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BBepeHue

«4mo ona 00Ho20 owubKa, 0151 Opy2020 — UCXOOHbLE OAHHBLEY
U3 3axonoe Mepghu
CTpeMuTEeIbHOE Pa3BUTHE BBIYUCIUTEIBHOW MOIIHOCTH KOMITBIOTEPOB U
MPUKIAAHOTO TMPOTPAMMHOIO OOECIICYCHHSI MEHSIET MPUBBIYHOE MPEACTABICHUE
0 XapakTepe MHXKEHEPHOU paboThl. B CBSA3M C 3TUM OYEBUHON CTAHOBUTCS HE-
00XOJIUMOCTh M3MEHUTH COJEpKaHUE YYEOHBIX KYpCOB MO MPOEKTHPOBAHUIO
TEXHUYECKUX 00BEKTOB, JOOABUB M3JI0KEHNE KOMITBIOTEPHBIX ACTICKTOB.
PacuétHoe 000CHOBaHHWE TEXHMUYECKHX MPOCKTOB C MCIOJIb30BAaHUEM CO-
BPEMEHHBIX aBTOMATU3MPOBAHHBIX TEXHOJOTHUH 0a3MpyeTcs Ha PECYpPCOEMKHX
KOMITBIOTEPHBIX CHCTEMaxX U TpeOyeT MEXAUCIHUIUIMHAPHOTO ITPOrPaMMHOTO
obecrieuenus. [IpuueM HapacTaromas MOMyIIPHOCTh KOMITBIOTEPHBIX TIPOTPaMM
umxeHneproro ananmmsa (Computer-Aided Engineering — CAE) y psiaoBeIx cre-
IIUAJTUCTOB OOBSICHICTCS, B TIEPBYIO OYEPE/Ib, CHUKCHUEM CTOMMOCTH BBICOKO-
MPOU3BOAUTEILHBIX KOMITBIOTEPOB. Beab st BBIMOTHEHUS COBPEMEHHBIX WH-
KEHEPHBIX PacuéToB TpeOyeTcs OObINas BEIYMCIUTEIbHAS MOITHOCTh. M eciu
paHbIIe I 3TOro ObUTH HEOOXOIUMBI TPOMO3JIKHE KIACTEPHI U IOPOTOCTOSIINE
pabouue CTaHIUMHU, TO celyac KOHCTPYKTOPY JOCTATOYHO MMEThH MEPCOHAIBHBIN
KOMITBIOTEP, CHA0KEHHBIN 64-pa3psIHBIM MHOTOSIICPHBIM ITPOLIECCOPOM.
HemanoBaxHy0 poJib B pa3BUTUHA KOMITBIOTEPHBIX BBIYUCIICHUN UTPAET U
POCT KOHKYPEHIIMHM B MPOMBINUICHHOCTU. [1o maBiieHreM pbIHKA MpPeanpusTHs
CTPEeMSITCS K SKOHOMHUHU CPEJICTB W TOITOMY CTaparOTCs MEPEHECTH MCTIBITAHUS
00pa31oB HOBOM MPOAYKIMHU U3 PEaJIbHOTO MUPA B BUPTYAJIbHBIH, MMOTyYas IpH
ATOM JBOWHOW BBIMTPHINI: pa3pabOTKa M3ACIUS yCKOPSIETCS, a 3aTpaThl Ha €ro
IPOM3BOJICTBO CHIKAIOTCS. KOHEUHO, MH)KEHEepHBIE Pacu€Thl ¢ UCTOIb30BAHUEM
KOMITBIOTEPA HE MOTYT TTOJIHOCTHIO 3aMECHHUTh HATYPHBIC UCTIBITAHUS, HO TPE/IBa-
puTeNbHas MPOBEPKA M3JENUs HA KOMIIBIOTEPE MO3BOJISET COKPATUTD YUCIIO SIB-
HBIX OIMMOOK W OMBITHBIX 00pa3noB. [IpaBma, mis 3TOro camu MPOTPaMMBI
JOJIKHBI 3aCIIyKUBaTh MOJHOro JoBepus. M 31eck BaxkHbIM (DaKTOPOM CTaHO-
BUTCS HAJICKHOCTHh MCTIOIB3YEMbBIX KOMIBIOTEPHBIX METOJO0B BHIUYUCIICHHH, 3HA-
HUE KOTOPBIX SIBISIETCS OOS3aTENbHBIM [JIsl TOJIb30BaTENed MPOrpaMMHOTO
obecneuenus CAE.
VYyebHoe nmocodue coveTaeT U3JI0KeHUE TEOPUU YUCICHHBIX METOJIOB U MX
MPAKTUYECKYIO peaTn3alnio yepe3 HHTep(Echl CrielnaaIn3upOBaHHbIX TAKETOB.
B nocobun u3noxxkeHbl He0OX0AUMbIE HAYaJIbHBIE CBEJICHUSI O TEPMUHOJIOTHH U



METO/aX BBIYUCIUTEIHLHOM MAaTEMAaTUKH; PACCMOTPECHBI HETMHECHHBIC YPAaBHCHHUS
U CUCTEMbl ypaBHEHHWH, 3aJaud WHTEPHOJSALUUUA U aNlpOKCUMAIUU, YUCIECHHOE
pemenne nudPepeHINaTbHBIX YPaBHEHUH B YaCTHBIX MPOU3BOJHBIX. | TaBHOM
LEJbIO SIBJISIIOTCS METOJI KOHEYHBIX PA3HOCTEH U METOJI KOHEUHBIX AJIEMEHTOB.
JUJIsT TIOTHOTO TTIOHUMAHUS 3TUX METOAOB CTYJIEHTaM MPEIaraeTcs CamoCTOs-
TEJBHO HAIKMCaTh HECKOJIbKO nporpamMm Ha doptpane. [IpakTuyeckas 4yacThb co-
JICPKUT TIOJIC3HBIC TIPUMEPHI PEIICHUST TUTOBBIX 3a7a4 U3 WHKCHEPHOU MPAKTH-
KH.

Best undopmanus pazéuta Ha 11 Tem, KOTOpble MOKHO M3y4YaTh HE3aBU-
CHUMO U B JIFOOOM mopsike. HekoTopbie TEMBI TIPEICTABIISIOT HHTEPEC HE TOJBKO
B KOMITBIOTEPHOM MO/ICTUPOBAHUH HHKEHEPHBIX 00BEKTOB, HO U MPU 00pabOTKe
PE3yIbTAaTOB U3MEPCHHIA TEXHHMUYECKHX MapaMeTPOB B SKCICPHUMCHTAIBHBIX HC-

CJICIOBAHHUAX.



TEMA 1. KomnbloTepHoe u matemMaTtun4yeckoe
MoAeriupoBaHue B MHXEHepPHbIX 3agadvax

«Komnwviomepuas npoecpamma évinonmsem moabko mo,
uymo Bwi el npuxasanu coenamo,

a ne mo, umo Bam npocmo nooymanocy,

umoObL OHA COenanay

U3 3axonoe Mepghu

1.1. PacyemHble napaMmempbl 8 UH)XeHepPHbLIX 3adayax

B uHXeHepHbIX 3aja4yax, Kak MNpaBUiIO, BEAECTCS MOUCK IapaMeTpoB, pac-
IPEJICJICHHBIX 10 BBIJIEJICHHONM B MPOCTPAHCTBE OOJACTH, a TAaKK€ M3MEHEHUE
ATUX MTApaMETPOB BO BpEMEHU. BO MHOTHX cily4asix HCKOMBIM NTapaMeTp ABIISIET-
csl (pYyHKIMEH YeTbIpeX MEPEMEHHBIX — TPEeX MPOCTPAHCTBEHHBIX KOOPAMHAT U
BpeMeHu. Hanpumep, ecinu Tpedyercs HallTU U3MEHEHUE TEMIIEPAaTypPHOIrO IMOJIs
B KOHCTPYKIIMU C TEYECHUEM BPEMEHM, TO TEMIIEpATypa B TAKOW IIOCTAHOBKE 3a-
Jauu ABIsieTcsl PyHKUMEH BPEMEHU U TPEX MPOCTPAHCTBEHHBIX KOOPAUHAT:

T=f(txy,z2). (1.1)

AHanuzupyemble B HH)KEHEPHBIX 3ajadax MPOLECCh ColepKaT MpOU3BOI-
HBbIE UCKOMOW (YHKIIMH YETHIPEX MEPEMEHHBIX M OMHCHIBAIOTCA AUQPEepeHn-
aJIbHBIMU ypaBHEHUSAMH. [I0CKOIBKY MCKOMast (QYHKILHUS 3aBUCUT OT HECKOJIBKUX
MEPEMEHHBIX, B peraeMbiXx U GepeHINaTbHbIX YPaBHEHUSIX MIPUCYTCTBYIOT €€
YacTHBIE NMPOU3BOJHBIE. B MH)KEHEpHBIX 33aJadyax OYeHb YacTO MHTEPECYIOLIHE
HAC MapaMeTpbl BBIUUCISIOTCS perieHneM AudQpepeHnnanbHbIX ypaBHEHUN BTO-
pOro MOPsIIKA C YACTHBIMH ITPOU3BOIHBIMH.

Hanpumep, nuddepenmansnoe ypaBHEHHE BTOPOTO MOPSIIKA B YaCTHBIX
POU3BOIHBIX, OMUCHIBAIOLIEE SIBICHUE TETIONPOBOAHOCTH B TEXHUYECKUX CHC-
TeMax, — ypaBHEHHE TEIUIONPOBOAHOCTH Dypbe (31eCh MPUBOAUTCA B YCEUCH-
HOM BHJI€ JUIS H30TPOIHBIX TeJl B OMHOMEPHOM CiIydae), KOTOPOE COJEPKHUT Ya-
CTHYIO TPOU3BOAHYIO MEPBOTr0 MOPsAKA OT TEMIEPATyphbl MO BPEMEHH U YaCT-
HYIO IPOM3BOJIHYIO BTOPOTO MOPSAIKA OT TEMIIEPATyphl IO KOOPAUHATE:

or 0T

rac O — INIOTHOCTD,



C — TenI0eMKOCTb,

K — kK03 PUIIUEHT TETUIONPOBOIHOCTH,

Q — CKOPOCTbh T€HEpAIMH TEIJIa B CUCTEME, OOYCIIOBJICHHAS PAa3JIMUYHBIMU TIPO-
neccamMu (MHIYKIIMOHHBIA HArpeB, BBIIEICHHE CKPBITOW TEIUIOTHI TUIABICHHUS,
CropaHue TOIIMBA U APYTHE MPOIECCHI, COMPOBOXKIAIOIINECS BBIICICHUEM WITH
MIOTJIOIIICHUEM TETLIa).

Ecnmu B 3amade aHammM3upyeTcs HECKOJBKO (DU3MYECKUX IPOIECCOB, Ha-
npuMep Teruionepenada u nedopManus, TOraa MPUXOJUTCS pellaTh CHCTEMY
b depeHnnanbHbIX YpaBHEHUH, OMMUCHIBAIOIINX KaXKIBIA U3 3THX MPOIIECCOB.

AHanuTHyeckoe pemieHne audQepeHInanbHbIX YpPaBHCHUH W CHCTEM
muddepeHnnanbHbIX YpaBHEHUN NJ1s1 OOJIBITMHCTBA MHXKEHEPHBIX 3a1a4, cqop-
MYJUPOBAaHHBIX B TIOJHOW IMOCTaHOBKE, HEBO3MOXKHO. PemieHue B aHamuTHUe-
CKOM BHUJI€ HAXOJIAT JJISI MPOCTHIX CIIyYacB.

IIpumep ouppepenyuanrvhoco ypagueHus, peulaemoco aHATUMUYECKU.
[Tycts muddepennmanibHoe ypaBHEHHE MEXaHUKUA CONEPKUT (DYHKITUIO KOOPIH-
HATBI OT BpeMeHU X(?), €€ MePBYIO MPOU3BOIHYIO U UMEET BU/I:

aO%—kalx:O, (a, #0) . (1.3)

Oto nuddepeHmanbHOe ypaBHEHUE MOKHO 0XapaKTepU30BaTh KaK
1) o6vikHOGEeHHOE YpaBHEHUE (T.€. 111 PYHKIIUU OJTHON IEPEMEHHON);
2) 00HOpOoOHOe ypaBHEHHE (T.€. C HYJIEBOM IIPABOM YaCThIO);
3) auneninoe ypaBHeHUE (T.€. C TOCTOSTHHBIMU KO3 QUIIMEHTAMH );
4) ypaBHEHUE nepsozo nopsaoxa (T.e. ¢ MPOU3BOTHON MEPBOTO MOPSIIKA).

dx a
Vpasuenue (1.3) MOKHO IpeoOpa3oBaTh K BUAY — =——-X ;
dt a,
dx a,
WIH pa3JeiuTh NepeMeHHble — =——df ;
X a,
Y TIOJTYYHTh aHAJIMTUYECKOE PEIICHUE
@,
— o
X=Xx_-e " . (1.4)

TpaauIIMOHHO MPU UHKEHEPHOM MPOCKTUPOBAHUM MHOTHE 3aJlayu, OIH-
chiBaeMble AU(dhepeHInaTbHbIMU YPAaBHEHUSMH, PEIIAIOTCS NMPUOIKEeHHO. s
MOJIYYCHUS] MPUOIMKCHHBIX PENICHUN HCIOIB3YIOTCS AMITMPUICCKUE TaHHBIC,

O6pa60TaHHI>Ie CTAaTUCTUYCCKH. I/IBMepeHHBIC CBOMCTBA MaTCpUAJIOB U PC3YyJIbTa-

10



ThI HAOJTIOZACHUI 32 Pa3pyIlIeHHEM KOHCTPYKIMM 00eCceunBal0T TOYHOCTh TOJY-
AMIIUPUYECKUX METOJOB MpoeKThpoBaHus. s ynoO6CcTBa MPOEKTUPOBIIKUKOB
OHM CTIPYIIIMPOBAHBI B TEMATUYECKUE CIIPABOYHUKHU C OTPOMHBIM KOJIUYECTBOM
rpaduKoB, TaOIUI] U HOMOTPAMM, IO KOTOPBIM MOXHO OIICHUTH CIy>KeOHbIE Ma-
paMeTpbl MHKEHEPHBIX cucteM. llomysMnmpruueckue MeToabl MPEaIoIararor,
YTO CIPABOYHBIE JIaHHBIE MOJICTABIISIIOTCS B POCTHIE IO CTPYKTYpE aliredpanye-
CKHE BBIpQXECHHs. 3aTeM MPOU3BOAATCS BHIYUCICHUS C UCIIOIb30BAaHUEM JIFOOOTO
MOAPYYHOTO KaJbKyJIATOpa. Takol MOAXOJ K pacdyeTy KOHCTPYKTHBHBIX M TEX-
HOJIOTUYECKUX IApaMETPOB B MHKCHEPHOU IIPAKTUKE ONPABIAH, [IOCKOJIbKY HH-
KEHEPY HY>KHbI KOHKPETHBIC YMCIICHHbIE 3HAYEHUSI C HEOONBIIUM KOJIUYECTBOM
3HayaIux nudp — TeMneparypa 3aJIuBKH paciviaBa B JIUTEHHYIO (opMy, TOJIIN-
Ha CTEHKH COCYyJa, PEEIbHOE JOyCTUMOE AaBJIECHUE U T.II.

C nosiBlIeHHEM MOIIHBIX KOMITBIOTEPOB U pa3HOOOPa3HBIX KOMIIBIOTEPHBIX
IIPOTPAaMM ISl BBIITOJTHEHUSI UHKEHEPHBIX PACUETOB y CIEHHAIINCTOB MOSBUIIACH
BO3MOXKHOCTh peliath AuQQepeHuranbHble YpaBHEHUs] TUCKpPETHO. Bmecte ¢
TE€M aKTyaJbHON CTaHOBUTCS HEOOXOIUMOCTh Pa3BUBaTh U OCBAMBATh KOMIIbIO-
TEPHBIE METO/Ibl BEIYMCIICHUH, OLIEHUBATh TOYHOCTD ITOJyYEHHBIX KOMIIBIOTEPOM
pPacCyYETHBIX pE3yJIbTaTOB.

1.2. KoHuenuus MmodenupoeaHusi UHXeHepHbIX 06 beKmoe

PacueTHoe 000CHOBaHME TEXHMYECKOTO MPOEKTa 0a3HpyeTcss Ha MOAEIIU-
pOBaHUU OOBEKTOB, COCTABISAIOMIMX 3TOT MpoekT. OOCyx)aas Mociaea0BaTeNb-
HOCTh MOJICJIMPOBAHUSI MHKEHEPHBIX OOBEKTOB M CHUCTEM, CIIEIYET BBIICIUTH
TPHU CBSI3AHHBIX MEXIy co0o0il momenu: 1) dbuzmdeckyro; 2) MaTeMaTudecKylo;
3) pacu€THyto. B 0CHOBE KOMIIBIOTEPHOTO aHalM3a UHKEHEPHBIX CUCTEM JIeKAT
MaTeMaTUYeCKHe MOJIEIH (PU3NYECKUX SBIICHUN.

Quzuueckas mooenb COIEPKHUT MEPEYCHb OCHOBHBIX MPOLIECCOB U SIBJIE-
HUMW, OMPENEIAIONINX MOBEACHUE CUCTEMBI. Bcesikoe siBieHHE MpHUpoabl OEcKo-
HEYHO B CBOEH CIOXHOCTH. UTOOBI OMUCAaTh HEKOTOPOE SIBJIIEHUE, HEOOXOIUMO
BBISIBUTH CaAMBbIE€ CYIIIECTBEHHbIE CBOMCTBA, 3aKOHOMEPHOCTH, BHYTPEHHHUE CBSI3H,
pOJIb OTJETBHBIX XaPAaKTEPUCTUK ATOrO siBJieHUs. BoiaenuB Hanbosiee Ba)KHbIE
(akTOpBI, BIUAIONINE HA MPOUCXOSIINE MPOIECChl, MOKHO MpeHeOpedh MEHee
CYIIECTBEHHBIMU CBOMCTBAMU aHAIU3UPYEMOM CUCTEMBI.

Mamemamuueckas mooenvp TPEACTABISET COOOW CHUCTEMY ypaBHEHHIA,
OMUCHIBAIOIINX BbIJICTICHHBIE (PU3NUECKON MOJEIbIO CYIIECTBEHHBIE MPOIIECCHI,

d TaK)KC HA4YaJIbHBIC W I'PAHUYHBIC YCIIOBHUA. B 06IHGM ClIydac MaTCMAaTHYCCKaA
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MOJIENTb C MMOMOIIBI0 YPAaBHEHUHN U JIOMOJIHUTENBHBIX YCIOBUI OMKUCHIBAET MOBE-
JICHUE TEXHUYECKON CHCTEMBbl Ha TPEX YPOBHsX: 1) B3aUMOJEUCTBUE CUCTEMBI C
BHEIIIHEHN cpeniol (10 rpaHulle — TPAaHUYHBIE U KOHTAKTHBIE YCIOBUS, B HaYallb-
HBII MOMEHT BPEMEHU — HauyaJbHbIE YCIOBHS); 2) B3aUMOJICUCTBHE MEXY dJie-
MEHTapHBIMH O0BEMaMU BHYTPH CHUCTEMBI; 3) CBOMCTBA OTIEIHHO B3SITOTO DJIe-
MEHTapHOro o0bema (ypaBHEHUSI COCTOSIHUS CPEIBI).

