate.

2. The diffusant spreads over the surface in thin surface layer with
thickness d, whereas reaction proceeds inside the substrate.
substrate
reaction product

Fig. 1. Diffusion fluxes division diagram
3. Chemical reaction rate constant is quite high, and it makes pos-
sible to concentrate reactionary interaction on some reaction
front (moving boundary). There is a first-order chemical reac-
tion between oxides.
diffusant
x

y

1

3

2
reaction front

. Figure indicate the diffusant flows.
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4. The reaction is reversible and there is a concentration of diffu-
sant dynamic equilibrium �uc . This means that chemical reaction
front is moving forward, when diffusant concentration is over
threshold value �wðt; x; yÞ > �uc .

5. Since diffusant spreads in thin surface layer with thickness d,
then there is evaporation out of this layer from the whole sur-
face of the substrate.

6. For analysis purposes we will not take into account that the
substrate and the diffusant source have cylindrical form. The
problem considered below is in Cartesian coordinate system,
Fig. 1.

7. Problem formulation is isothermal; it does not take account of
temperature field as a result of evaporation and reaction pro-
gress. Such simplification takes place because experimental
research was held for hours in thermostat ovens at constant
temperature, and temperature field flattening occurs much fas-
ter than that of diffusion and on ‘‘diffusive’’ time scales the tem-
perature field can be considered homogenous.

Thus, diffusant concentration on the substrate surface �uðt; xÞ is
changed as a result of the substance transfer over the surface, out-
flow inside the substrate and evaporation.

@�u
@t
¼ D1

@2�u
@x2 þ

D2

d
@ �w
@y

����
y¼0
� c�u; x > 0; t > 0: ð1Þ

At the initial time there is no diffusant in the substrate, neither on
its surface

�uð0; xÞ ¼ 0; �uðt;0Þ ¼ u0; �uðt;1Þ ¼ 0: ð2Þ

Penetrating into the substrate the substance enters into a chemical
reaction and reaction product is formed in area 0 < y < R. The diffu-
sant flux along the Ox axis is negligible, therefore the concentration
inside the substrate is described by simple diffusion equation

@ �wðt; x; yÞ
@t

¼ D2
@2 �wðt; x; yÞ

@y2 ; t > 0; 0 < y < R: ð3Þ

With zero initial condition and condition of concentration continu-
ity on boundary

�wð0; x; yÞ ¼ 0; �wðt; x;0Þ ¼ �uðt; xÞ: ð4Þ

On the free boundary R(t,x) between oxides there is a first-order
chemical, therefore one can write down second boundary condition
for task (3) and equation of the boundary motion

� D2
@ �w
@y

����
y¼R

¼ hHð�w� �ucÞð�w� �ucÞjy¼R; ð5Þ

@R
@t
¼ hHð �w� �ucÞð�w� �ucÞ

u

����
y¼R

; Rð0; xÞ ¼ 0; ð6Þ

where Hð�w� �ucÞ – Heaviside function

HðzÞ ¼
1; z > 0;
0; z 6 0:

�

The system of parabolic equations, boundary and initial condi-
tions (1)–(6) describes generalized surface diffusion with revers-
ible reaction occurring on the front and substance evaporation.

For further analysis it is convenient to introduce dimensionless
parameters

s ¼ h2

D1
t; n ¼ h

D1
x; g ¼ h

D1
y;

uðs; nÞ ¼
�u

u0
; Wðs; n;gÞ ¼

�w
u0
; uc ¼

�uc

u0
; S ¼ h

D1
R:

Then the system (1)–(6) has parameters
b ¼ c
D1

h2 ; d ¼ D2

D1
; K ¼ u0

u
; P ¼ D2

hd
:

Let us make substitution w = W � uc

@uðs; nÞ
@s

¼ @
2uðs; nÞ
@n2 þ P

@wðs; n;gÞ
@g

����
g¼0
� buðs; nÞ; n > 0; s > 0;