MaremaTuyeckue Monenu 00JIajaloT CBOMCTBOM OOIIHOCTH, MOCKOJIBKY
OJIHM U T€ K€ MaTeMaTUYECKHE YpPaBHEHHUS OMHUCHIBAIOT (PU3UUYECKUE SIBJICHUS
paznuuHor npupobl. C MOMOIIBI0 MaTEMAaTUYECKOTO MOJICTUPOBAHUS PELICHUE
HAay4YHOU WM WHXXEHEPHOU 3a/aud CBOJUTCA K PEIICHUI0 MaTEeMaTHYE€CKOH 3a-
JaqH.

Jns pelieHuss MaTeMAaTHYECKUX 3aJlad HUCIOJIB3YIOTCS JBE OCHOBHBIE
IPYIIbl METOJOB: AHAJTUTUYECKUE U UYWCICHHbIC. AHATUTUYECKUE METOMABI IO-
3BOJISIFOT TOJIYYUTh pelieHue 3agauu B Bujae dopmyn. K coxaneHuto, B mHKe-
HEPHOM MPAKTHKE 3TO PEAKO TOCTHKMMO. Hampumep, nonasistoias 4actb He-
JUHENHBIX Au(epeHIUaNbHbIX YpPaBHEHUN aHAIUTUYECKHUMH CIIOCOOaMHU He
pemraercs. Jyig peleHrs Takux 3a/1a4d pa3padaThIBAIOTCS U MPUMEHSIOTCS METO-
Tl IPUOJIMKEHHBIX BBIYMCICHUM WIH YUCTEeHHble MemoObl, TI03BOJISIIOIINE CBe-
CTH pelIeHNEe MaTeMaTHYeCKOW 3a/laui K BBHITOJIHEHUIO KOHEYHOTO YHcIia apud-
METHUYECKHUX ACHCTBUI HAJ YACIAMMU.

Pacuemnas moodens aganTupyeT MaTeMaTHUECKYIH) MOJENb HEMOCPEACT-
BEHHO K MPOBEACHUIO BbIYMCICHHU. C ATOM LENbI0 MaTeéMaTU4YeCKash MOJAEIb
npejacTasisiercs B ¢hopme, yA0OHO! A MPUMEHEHUS YUCICHHBIX METOJIOB: 3a-
JAeTCS MOCIIEI0BATEIbHOCTh BHIYMCIUTENBHBIX U JIOTHYECKUX OIepaluii, KOTo-
pbI€ HY>KHO MPOU3BECTH, YTOOBI HAWTU PEIICHHE B BUC YUCEN C 3aJaHHOM TOY-
HOCTBIO.

Ecau pacdyeTHyt0 MoJielb MHOTOKPAaTHO pEaji30Bajid Ha KOMIIBIOTEPE,
M3MEHSsI TapaMeTphbl aHATU3UPYEMOTro 0O0OBEKTa, TO TOBOPAT O MPOBEJICHUM BHI-
YUCIUTEIBHOTO 3KCIEPUMEHTA. BBIYMCIAUTENBHBIN AKCHEPUMEHT, HCIOJIb3YIO-
UM B KQ4€CTBE UCCIEI0BATEIBCKOTO HHCTPYMEHTA BBICOKOIIPOU3BOAUTEHHBIC
KOMIIBIOTEPBI, CTAHOBUTCSI B HACTOSIIEE BPEMSI BaXKHBIM HAIPaBICHUEM HAYUYHO-
HCCIIEIOBATENbCKOM eI TEIbHOCTH.

MeTtonpl, ¢ MOMOIIBIO KOTOPBIX 3a7a4a Ipeodpa3yeTcs K BULy, yI0OHOMY
JUTISL peau3aliii Ha KOMIBIOTEpE (BBIYMCIUTEIBHBIE METO/IbI), MOKHO Pa3OUTh

Ha HECKOJIBKO KJIAcCOB: 1) METO bl SKBUBAJICHTHBIX MTPEOOPa30BaHUIA; 2) METOIbI
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anmpokcumanuu; 3) npsiMble METOJIbl; 4) UTEpAIlMOHHBIE METOABL, 5) CTaTUCTH-
YECKHE METO/BI.

MeToapl 3KBUBAJICHTHBIX MPEOOpPa30BaHUN MO3BOJSIOT 3aMEHUTh UCXO/I-
HYIO 3ajauy 0oJiee POCTOM 3ajiaueid, MMEIOIIEeH TO e pelieHue. MeToasl an-
MIPOKCUMAIIMM 3aMEHSIOT MCXOJHYIO 3aJady NpUOJIMKEHHON 3amadel ¢ Oonee
IPOCTBIM MAaT€MaTUYECKUM YPaBHEHUEM, HAIPUMED, TUHENHON WIM KBaJgpaTH4-
HOU (yHkIHel. [IpsiMbie METOBI MO3BOJISIOT MOJYYUTh PEIICHUE TTOCIE BBIMOJ-
HEHUs KOHEYHOr0 4YMCJIa 3JIEMEHTapHBIX ornepauuid. MTtepaumoHHbIE METOJbI
IPEJIoiaralodT MHOTOKPATHOE BBIMIOJHEHUE OJHOTHUIIHOIO Habopa AeWCTBUH.
Craructuyeckre MeTo/bl OCHOBAHbI HA MOJCIIMPOBAHUY CIyYAMHBIX BEJIMYUH U
IIOCTPOEHUH CTATUCTUYECKUX OLIEHOK PEIICHMIA.

OOcyIuM KOMITBIOTEPHOE MOJIEIUPOBAHME TEXHUYECKOW cucteMbl. [lof
KOMITBIOTEPHBIM MOJEIMPOBAHUEM TEXHUYECKHX CHCTEM M YCTPOMCTB ITOHUMa-
I0T a/ICKBAaTHYIO 3aMEHY HCCIEIyEeMOro TEXHHMYECKOTr0 OObEKTa PacueTHOM MO-
JIEJIBIO U €€ TOCIIEAYIOIIEE U3YUEHUE METOJaMU BBIYUCIUTEIBHON MaTEMATUKH C
MPUBJICYCHUEM COBPEMEHHBIX BBIYMCIUTEIbHBIX CPEACTB U KOMIIBIOTEPHBIX
IIpOrpamm.

KoMmnbroTepHoe MOJEIMpOBaHHE KaK YHUBEPCAIbHBIH HHCTPYMEHT HC-
CJIEIOBaHMsI 3aBOEBBIBAET NPOYHbBIE MO3UIMH B Pa3IMUHbIX 00JacTSIX UHXKEHEp-
HOM JIeATETbHOCTH U CTAHOBUTCS Ba)XKHEHIIIMM HAaIpaBJICHUEM B MPOEKTUPOBA-
HUU HOBBIX TEXHMUYECKHUX CHUCTEM, B aHAJIU3€ CBOWCTB pPa3IUYHBIX OOBEKTOB, B
BBIOOpE U 00OCHOBAaHUU ONTUMAJIBHBIX YCIOBUHI UX (DYHKIITMOHHMPOBAHUS.

[Ipomiecc KOMIBIOTEPHOTO MOJEIUPOBAHMS BKIIOYAET TpH 3Tama: 1) mo-
CTpOEHHE MOJIeN; 2) BepUPUKaLKs U 3) BUPTYaJIbHOE HCCIIEJOBAaHUE.

IlepBpIil 3Tann KOMIBIOTEPHOIO MOJEIMPOBAHUS — MOCTPOEHUE MOJIEIIH.
[Tog KOMOBIOTEPHOW MOJENbI0 MOHMMAKOT HEKOTOPBIA BUPTYaJbHBIN OOBEKT,
KOTOpBIM B Tpoliecce MCCIEA0BAHUS 3aMeIIaeT 00BbEKT-OPUTHHAN TaKuM 00pa-
30M, YTO €ro HEMOCPEICTBEHHOE M3YyYECHHE IACT HOBbIE 3HaHUS 00 OOBEKTe-
opurunazue. Jlro0as MoAenb COAECPKUT OIPaHUUYCHUS] U aKUEHTUPYET BHUMaHUE
Ha HEKOTOPBIX BBIJIEJICHHBIX CBOMCTBaX OOBEKTA, BAXHBIX C TOUKH 3PEHHUS HUC-
cienyeMbIx npoueccoB. Ho ecnum KoMnbroTepHass MOJENb HE YUUTHIBAET IIPHUH-
LUIIAAJIBLHO Ba)XKHbIE KaYeCcTBa OOBEKTA, TO KaKue Obl CIOXKHBIE U TOYHBIE METO-
IIbl HE IPUMEHSJIUCH B JTaJIbHEUIIIEM ISl pEUIECHUS 3a/1a4i, IOJTyYEHHBIE PE3YIlb-
TaThl OKa)XXYTCS HEHAJIEKHBIMHU, @ B HEKOTOPBIX CIIy4asiX — COBEPIICHHO HEBEp-
HbIMU. [l03HaBaTenpHBIE BO3MOKHOCTH MOJIENH O0YCIaBIMBAIOTCSA TEM, YTO MO-
JIeJIb OTPAKAET HEKOTOPBIE CYIIECTBEHHBIE YEPTHl 00BEKTA-OPUTUHATIA.
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BTtopoit 3Tan KOMOBIOTEPHOTO MOJEIUPOBAHUS — BEpUPHUKAIUST MOJIEIH,
ee npoBepka. Bepudukanus 3akirodaercsi B CONOCTAaBIECHUU PACUETHBIX PE3YIlb-
TaTOB, NOJIYYEHHBIX B paMKaxX JTaHHOM MOJEIIH, C aHAJOTMYHBIMHU 3KCIIEPUMEH-
TaJbHBIMU JAHHBIMHU. [[JIs1 MPOBEpPKM MOJIEIM COCTAaBJISIETCS TECTOBas 3ajaua.
BepuduupoBannsie MOAETN MOXXHO PaclpOCTPaHUTh Ha IPYyTrHe MPOLECCHl U
CUCTEMBI MMOJOOHOTO THUTIA.

Tpetuit 3Tanm KOMIBIOTEPHOTO MOJEIUPOBAHUS — BUPTYAJIBHOE UCCIENO-
BaHME MojeNd. B mporecce u3yueHusi CBOMCTB 00bEKTa MOJENb BBICTYMAET KaK
CaMOCTOSITENIbHBIM 00BEKT uccienoBanus. OgHol u3 GopMm Takoro mccienoBa-
HUS SIBJIIETCA MPOBEJACHHE BBIYUCIMTENBHBIX SKCIEPUMEHTOB, KOI/Ia COTJIACHO
HEKOTOPOMY IIJIaHY U3MEHSIOTCS YCJIOBUS (PYHKIIMOHUPOBAHUS MOJEIU U CHUC-
TEMaTU3UPYIOTCS TaHHbIE 00 OTKIMKAX CUCTEMbI Ha BapUALUU YCIOBHM.

B 3aBUCUMOCTH OT CIIO)KHOCTH MOJEIU NPUMEHSIOTCS pa3IMYHbIE MaTe-
MaTu4yeckue noaxonapl. st 3HauuTenbHO (POpMaATM30BAHHBIX U HECIOXKHBIX MO-
JeNiel 3a4acTylo YJaeTcsl MOJyYUTh aHAIUTUYECKOE pellleHue, HO (Qu3ndeckas
MH()OPMATUBHOCTh MCCIIEIOBAHUS YIPOLIEHHBIX MOJENIEH aHATUTHYECKUMU Me-
TOJIaMH HEBEJIMKA, TOCKOJIBKY MO3BOJISIET OLEHUTH TOJIBKO MOPAIOK PaCUETHBIX
apamMeTpoB U HE TPAHCIMPYETCS OJHO3HAYHO Ha CIOXHBbIE 00BEKTHI. J[J11 KOM-
IUIEKCHBIX U CIIOXKHBIX MOJeNel (HampuMmep, Npu UCCIeA0BaHUN TPAHCIOPTHBIX
aBapuil WM PEKUMOB PE3aHUS B MEXaHOOOPaOOTKE) aHATUTHYECKOE PEIICHHE
IIOJIYYUTh HE yAaeTcs. B 3Tux cilydasix OCHOBHBIMU SIBJIIFOTCSI YUCIIEHHBIE METO-
IIbl PELICHMS], TPEOYIOIIHNE MPOBEACHUS PACUETOB HA KOMITBIOTEPAX.

Heo0xoaumMocTh KOMIBIOTEPHOTO MOJAEIUPOBAHUSL OIpPENEIsIeTCsl TeM,
YTO MHOTHE OOBEKTHI HEMOCPEACTBEHHO MCCIIEN0BATh HEBO3ZMOXKHO MO0 UX HUC-
cienoBaHue TpeOyeT OOJBIIUX 3aTpaT BpeMeHH U cpeacTs. [logxonsmmmu o0b-
€KTaMHU JJi1 Cyry00 KOMIIBIOTEPHOTO MOJEIUPOBAHUS SIBIISIOTCS, HAIpUMED,
VMMILJIAHTAHTBl U UX MOBEJIECHUE BHYTPH YEJIOBEYECKUX OPraHOB WIIM PECYPC KOH-
CTPYKLHH, PYHKIIMOHUPYIOIIUX B KOCMUYECKOM IIPOCTPAHCTBE.

1.3. ModenupoeaHue HaHOO6LEKMoOSB

KoMmnbroTepHble pacueTsl Ha 06a3ze MaTeMaTuyeckor Mojaenu 3¢ (PeKTUuBHO
MPUMEHSIOTCS] IPU MCCIIEOBAHUN HAHOOOBEKTOB U B Pa3pabOTKe HAHOTEXHOJIO-
ruii. OnHUM 13 HauboJsee SPKUX MPUMEPOB MOJCIUPOBAHUS B 00JIACTH COBpE-
MEHHBIX MOJYNPOBOJHUKOBBIX HAHOTEXHOJIOTUN SIBIISE€TCS pabOTa, BBHINOJIHEH-
Hasg coTpyaHukamu HanuonaneHOM jabopatopuu uMenu Jloypenca B bepxiu.

bnaronmaps npssMoMy 4MCIEHHOMY MOJEIIMPOBAHUIO KBAHTOBOTO ITOBEACHUS ThI-
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Csi4 aTOMOB Ha CyNepKoMIbioTepe Seaborg ObUTM pelieHbl HEKOTOpbIe Mpobie-
MBI TaK Ha3bIBAEMBIX KBAHTOBBIX TOUYEK.

[ToBeneHne KBAaHTOBBIX TOYEK U UX 3JIEKTPOHHYIO CTPYKTYPY MOKHO OITH-
caTh 10 aHAJIOTUU C NPEMbEPOM ONEPhl HA UTAIBSIHCKOM SI3BIKE B T€aTpe, Koraa
Ha CILIEHE NEBLBI CTAaparOTCid M30 BCEX CHJI, & 3PUTENIbCKUE PSAAbl HANOJHEHBI
nyonukoil. [loBeeHre akTepoB U 3pUTENEl B TeaTpe BO MHOTOM IIOXO0KE Ha I10-
BEJICHUE 3JIEKTPOHOB KBAaHTOBOW TOUKH. BO BpeMms mpeacTaBiieHHs] aKTephl Ie-
peEMeNIaoTcs Mo CLIEHE, HE BBIXOJS B 3pUTENBCKUN 3211, C APYTOll CTOPOHBI, 3pHU-
TEIU CIEIAT 3a JACHCTBHEM CO CBOMX MECT M HE BBIXOAAT Ha cueHy. CueHa B
ATOM MPUMEPE MOJCIUPYET HUKHHUE 3allOJHEHHBIE YPOBHU KBAaHTOBOM TOYKH, a
3pUTENIbCKUE Psiibl B MapTepe M Ha Trajepke — BO30Y)KIEHHBIE AJIEKTPOHHbIE
ypOBHH, o0nafatoiue 6ojiee BEICOKON sHeprueid. [Ipu 3ToM Kak 3pUTesib MOKET
HaXOAUTbHCS B JIIOOOM psily 3aj1a, Tak U 3JIEKTPOH CIIOCOOEH 3aHSATh JII000H HEp-
reTUYECKUN YPOBEHb KBAHTOBOM TOYKH, HO HE MOXET paclojlaraThCsi MEXKIY
HUMU.

TpaauuMOHHBIMU U IIUPOKO U3BECTHHIMU KBAHTOBBIMH TOYKAMU SIBJISIOT-
Csl BBIpPAIICHHBIE HA NOJJIOKKAX MOJyIPOBOAHUKOBBIE yacTUUpl GaN u kosuo-
UIHbIE pacTBOphl HaHoOoKpuctauioB CdSe. B HacTosmmii MOMEHT H3BECTHO
MHO’KECTBO CIIOCOOOB TMOYYEHHsI KBAHTOBBIX TOUEK, HAPUMEpP, UX MOKHO BBI-
pe3aTh U3 TOHKUX CJIOEB MOIYIPOBOJIHUKOBBIX T€TEPOCTPYKTYP C MOMOILBIO Ha-
HOJIUTOTpauu, a MOKHO CIHOHTAaHHO C(OPMHUPOBATH B BHUJE HAHOPA3MEPHBIX
BKJIFOYEHHUI CTPYKTYp MOJIYNPOBOJAHUKOBOTO MaTepHajia OJHOrO TUIA B MATpH-
e apyroro. MerogoM MOJEKYISPHO-ITYYKOBOW 3MUTAKCUHU MPHU CYLIECTBEHHOM
OTJIMYMHU MAPaMETPOB DJIEMEHTAPHON SUEUKH TMOJUIOKKH W HANBUIIEMOIO CJOS
MOKHO JOOHUTHCSI pOCTa Ha TMOMJIOKKE MUPAMUIAIbHBIX KBAaHTOBBIX TOYEK, 3a
HCCJIeI0BaHNE CBOMCTB KOTOpbIX akagemuky JK.M. Andepoy Oblia mpucyxie-
Ha HoGenesckas npemusi. KoHTpoaupys yciaoBUs MPOLIECCOB CUHTE3a, TEOPETU-
YECKM MOKHO MOJIy4aThb KBAHTOBBIE TOUKH OIPEAENIEHHBIX pa3MepoB C 3aJaH-
HBIMH CBOWCTBaMH.