ð7Þ

uð0; nÞ ¼ 0; uðs;0Þ ¼ 1; uðs;1Þ ¼ 0;

@wðs; n;gÞ
@s

¼ d
@2wðs; n;gÞ

@g2 ; t > 0; 0 < y < R; ð8Þ

wð0; n;gÞ ¼ �uc; wðs; n;0Þ ¼ uðs; nÞ � uc; ð9Þ

� d
@w
@g

����
g¼S

¼ HðwÞwjg¼S; ð10Þ

@S
@s
¼ KHðwÞwjg¼S; Sð0; nÞ ¼ 0: ð11Þ

Eqs. (7)–(11) are dimensionless problem of surface-reaction
diffusion.

3. Analytical solution

In the course of experimental research [2,3] estimations for dif-
fusion coefficients were obtained. Analysis showed that the esti-
mation D1� D2 (or d� 1) is true for all substance pairs,
whereas boundary movement inside the substrate occurs slowly
(therefore _R derivative can be considered negligible quantity,
_R� 1). These estimations are actually necessary for surface-reac-
tion diffusion mechanism realization. Then diffusion process char-
acteristic time inside the substrate tD is much less than tR
boundary motion time. Moreover, it is well known from the gen-
eral theory of problems with mobile boundary [28] and appendixes
[19,23,29], that relaxation time is defined in the first place by front
movement. Consequently, one need not to search the exact solu-
tion of Eq. (8) in the subtask (8)–(10), but approximately consider
the ws � 0 derivative as being negligible quantity. One can come to
the same conclusion, using first approximation of differential ser-
ies method [28], taking into account that d� 1. It should be noted
that assumption ws � 0 was confirmed by numerical simulation,
therefore linear solution of inner problem (8)–(10) is well
grounded:

wðs; n;gÞ ¼ ðuðs; nÞ � ucÞ 1� g
dþ S

� �
; ð12Þ

0 6 g 6 S; n : uðs; nÞ � uc > 0;

wðs; n;0Þ ¼ uðs; nÞ � uc; n : uðs; nÞ � uc < 0:

Let us insert this solution in problems (7)–(11) for functions
u(s,n) and S(s,n):

@uðs; nÞ
@s

¼ @
2uðs; nÞ
@n2 � Fðs; nÞ � buðs; nÞ; ð13Þ

uðs;0Þ ¼ 1; uð0; nÞ ¼ 0;

@S
@s
¼ Kd

ðu� ucÞ
dþ S

Hðu� ucÞ; Sð0; nÞ ¼ 0; ð14Þ

whereas F(s,n) equals

Fðs; nÞ ¼ P
ðu� ucÞ

dþ S
Hðu� ucÞ:

In writing system (13) and (14) the transition from H(w) func-
tion to H(u � uc) is carried out on the basis of obtained expression
(12) for w(s,n,g). The replacement has no impact on the essence of
the model, but simplifies the problem solution.
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Solution of the (13) and (14) system can be split up into three
steps:

1. If diffusive outflow is absent (F = 0), then Eq. (14) has no sense,
there is no penetration inside the substrate. Let us find diffusant
concentration in the first approximation u1(s,n). One can con-
struct solution through Laplace integral transformation.

2. The found first approximation u1(s,n) we apply to find reaction
front in the first approximation S1(s,n). To this end we integrate
Eq. (14), assuming that u(s,n) = u1(s,n).

3. Inserting the obtained first approximations u1(s,n) and S(s,n)
into function F(s,n) and considering it as known heterogeneity
of Eq. (13), once again solve (13). Thus we find u(s,n) in the sec-
ond approximation u2(s,n).