Hcnonb3oBaHWEe KBAaHTOBBIX TOYEK — BKJIIOYEHUM U3 COTEH WJIM ThICAY
aTOMOB OJHOI'0 TOJYNPOBOJHUKA B JPYrOM — MO3BOJISIET U3TOTOBISATH Pa3HOO0-
pa3HbI€ MOTYNPOBOJHUKOBBIE YCTPOUCTBA — OT HEObIBANIO 3(PHEKTUBHBIX CBETO-
U (POTOAMOAOB J0 KyOUTOB JIJIsi KBAHTOBBIX KOMIIBIOTEPOB U CUCTEM KBaHTOBOM
kpunrorpadpun. OgHako nporpecc B UX MPUMEHEHUU UAET MeyieHHO. Jleno B
TOM, YTO MHOTHME U3 CBOMCTB KBAaHTOBBIX TOYEK JO CUX ITOp HE OYEHBb MOHATHBI,
MO3TOMY TEXHOJIOTaM NpH MX CO3JAaHUM MPUXOAUTCS IEHCTBOBATH METOJIO0M
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npo0 1 ommOOK. A TEOPETUKH YacTO OBIBAIOT OECCUIIBHBI, MOCKOIbKY H3BECT-
HbI€ KBAaHTOBBIE METO/IbI, XOPOIIO paboTarolIre sl OTAEIBHOTO aToMa W IS
KPUCTAUINYECKOW PEIIETKH, OKAa3bIBAIOTCS MAJIONPUTOAHBI, KOIZAA CTPYKTypa
BKJIFOYAET HECKOJIBKO COTEH aTOMOB.

HekoTopsie 3agaun 0 MOBEIEHUU KBAaHTOBBIX TOYEK B UTOre ObUIM peliie-
Hbl METOJIOM MAaTeMaTHYECKOro MojelnpoBaHus. [IpoBeneHHbIE Ha CyNEepKOM-
NBIOTEPE PACUYETHI MPEKPACHO OMUCAINA XOPOIIO M3BECTHHIE 3(P(EKTHI, a TaKkKe
MOMOTJIM MOJYYUTh HOBYIO MH(popMaluio o0 o0bekTe. B yacTHOCTH, MOCTpOEH-
Has MOJIEIb MPEANoJaraeT, 4To JOKaIbHbIE TUAJIEKTPUUECKUE CBOMCTBA BHYTPHU
KBAaHTOBOW TOYKHM TOYHO TAKHE K€, KaK ¥ B CIUIOLIHOM MaTepuaie. A Bce u3Me-
HEHUS CBOWCTB MOJYMPOBOJHUKOB TECHO CBSI3aHBI C KBAHTOBBIMU 3(PdeKkTamu Ha
ITOBEPXHOCTU KBAHTOBOM TOYKHU. [locTpOoeHHas Mozenp nocie MaTeMaTUHYECKOro
MCCJIeIOBaHMs M BepU(DUKAIIMU CTaja MOIIHBIM WHCTPYMEHTOM [UJISi Pa3BUTHSI
HOBBIX TEXHOJIOTMI B WM3TOTOBJIEHHH MOJYIPOBOJHUKOBBIX YCTPOWCTB M OCO3-
HAaHHOT'O0 HAyYHO-TEXHUYECKOr0 ITOMCKA.

KBaHTOBBIE TOUKHU SBISIOTCS OCHOBOM AJig (popMuUpoBaHusi KyOutoB. Ky-
out (g-6um, KbIOOUT; OT quantum bit) — KBAaHTOBBIN pa3ps/ WU HAUMEHBIIHMA
AJIIEMEHT JJIs XpaHeHUs! H(pOopMaluu B KBAHTOBOM KommbloTepe. Kak u 6ut, Ky-
OUT JOIMyCKaeT JBa COOCTBEHHBIX COCTOSIHMS, 0003HaYaeMbIiX 0 1 1, HO IpH 3TOM
MOXET HaXOJUTBCS U B UX CYIIEPIIO3HULINH.

VYrpoméHHas cxeMa BBIYMCIEHUS HA KBAHTOBOM KOMIIBIOTEPE BBITJISIAUT
Tak: Oepércsd cuctemMa KyOMTOB, HA KOTOPOW 3alMCBHIBAETCS HayalbHOE COCTOS-
HUE. 3aTeM COCTOSIHME CHUCTEMBI WIN €€ MOJCUCTEM H3MEHSETCS MOCPEACTBOM
0a30BbIX KBAaHTOBBIX onepanuil. [[ns moctpoeHus a000ro BBIUMCIEHUS TOCTa-
TOYHO JBYX 0a30BbIX omepaluil. B koHIle u3MepsieTcs 3HaueHne, KOTOpPOe SIBIISI-
€TCsl pe3ysIbTaToM paboThl KommbloTepa. KBaHTOBas cucrema Aa€r pesynbTar,
SBJISIFOLMKACS TIPAaBUJIBHBIM TOJIBKO C HEKOTOPOU BEPOSITHOCTHIO. HO 3a cuér He-
OOJBIIOr0 YBEJIMYEHHUS ONEpaluil B aIrOPUTME MOKHO CKOJIb YTOJHO TpHOJIH-
3UTh BEPOSATHOCTD MOJTYyUYECHUS TPABUIIBHOTO pe3yibTaTa K €IMHHUIIE.

TeopeTnueckn KBaHTOBas CXeMa BBIYHMCIECHUNA MOKET paboTaTh HAMHOTO
(B DKCIOHEHLIMAJIBLHOE YUCIO pa3) ObIcTpee Kiaccuyeckoil. bompiiast yactes co-
BPEMEHHBIX KOMITBIOTEPOB pa0OTAET MO TaKOW cxeme: 7 OUT MaMsATH XPaHsT COo-
CTOsIHHE, KOTOPOE KaXIbli TAKT BPEMEHU U3MEHSIETCA IpoLeccopoM. B kBaHTO-
BOM CIlydyae CHCTeMa U3 7 KyOMTOB HaXOIUTCS B COCTOSIHUH, SIBJISIIOLIEMCS CY-
neprno3unren Bcex 0a30BbIX COCTOSHUN, TO3TOMY M3MEHEHHE CUCTEMbI KacaeTcs
BCeX 2n 0a30BbIX COCTOSIHUI OJJHOBPEMEHHO.
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brnaromapsi orpoMHONM CKOPOCTH PAa3IOXKEHUS Ha MPOCTHIE MHOXKHUTEIH,
KBaHTOBBI KOMIIBIOTEP TO3BOJUT pacin(poBbIBaTh COOOIIEHUS, 3aKOJUPOBAH-
HBIC TIPU TTOMOIIA MHOTHX MOMYJISIPHBIX KPUNITOTpa)UIeCcKuX alropuTMoB. Tak,
CPaBHHUTEIHHO HAJAEKHBIM CUMTACTCS AIITOPUTM Pa3IOKEHUS YMCEN Ha MPOCTHIE
MHOKHUTENH, TaK KaK 3PPEeKTUBHBIA CITOCOO TAaKOTO PA3I0KEHUS I KiIaccude-
CKOTO KOMITbIOTEpa B HACTOsIIEEe BpeMs Hem3BecTeH. Hampumep, 4ToOBI momy-
YUTH JOCTYI K KPEIUTHOM KapTe, HYy>KHO Pa3JIOKHUTh Ha JIBA TMPOCTHIX MHOKHUTE-
7S 9UCIO JMHOW B CcOTHM nudp. Jlaxke M caMbIX OBICTPBIX COBPEMEHHBIX
KOMITBIOTEPOB BBLITIOJIHEHUE 3TOM 3a7a4i 3aHSIIO ObI OOJIBIIIE BPEMEHU, YeM BO3-
pact Bcenennoit B cotHu pa3 (Oosee Tpuiuidapaa JieT). DTy 3a1ady MOXKHO pe-
IIUTh C WCIOJh30BAaHUEM KBAHTOBOTO KOMIIbIOTEpA. MeTo/Ibl KBAHTOBOUM KPHII-
Torpaduu OTKPHIBAIOT TaK)KE€ HOBBIE BOBMOYKHOCTH B 00JIACTH TIEpeIadll CEKpeT-
HBIX COOOIIEHUHN, KOTOPBIE JIaXKe TEOPETUUECKU HENb3s PaciIn(ppoBaTh.

KBaHTOBBIC TOYKH, KBAHTOBBIE KOMIBIOTEPHI H METOABI KBAHTOBOW KPHII-
Torpaduu SBISIOTCS BaXXHBIMU OOBEKTAMH JIJII KOMITBIOTEPHOTO MOJEIMPOBA-

HHUSA U BBIYUCIIMTCIIbHBIX OKCIICPUMCHTOB.

1.4. lMpoe2pammHoe obecrieyeHue 0511 MameMamu4yecKux
pacyemos

Cy1iecTByeT HECKOJIBKO OOIEU3BECTHBIX MaTeMaTHUYECKUX MaKeTOB, pea-
JU3YIOMINX Pa3IMYHbIE YUCICHHBIE METOJIbI, & TAKXKE CIOCOOHBIX MPOU3BOAUTH
aHAJIMTUYECKHE MaTeMaTHYeCKue npeoOpa3oBaHMUsl.

Mathcad (caiir paspaboruuka — PTC — Parametric Technology
Corporation, CIIA, www.ptc.com/products/mathcad) siBisieTcst y100HBIM UHCT-

PYMEHTOM padOThI ISl paCUETUYMKOB-UHKEHEPOB, aJalTUPOBAH K MH)KEHEPHBIM
pacyeTaMm W UMEET MHTYUTUBHO MOHATHBIN MHTepdeiic. [laker He mpeaHa3zHaAYEH
U1l Tpo(eCCUOHANBHBIX MATEMATUKOB, KOTOPbIE UCIOJIb3YIOT CUCTEMBI, JEHCT-
BYyIOIIME B 00JaCTH CUMBOJIBHOW MaTEMaTHUKH WM MaTEeMaTHYECKON CTaTUCTH-
Ki. B HEM HET cMbIciia IPOrpaMMHPOBATH CIIOXKHBIE 3a4a4M, ISl 3TOrO CIETYET
UCIIOJIb30BaTh cuctemy Matlab wnu si3piku mporpammupoBanus Fortran wmm
C++.

Bnanensuem nporpammbel MathCAD B HacTtosinee SBISCTCS W3BECTHBIM
pa3paboTuuK CKBO3HBIX TexHosoruil npoektupoBanuss CAD/CAE/CAM/PLM
Pro/ENGINEER B mammnoctpoenun — komnanusi PTC. B ocHoBe unTerpamnuu
Mathcad u Pro/ENGINEER nexut AByXCTOPOHHSSI CBSI3b MEXAY 3TUMH IPUIIO-
xeHusiMu. VX mosib30BaTeNn MOTYT JIETKO CBsi3aTh Jitobo# (aitnm Mathcad ¢ ne-
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tanwio u coopkori Pro/ENGINEER. B cBoto odepens, 6a30BbIe BEIHMUMHEI, pac-
curTaHHble B cucteme Mathcad, MoryT ObITh TIEpeBEICHBI B ApaMeTPhbl U pas-
mepsl CAD-mozenu st ynpaBieHUs] TeOMeTpHuecKUM o0bekToM. [lapameTpbl
u3 mojzienu Pro/ENGINEER Ttakxe MmoxHo BBecTH B Mathcad st mocneayrommx
MHKEHEPHO-KOHCTPYKTOPCKUX pacu€toB. [Ipu u3MeHeHuH MmapaMeTpoB B3auM-
Hasi UHTETpaIs JIBYX CUCTEM MO3BOJISIET AUHAMUYECKH OOHOBIISITH BHIYMCIICHHUS
1 KOHCTPYKTOPCKYIO JJOKYMEHTAIIUIO.

OTrnnunrensHOl 0ocobeHHOoCThIO porpamMMbl MathCad siBnsercst oTcyTCeT-
BHE CIEHHUAIBHOTO $13bIKA MPOrPAMMHUPOBAHUS U CBSI3aHHASL C 3TUM JIETKOCTh U
HarJISiIHOCTh PEIICHUs] 3a7add, BO3MOXKHOCTh OTOOpa)kaThb MaTeMaTHYECKHE
(GhopMyJIBl B TOM BHUJIE, B KOTOPOM OHU OOBIYHO 3aITMCHIBAIOTCS HA JIUCTE OyMaru.
Hanuuune pa3BUTHIX CPeCTB MPEACTABICHUS PACUETHBIX PE3YIHTATOB YIIPOIIAET
aHaJIu3 MPOEKTa U CO3JJaHUE TEXHUUECKUX OTUETOB.

K Hepocrarkam makera cieayeT OTHECTH OTCYTCTBHE BCTPOEHHBIX
CPEACTB OTJIAJIKU TPOTPaMM M HEBBICOKYIO CKOPOCTh PaCU€TOB.

MATLAB (cokpaménHo or Matrix Laboratory — 10ci0BHO B mepeBojie
«MaTtpuyHas  Jabopatopusi», caWT paspaborumka MathWorks, CIIA,
www.mathworks.com) opueHTHpOBaH Ha pellIeHnEe HAYYHBIX U MH)XEHEPHBIX 3a-

71a4, TOCTPOEH MO MPHUHIIUITY S3bIKa MPOTPAMMHUPOBAHUSI BEICOKOTO YPOBHS, IO-
3BOJISIET COXPaHATh JOKYMEHThI B ¢opmare si3bika mporpammupoBanus C.
MATLAB kak BBICOKOYpPOBHEBAasl CUCTEMA MPOrPAMMUPOBAHUS MTO3BOJIAET PE3-
KO COKpaTUTh 3aTpaThl TPyJa MPHU MPOBEPKE aAJTOPUTMOB U MPOBEICHUH TTPUKH-
nounbix pacuétoB. MATLAB paboraer kak MHTEPIIPETATOP U BKIIOYAET OOJIb-
10¥ HA0Op MHCTPYKIUMA (KOMaH/) JUIsl BHIOJTHEHHUS CAMbIX Pa3HOOOPA3HBIX BhI-
YUCJICHUM, JJIA 33JlaHUs CTPYKTYP JIaHHBIX U rpaduyecKoro mpeacTaBlIeHUs WH-
dbopmanuu. Komannpl Hanucanbl Ha C, HO MHOTO U TaKUX KOMAaHJ, KOTOpPBIC
MIPEICTABIICHBI B TepMUHAX BCTpoeHHbIX C-niporpamm. [lons3oBarens MmoxeTt 6e3
0COOBIX 3aTpyAHEHUN 100aBISATH CBOU KOMAH/Ibl U MHUCATh MPOTPAMMBbI B TEPMHU-
Hax y>e CYIIECTBYIOIINX KOMaH[; HECKOJIBKO CJIOYKHEE JieNlaTh 3T0 Ha DopTpaHe
u C. MoxxHO 0OMEHUBATHCA TAaHHBIMU C TIpOrpaMMaMM Ha 3THX sI3bIKaX, a U3 HUX
oOpamiarbces K cucteme. Mimerorest yio0HbIe cCIOCOOBI YIIPABICHHS CUETOM.
['MaBHBIM HEIOCTATKOM MPOrPAMMBI SIBJISIETCS €€ BBHICOKAsi CTOMMOCTD JJIst
MIPOMBIIIUIEHHOTO TpuMeHeHus. Ho mocTymHbl OecriiaTHBIE CTYJEHYECKUE JIH-
neH3uu. Pa3paboTunku mporpamMbl pacmnolioxkeHbl B Maccauycerce. MHuorue
OTKpPBIThIE Kypchl MaccauyCeTCKOro YHUBEPCHUTETA COMPOBOKAAIOTCS TEXHUYE-
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ckumHu pacueramu B cpeae MATLAB u oTKpbIBatOT CBOOOJHBIN JTOCTYI K COOT-
BETCTBYIOIIUM (haiiaam.

Mathematica (caiitr paspabotunka Wolfram Research, CIIIA,
www.wolfram.com) nomyisipeH Cpeau TEOPETHKOB, MPENOCTABISET LIMPOKUE

BO3MOKHOCTH B MPOBEACHUM aHAIMTHYECKUX MpeoOpa3oBaHuil. Pemenue 3ama-
9YH OCYIIECTBISETCS C MOMOIIBI0 Habopa KOMaHA M TI0 COACPXKAHHWIO PabOTHI
AQHAJOTUYHO TporpaMMmupoBannio. CyIEeCTBYIOT TakKe MPHIOKEHUS K TIPO-
rpaMMe BO BCEX 3HAUMMBIX HH)KCHEPHBIX HAIIPaBICHUSX.

Maple (caiit pazpabotumka Maplesoft, Kanama, www.maplesoft.com)

pelIaeT 3aauyu aHAIUTUYECKH WU yucieHHo. [Iporpamma cnocoOHa oOMeHU-
BaTbCsl MH(POPMAIMEH C TEKCTOBBIMH PEAAKTOPAMH JJisi MOATOTOBKUA HAYYHBIX
myOJIMKaIMil, aKTUBHO MO3ULIMOHUPYET ceOsl B MEXaTPOHUKE U KOHCTPYHUPOBa-

HHH MallINH.

Bonpocbi 051ssi caMOKOHmMpoJisi

1. Hammmmmre BTOpoO# 3akoH HeioToHa B Buje AudPpepeHIIMaIbHOr0 ypaBHECHHS.
Kaxoit puznuecknii cMbIcii uMeeT K03(P(GULIHUEHT Nepel TPOU3BOJIHON B 3TOM
ypaBHEHHUU?

2. Hanuiurte Bce MpOU3BOHBIE MTEPBOT0 U BTOPOTO MOPsAJIKa (PYHKIIUM YEThIPEX
nepeMeHHbIX f(¢,X,y,2) .

3. CocTaBbT€ MaTEMaTUYECKYIO MOJENb I 3aa4l O KOHCTPYKIIMOHHOM Mpoy-
HOCTH TOTO Kpe€cJia, Ha KOTOpPOM cuauTe. BKilrounuTe B MaTeMaTUYECKyIO0 MO-
nenb auddepeHmaibHoe YpaBHEHHE, OMKMCHIBAIOIIEE OCHOBHOE (PU3MUYECKOE
SIBJICHUE, U TPAHUYHBIC YCIIOBUS.

TEMA 2. TOYHOCTb KOMMbIOTEPHbLIX BbIYUCIIEHUN

«Henosexy ceoticmeenno oenams ouuOKU,
HO OKOHYAMeNbHO 8Ce 3anymams MO*Cem MoJIbKO KOMNbIOMED »
Ipasuno mounocmu Pas (u3 3axonos Mepgpu)

2.1. icmoyHukKu rnoepewHocmu pac4yemmHsbix pe3ysibmamos

[TorpemrHocTh SIBIISIETCST MEPOM TOUHOCTH pe3yiibrara. JJjisi KOJIMYecTBEH-
HOM XapaKTePUCTHKHU 3TOM MEphl UCHOIB3YIOT MOHATHUSA aOCOIIOTHOW U OTHOCH-
TeapHOM morpemHoctel. [Ipu pabote ¢ mpUOINKEHHBIMU YUCIAMHU UCIIOJIb3YIOT
MOHATHUS 3HAYANIUX M BEPHBIX 3HAYamux 1udp. 3Hayamas mudpa npudInKeH-
HOT'O YKCJIa Ha3bIBAETCSl BEPHOM, €CIM a0COIOTHASI IOTPEIIHOCTh YKCia He Ipe-
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BOCXOJMT €IUHUIIBI Pa3psisia, COOTBETCTBYIOMIETO 3TON 1udpe. AOCOMIOTHYIO U
OTHOCUTEJIBHYIO MOTPEITHOCTH OOBIYHO 3alKUCHIBAIOT B BUJIE YUCIIA, COAEpIKalle-
ro oJHy win ABe 3Hadamme nudpel. [Ipy ykazaHun morpenrHocTeld OKPYTICHUE
BCEr/ia MPOU3BOUTCS B OOJIBIIYIO CTOPOHY.

CymiecTByeT 4eThlpe MCTOYHWKA MOTPEINTHOCTH PACUYECTHBIX PE3YyIhTaTOB:
1) orpannyenust GpU3MYECKON U MaTeMaTUYECKOW MOJEINIeH MPOIIeCCOB; 2) OLIu-
OOYHBIC WM HETOJHBIC WCXOJHBIC JaHHBIC; 3) HEAOCTATOYHAs] TOYHOCTH WC-
MOJIB3yEMBIX YHUCIIEHHBIX METOJOB U 4) HETOYHOE OKPYTJICHUE MPOMEKYTOTHBIX
PE3YIBTATOB MPHU BHIYUCIICHUSX.

1. Iloepewsnocms modenu TPOLECCOB CBsI3aHA C (PUINYSCKUMHU JIOMYIIE-
HUSMHU U OTPaHUYCHUAMH, Ha 0a3e KOTOPHIX (popMylIupyeTcs MareMaTudeckas
MOJIeJb AHAIM3UPYEMOI0 HHXKEHEpPHOro oObekta. Jltobas monenb sBIsSETCS
JUIIH TTPUOJIMKEHHBIM OMTMCAaHUEM peabHOro Ipoiiecca win sisnenus. [lorper-
HOCTb, 00YCIIOBIICHHAsE HETOYHOCTBIO MOJIENH, B XOJ€ MOCIEAYIOIMNX BBIYUCIIC-
HUU HE YCTPAHSETCA.

2. lloepewnocms ucxoO0Hvix 0auHbix 00YCIOBJIEHA MOTPEITHOCTHIO U3MeE-
pEHUsl TEXHUYECKHUX MapaMeTpoB ¢ MOMOIIbI0 pubopos. [IpubopHas morper-
HOCTb MOXeT gocturath 10%. Takas morpemHocTs SBIsIeTCS HEYCTPAaHUMON U
HE MOXET OBITh CHM)KEHA MaTEMaTUYECKUMH MeToaaMu. VIcXoHbie TaHHbIe IS
pEIICHHS 3a/Jadyd, MOTYYEHHBIC DKCIIEPUMEHTAIBLHO WM B XOJAC MPEABIAYIINX
pacyeToB, YacTO SBJISIOTCS OCHOBHBIM UCTOYHHKOM TOTPEIITHOCTEH.

[Tpu BEIMHCICHUSX ¢ MPUOIMKCHHBIMU YUCIaMHU BKHOM 3a/1adueii SBIISCT-
Csl OIICHKA CTETECHM BIIMSHUS MOTPEUTHOCTEW MCXOJHBIX NAHHBIX Ha TOYHOCTH
OKOHYATENIbHOTO pe3yyibTara. DTO HEOOXOAMMO HE TOJIBKO JIs MPaBHIBLHOTO
y4eTa BBIYHCIUTEIBHBIX MOTPEIIHOCTEH, HO TaKXKe JJIsi ONpPEACIICHUs] BO3MOXK-

HBIX IyTE€H UX yMEHbUIEHUS. 3a/adyy BBIYHMCIICHHS BEJIMYMHBI ) [0 U3BECTHOMN

BCIMYHUHEC X MOXHO 3aIIMCaThb B BUJC
y=4kx) , 2.1)

rac A — orcparop, T.C. IpaBUjIO, COINIACHO KOTOPOMY IPOHU3BOJAUTCA BBIYHCIIC-
HHC.
OI‘paHI/ILII/IMC}I PaCCMOTPCHUCM KOPPCKTHO ITOCTABJICHHBIX 3ada4 BbIYNMC-

neHus. 3aaya BhIUUCIEHUSI V = A (X ) Ha3bIBa€TCI KOPPEKTHO MOCTaBIICHHOM,

CCJIN PCIICHHUC 3aJa4r CYHICCTBYCT, ABJLACTCA CAMHCTBCHHBIM H YCTOﬁqHBBIM I10
BXOOAHBIM JaHHBIM.
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OcTaHoBUMCSI Ha TIOHSATUU YCTOWYMBOCTU pemieHus. Ecnu mpu pemeHun
3aa4d BOSHUKACT BO3MYIIIEHUE BXOHBIX JAHHBIX U BMECTO BXOTHOW BETNIHHBI
X omepaTop 00pabaThIBa€T BO3MYILEHHBIE BXOJIHBIE JAHHBIE C MOTPEIIHOCTHIO
X + OX , TO MBI IOJTYYUM B HTOT€ BO3MYIICHHOE PEIICHHUE:

y+oy =A(Kx +ox) . (2.2)

CrnenoBaresbHO, OTPEMIHOCTD BXOAHBIX JTAHHBIX MOPOKIAET HEYCTPaHHU-
MYIO IIOTPEMTHOCTD PEIICHUS:

& =A(x +x)-A(x) . (2.3)

Ecnu pernieHne HeNpephIBHO 3aBUCUT OT BXOAHBIX JIaHHBIX, TO ‘éj/‘—)O
BCET/Ia IIPY BBITTOJIHEHNUHN YCIIOBUS ‘5x ‘ — 0, u Torga 3agaya (2.1) ycroiiuusa 1o

BXOAHBIM JaHHBIM. OTCYTCTBI/IC YCTOﬁqHBOCTH O3Ha4acT, 4TO HaXC MaJIbIM IIO-

TPEUTHOCTSIM OX MOTYT COOTBETCTBOBATH OOJBIINE MOTPEITHOCTU O) , @ 3HAUUT,

pe3yNbTaT BBIYUCICHUN MOXET 3HAYUTEJIBHO OTIMYAThCS OT UCTUHHOM BEJINYU-
Hbl. [[pyMeHATh HEMOCPENCTBEHHO K TAKOM HEYCTOMYMBOM 3aJa4€ YMCIICHHBIE
METO/]Ibl O€CCMBICTICHHO.

He Bcskyro ¢opmanbHO YCTOWYMBYIO 3ajadyy clielyeT Oe30roBOPOYHO
MIO/IBEPraTh YHMCIECHHOMY peuleHuto. IlycTh, Hampumep, BBIITOJIHSETCS YCIOBHE

31 <Clev

HUMas OlMOKa pelIeHUs] MOXKET OKa3aThCs OOJIBIIONW. DTO ciiyyal Tioxoi oly-

, e uncio C Benuko. 3amaya (opMallbHO yCTOWYMBA, HO HEyCTpa-

CJIOBJIEHHOCTH 3aJ1a4HU.

3. lloepewnocmo yucieHHbIX Menooos MOABIISIETCS IPU MEPEXOJIE OT aHa-
JUTUYECKUX 3aBUCUMOCTEH MaTeMaTHUeCKONH MOJAENHU K AUCKPETHBIM (QYyHKIUAM
pacueTHOM Mozenu. Takas MOrpelIHOCTh CBA3aHa, HAPUMED, C 3aMEHOU MHTE-
rpaja CyMMO#, TPOU3BOJHON — OTHOIIICHUEM Pa3HOCTEH, GyHKIIUU — MHOTOYJIE-
HOM. [1OrpemHOCTh BEIUUCIUTENIBHBIX METOJOB SIBJISIETCS YCTPAHUMOM U TOJKHA
OBITh B HECKOJIBKO pa3 MEHbIIIE MOTPEIIHOCTH MAaTeMaTUYeCKOro MOJEINpOBa-
Hus. Ha npakTuke orpaHMYrBarOTCS T€M, YTOOBI JOBECTH MOTPEIIHOCTD UCOJIb-
3yEeMBbIX METOJO0B 10 BEJIWYUHBI, B HECKOJIBKO Pa3 MEHbIIEU HEYCTPAHUMOM II0-
IpeIHOCTH. JambHeIee NOBBIIIEHUE TOYHOCTH METOJa HE MPUBEAET K MOBBI-
LICHUIO TOYHOCTH OKOHYATEJIBHOTO pE3ysibTaTa, a JIMIIb YBEIUYHUT TPYLOEM-
KOCTh PAacUyeTOB U3-3a yBEIUYCHUSI 00beMa BEIYUCIICHUIA.

4. Ilocpewnocms OKpy2neHus BOZHUKAET U3-3a OTPAHMYECHHOW pa3psiIHO-
CTH KOMIBIOTEPOB. [Ipn pemennn ¢ moMOIBI0 KOMIBIOTEPA CI0XKHBIX 3a4a4, B
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KOTOPBIX BBIYUCIAETCA OOJBIIOE KOJTUYECTBO MapaMeTpOB IJii MUJUTMOHOB pac-
YETHBIX Y3JIOB, IOIPEIIHOCTh OKPYIJIEHUSI CTAHOBUTCSA BaKHbIM (akTopoM. Ta-
Kasi TOrPEIIHOCTh HAKAIJIMBAETCA B XOAE BBIYMCICHHW W MOXKET JOCTUIATh
OOJBIINX 3HAYEHUH, KOT'/1a BBIOIHAIOTCS MUJUIMAPABI apU(PMETHUECKUX JIEHCT-
BUU, U TIPH 3TOM QJITOPUTM MpEIoiaraeT, HallpuMep, BbIUUTAHUE OJIM3KUX T10
BenuyuHe yucen. [IorpemHocTu OKpyIrjiieHud B COYETaHUU C IIIIOXO OPraHU30-
BAHHBIM QJITOPUTMOM MOT'YT 3HAYUTEIbHO UCKA3UTh PACUETHBIC PE3YJIIbTATHI.

2.2. [lpedcmaesnieHue 4uces1 8 KOMIMbIOMEPHbLIX 8bIYUCIIEHUSIX

[Ipr4rHOM MOSBICHUS BBIUUCIUTEIBHBIX MOTPEITHOCTEN SIBIISIETCS CITOCO0
MpeCTaBlIeHUs yncesl B kommbioTepe. KommnbroTepHas apupMeTrKa OTInYaeTcs
OT TPAAULIMOHHON MAaTeMaTUKU JTUCKPETHBIM IPEACTAaBICHUEM 4yucel. B Tpaau-
IIUOHHOW MaTeMaTHKE Yrciia MOTYT UMETh OECKOHEYHOE KOJIMYECTBO Iudp, Ha-
MIPUMED, B IEPUOANYECKUX UKCIaX. B KOMIBIOTEPHON CUCTEME YUCIIA XPAHATCS
B PErucTpax M SYEHKax MaMSATH C OTPAHUYEHHBIM KOJIWYECTBOM Pa3psaoB.
BcenenctBue 310oro cucrteMa BELIECTBEHHBIX YHMCEI, YYAaCTBYIOIIUMX B KOMIIBIO-
TEPHBIX pacuerax, SIBJIETCS AUCKPETHON U KOHEUHOU. B kommbroTepHOU apud-
METHUKE YHCIIO MPEACTABISIETCS OTPAaHUYCHHBIM KOJTUYECTBOM IUGD.

CoBpeMeHHbIE KOMITBIOTEPHI MO3BOJISIIOT 00padaThIBaTh 1IE/IbI€ U BEIIECT-
BeHHble ymcna. [lo dhopme mpencraBieHus, cnocoOy XpaHEHHs] U peau3aiiu
BBIUHCIIMUTEIBHBIX ONEpAlMid B MPOLECCOPE LENbIE U BEUICCTBEHHBIC YHCIIA CY-
LIECTBEHHO Pa3InYarOTCs.

IIpu pelieHnn HAy4YHBIX U MHKEHEPHBIX 3a/1a4 B OCHOBHOM HCIIOJIb3YIOTCS
BEIIIECTBEHHBIE uncia. JIjisi 0TOOpakeHHs BEIIECTBEHHBIX YUCEN, KOTOPhIE MO-
I'yT OBITh KaK OY€Hb MAJICHBKUMH, TaK U OYEHb OOJIBIIIMMU, UCTIOJIb3yeTCs (Hop-
Ma 3aIMCH YUCeT ¢ TIOPSAIKOM OCHOBAaHMsI CUCTEMBI cuucieHus. Jlroboe Bemect-
BEHHOE€ YHCJIO MOXKET OBITh IPEACTABICHO B CTEIIEHHOM BUJIE, KOTOPBIN Ha3bIBa-
€TCsl «CTaHJIapTHOU (POPMOIl C IITABAIOIICH 3aTIATOMN:

x=+bm, (2.4)

IZle X — MOJOKUTEIBHOE WM OTPULATEIBLHOE BEECTBEHHOE YHCIIO,

b — OCHOBaHME CHCTEMBbI CUHCIICHHS (OOBIYHO HCIIONB3YIOTCS OCHOBaHUS 2, 8
win 16; ocHOBaHUE BCeria sIBISETCS MON0KUTENbHON BeTuuuHoi: b > 0),

¢ — IIOKa3arTellb CTENEHU, HA3bIBAECTCA XapaKTEPUCTUKON WIH MOPSIAKOM,

m — MaHTHCCA.
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Hanpumep, unciio ¢ ocHoBanueM 10 mpencraBmnsiercst B Buge x =+10m,

¢ ocuoBanueM 2 — B Buje x =+2m.

Jlnst ykazaHusl pa3MEpPHOCTH IBOWYHBIX JTAHHBIX MCIIOIB3YIOT OOIICTIPUHS-
ThIE TEPMHHBI: OUT — OJWH Pa3psJl IBOMYHOIO YHCIIA, KOTOPBIA MOXKET IMPUHU-
MaTh 3Hauenue 0 mim 1, 0aiT — 8 OUTOB.

[IpencraBiienre 0 JHOOAUTHBIX JIBOMYHBIX IIENIBIX YHCEN 0e3 3Haka (IoJio-
KUTEJBHBIX) B IPSIMOM JBOMYHOM Kojie oT 0 10 255 umeet BUA:

7
x=>a,2", (2.5)
k=0

rae a; MOXET IIPUHUMATh 3HAYCHUC 0 nmm 1.

Pacnipenenenne no paspsgam Ko3QPUIIMEHTOB CYyMMBbI MOXHO O(OPMUTH
B CJIEAYIOIEM BUJIE:

a, |a |a, |ay |a, |as |as, |a,

[IpencraBienre 0qHOOANTHBIX JBOMYHBIX IIEIBIX YUCENI CO 3HAKOM B TIPS-
MOM JIBOMYHOM Koje oT — 127 ... 0 ... no + 127 tpeOyeT BbIACICHUS OJHOTO OU-

Ta IJIA OTPAKCHHUA 3HAKa YHCJia:

x=(=1" iak2k . (2.6)
k=0

S a, |a |a, |ay |a, |as | ag

Omun 6ut (S) B mpencrabieHuu (2.6) conepkuT WHPOPMAIMIO O 3HAKE
gucia: (0 — MoJoXKUTENbHOE, 1 — OTpUIIATENIBHOE; OCTANIbHBIE OUTHI CITYKAT IS
pa3MelleHrs MOYJIsl YUCIIA B MPSMOM JBOMYHOM KOJIE.

[TpuBeneHHbIe TPUMEPHI SBISIFOTCS YACTHBIMHU CIy4YasiMU TMPEACTaBICHUS
YHCeJ — TOJIBKO IEJIBIX YKCEeNl — B IBOUYHOM cuctemMe cuucienus. B obmem ciy-
Yae JUIsl BEIIECTBEHHBIX YHCEN 33/1al0T MAHTUCCY U MOPSAJOK YHUCIIA.

ManTuCCca yI0BJIETBOPSET YCIOBUIO HOPMUPOBKH:

b'<m<b® wmm %Sm<1, {bz2:>i$m<l}, (2.7)

YTO 00ECIICUYNBAET CIANHCTBCHHOCTD ITPCACTABICHMA.
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ManTucca omnpeznenser ApoOHYH 4YacThb YUCIAa U UMEET BUJ KOHEYHOU
JpoOU 1O OCHOBAHHUIO b :

Gydy N [b:z - m:‘;+“2+...+“'f} , (28

m=-—++
b b’ b* 4 2

rjae k — TOYHOCTH MPEACTABICHUS MAHTHUCCHI, 3aal0Ias YMCJIO OTBEJICHHBIX B
CTPYKTYpE pa3psaaoB; KO3(PGUIIUESHTHI Pa3IoKCHHUS] MAHTHUCCHI SIBISIFOTCS TI0JIO0-
KUTEIbHBIMU unciiaMu: 0<a, <b -1, i=1,...k.

[Topsinok 3a7ar0T B BHUJIE JBOMYHOIO LEIOTO0 CO 3HAKOM B MPSIMOM KOJE;
MaHTHCCY — B BUJI€ MOJ1yJIsI HOPMAJIM30BAaHHOT'O IPOOHOTO YUCIIa B MIPSIMOM KOJIE
¢ (ukcupoBaHHON TOUKOW. OTHOOUTOBBIN 3HAK MAHTUCCHI KOAUPYIOT OOBIYHBIM
o0pa3oM — Tak ke, Kak 3HaKk yucia: 0 — MOJOoXKUTENbHOE 4YHucio, | — oTpuua-
TEJBHOE.

Cy1iecTByeT HECKOIBKO MEKIYHApPOJHBIX CTAaHJAPTHBIX (JOPMATOB Mpe-
CTaBJIEHUS! BEUIECTBEHHBIX YUCEJ, PA3IUYAOIINXCS 110 TOYHOCTH, HO MMEKOLIUX

OJIMHAKOBYIO CTPYKTYpPY, KOTOpasl BKJIIOUAET MOPSNOK (c¢,,c;) U 3HAK MOpsaKa

(P), 3nak mMaHTHCCHI (S') 1 a0COMIOTHYIO BEJIMYMHY MAHTUCCHI (a,,a,,d;,d, ),

HaIIpUMED:
HOpﬂI[OK MaHTHUCCa
+uma- |2° |2' |4+wmm- |12 |1/4 |1/8 |1/16
P ¢, |¢ S a |a, |ay |a,

Koaddunuents! ¢,, ¢, a,, a,, a;, a, npuHAMaroT 3Hadyenue 0 wim 1.

Yem Gombliie pa3ps0B OTBOAUTCS MO/ 3alIUCh MAHTUCCHI, TEM BBIIIE TOY-
HOCTb TpeJCTaBICHUs uyucia. YeM OoJblle pa3psioB 3aHUMAET MOPSAOK, TEM
IMpe IMara30H OT HAMMEHBIIETO OTJIMYHOIO OT HYJsS 4YHUCla J0 HauOOJbILIEro
qrclia, MPEACTaBUMOI0 B MAIIMHE MPH 33IaHHOM (opmarte.

Bo3MOkHBI paznuyHble BapUaHThl CTPYKTYPbl JIBOUYHBIX YUCEN, y4acT-
BYIOIIUX B KOMITBIOTEPHBIX BBIYMCICHUAX. Tak, B MHOTOOAWTHBIX YHUCIAX IIO-
CJIEIOBATEIBLHOCTh OAaWTOB MOXET BBICTpAaMBATHCA CJI€Ba HampaBo (CTaHIApT
Motorola) wu cripaBa HasneBo (ctanmapt Intel).