Let us proceed according to the plan. At first solve Eq. (13) when
F = 0 through Laplace integral transformation. Eq. (13) looks like
that in images

U1nnðs; nÞ � ðsþ bÞU1ðs; nÞ ¼ 0; U1ðs;1Þ ¼ 0; U1ðs; 0Þ ¼ 1=s;

ð15Þ

where U1(s,n) – image of Laplace transformation for the u1 (s,n)
function. The solution is the function

U1ðs; nÞ ¼
e�n

ffiffiffiffiffiffi
bþs
p

s
:

Proceeding to preimages we get

u1ðs; nÞ ¼
1
2

e�n
ffiffi
b
p

erfc
n

2
ffiffiffi
s
p �

ffiffiffiffiffiffi
bs

p� �
þ e

ffiffi
b
p

nerfc
n

2
ffiffiffi
s
p þ

ffiffiffiffiffiffi
bs

p� �� �
:

ð16Þ

Now we can integrate Eq. (14), considering that u(s,n) = u1(s,n)

S1ðs; nÞ ¼ �dþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 þ 2Kd

Z s

0
ðu1 � ucÞHðu� ucÞds

s
: ð17Þ

Proceed to the third step of calculations and find u2(s,n). Consider-
ing F(s,n) to be known heterogeneity of Eq. (13), pass over to images
of Laplace integral transformation

U2nnðs; nÞ � ðsþ bÞU2ðs; nÞ ¼ Uðs; nÞ;
U2ðs;1Þ ¼ 0; U2ðs;0Þ ¼ 1=s;

ð18Þ

where U2(s,n) – Laplace transformation image for the function
u2(s,n); U(s,n) – transformation image for the function F(s,n).

The general solution of heterogeneous equation looks like

U2ðs; nÞ ¼ �
Z n

0

Ue�ðn�yÞ
ffiffiffiffiffiffi
bþs
p

2
ffiffiffiffiffiffiffiffiffiffiffi
bþ s
p dy�

Z 1

n

Ue�ðy�nÞ
ffiffiffiffiffiffi
bþs
p

2
ffiffiffiffiffiffiffiffiffiffiffi
bþ s
p dyþ D1e�n

ffiffiffiffiffiffi
bþs
p

þ D2en
ffiffiffiffiffiffi
bþs
p

:

Constants are found through boundary condition:

D1 ¼
1
s
þ
Z 1

0

Ue�y
ffiffiffiffiffiffi
bþs
p

2
ffiffiffiffiffiffiffiffiffiffiffi
bþ s
p dy; D2 ¼ 0:

Finally the boundary problem (18) looks like

U2ðs; nÞ ¼
1
s

e�n
ffiffiffiffiffiffi
bþs
p

þ
Z 1

0

Ue�ðnþyÞ
ffiffiffiffiffiffi
bþs
p

2
ffiffiffiffiffiffiffiffiffiffiffi
bþ s
p dy�

Z n

0

Ue�ðn�yÞ
ffiffiffiffiffiffi
bþs
p

2
ffiffiffiffiffiffiffiffiffiffiffi
bþ s
p dy

�
Z 1

n

Ueðn�yÞ
ffiffiffiffiffiffi
bþs
p

2
ffiffiffiffiffiffiffiffiffiffiffi
bþ s
p dy:

Proceeding back to preimages, using convolution theorem for La-
place transform and Eq. (16), we get the solution of the initial prob-
lem (13) in second approximation
u2ðs; nÞ ¼
1
2

Z 1

0
dy
Z s

0
dt

Fðt; nÞe�
ðnþyÞ2
4ðs�tÞ�bðs�tÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

pðs� tÞ
p

8<
:

9=
;

� 1
2

Z 1

0
dy
Z s

0
dt

Fðt; nÞe�
ðn�yÞ2
4ðs�tÞ�bðs�tÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

pðs� tÞ
p

8<
:

9=
;þ u1ðs; nÞ; ð19Þ

where

Fðs; nÞ ¼ P
ðu1 � ucÞHðu1 � ucÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

d2 þ 2Kd
R s

0 ðu1 � ucÞHðu� ucÞds
q :
4. Numerical solution

One should note the system (7)–(11) properties since they are
important for numerical solution. Firstly, it is defined on an un-
bounded domain. Secondly, Eqs. (8)–(11) are a parabolic type prob-
lem with mobile unknown boundary. Even though there are
known methods for solving equations with mentioned peculiari-
ties in this problem they are combined in one system and should
be solved simultaneously.

In order to use traditional finite-difference schemes we should
map the changing area [0,1) � [0,S(s,n)] to the square
[0,1] � [0,1] through transformation of coordinates: �x ¼ 1=ðnþ 1Þ
and g ¼ �ySðs; nÞ.

After the change the problem is solved iteratively in two steps.
Firstly, one should find uki = u(ks, ih1) from the equation

uðrÞki � uk�1;i

k
¼ �x4

i

uðrÞk;iþ1 � 2uðsÞk;i þ uðrÞk;i�1

	 

h2

1

þ �x3
i

uðrÞk;iþ1 � uðrÞk;i�1

	 

h1

þ P

Sðr�1Þ
ki

wðr�1Þ
ki;2 �wðr�1Þ

ki;0

	 

2h2

� buki;

i ¼ 1::N � 1 uðrÞ0i ¼ 0; uðrÞk0 ¼ 0; uðrÞkN ¼ 1; i ¼ 0; . . . ;N; ð20Þ
where N = 1/h1, wkij = w(kk, ih1, jh2). Concerning the unknown

uðrÞki

n o
i¼0::N

the system (20) looks like linear system with tridiagonal

matrix, that is why its solution is easily found using tridiagonal ma-
trix algorithm (Thomas algorithm). The value of the previous step
on time coordinate is taken as an initial value. The iterations go
on unless the values on iterations are similar.

Secondly, nonlinear inner problem for w is solved. If vj = wkij for
j = 1..M, then vector of the unknown will be v = (v0,v1, . . . ,vM)t. Let
us also consider vector function W(v), thanks to which one can
write down the inner problem (8)–(10) like W(v0,v1, . . . ,vM) = 0,
with this the function W(v) itself is defined in the following way

W0ðvÞ ¼ v0 � uki � uc

WjðvÞ ¼ ðv j �wk�1;ijÞS2
ki �

dk

h2
2

ðv jþ1 � 2v j þ v j�1Þ

�
�yjk
2h2

KHðv jÞSkivMðv jþ1 � v j�1Þ; j ¼ 1;M � 1

WMðvÞ ¼ Hðv jÞSkivM þ d
vM � vM�1

h2
:

Now to find w (for each r iteration of outer problem) one should
solve the system of nonlinear equations W(v0,v1, . . . ,vM) = 0 through
Newton’s method:

v ðqþ1Þ
j ¼ v ðqÞj þ J�1ðvðqÞÞWðvðqÞÞ; ð21Þ

where J(v) – Jacobian matrix, J(v) = (@Wi/@vj). The calculations are
carried out unless the corrective increments Dv ¼ v ðqþ1Þ

j � v ðqÞj are
sufficiently small according to Euclidean norm.
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Jacobian matrix J(v) for internal problem has the structure of
tridiagonal matrix with filled last column, which makes possible
finding the Dv value from the system J(v(q)) Dv = W(v(q)) through
modified tridiagonal matrix algorithm.

Values from the previous time layer were taken as initial condi-
tions both for outer and inner problem and Newton’s method (21)
quite rapidly came to solution. Numerical algorithm realization
was carried out through C++.
0 20 40 60
0

Fig. 4. The curve 1 – model without reaction reversibility and without evaporation;
the curve 2 – model with evaporation; the curve 3 – model with reaction
reversibility; the curve 4 – generalized model of surface-reaction diffusion. The
models’ parameters: P = 1, b = 0.2, uc = 0.01.
5. Result and discussion

Since reaction and front movement inside the substrate occur
only on condition that w(s,n,g) > 0, and according to expression
(12) w(s,n,g) > 0 if and only if (u � uc) > 0, then movement of the
reacted surface layer is directly connected to concentration level
movement u(s,n) = uc. This movement was found from analytical
solution (19) thanks to computer algebra system MathCad. Fig. 3
shows calculation results if P = 0, P = 0.004, P = 0.008.