Ilpumep 2.1. IlpenactaButh BeleCTBEHHOE YUCIO 8.75 B 1BOMYHOMN (popme,
T.€. C OCHOBaHHEM b =2. OnucaTh MOPSIOK U MaHTUCCY YWCIA, UCHOJIB3Ys 12
pa3psaoB. BeiienuTs moja onucanue MaHTUCCHI 6 pa3psiaoB.
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Pewenue. YtoObl onpeeuTh NOPSIOK U MAHTUCCY B JBOMYHOU cUCTEME
CUMCIICHHUS, JEIUM YUCIIO Ha 2 JI0 Moixy4yeHus: ocrarka meHbiie 1. Takum oOpa-
30M, 9HCIIO MOYHO IPEACTABHTH B Brje 8.75 = 0.546875 2°, u ero mopsimok pa-
BeH 4, manTucca paBHa 0.546875. [IpoOHas 4acTh ynciia MPEICTABISAETCS B BUJIC

1 1 1
cymmbl 0.546875 = 5 + e + e [Tomyyennyro mHbopmaruio o 12-paspsagHom

MPEJICTABICHUM 4Ynclia 8.75 B IBOMYHOW CUCTEME CUMCIIEHUS, MOKHO CBECTH B

Ta0IUILY:
HOpSIJ:[OK MAHTHUCCa
+um- 2° 2' 22 22 2 4+wm- 172 1/4 1/8 1/16 1/32
P c ¢ ¢ ¢ ¢ S a a, ay a, a
0 0O 0 0 0 1 0 1 0 0 0 1

1
[lo yciioBusM AaHHOTO IMPHUMEpPaA ClIaraeMoe ” B NPEJCTABICHUN MaH-

TUCCBI HE MOKET OBITh YUTEHO B 12-pa3psiiHOM NpEeJCTaBICHUU YHcia U 00pa-
3yeT OLIMOKY — MOIPEIIHOCTh OKPYTJICHHUS.
O

2.3. OepaHuU4eHUs1 MAWUHHbIX Yucerl

BxonHble naHHBIE NOMEIIAIOTCSA B ONEPATUBHYIO MAMITh KOMIBIOTEpPA B
pa3psaHOM MpeacTaBieHuu. HekoTopble BeleCTBEHHbIE YMCIA, HAIPUMEDP Hp-
pauMOHAJIBHBIE, HEBO3MOXXHO 3alKcaTh B OINEPAaTUBHYIO NaMATh TOYHO, IO-
CKOJIbKY OHU UMEIOT OECKOHEYHOE KONIMUYeCTBO HUGp. ApudpmMeTnueckue aencT-
BHUS C YYacTHEM TaKHMX YHCEJl BCET/ia MPOU3BOASIT OIMOKY BbluKciaeHus. Te uuc-
Ja, KOTOPhIE MOTYT OBITh NMOMELIEHBI B ONEPATUBHYIO MaMsTh, HAa3bIBAIOT Ma-
IIMHHBIMH YHMCJIAMH, UX KOJIMYECTBO OTPAHUYEHO U 3aBUCUT OT KOJIMYECTBA Pa3-
PAI0B, BBIJICTICHHBIX JJI 3alIMCH YHCTA.

JInst onvcaHusl MAlllMHHBIX YUCEJI M OTPAaHUYEHUI BBOJMUTCS 3 mapamerpa,
OTBEYAIOMIMX 32 OMIMOKY KOMIBIOTEPHBIX BBIUUCIECHUN U 3aBUCSILUX OT pa3psii-
HOCTH:

1) MUHHMMAaJIBHOE MAIIMHHOE YHUCIIO &,
2) OTHOCUTEIbHAs OIINOKA MPEACTaBICHUS SAUHULIBI &, ,
3) MaKCUMaJIbHOE€ MAIlIMHHOE YHCIIO &, .

MuHMManbHOE MAlIMHHOE YUCIO (MAIIMHHBIN HYJIb) BBIPAXaeTCd 4yepes
OCHOBAHUE U XapaKTEPUCTHUKY:
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gy = b, (2.9)

rie C,,;,— MUHUMaJIbHOE BO3MOKHOE 3HAUYECHHE XapaKTEPUCTUKH (OTpULATEIb-
HOE YHCJIO0).
OtHocuTeNbHAsA OLIMOKA MPEACTABICHUS €UHULIBI & BBIpaXKaeTCs yepes

OCHOBAHHMEC U TOYHOCTL NPEACTABIICHUA MaHTHUCCHI:
g =b" . (2.10)

JlaHHBIN mapaMeTp OTPaKaeT MUHUMAJIBHOE PACCTOSIHUE MEXIY IBYMs MAIlUH-
HBIMU YHUCJIaMU Ha WHTEpBaJie OT 1 10 b; mMpu BBIUKUCICHUSIX BCE YMCIIA BHUAA

1+ x u3 unrepBana [1, 1+ & ] 3aMeHsAIOTCA MAIIMHHBIM 4YUCIOM | ¢ OmMIKOKOM,
HE IIPEBOCXOMALICH & .

MakcuManbHOE MAIIMHHOE YHUCIIO (MaIlTuHHAss 0€CKOHEYHOCTh) PaBHO
g, =b™(1-b"), (2.11)

rAe C,,.x — MaKCHUMaJIbHas BO3MOKHAs XapAKTECPHUCTUKA.

I/IS OHpCI[eJ'IeHI/ISI MAIIMHHOT' O YHCJiIa MOKHO CACJIAaTh ABa BEIBOJAA:
1) murepramst (—o, &), (<., 0), (0, &), (1=&,/b, 1), (, 1+&) u

(&,, ) He comepKaT MAIIMHHBIX YUCET;

2) TOYHOCTH MPEICTABICHUSI MAITUHHBIX YUCENl MOKHO MOBBICUTD, YBEIU-
YUB KOJUYECTBO LIU(PP B MAHTUCCE U PACHIUPUB 00JIACTH JOMYCTUMBIX 3HAUCHUI
XapaKTEePUCTHUK.

B Tabnuie npuBeneHbl ONpeAessione napaMmeTpsl sl KOMIIbIOTEPOB C
OJMHAPHOW U JIBOMHOW TOYHOCTBIO MPEJICTABICHUS MAIIMHHBIX YUCEI ISl TIPO-
neccopoB cranaapta IEEE 754. Jlanubiii ctangapT pa3paOoTaH accolldaluei
IEEE (Institute of Electrical and Electronics Engineers) u ucnonb3yeTcs: s
NPEe/ICTaBIICHUS IEUCTBUTENBHBIX YUCEI (YUCEN C TJIaBarolleid TOUYKON) B IBOUY-
HOM Kojie. DT0 HanboJjee UCIOJIb3yEMbIN CTaHAAPT ISl BRIUUCICHUH C TIJIaBato-
€l TOYKOM, OH MCHOJIb3YETCI MHOTHUMH MHUKPOIPOLECCOPAMU U JIOTHYECKUMHU
YCTpOMCTBAMH, a TaK¥Ke MPOrpaMMHBIMH cpeAcTBaMU. OCHOBHOE NMPUMEHEHUE B
TEXHUKE U TPOrpaMMHUPOBAHUH TTOTYUrIU hopMaThl JyIMHOU 32 u 64 OuTa.

26



Ilapamemp Oounapnas  [{eotinas
mMo4YHOCMb mMoO4YHOCMb

OcHoOBaHUE CUCTEMBI CUUCIEHUS b 2 2
MuHnuMabHOE 3HAaYEHUE XapaKTEPUCTUKH C,, -125 -1021
MaxkcuMmanbHOe 3HaYEHUE XapaKTEPUCTUKU C, 128 1024
TouHOCTB Mpe/ICTaBIEHNS MAHTUCCHI k 24 53

-126 -1022
MunumabHOE MAIIMHHOE YUCIIO &, 2 2

-23 -52
OtHOcHUTeNnbHAs olKUOKa IPeACTaBICHUS 2 2

EIUHULBI &

1281 724y ~1024.1 ~-53
MaxkcumanbHOE€ MAIMHHOE YUCIO &, 277°(1-27) 277(1-27)

JIroboe BelIeCTBEHHOE 4YUCIO X € (—&,,,€,,) B KOMIBIOTEPE 3aMEHsETCA
MAaIIMHHBIM YHMCIOM X, , JUISl 3TOIO HMCIONb3yeTCs KaKoH-HUOyab crocol mpu-

OnkeHus (yceueHue Wi OKpyriieHue). B pesynbpraTe Takoi 3aMeHbl BOZHUKAET

omuoKa X — X KOTOpasa OOCHHUBACTCA BEJIMYUHOM & ‘X‘ JJI1 BCIICCTBCHHBIX UM~

mo
CCJI, MOAYJIb KOTOPBIX HAXOJAHUTCA B MHTCPBAJIC OT HAMMCHBLIICTO 3HAYCHUSA Ma-

HIMHHOIO YUCJIA IO HAauOOJBIIEro &, < ‘x‘ < ¢, . Ommobka 3aBUCUT OT MUHUMAJIb-
HOI'O PacCTOSHUS MEXIY YMCIIAMMU: ‘x - xm‘ < gl‘x‘. Uucna MeHbLIE 110 MOIYJIIO
HaWMEHBIIEr0 MAIIMHHOTO 4YMCIIA ‘x‘ €(0,&,) npu 3aMeHe MaIIMHHBIM YUCIOM
MOTYT IPUHUMATh OAHO U3 ABYX 3HadeHuil: 0 wm ¢,. Torna omuoOka 3aBUCUT OT

, KOTOPOC HA3BIBAIOT TAKIKC

MHHUMAJIbBHOTO MAaIllMHHOI'O 4YHuCJa: ‘)C - )Cm‘ < SO‘X

abCONIOTHOM OIIMOKOM ONpe/eNieHrs HyJ . DT IBE OLIEHKU MOKHO OObETUHUTD

B BBIp@)KEHHE, KOTOPOE CIIPABEIJIMBO JIJIsl BCeX X € (—&,,,E,,) :

X,=x(1+a)+p, |a|<e, |Bl<e, (2.12)

Kommbrorep npeBpamaer uCXoAHbIE JaHHbIC B MAIIMHHBIC YUCIIA U 3aTEM
BBITIOJIHACT apu(PMETHUYECKUE NEeUCTBUs HAJ MAIMHHBIMU yuciamu. [Ipu BbI-
YUCJICHUAX C IJIABAIOIIEeH TOUYKOMN Orepalusi OKpYIJICHUS MOXET MOTPEOOBATHCS
MOCJIe BBITIOJIHEHUS 0001 U3 apudmernyeckux ornepanuii. Hanpumep, ymHo-
KECHHUE WIM JICJICHUE JBYX YHCEJ CBOJAMUTCA K YMHOKCHHUIO WM JICJICHUIO MaH-
tucc. Tak Kak B 0011IeM cllydae KOJIMYECTBO Pa3psI0B MAHTUCC MPOU3BEACHUN 1
YaCTHBIX OOJIBIIE JOMYCTUMOW Pa3psSAHOCTH MAHTHUCCHI, TO TPEOYETCsl OKpyTJie-
HHUE MAHTHUCCHI Pe3yJIbTAaTOB. [Ipu ClI0XKEHUU MM BRIYMTAHUU YUCEI C IUIABAKO-
el TOYKOM ITH 4uciia JOKHBI OBITh MPEIBAPUTEIBHO MPUBEIEHBI K OJHOMY
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MOPSAKY, YTO OCYILUECTBIIIETCS CIBUIOM BIPAaBO MAaHTHUCCHI UHACIIA, WUMEIOIIETO
MEHBIIMN NOPSAAOK, U YBEJIMYEHUEM B COOTBETCTBYIOLIEE YMUCIO pa3 IOpsAIKa
sToro yucia. CABUI MAHTUCCHI BIIPaBO MOXET MPUBECTH K MOTEPE MIIAAIINX
pa3psI0B MAHTUCCHI, TAKUM 00pa3oM, HEM30€KHO MOSBISETCS MOTPEIIHOCTh OK-
pyTJICHHUS.

[Ipy BBIUKCIEHUSX C MOMOIIBIO KOMIIbIOTEpA HEU30EKHBI MOTPEIIHOCTH
OKPYTJICHHM, CBSI3aHHBIE C OTPAHMYEHHOCTBIO Pa3PSAHOU CETKU BBIYMCIUTENb-
HOM MalIuHbl. B HEKOTOPBIX CIydasX MOTPEIIHOCTA OKPYTJICHUI B COYETAHUU C
IIJIOXO OPraHU30BAaHHBIM AJITOPUTMOM MOTYT CUJIBHO MCKA3UTh PE3YJIbTaThl WU
Jake IPUBECTH K aOCypIHBIM pe3yibTaTaMm. B kauecTBe mpuMepa pacCMOTPUM
pellieHne MPOCTON CUCTEMBI IBYX YPaBHEHUH C cOXpaHEHHEM 6 1udp B pacyeT-
HBIX pe3yJIbTaTaX.

—107x+y=1
x+5y=6

Pemenue M0XHO Ha4yaTh ¢ UCKIIHOUCHHUS HCpCMCHHOﬁ X U3 IICPBOT'O UJIN U3
BTOPOTO YpaBHCHUS, B 3aBUCHUMOCTH OT 3TOI'0O PCIICHUC OKaXCTCA BCPHBIM WJIN

HEBEPHBIM:
;
x=10"y 10’ y=1016
1) = 107 +5 ; pElIEHNE HEBEPHOE;
107y 10" +5y =6
x~0
-7
I
+5-10 ; pEeLIEHUE BEPHOE.
—107(6-5y)+y=1 cxl P P

JInsl KOMIIBIOTEPHBIX BBIUYMCICHHUIN CHCTEMA YPAaBHEHUU MPEACTABISAETCS B
MaTpU4YHOM BHJE€. B 1aHHOM mpumepe MaTpU4HBIM BUJ YPAaBHEHHS BKJIIOYAECT
KBaJIpaTHYIO MaTpuily KO3 (UIMEHTOB U JIBa BEKTOPa, B TOM YUCJIE BEKTOp He-
M3BECTHBIX TAPaMETPOB:

—107 1|[x 1

1 50y 6
B rauecmse peszome no meme. B HacTosIee BpeMs yXe MOUYTH HEBO3-
MOKHO YCJIEAUTH 332 PaCIpPOCTPAHEHUEM KOMIIBIOTEPHBIX BBIYMCICHUM MO IPHU-

KJIIaJHBIM o6nacTaMm. Takue BBIYMCICHUS IMPOBOJATCA B MAIIMHOBECACHUU U MCT-

poJIOoTrnu, XuMMHUHU U 6I/IOJ'IOFI/II/I, PaaAuOIJICKTPOHUKE H 3JICKTPOTCXHUKE, I'COAC3I NN
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U reopu3rKe, IKOHOMUYECKOM TIAHUPOBAHUH U TMPOTHO3UPOBAHUU, TEOPHH aB-
TOMAaTHYECKOTO YIPaBJICHUS U KOCMHYECKHMX HCCIEIOBAHUAX, ABTOMATU3UPO-
BaHHOM IMPOEKTHUPOBAaHUHM W MAIIMHHOW Tpaduke, pa3pabOTKe MPOTrPaMMHOIO
obecrnieyeHrss OOLIET0 HA3HAYEHHUS U JaXXe B OPraHU3allU{ MOKapOTYLIECHUS U
OrpaHKe JparoleHHbIX KAMHEM.

CrpemiieHue K Ha/JE€KHOCTHU YUCJIEHHBIX PAacyeTOB IPUBEIO HE TOJBKO K
pa3paboTKe HOBOTO MAaTEMAaTUYECKOTO amnmnapara M IMOSBICHUIO MHOTOUYWCIICH-
HbIX MPUJIOKEHUH, HO M K Ppa3BUTUIO COOTBETCTBYIOIIMX KOMIIbIOTEPHBIX
CPEICTB.

Bonpocbi 051ssi caMOKOHMpoJisi

1. KakoBBI OCHOBHBIE HCTOYHUKHU MOTPELIHOCTEN?
2. Yro Takoe aOCOMOTHAS. U OTHOCUTEIbHAS MOTPEIIHOCTH?
3. IIpuBeauTe K MATPUYHOMY BUIY CUCTEMY YPAaBHEHUM:
x+2y+3z=4
Sx+6y+7z=8
O9x+10y +11z=12

TEMA 3. YncneHHoOe UHTerpupoBaHue

«Henosek, umerowjuti 00HU YAaCbl, MEEPOO 3HAEM KOMOPbIL YAC.
Yenosex, umeroujuti HeCKOIbKO 4aco8, COMHEBAemcsLy
U3 3axonoe Mepghu

3.1. KoHyenuyusi YucsieHHO20 UHMe2pupo8aHuUst

B cimyyae aHamMTUYECKOrO pelIeHUss MHOTHUX 3a/a4, Halpumep, IPU Bbl-
YUCIICHUM MOMEHTA MHEPLHH, BBIYUCIIAIOT ONpEAeeHHbIA nHTerpain. Ha Boige-

JICHHOM HHTCPBAJIC [Cl,b] Ol'IpeI[CJICHHHﬁ HHTCTpall I cuuTaeTcs aHAIUTUYECKH

o ¢opmyJie
1 =?f (x)dx . (3.1

YucnmeHHO TaKoW OMpeaesIeHHBINH WHTErpall paBeH IUIOManu (Gpurypsl, or-
paHuueHHOU TpadukoM (QyHKMU f (X ) HA MHTEpBaJeE [a,b], OCBIO alclucc u

JIBYMSI HOpMAJISIMH K OCH a0cIuce x =a; x =b .
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B KOMIIBIOTEPHOM HHXWHUPHUHTE HUCIIOIB3YETCA YUCICHHOE HHTErPUPO-
BaHue. YuCleHHOe HMHTErpUpOBaHHE MPUMEHSETCS K TaOJUYHO 3aJaHHBIM
(GyHKIHSIM, a TAK)KE MPU B3SITHU UHTETPATIOB OT JOCTATOYHO CIIOXKHBIX (DYHKITHH,
KOTOpBIE ITPEABAPUTEIBHO PUBOIATCS K TUCKPETHOMY BUIY.