The curves 1 and 4 show concentration level movement in the
first approximation u1(s,n) = uc according to Eq. (16) without diffu-
sive outflow from the substrate (P = 0). One can see that a single
assumption concerning evaporation is sufficient enough for
stabilization of distribution u1(s,n). The process intensity has no
importance. In any case distribution becomes stationary. The rest
of the curves (2, 3, 5, 6) illustrate the diffusive outflow influence.
The outflow decelerates reaching the stationary distribution,
which can be regarded as ultimate. One should also note that even
small variation in parameter values (P = 0.004, P = 0.008) has a seri-
ous impact on ‘‘convergence’’ to stationary condition.

It is interesting to compare analytical (19) and numerical solu-
tions. The curves 2 and 3 (similarly to 5 and 6) interflow in the
course of time and simultaneously slowly reach the ultimate level
when P = 0. In this case both solutions verify and validate each
other: convergence of numerical algorithm is qualitatively con-
firmed as well as correctness of the second approximation u2(s,n)
(19) construction.

Let us explain the difference between numerical and analytical
solutions in the initial time point. At the first stage it was consid-
ered that diffusion outflow inside the substrate is absent (P = 0)
and the whole substance is distributed over the surface. This
means that the solution u1(s,n) is too overrated and actually there
is much less diffusing substance on the surface than u1(s,n). Then,
based on the u1(s,n), the second approximation for the front S1(s,n)
was constructed. This approximation shows that the front is bed-
ded deeper than it really is. At the third stage considering F(s,n)
to be known heterogeneity of Eq. (13), the second approximation
u2(s,n) was constructed. Since for constructing the F(s,n) overrated
40 60

4

6

8

10

0

l

2

0 20

ba 1

3
2

Fig. 3. The movement of concentration level u(s,n) = uc with different influence of diffusiv
u1(s,n) = uc; the curves 2 and 5 (P = 0.004, P = 0.008 accordingly) according to numerical so
when u2(s,n) = uc.
values u1(s,n) and S1(s,n) have been used, then the F(s,n) function
expresses excessive outflow from the surface. Therefore the ob-
tained second approximation u2(s,n) illustrates underrated con-
centration distribution u(s,n). As a result the solution of u2(s,n)
gives lower estimate and consequently the constructed movement
of surface layer length is also a low estimate. In the course of time
the differences in solutions disappear. All the above is illustrated in
Fig. 3 by the curves 2 and 3 (similarly to 5 and 6).

Let us now compare four models of surface-reaction diffusion.
Fig. 4 shows results of numerical algorithm work for 4 models:
the 1 curve-is a model without reaction reversibility and without
evaporation (b = 0, uc = 0); the 2 curve-is a model with evaporation
(b – 0, uc = 0); the 3 curve-is a model with reaction reversibility
(b = 0, uc – 0); the 4 curve-is a generalized model of surface-reac-
tion diffusion.

Let us analyze each model.

1. If there is no evaporation and reaction reversibility then the
principal influence on the surface layer l(s) movement has
diffusion fluxes redistribution (curve 1, Fig. 4). In this case
the border l(s) is defined from the equality S(s, l(s) = e),
where e� 1. It was obtained that
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where S0 ¼ Sðs;0Þ ¼ d
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2Ks=d

p
� 1

	 

. It turns out that sur-

face layer length is connected with time l � s1/4. Thus the classic
0 20 40 60

4

6

5

tflow inside the substrate. The curves 1 and 4 – P = 0, according to Eq. (16) when
on results; the curves 3 and 6 (P = 0.004, P = 0.008 accordingly) according to (19)
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Fischer’s result of diffusive penetration estimation (diffusion
model with outflow [8]) is confirmed. Certainly one cannot
speak of surface layer stop.
2. During the research into model with diffusant evaporation

(curve 2, Fig. 4) the logarithmic law l � ln(t) of reaction front
distribution over the substrate surface is obtained
Fig. 5.
2 – P =
b = 0.2,

0 20 40 60
0

0.4
3

Fig. 6. Surface layer length with different parameter b values. Curve 1 – b = 0.002,
curve 2 – b = 0.02, curve 3 – b = 0.2. Other parameters of the model P = 0.4, uc = 0.01.
lðsÞ ¼ 1ffiffiffi
2
p ½IðS0Þ � IðeÞ�;

where S0(s) is the defined above function, and I(v) is the func-
tion of arbitrary argument v looks like

IðvÞ ¼ 1ffiffiffi
a
p ln

b
2
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2
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2
:

The thing is that diffusant concentration on the surface in the
course of time reaches stationary value (for instance see first
approximation u1(s,n)). However this stationary is not fol-
lowed by reaction front stop, since diffusant penetration
inside the substrate does not cease and according to assump-
tion 2 of the problem statement the reaction occurs inside
the substrate.
3. The model with reaction reversibility (curve 3, Fig. 4) does
not make it possible to construct an analytical solution and
estimate front distribution rate. However according to the
view of the curve one can see that this rate falls down.
Assumption concerning reaction reversibility has an essen-
tial influence but not critical.

4. The generalized model with reaction reversibility and diffu-
sant evaporation (curve 4, Fig. 4) shows the most plausible
law of reaction front movement. The evaporation provides
stationary diffusant concentration distribution over the sur-
face in the course of time. Moreover, reaction interaction
threshold uc guarantees that front movement will not occur
in the areas, where u(s,n) < uc. In other words stationary dif-
fusant concentration distribution over the surface rigidly
limits reaction front distribution.

Thus the principal possibility of stop (sharp deceleration) is
conceivable and everything depends on model parameters uc, P
and b correlation. If the outflow is considerable (P� b), then sta-
tionary diffusant concentration distribution over the surface is
fixed slowly, and effect of reaction front deceleration over the sur-
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Surface layer length with different parameter P values. Curve 1 – P = 0; curve
0.004; curve 3 – P = 0.04; curve 4 – P = 0.4. Other parameters of the model
uc = 0.01.
face during the time of numerical experiment is virtually not ob-
served (curve 4, Fig. 5 and curve 1, Fig. 6). In this case the model
is similar to the model without evaporation, but with reaction
reversibility (model 3). Otherwise (P � b) the evaporation occurs
rapidly and imposes stationary concentration distribution, and
when uc – 0 the sharp deceleration effect is observed (curve 2,
Fig. 5 and curve 3, Fig. 6). The curve 4 (Fig. 4) corresponds to the
fact that at D1 = 10�3, D2 = 10�6, h = 5 	 10�4, c = 5 	 10�4, d = 10�3

the length of the surface layer ls reaches a level of about 2 mm
and practically does not change in the course of time. This behavior
is similar to that observed in Fig. 2. The above values are in good
agreement with estimate of parameters. The more uc, the less limit
value of the surface layer length ls. One should note that with pres-
ence of inexhaustible source (in all models) the quantity of evapo-
rated substance is not essential for the issue; the sufficient
diffusant penetration inside the substrate will be provided by the
percentage of general diffusive flux, inflowing on the surface.

In conclusion let us emphasize that we constructed the mathe-
matical model surface-reaction diffusion in which we take into
account the impact of the reaction reversibility, evaporation, redis-
tribution of flows and does not take into account the porous struc-
ture of the substrate. Nevertheless, model predicts stabilization of
the surface layer length ls. Analytical and numerical solution meth-
ods, which we used in this article, can be useful to solve similar
Stefan-like problem.
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