Bce merompl mpuONMKEHHOTO BBIYHUCICHUS OIMPEICICHHOTO WHTErpaja
OCHOBaHbI Ha TOM, YTO MHTEPBaJ MHTEIPUPOBAHUS pa3OMBaeTCs Ha MOABIHTEP-
BaJibl. 3aTEM Ha KaXXJOM TMOJBIHTEPBAJIC MOABIHTErpadbHas (DyHKIUS TpuOIHU-
KEHHO 3aMeHseTcs Oojiee MPOoCcToil (yHKIMEH M3BECTHOrO BUJA, HAIPUMEp IIO-
JUHOMOM TIEPBOTO WJIM BTOPOTO TMOPSI/IKA, T.€. TaKOW (yHKIUEH, OT KOTOPON HH-
Terpan oepercs Jierko. [Ipu 3ToM KaXablii y4acTOK MCXOAHOro rpaduka QpyHkK-
IIUW 3aMEHSETCS] TOPU3OHTAIBLHON MJIM HAKJIOHHOM MPsSMOM, Mapadoiioil BTOPOro
MOPsAKa WIK TOJIMHOMHAIBHOM KpUBOM OoJiee BRICOKOTO mopsiaka. Ha nmpakTuke
MBI MOKEM HE€ 3HAaTh aHAIUTUYECKYIO (PYHKIIMIO, CBSI3bIBAIOIIYIO TOYKH, TOCTY-
MUBIIKE HA PACUET; TOTJa TOYKU (QYHKIIMH, IPEACTABICHHONU TUCKPETHO, COEIU-
HSIOTCS TIOJIMHOMAMM.

B pesynbpraTe mnomydaroTcs (GOpMyJSibl HHTETPUPOBAHUS, HA3bIBAEMBIC
KBaIpaTypPHBIMU, KOTOPbIE UMEIOT BHJI B3BEIIEHHON CYMMBI OpJIMHAT TAOJIUYHO

3a/1aHHON (DYHKIIMH B OTAEIbHBIX TOUKAX:
b
I=[f )y =T 1 (x,) (32)

rae f(x;) —3Ha4eHus UCXOJHOU (QYHKIIMU B OTAEIbHBIX TOUKAX,
J; — BecoBble KO3()(PULIMEHTHI COOTBETCTBYIOLINX TOYEK.

YeMm MeHbIIIE Y4aCTKH, Ha KOTOPBIX IMPOU3BOAAT 3aMCHY, TCM TOYHCC BbI-

YUCIICTCA MHTCTPAJI. HOBTOMy HCXOI[HBIﬁ OTPEC30K [Cl,b] JJIA IIOBBIIICHUA TOY-

HOCTH I1eJIeCO00pa3HoO pa3OnUTh Ha MHOXKECTBO PABHBIX (MJIM HEPABHBIX) ydacT-
KOB, 3aT€M Ha Ka)XJIOM Y4YacTKe ClIelyeT IPUMEHUTh (POPMYITy UHTETPHUPOBAHUS
U CJIOKHUTh PE3yJIbTaThI.

Ha mpaktuke oObIyHO TpeOyeTcss BBIYMCIUTH MHTErpaJl ¢ HEKOTOPOM 3a-
JAHHOW TOYHOCTBIO, TO €CTh JOJDKHO BBIIOIHATHCA yciioBue R<¢, rue R —
KPUTEPUN TOYHOCTU, & — JOMYCTUMAsi BEJIMYMHA MOTPEIIHOCTH BBIYMCIICHUH.

OmmbKa YMCICHHOTO WHTETPUPOBAHUS 3aBUCUT OT KOJIMYECTBA YYACTKOB
pa3OueHus1, a 3HAUUT — OT BEJIMUUHBI mIara. [lorpenHocTs YUCIEHHOTO WHTET-
pUpOBaHUs B OOJIBIIMHCTBE CIIy4a€B MOKHO OLICHUTH, BBIYKMCIMB UHTErPaJl C UC-

XOJIHBIM aroM i =(b —a)/n 1A n WHTEPBAIOB pa30MEHUsl 00JIaCTU UHTETPU-
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pOBaHUA [a,b] Y aHAJIOTMYHBIM MHTErpaj C YABOCHHBIM I1arom. PazHuua 3Have-
HUW MHTETPaJIa, BBIYUCIEHHOIO ¢ UCXOAHBIM U YMEHBIICHHBIM BJIBOE KOJIMYECT-
BOM HMHTEPBAJIOB pa30HEHMs], OMPEENIeT MOTPEeIIHOCTh YUCIEHHOTO MHTETPU-
POBaHUSI.

CpaBuenue 3(pPpeKTUBHOCTH Pa3IMYHBIX METOJOB MPOBOJUTCS MO CTEHICHH
MOJIMHOMA, KOTOPBIA MOXET OBITh MPOMHTErPUPOBAH JTAHHBIM METOIOM TOYHO,
6e3 omubku. Uem BbIIIe CTETIEHbh HHTETPUPYEMOTo 0e3 OIMOKHU MOJIMHOMA, TEM
BBIIIIE TOYHOCTh METO/A, TeM 3 (PEeKTUBHEE TAaHHBIN METO/I.

3.2. Memod npsiMoy20/1bHUKO8

MeTon mpsIMOYTOJIbHUKOB SIBJISIETCSl HauOojiee MPOCTHIM METOJIOM YHC-
JIEHHOTO MHTerpupoBaHus. [Ipyu UCMONB30BaHUU ITOTO METO/A MOABIHTETPAIIb-
Hasg (yHKIUS [f(x) Ha KaXKIOM Yy4YacTKe pa30MEHUs] 3aMEHSIETCS JIMHEHHOM
dbyHKUMEeH, 3aaaroniel Ha rpaduke ropu3OHTaIbHYIO MpsiMyto (puc. 3.1) Tuma

Yy =c,, Tlle ¢, — 3HaueHHe UCXOAHON (PyHKIMHU B KOHEYHOH TOUKE AJIEeMEHTap-

HOT'O y4acTKa clieBa (METO/I JIEBBIX MPSIMOYTOJILHUKOB) WK CIIpaBa (METO Ipa-
BBIX IIPSIMOYTOJBLHUKOB).

£

»
»

a b X
Puc. 3.1. Mmmroctpaiiust MeTo1a JIEBBIX MPSIMOYTOJILHUKOB

[Ipu pa3dbuenum oTpeska [a,b] Ha 7 4YacTeil C paBHOMEPHBIM IIArOM
h=(b—a)/n dopMmyna UHTETPUPOBAHUS METOJOM JIEBBIX MPSIMOYTOJIHHHUKOB

UMECT BUJ
b n-1 n—1
I=]f s =TS @R =hE ) (3.3)

rac mar HHTCTPUPOBAHUA IIPCACTABIIACT BECOBOU KOC—)(I)(i)I/IHI/IGHT N ABJIICTCA

KOHCTaHTOM /17151 BCEX TOYEK UCXOAHON PpyHKUMU /= f; = const.
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COOTBETCTBEHHO, METOJ] TPABBIX MPSIMOYTOJHHUKOB MOKHO BBIPA3UTh
dhopmyon

b n n
1=If(X)dxz§f(xi)h=hZf(xi) : (3.4)

MeTomoM MpSMOYTOTHPHUKOB MHTETPAN BBIYHUCISCTCS aOCOIIOTHO TOYHO
TOJBKO JJIs1 QYHKITUHN, TIPEJICTABIIIEMbIX TOPU30HTAIBLHON TUHUEH: f(X) = const .

Jist npyrux (GyHKIMA 3TOT METOJl HE HaXOAUT OOJIBIIOTO MPaKTUYECKOro IMpH-
MEHEHUS B CHJTy 3HAUUTEJIbHBIX MOTPEIIHOCTEH.

1
Ilpumep 3.1. Beruucnuth unTerpan [ = _[x Sdx MeTO/IOM JIeBBIX IPAMO-
0

YTOJIBHUKOB U METOJIOM IPaBbIX MPSIMOYTOJbHUKOB, pa3JeNuB 00JacTb MHTET-
pupoBanus Ha 10 1 Ha 100 yyacTkoB. OLIEHUTH MOTPEMIHOCTD BEIYUCICHUM.

Pewenue. AHanuTHUecKOE BBIYMCICHHUE JaHHOI'O MHTCI'pajia OaCT 3HAYC-

Hue [ = ix ! %) =0.25. Pe3ynbTarhl IUCKPETHBIX PACYETOB CBEJECHBI B TAOIUILY.
ITapamerp n=10 n=100
WNHTerpan, BEIYMCIECHHBIM METOIO0M JIEBBIX IIPSIMO- 0.2025 0.245025
YTOJIbHUKOB

WNHTerpan, BBIYMCIEHHBIM METOAOM IpaBbIX mpsaMo- | 0.3025 0.255025
YTOJIbHUKOB

NHTerpan, BBIYMCIEHHBIM METOJOM JIEBBIX IIPSAMO- 0.1600 0.240100
YTOJIBHUKOB C yJBOCHHBIM IIarOM

NHTerpan, BEIYMCIEHHBIM METOIOM IpaBbIX mpsaMo- | 0.3600 0.260100
YTOJIBHUKOB C yJABOCHHBIM IIarOM

OrneHka OMMOKY BBIYMCIEHUM METOIOM JieBbIX mipsi- | 0.05 0.005
MOYTOJIBHUKOB

OrieHka OMMOKY BBIYMCICHUM METOIOM IMPaBBIX 0.06 0.005
MPSAMOYTOJIBHUKOB

B kauecmee peztome no pezyromamam pacuemos. Kak BUTHO U3 TaOIUIIBI,
pe3yibTaT YUCICHHOTO UHTETPUPOBAHUS MPU pa3OMEHUH 00JIaCTU ONpeeiIeHUs
Ha 10 sneMeHTapHBIX y4acTKOB SIBJIIETCS HEYJOBIETBOPUTENIBHBIM, a IPH pa3-
ouenun Ha 100 yyacTkoB oOecrieyuBaeT TOUYHOCTh BO BTOPOM 3HAKE.

O
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[Tpu permeHnn WHXEHEPHBIX 3a7a4 YUCICHHBIMU METOJaMHU C MCIIOJIB30-
BAaHUEM KOMIBIOTEPHBIX MPOTPaMM BCEr/a BO3HHUKACT, C OAHOW CTOPOHBI, TIPO-
Omema BbIOOpa MEXITy OONBIIMM KOJUYECTBOM PACUYCTHBIX TOYEK, OOECredu-
BAIOIMM TOYHOCTH PEIICHHS, HO TPEOYIONIMM OOJNBIINX MAIIMHHBIX PECypCOB,
U, C IPYTOH CTOPOHBI, MAJILIM CYETHBIM BPEMEHEM KOMITBIOTEPA, TTO3BOJISTFOIIIM
HaXOJWUTh pelieHne OBICTPO. 30J10Tasi cepeiMHa OOBIYHO OIPEACTSIETCS «METO-
7I0M TIpo0 W OIIEHKHU OMUOO0K». JIJIsl BRISABJICHHSI ONTUMAIBLHOTO 00BeMa pacuer-
HOM 3a/1aud MPOBOAMTCS YUCICHHOE pelIeHHue ¢ HEOOJBITUM KOJIUYECTBOM TO-
YeK; 3aTeM KOJMYECTBO TOUEK YBEITUYMBACTCS, PEIICHUE TIOBTOPSETCS, U TaK 10
JTOCTIKCHUS 3HAYCHUS, TIPU KOTOPOM PACUETHBIA Pe3yJIbTaT ¢ YYETOM 3aJaHHOMN

TOYHOCTH IICPCCTACT 3aBUCCTh OT KOJIHMYCCTBA PACYCTHBIX TOYCK.

3.3. Memod mpaneuyuti

B merone Tpamenuii moabiHTerpasiibHas QyHkius f(x) 3amMeHseTcs Ju-
HelHo# (yHKIMeH, 3anatomeil Ha rpaduke HAKJIOHHYIO MpsMyto (puc. 3.2) Tumna

Y =cx +cy.

e
y=c¢,+cx e

v

Puc. 3.2. MWmmroctpanus Metoaa Tpaneuui

HNurerpan 3amensieTcss cymmoil mmiomaaeil tpamnenuii. COOTBETCTBEHHO
npu pa3OMEeHUH OTpe3Ka [a,b] Ha 7 4YacTeél C pPaBHOMEPHBIM IIaroM

h=(b—a)/n popMmyia UHTETPUPOBAHUS METOJOM TpaTEIIUii UMEET BU]T

b n—1
I =[f (x ) zZ(f(xi)+f(xi+1))%=
a P=0 (3.5)

=%f(xo>+h2f<xi>+%f<xn) ,
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r7e 1ar WHTErPUPOBAaHUS MPEACTaBISET BECOBOW KOA((UIMEHT U sBISETCS

KOHCTAHTOH I BCEX TOUEK MCXOMHON QYHKIUN h = [5; = const 3a UCKJIIOUYEHU-

€M KpallHUX TOYeK, s KOTOPBIX BECOBOM KOA((HUIMEHT BIBOE MEHbIIIE:

MeTtonoM Tpamnenuii MOXHO TOYHO BBIYUCIUTH TOJIBKO UHTETPAIBI JIMHEH-

HBIX U JUHEHHO-KyCcOUHbIX (yHKUUU f (x ). Ilo cpaBHEHHIO C METOOM MPSMO-

YTOJBHUKOB METOJI Tpaneluuil sSBiseTcs 00Jjiee TOUYHBIM, TOCKOIbKY HUCIOJIb3yeT
JUISL OTTUCAHUS UCXOJHBIX TAHHBIX MOJIMHOM MEPBOTO MOPAIKA.

[TorpemrHOCTh R BBIYKUCIEHWN HWHTErpaja METOJOM TpaIeuid MOMXKHO
OLCHUTH IIPHU UCTIOJIB30BAHUH JBOMHOIO IMPOCYETA €r0 3HAYCHUS C HAYAJIbHBIM U
YBEJIMYEHHBIM BBOE IIArOM UHTETPUPOBAHMUSL:

‘12;1 _In
R (3.6)

rac In u ]Zn — COOTBCTCTBCHHO HpI/I6J'H/I)KeHHBI€ SHAYCHUS MHTCTpAJIa IIpHU YUCIIC

pazOuenHuid n u 2n. @aKTUYECKH MPHU OLEHKE MOTPEIIHOCTH R MPUOIMKEHHOE

3HA4YeHUE MHTerpana /,, BBIYMUCIAETCS C MCIIOJIB30BAaHUEM BCEX 3HAUEHHUM Ta0-
JUYHO 3aJaHHOW (QyHKUMH f (X ), a TIpU BBIYMCIECHUM 3HaA4YCHUs [, Kaxioe

BTOPOE TaOJIMYHOE 3HAaYeHUE QYHKIIUA B CYMMUPOBAHUHU HE YUaCTBYET.

MoxHO HayaTh NPUOIUKEHHOE BBIUMCICHHE HHTErpajia ¢ HEOOJBIINM
KOJINYECTBOM IIaroB, U JAJIEE MOBTOPSTH BBIYMCIICHUE, YBEIWYNUBAs YUCIIO I1a-
roB. YJBauBas Ha KaXKJOM 3Tale KOJWYECTBO JJIEMEHTAPHBIX YYaCTKOB 7 U
KOHTPOJIUPYSI MOTPEUTHOCTh, MOKHO TMOJ00paTh TaKOW IIar WHTETPUPOBAHUS,
KOTOPBIN 00ecreunBaeT 3aIaHHy 0 TOTPEIIHOCTb.

1
Illpumep 3.2. Beruncnuth unrerpain / = I x *dx MeTomoM Tpanenuu. Haii-
0

THU IIar UHTCrpupoBaHuA, O6€CH€‘II/IBaIOIHHI>'I TOYHOCTh BBIUMCIICHUN HWHTCTpaJIa B
TPCTHECM 3HAKCE.
Pewenue. AHaTUTHUECKOE BBIYMCICHUC JAaHHOI'O HMHTCTpaJIa JacT 3HAYC-

Hue [ :%x“ 0 =0.25.

Haunem nmpubimkeHHOE BBIYUCIICHUE HHTETpaja, pa3ous oTpe3ok [0,1] Ha

10 4gacrei, n=10. 3aTemM mocneaOBaTEIbHO CTAHEM YABAWBATH YMCJIO IIAros,
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KOXIBIA pa3 IOBTOPSAsA BbIUKCICHHE. Pe3ynbTaThl NPOM3BEICHHBIX pPACYETOB
CBEZICHBI B TAOJIMILY.

Yucino pa3ouenuil | 3HayeHue unTerpana | OmunOKka BHIYUCICHUM
n 1 R

10 0.062960

20 0.250625 0.06

40 0.250156 0.0002

80 0.250039 0.00004

B xauecmee pesiome no pezyromamam pacyemos. C yBEIMYECHUEM YUCIIA
pa30MeHuil pacueTHBI pe3yabTaT CTPEMUTCA K TOUHOMY 3HAUYEHHUIO, BBIUNCIICH-
HOMY AHAJINTHUYECKU. B NpPOM3BENEHHBIX pacyeTax TOYHOCTh BBIYMCIICHHUS JaH-
HOT'O MHTErpaja B TPETbEM 3HAKE C UCIIOIb30BAHUEM METO/1a TPAIleLIuil HAJEHKHO
JIOCTUTAETCS MpHU pa3dHeHuu 00JacTH MHTerpupoBaHus Ha 40 3IEeMEHTapHBIX
Y4aCTKOB.

O

3.4. Memod CumMncoHa

Meton 6a3upyeTcsi Ha 3aMeHEe IMOABIHTErpaJibHON (YHKIUU KBaJpaTHy-
HBIM TOJIMHOMOM, 3aJaroliuM Ha rpaduke mapadosy. [lapabGoma ctpoutcss Ha
KaXJIOM 3JIEMEHTApHOM y4YacTKe MO TpeM ToukaM (puc. 3.3) — 1o JIByM KOHEY-
HBIM TOYKaM M OJHOI cpenuHHOM. [lo 3TUM TpeM Toukam ompeneisitoT (QpyHK-
U0 Tapaboibl — MOJMHOM BTOPOIO MOPS/IKA, KOTOPBIA JIETKO UHTEIPUPYETCS
AHAIMTHYECKH U oOecreunBaeT 00Jiee BHICOKYIO TOYHOCTh [0 CPABHEHUIO C Me-
TOOOM MPSIMOYTOJIBHUKOB WM Tpamneuuil. [lpm pemeHun 3amadym MeToaoM
CumricoHa nHTEpBaji pa30MBAIOT TOJBKO HA YETHOE YUCIIO YYACTKOB.

fx)
/

A

v

a b X

Puc. 3.3. Mnmoctpauust metona Cummcona
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[Ipu pa3Ouenun otpeska [a,b] Ha 2n 4actedl C paBHOMEPHBIM IIArOM

h=(b—a)/2n dopmyna uaTerpupoBaHus MeTo10M CHUMIICOHA UMEET BU/T

I:[jf(x)dxz

hf(x,) 4h 2h -l hf (x,,)
~ /(%o +_Zf(x2i—l)+_2f(x2i)+_f e = (3.7
3 33 33 3
2n
= Zﬂzf (x;) ’
i=0
r7ic 1Iar WHTErpPUpPOBaHUS OOYCIOBIMBAET BECOBON KOA(D(PUIMEHT, KOTOPBIM
pasinyaercs A OpAMHAT C HEUETHBIMU M YETHBIMU HOMepaMmu: f, = f, = % ,
4h 2h
,Bl :,33 :"':ﬂn—l :?a ,32 :,B4 = Pu2 :?

ITorpemHocth R BbIYKCICHUN HHTErpana MetoaoM CHUMIICOHA MOXKHO
OIICHUTH MPHU BHITIOJIHEHUHU JBOMHOIO MPOCUYETa €ro MPUOIMKEHHOTO 3HAYEHUS C

Ha4YaJIbHBIM U YBCIIMYCHHBIM BJIBOC IIaroM HHTCTPHUPOBAHUAL

Eon " Znl (3.8)

rae [,, u I, — COOTBETCTBEHHO 3HAYECHUs UHTETpaja IIpU KOJIUMYECTBE yU4aCTKOB

pazOuenus 2n u n. YaBawBas Ha KaXIOM dTale KOJIUYECTBO AJIEMEHTAPHBIX
Y4aCTKOB M KOHTPOJIUPYS MOTPENIHOCTh, MOXHO MOJ00paTh TaKOW IIar WHTET-

PUPOBaHMS, KOTOPBIN 0OecTieunBaeT 3aJaHHYI0 OTPEIIHOCTb.

1
Ilpumep 3.3. Beraucnuth npubIMKEHHO UHTETpan [ :j METOA0M

o1+ x7

Cumncona. Haiftu mar uHTerpupoBaHusi, o0ecreuMBarOlIMi TOYHOCTb BBbIYHUC-
JIEHWW MHTETpaja B TPEThEM 3HAKE.

Pewenue. AHanuTHUECKOE BBIYMCICHHUE JAaHHOI'O MHTCIpajia OaCT 3HAYC-

mue [ =arctg(x )|y =0.7853981634 . Haunem dyucEHHOE ONpeieNeHHe HHTe-

rpana ¢ pa3zbuenus orpeska [0,1] Ha 2 smeMeHTapHBIX ydacTka, n =2; Toraa

X, =0, x, =05, x, =1, h=0.5. 3arem Oynem mnocien0BaTEeIbHO YABAUBATH
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YUCJIO MIaroB MHTCTPUPOBAHUA W ITOBTOPATH BBIYHCJIICHUA. P C3yJIbTAaThl IIPOU3-

BCIACHHBIX PACUYCTOB CBCICHLI B Ta6J'II/IHy.

Yucino pa3ouennii 3HayeHue uHTerpana  OmmOka BBIYMCIECHUN

n 1 R

2 0.783333333

4 0.785392157 0.002

8 0.785398126 0.000006

C yBenuueHueM yucia pa3OMEHUN PACUETHBINM pPe3yJbTaT CTPEMUTCS K
TOYHOMY 3HAYEHHIO, BBIYMCICHHOMY aHAJTUTUYECKH.
O

TouHOCTh MPUOTUKEHHOTO BBIUYUCICHUSI UHTETPAJIOB C UCIIOIb30BAaHUEM
Meroaa CUMIICOHA JTOCTUTAETCS TIPHU 3HAYUTEIHHO MEHBIIEM YHUCIE pa30oueHUi
00JIaCTU HMHTETPUPOBAHUS 1O CPABHEHHUIO C METOJOM MPSIMOYTOJBHUKOB WIIH

METOJIOM TpaneLui.

3.5. Memod HeromoHa-Komeca

Meton mpenmnonaraer 3aMeHy MOJBIHTETPATbHOW (YHKIIMH MOJIMHOMOM
k -ro nopsanka. PacuetHas popMyna a1 OHOTO 3JIEMEHTAPHOI0 y4acTKa UMEET

BUJT
b k k
I =[f (x)dx z(b—a)zaf(xi)ﬁi =§ﬂ,~f (x;), (3.9)

rae k+1 — 4uciao OpAMHAT, UCMONB3YEMBIX [JISl ANMpPOKCUMAIMU MOAbIHTE-
rpaJlbHOM (PyHKIMM; U BECOBbIE KO3(PPUIUUEHTH! f; cllaraéMblX 3aBUCIT OT KO-
>¢ppuunenros Herorona-Koreca H, :4,=(b-a)H; , xy=a ,
x;=a+i(b—a)lk .

Jlyist 3aMeHBI MOJBIHTETPAIBHON (DYHKIIMH TTOJIMHOMOM TPEThEH CTENeHU
notpedyercs 4 TOYKH, TOTUHOMOM YETBEPTON CTemeHu — 5 Todek u T.1. Koag-
¢unuentsl HetoTona-Koteca H,; He 3aBUCAT 0T QyHKIUHU f(X), OIPEAEIISIOTCS
TOJIBKO MOPSIKOM MOJIMHOMA K ; M 3TO K€ 3HAYEHUE PaBHO HEOOXOAMMOMY KO-
an4decTBy MHTepBajoB pazOuenus. Koapounuents: Hetorona-Koreca mpusene-
HbI B TAOJIUIIE.
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[opsanox nonuaoma | Koadpdunments: Hetorona-Koreca

k H,

: HO:HI:%

2 Ho:Hz:% Hl:%

3 H0=H3=% leﬂzzg

! HO:H4:% H1:H3:% Hz_E

’ H0:H5:21_898 1= 422 H2:H3:124_54

MoxHo yOenuTbCs B TOM, YTO METOJIbl UMCIEHHOTO HHTETPUPOBAHUS,
PacCMOTpPEHHBIE BBIIIE, SIBIISIOTCS YacTHBIM ciiydaeM meTtoja Herotona-Koreca,
a UMEHHO: Npu k =1 mosydyaeM MeTOJ Tpameuuil, npu k =2 mnoiaydyaem MeTO[
Cumncona. Meroa Herorona-Koteca gaet ycroiduuBbli pe3ynbTatr mpu k <10.
Bonbuine 3nauenust nopsiika Opath HE CIETyeT.

[Ipu pa3OueHnn Bcero MHTEpBaja Ha 1 3JEMEHTApPHBIX YYacCTKOB (HOpMY-
1y (3.9) MOXHO MPUMEHHUTH JUISl KaXKJAOT0 y4acTKa, a MOJYYEHHBIE PE3YIbTaThl
BBIYHMCIICHUH CIIOKUTb.

3.6. MemoO Yebbiwesa

Panee MbI paccMoTpenu (opMysibl MHTETPUPOBAHUS C MOCTOSHHBIM IlIa-
IOM, OHM MMEIOT IPOCTOI BUJ, HO MX HCIIOJIb30BAHUE HE BCErZa IPUEMIIEMO C
TOYKHU 3pEHUS BBIUMCIUTENBHON 3 dekTuBHOCTH. Meroa YeObleBa npeamnoia-
raeT OJMHAKOBOE 3HaYCHHE BECOBOro KO3 (dULMeHTa sl BCEX LIaroB MHTErpU-
pOBaHUs, HO IPH 3TOM HHTEPBAJ HUHTETPUPOBAHUS [a,b] pasOuBaeTcsl Ha dJe-
MEHTapHbI€ YYacCTKHU MPOU3BOJbHO. CaMa nepeMeHHas MHTErpUPOBaHUs TPaHC-
dbopmupyeTcss X —> z U NPUBOAMUTCS K AHANA30HY [— 1,1] COTJIACHO CIIENYIOIIEMY

MpaBuiIy:

_a+b b-a

X +
2 2

z. (3.10)
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CDOpMy.Ha YUCJIICHHOT'O MHTCTPUPOBAHUSA MECTOAOM YeOrnImeBa nMeeT BHUJ

b—a
k

b 1 k

I=[fx)dx =[f(z)dz = Sz, (3.11)
a -1 i=l

rae K0dQGUIreHTh £ 0003HAYaI0T YHUCTIO OPJUHAT, UCTIONB3YIOIIMXCS TPU pac-

YyeTax Ha OTACTbHBIX y4yacTkax. [IoTMHOM MOKHO MHTETPHpPOBATH 0€3 OIMIMOKH

npu 3HaueHusax k ot 2 1o 9. CoorBeTrcTByONIME KOADDUIIMEHTaM k TapaMeTphl

Z, NIPUBEJICHBI B TAONIUIIE.

Yucno opaunar [IpuBenenHble abcuucchbl

k z,

2 -z, =2,=0.577350

3 -z, =2,=0.707107 z,=0

4 —z,=2,=0.794654 —2z,=2,=0.187592

5 —z,=2,=0.832498 -z,=2,=0.374541 z;=0

3.7. Memod lNaycca

Meton He ¢puKcHpyeT B KadecTBe KOHCTAHT HU BECOBBIE KOI(DPUIIMECHTHI,
HU aryu pa3OueHust HHTepBalia UHTEerpupoBanus. [lepeMeHHast HHTETpUPOBAHUS
TpancopMHUpYyeTCsS X —>z ¥ IpuBOAMTCA K auamasony |—11] mo dopmye
(3.10) ananornuno Merony YeOnimeBa. Bce BecoBbie ko3ppuuueHTs! fS; U mpu-
BeZICHHbIEe a0cuuccehl z; B MeToJe ['aycca MoryT umers pasHble 3HaueHus. Pop-

MyJla YUCIIEHHOTO HHTErPUPOBAaHUS METOIOM | 'aycca uMmeeT BUJ

I =[f s - }lf(z)dz zb;“iﬂiﬂz» , (3.12)
Il COOTBETCTBYIOIIME KO3PPUIMEHTaM k mapameTpbl z; U [; NPUBEICHBI B
TabuIe.
Yucino [TpuBenennsie abcuuccsl z; | BecoBble koapduumeHTs! L,
OpJIMHAT
k
2 -z, =2,=0.577350 =5 =1
3 —z,=23,=0.774597 z,=0 | B, =p;=0.555555 p, =0.888889
4 -z, =2,=0.861136 B =B, =0.347855
-z, =2z, =0.339981 B, =, =0.652145
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BOﬂpOCbl ons CaMOKOHMPOJis

1. MOXHO JI1 METOJIOM TPSIMOYTOJILHUKOB TIOJYYUTh TOYHOE 3HAUYCHHUE OIpeie-
JIEHHOTO UHTerpasna’?
2. Kak yMeHBIIUTH B METOJIE TPANEINi MOTPEITHOCTh HAXOXKICHHS ONPEIEICH-

HOTO UHTETrpana?
1
. 3
3. Haiigute mpubnmxkeHHOE 3Ha4YeHHE WHTerpana [ :jx dx, pa3OuB yd4acToK
0

uHTerpupoBanus Ha 10 yacTeil, METOIOM JIEBBIX HNPSIMOYTOJIbHUKOB, METOJIOM
Tpaneuuii, Merogom Cumricona. OLEHUTE MOTPENIHOCTh YUCIEHHOTO HWHTET-
pUpOBaHUs.

TEMA 4. UuTepnonauus

«B 11060M HAbOpe UCXOOHbIX OAHHBIX CaMas HAOEHCHAS BeIUYUHA,
He mpeoyouas HUKaKol npoeepKu,

A6NAEMCS OUUOOUHOUY

U3 3axonoe Mepghu

4.1. KoHyenuyusi uHmepnonsayuu

JIMCKpeTHOE pEelIEHNEe MHKECHEPHBIX 3a/1a4 C MCIOJb30BAHUEM KOMIIBIO-
TEPHBIX MPOrpaMM TpeOyeT BBEIECHUS MCXOJHBIX JAaHHBIX JJIA pacuera B BUIE
Ta0NMMYHO 3aJlaHHBIX (QYHKIUNA. 3HAYCHHUS] NUCKPETHOW (DYHKIIMH TOTyYarOT
TaK)Ke MPU U3MEPEHUH PA3JIMYHBIX MMapaMEeTPOB U CBOWMCTB C MOMOIMIBIO MPUOO-
pOB. BBeZIEeHHBIE WM MMOJYYEHHBIE B PACUETE JUCKPETHBIC TAHHBIC IPHU UX JaJb-
Helmel o0paboTKe WM MpPU BBHIMOIHEHUH BBIYHCICHUN C UX y4acTHeM TpeOy-
10T, KaK MpaBuio, HHTEpHoysiiuu. OCHOBHAS 3a/1aua MHTEPIOJISIIIUN 3aKII0YaeT-
Csl B 3aMEHE TaOJIMYHO 33JJaHHON (PYHKIMU MPOCTON aHANUTUYECKOU (DyHKIIHEH
U 3aT€M HaXOXJCHUE C €€ MOMOIIbI0 MPUONMKEHHBIX 3HAYEHUN B T€X TOUKAX
BHYTpPH UHTEpBaja, rjae UcXoaHas (yHKIHUS HE 3a/laHa.

CymiecTByroIMe TaHHBIE MOKHO HCIOJB30BaTh TAKXKE TSI TOTO, YTOOBI
NpUOTMKEHHO OLIEHUTHh BO3MOKHBIE 3HAUCHHS MapameTpa 3a IMpejesiaMH orpe-
neneHHol obnactu. Takyro «9KCMaHCHIO» 3a MpeJieNibl UCXOAHON 00acTH omnpe-
NENEHUsI OCYLUECTBISIIOT C MOMONIBIO 3KcTpanoisuuu. llox skcrpanonsuueit
MOHUMAIOT NMPHUOIMKEHHOE BOCCTAHOBJICHHE (DYHKIIMM B TOUYKAX 3a MpeeraamMu
3aIaHHOTO MHTEPBAJIA.
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BaxkxHoe nmpuMeHeHUE MHTEPHOJALMS U HKCTPANOJSALMS HaXOAsIT B 00Opa-
00TKE HKCIEPUMEHTAIbHBIX JTaHHBIX, TOJYYEHHBIX, HAIPUMED, UCCIeI0BaTENs-
MU B U3MEPEHUSX WM UHXKEHEPAMH MPU KOHTPOJIUPOBAHUHU TEXHOJIOTUUECKUX
npoueccoB. ['paduueckas untepnossnus TMHUSIMEU be3be ncmnoab3yeTcs Bo BCexX
KOMIIBIOTEPHBIX MpOrpaMMax, OPUEHTUPOBAHHBIX HA KOHCTPYHPOBAHHE U CO3-
JaHue N300paKeHU METOJaMHU BEKTOPHOU rpauKH.

Petienuie 3agaun UHTEPIOSALNN 00ECIIEUNBACTCSI TOCTPOCHUEM aHAIUTH-

YeCKOW HMHTEPHOMAUMOHHON (PyHKIMH L(x), TpUOIMKEHHO 3aMEHSIOIIEH HC-
xoaHyto (yHkimio f(x;), 3anaHHy0 Tabnu4yHO. MHTEpnoasuMoHHas (yHKUIUS

MPOXOJUT Yepe3 BCE 3aJaHHbIe UCXOAHbIe TOUkH (puc. 4.1). McxoaHbie TOUYKH
Ha3bIBAIOT V31AMU UHMEPNOTIAYUU.

C moMOIIb0 MHTEPIOISAIIMOHHON (PYHKITUN MOYKHO PAcCTIPOCTPAHUTH Tab-
JUYHO 33JaHHYI0 (QYHKIIMIO HA T€ 00JIACTH, B KOTOPBIX TOYHOE 3HAYCHUE UCXO]I-
HOM (DYHKIIMM HEW3BECTHO, M TaKUM OOpa3oM MPHUOIMKEHHO BBIYUCIUTH BEJH-
YUHY MCKOMOIO MapameTpa B IPOU3BOJBHON TOYKE, HE COBIIAIAOIIEH C UHTEP-
MOJISALIMOHHBIM Y3JI0M.

A

f(x)

»
b d Ll

X

Puc. 4.1. Uatepnonsmusi TMCKpeTHOU (PYHKITUH
JMHEHHBIMU UHTEPIOIALUOHHBIMU QYHKIUSIMU

B cBsi31 ¢ BbINOJIHEHUEM HUHTEPIOISAIMOHHON MPOLEAYPHl GOPMYITUPYIOT-
Csl M PEIIAOTCS CIEAYIOIINE 3a0auH:
1) BeIOOp HamIyuleld UHTEPNOIAIUOHHON PyHKIMKU L(X);

2) OLIEHKA MOIPEIIHOCTH UHTEepHOIALMKN R(x);
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3) onTHManbHOE pa3MEIIEHUE Y3JIOB MHTEPIONALMH (Xy,X,,...,X,) I

oOecrnieyeHrss HauOOJbIIEH BO3MOXHOW TOYHOCTH BOCCTAHOBJICHHUS TAaOJIMYHO
3aIaHHON (YyHKIIUH.

[TepBas u3 nepedncaeHHbIX TPOOIEM HUHTEPIOSMH Yalle BCEro peliaeT-
csl BBIOOPOM B KaueCTBE MHTEPHOJSIMOHHON (QyHKIMM mosnuHoMa L (x), mpo-

XOJISILET0 Yepe3 3aaHHble TOUKU. C BBIYMCIUTEIBHON TOYKH 3PEHUS TOJTUHOMBI
MMEIOT II0JIE3HBIE CBOMCTBA, & UMEHHO, IIPOM3BOIHBIE U UHTEIPAIBI OT ITOJIUHO-
MOB TaKX€ SIBJISIIOTCS MOJMHOMAMH. JTO O3HAYAET, YTO BBIYMCIICHUS C UCIIOJb-
30BaHUEM IIOJIMHOMOB B Ka)KJIOM TOYKE CBOIATCA K BBIIIOJIHEHHUIO TOJIBKO OIlepa-
LN YMHOYKEHHUSI U CIIOKEHHS.

Bce nHTEpNONAIMOHHBIE METO/bI, OA3UPYIOLINECS HA UCIIOJIb30BAHUU I10-
JMHOMOB B Ka4€CTBE MHTEPIOISAUMOHHON (PYHKIMH, IPUBOJAT B UTOrE K OJHO-
MY €IMHCTBEHHO BO3MOXKHOMY pe€3yJbTaTy. ITO OOBACHAETCS TEM, YTO MOJIMHOM
1 - CTENEHU, COJICpKAINMN # + |1 mapamerp U NPOXOIAIINN Yepe3 BCE 3aJaHHbIC
n+1 TOYKM, — €JUHCTBEHHBII. bosiee TOro, MOJIMHOM MOXHO IPEJCTaBUTh KaK
yceueHHbI psan Teinopa, B KOTOPBINA pa3iokWId UCXOIHYIO AuddepeHuupye-
Myt QyHkuuioo. CyliecCTBOBAaHME M €IMHCTBEHHOCTh PEIICHUs SIBISETCS IJaB-
HBIM JJOCTOMHCTBOM MHTEPIIOIALNN IIOJTUHOMAMH.

B o01iem Buzie MOJIMHOM CTENIEHU 1 UMEET BUJ

n
P(x)=cy+cx+..tc, X" +e,x" = e xt . 4.1)
k=0

B kadecTBe MHTEPHMOISAIMOHHBIX (YHKIMA MOTYT OBITh HCIOJIB30BaHbBI
TaKke TPUTOHOMETPUUECKHE, SKCITOHEHIIUAJIbHBIC WK Apyrue GyHkiuu. Beioop
TOM WJIM WHOW MHTEPNOISIUOHHON (PYHKIIMM OOYyCIIOBJIEH KOHKPETHOM mocra-
HOBKOW 33/1a4¥ U O’KUJAEMBbIM U3MEHEHUEM aHaJIu3upyemoro napamerpa. M3me-
HEHUE MapameTpa onpeaesieTcs ero puznueckon npupoaoi. Bo MHorux ciyya-
ax ¢uznyeckas Mpupoaa UCKOMOTO mapaMmerpa u3BecTHa. Hampumep, Temmepa-
Typa U3MEHSETCS 0 SKCIIOHEHTE, a ynpyras AepopMaliisi HapacTaeT JIUHEIHO.

4.2. Memoo JlazpaHxa

Merton Jlarpanka ucCnoyib3yeT B Ka4eCTBE MHTEPIIOJISIIIMOHHON (YyHKIUU
HOJIMHOM 7 -0 TIOPSIIKA U T03BOJISIET TaOJIMYHO 3aJaHHyt0 QyHKIM0 f(X,)=y,,
i =0,...,n, 3HAYEHUSI KOTOPOU U3BECTHBI B 7 + | TOUKaX, BOCCTAHOBUTH B IIPOU3-

BOJILHOM TOUKE X , IPUHAIEKAIIEH OTpesKy [x,,x, |.
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[Tonmuuom Jlarpanxa n -ro nopsiika UMEeT BU/L

L, (x) = f(x0) A () + oo+ [ () A4 (X) + oo+ [ ()4, (%) = éyiAi (x), (4.2)

(x = X)X = x; (X = X4p) (X — X))
(x; = x0)--(x; = X, = Xp4)--(x; — X))

COJCPIKAT B HHUCIUTCIIC N COMHOXKHUTEICH IEPBOIro MmopsaaKa, a B 3SHaMCHATCJIC —

rine ko3¢ ¢puuueHTsl noauHomMa A, (x) =

IMPOU3BCACHUC YUCCII; ITPUYUCM B IICPCMHOKACMBIX PA3HOCTAX YUCIIUTCIIA U 3HA-
MCHATCIIA NPUCYTCTBYIOT BCC MHTCPIOJIIUOHHBIC Y3JIbl 3a UCKIIFOUCHUCM TCKY-
mero.

HCpr,Z[HO 3aMCTUTh, UYTO IIPU BBIYHUCJICHHUU IMOJIMHOMA HCIIOCPCACTBCHHO
B HMHTCPIOJIIOIMOHHBIX Y3J1aX, KOrJda 3aJaHHBIN APryMcCHT HHTepHOHHHHOHHOﬁ

(I)YHKHI/H/I paBeH x = xj ) KOS(b(i)I/IHI/IGHTBI IMIOJIMHOMA IMPUHUMAIOT 3HAYUCHU !
(o = xg)- () = X)X = X)) = X)) — )
(x; = X0 )X, = X, )X = Xipp)een(X; — X,,)

TIOCKOJIBKY B 3TOM CJIy4ae B YHCIIUTENC IPUCYTCTBYET PA3HOCTE (x; —x;), U

A(x;)= =0,ecmu i # j;

Al-(Xj):Al-(xi): (xi _‘x())"‘(‘xi _xi—l)(xi _xi+1)"‘(‘xi _xn) :1, ecIn l:];

(o; = x9)-- (o = X (X = X)) (x; — )
MOCKOJIBKY B 3TOM CJIy4ae YHCIUTEIb PABEH 3HAMEHATEIIIO.
Torna cam moMMHOM B MHTEPHOJSALUOHHBIX y3/1aX MPUHUMAET COOTBETCT-
BYIOILME 3HAYCHUS UCXOAHOM PyHKImMK: L, (x;)= f(x;).

Ilpumep 4.1. Onpenenuth noJuHOM Jlarpawka nmst muHeHHON (QyHKIHH,
IIPOXOMSAIINN Yepe3 ABE TOUYKHU (Xx,,),) U (Xx,,),).
Pewenue. Jlunelinas (QyHKUUS MHTEPHOJUPYETCS MOJIMHOMOM IEPBOIO
nopsiaKa:
X—x X=X,

L (x) =y, 4,(x) + »,4,(x) = y, —+ : (4.3)
Xy =X X=X,

nocie mpeoOpa3oBaHUs TMOMYYUM JIMHEHHYI0 WHTEPIONSIMOHHYIO (YHKIHIO,
KOTOpasi MIPUHUMAET 3HAYEHMsI UCXOAHOW TaOJIMYHO 3alaHHOW (YHKIMU B UH-
TEPHOJSILIMOHHBIX Y3JIaX, MPUYEM IMOJIMHOMUAIBHBIE KO3()(QHUIIMEHTHI BbIpaka-
I0TCS 4epe3 KOOPAMHATHI UHTEPIOIALMOHHBIX Y3II0B:

Yi— D)o YVoXi — V1%
L(x)= X+ . 4.4
)= e (4.4)
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Pemas npumep 4.1, cienyer oOpaTUTh BHUMAaHHE Ha OYEBHJIHBINA CIIOCOO
HOCTPOEHUSI HHTEPIOJSIIMOHHON (PYHKIIMM: U3 YCIOBUS MPOXOKIACHUS QyHKIUU

4epe3 BCe TOYKM MOXKHO COCTaBUTh CHCTEMY YPAaBHCHUH THIA ) ; = Zaixj. , U3
i

pEIICHHs] KOTOPO HEMOCPEICTBEHHO BBIUUCISIOTCS MOJMHOMUANIbHBIE KO3 du-
nueHThl. [Ipy Mamom KoJMyecTBe MHTEPIOISAUMOHHBIX Y3JI0B TAKOM METOJ MpH-
eMJIeM, HO OH CTaHOBUTCS HEI(P(EKTHUBHBIM B ciiydyae OOJBIIOIO YMCIa aHAIH-
3UpyeMBbIX To4eK. Koraa KoJM4ecTBO MHTEPHOJSLUOHHBIX Y3JI0B BEJIUKO, K SIB-
HOMY BBIYUCIICHHUIO KOI(P(PUIMEHTOB MOJIMHOMA HE MPUOEraroT, BMECTO ATOrO
UCIIOJIB3YIOT BBIUMCIUTENBHYIO MPOLEAYPY, OCHOBAHHYIO Ha ONpEIEICHUU
BCIIOMOTaTEIbHBIX MOJUHOMOB COTJIACHO PEKYPPEHTHOMY COOTHOIIEHUIO.
Ilpumep 4.2. T'opuzonTanbHasg Oanka IIMHOW 1 M C KBaJIpaTHBIM CEYCHHU-
eM u BbicoTor 0.01 M 3akperieHa B Touke x =0; B Touke x =1 M nmpuiioxkeHa
cuna 100 H, HanpaBneHHass BEPTUKAIBHO BBEPX, IPOTUBOIOJIOKHO YCKOPEHUIO
rpaBuTaluu. M3BECTHBI BEPTHKAIbHBIE IEPEMELIEHUS ); paccMaTpUBAEMOM

OaJIKK B HECKOJILKHUX TOYKaX X; ; OHM IIPUBEICHBI B T3.6J'II/II_[€.

ITIpoBecTu nHTEPNOISALKUIO METOIOM JlarpaHka U3BECTHBIX MEPEMELICHUN
U BBIYUCIUTh BEPTHKAJIbLHOE IIepeMeIlleHHe Oallku B TOYKE C KOOPJAMHATOMN
x =0.9M ¢ nucnonp3oBanueMm 2, 3 v 4 HHTEPIOIALUOHHBIX Y3J0B.

KomunuectBo Y3JIOB HHTCPIIOJIAINA

N=2 N=3 N =4
I | X,M |y, ,CM I | X,M |}, ,CM I | X,M | y,CM
0]1.0 0.20080 |0 1.0 0.20080 |0 | 1.0 0.20080
1]0.8 0.14137 |11]0.8 0.14137 |1 0.8 0.14137
210.7 0.11315 |2 0.7 0.11315
3106 0.08675

Pewenue. Pactiuiem noanHom Jlarpana U BBIYMCIMM 3HAYEHUE UHTEP-
MOJISIIMOHHON (DYHKIIMM B MCKOMOM TOYKe. ECIM 4MCIO y3710B MHTEPIONSITUN
paBHO N, TO NOPSAOK COOTBETCTBYIOIIETO MHTEPIIOISLIUOHHOIO IMOJIMHOMA 7
Oyzaer Ha eAMHULY MeHble: n=N —1.

N=2
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Li(x)=y,4y(x) + y,4,(x) =y,
Xo =X X —Xp

L(x=0.9)=0.17109

N =3
Ly(x) = oAy (x) + ¥ 4, (%) + y, 4, (x) =

(x = x)(x —x,) (x —xp)(x — x,)
’ (xg —x)(xg — ;) 1 (X —x0)(x; — ;)
L,(x=0.9)=0.17059

(x —xp)(x — x;)
? (X3 = x0)(x; —xp)

N=4

Ly (%) =y 4y (%) + 114 (%) + 1, 4, (x) + y34;(x) =

_ (x = x)(x — xp)(x — x3) (x = xp)(x — X )(x — x3)

e (g = x1)(xg = 2x;)(xg = x3) 1 (= X0 )0y = 25)(x; = x3)
(o = xp)(x —x; )(x — x3) (x = xp)(x —x)(x —x;)

(0, = X0 ) (X = x;)(x; = x3) ’ (o3 = x )3 — X )(x3 = x,)

Ly(x=0.9)=0.17079

+

PesynbraThl BhIUMCICHUI CBeACHBI B TaOmuily. M3BeCcTHO sKCIepUMEH-
TallbHOE mepemenieHrne O0anku B JaHHOU Touke: y(x =0.9)=0.17078, nosromy

€CTh BO3MOXXHOCTb OIIEHUTh TOYHOCTh pacyeToB. B Tabmwuiie cBeneHbl pacyer-
HbI€ 3HAYEHUS NEPEMEUICHUM M NPUBEACHbl 3HAYEHUS] OLIMOKU NPUOIMKEHUS
IUI PacCMOTPEHHBIX BApUAHTOB HHTEPIIOJALMOHHBIX MOJMHOMOB. Hambornee
OJIM3KUM K U3BECTHOMY PELICHHUIO SIBJSIETCS PE3YJIbTaT UHTEPIOJISALUU 110 YEThI-
PEM TOYKaM.

KommaecTBo Berauciaennoe AOGcomoTHas
y3JI0B BEPTUKATBHOE OIIMOKA BBIYHUC-
UHTEPIOJISIUN nepeMeIleHne, CM | JICHUM, CM
N y Ay
2 0.17109 0.00031
3 0.17059 -0.00020
4 0.17079 0.00001

NHTepnonssunoHHbIE TTOIMHOMBI JIarpan:xa UMEIOT IPOCTOM BUA U 4acTO
UCIIOJIb3YIOTCS JIJI1 TEOPETUYECKOTo aHanm3a. OJHAKO ¢ TOYKHU 3pEHUS MPaKTH-
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YECKUX BBIYMCICHUN PACCMOTPEHHOE 37€Ch HEPEeKypPPEHTHOE MpEeCTaBICHUE
NPUMEHUMO TOJIBKO JUIS MAJIOTO KOJIMYECTBA MHTEPIIOJISLUOHHBIX Y3JI0B 71, KaK
npaBuiio, He 6obie 10.

C yBenmuYeHUEM 7 PE3KO YBEIMYUBAECTCS 00BEM BBIYMCICHHM, IPU 3TOM
COMHOXXHUTEJIH B MOJMHOME CTAHOBSTCS TPOMO3JKHUMH M HAaUYWHAIOT CHUJIIBHO OC-
[IJUTUPOBATH M3-32 HAKOIUICHUS apU(PMETUYECKUX OLITHOOK.

4.3. Memod HbromoHa

WNurtepnonsauus no ¢opmynam Herotona sddexrtuBHa npu o00paboTke
0ombII0T0 00BheMa TAOTUYHBIX JAHHBIX U PABHOMEPHOM PACIOJIOKEHUM UHTEP-
MOJIIMOHHBIX y3/I0B. PaccTosiHre MEXITy y3maMH JOJDKHO OBITH OJMHAKOBBIM.
MeTtoa 1mo3BOMISIET MPOTHO3UPOBATH 3HAYEHHME AMCKPETHOM (YHKIUU, HE pas-
MBIIUISISE O BBIOOpE M TOCTPOCHUN MHTEPIOIAIMOHHON GyHKIMH. B MeTone nc-
M0JIb3YETCS IOHATHE KOHEUHBIX Pa3HOCTEH, KOTOPBIE ISl TUCKPETHBIX (QYyHKIUH
ABJIIIOTCSL aHajoramMu Jud@epeHnranoB HenpepbiBHbIX (yHKUMd. [lycTh unc-
XoAHas pyHKUMs 3a7aHa TabaudHo i n+1 Touek f(x;)=y,, i=0,..,n, pac-
MOJI0KEHHBIX PAaBHOMEPHO Ha YHCJIOBOM OCU COIJIACHO YCIIOBUIO X, =X; + /1,
IpUYEM IIar Mo ocHu abClKMCC MOKHO BBIPA3UTh Yepe3 KpailHue 3HAaYeHUs] UHTEep-
Bana: h=(x, —x,)/n.

Onpeoenenue koueunvix paznocmeti. KoHedHble pa3HOCTH HYJIEBOTO IO-

pamka Ay, paBHBI 3HaueHHAM (YHKIMM B HHTEPHONSAIMOHHBIX y3IIax:
A’y, = y,. KoHeuHBle pa3HOCTH TIEPBOTO MOPSIKA PABHBI PA3HOCTAM MEXKIY 3Ha-

1
YEeHUSIMH (DYHKIIMU B COCETHUX y3J1aX UHTEPIONALUUUA Ay, =V, — V;.

I/ICHOJ'II)SYH KOHCYHBIC PA3HOCTHU IICPBOI'O IIOpsAAKa, MOKHO BBIYHCIINTDH
KOHCYHBIC PAa3HOCTH BTOPOI'O IMopsAaKa:

Azyi :Alym _Alyi =Vis2 = Vi) = Qi — i) - (4.5)

[To aHaJIOTUK MOKHO TPOJIOJKUTH BBIUUCICHHE KOHEUHBIX pa3HOCTEH 00-
Jiee BBICOKUX MOPSAKOB. METOAOM MaTreMaTH4YeCKOW WHAYKIHUH MOXHO JOKa-
3aTh, UTO KOHEYHAas Pa3HOCTh k -rO TMOpsJAKa B [-W TOYKE BBIYUCISETCS uyepes
KOHEUHBIC pa3HOCTH Oosiee HU3KOro rnopsaka (kK —1):

Akyi :Ak—ly _Ak_ly,

1

(4.6)

i+1

46



Ocpanuuenue koneunvlx pasnocmeti. Ilpy Hanuuum n+1 TOYEK B UCXOJ-
HBIX JITaHHBIX KOHEUYHYIO Pa3HOCTh MEPBOTO IMOPSIAKA MOXHO BBIYUCIHUTH IS
MEPBBIX 7 TOYEK; a KOHEUHYIO Pa3HOCTh Kk -TO MOpPsAJIKA — TOJBKO JJISI TIEPBBIX
(n —k +1) Touex.

C y4eToM KOHEYHBIX Pa3HOCTEN MHTEPIOIAIMOHHbIA MHOTOUYIEH HproTO-

Ha MPEICTABIISAETCS CIEAYIOIIUM BbIPaKEHUEM:
2
Ayy(x —x,) n A"y (x —xp)(x — x;) n
h 2h°

A3y0(x —xp)(x —x)(x —x;) 4+ A"yo(x = xp)(x = x)- (X — X,,y)
3’ nlh"

Pn(x) =)o +
4.7)

+

[IpuBenennass ¢dopmyia HOCUT Ha3BaHHWE IEPBOM HHTEPIIOJSITMOHHON
dbopmynel HptoToHa W peKOMEHIyeTCsl IS MPUMEHEHHSI TPU WHTEPIOJISINH
BIIEpPE[l, T.€. B CTOPOHY YBEJIMYEHUS X, WIH MPU SKCTPANOJSALHNMA Ha3al, T.€. Jie-
Bee X, Ha uncinoBoil ocu. Koneunsle pasHoctu B popmysie HproToHa mpeacras-

JSI0T co00¥ YncoBbie KOA(DPUITMEHTHI, pacCUNTAHHBIE 110 HCXOAHBIM 3HAYCHU-
AM TaOJMYHO 3aJaHHOW (DYHKIIMM U MO BEJIIMYMHE Il1ara MHTEPIOSIUU, KOTO-
pBIi, KaK Mbl IOMHUM, 33/1a€TCSI TOCTOSIHHBIM.
®opmyna HeroToHa MOXKET ObITH 3amucaHa 4yepe3 Oe3pa3MepHyIo mepe-
X=X,
MEHHYIO ¢ :T, MOKA3bIBAIOIIYI0, CKOJIBKO COJIEPKUTCSI IIaroB OT Hayajlb-

HOM TOYKM X, J0 3aJJaHHOU TOYKH X :
2
Ayoalg—D |
2!

s Ay,q(q ;D(q -2, A'yalg- 1)-'--(q —n+1)
! n.

P, (x)=y,+Ayoq +
(4.8)

Crnenyet oTMeTHUTh, 4TO B hopmyisie HeroToHa (4.7) 6e3paznuueH nopsiok
HyMEpAI¥# y3JI0B, U 3TO JIa€T BO3MOKHOCTh TOJIKJIFOYATh K UCXOIHBIM JTAHHBIM
JOTIOJTHUTENIBHBIE Y3/l C TIOCTOSTHHBIM 33/IaHHBIM IIIaroM /i JUIS TIOCTPOSHUS
MoJIMHOMA 0oJiee BBICOKOTO MOPSAKA.

[Ipu Beruncienusx mno gopmyne Herotona (4.8) cmaraemele psja g00aB-
JSFOTCSL B CyMMY TIOCJIEIOBATEILHO C YBEIMYCHUEM TMOPSIIKA BBIUYUCISIEMBIX KO-
HEYHBIX Pa3HOCTEH; MPU STOM TOYHOCTH PacueToOB yIOOHO OIICHHBATh, HAOIFO-
7asi 32 TeM, HACKOJBKO OBICTPO YyOBIBAIOT WiICHBI psiaa. Ecimm 3To mpoucxoauT
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JOCTAaTO4YHO 6I)ICTpO, B CYMMC MOKHO OCTAaBJIATH TOJIBKO TC CJIaraCMbIC, KOTOPLIC
OoubIIIe SaﬂaHHOfI [MOTPCHIHOCTU PACUYCTOB.
HOFpeIlIHOCTB HHTCPIIOJIAIMA MCTOAOM HproToHa MOXHO OLCHUTDL IIO

dhopmyiie

R(x)=|f(x)~ P(X)\ Mo H( —X;)=

+1)!iso
hn+1
=(n’”+l)q(q—l)(q 2)..(q —n)= (4.9)
B An+1y0

= mq(q - (g —2)...(q —n),

rne M, :max‘ f (””)(x)‘ — MakCHUMaJIbHOE 3HadeHue (n+1)-ii Mpou3BOAHOU

UCXoMHON (yHKIMH f(X) Ha OTpE3Ke MEXKIYy HAMMEHBIITNM U HAaWOOJBIIUM U3
3HAYCHHUM aprymeHTa [xo X, ] :

Cormacao ¢opmyne (4.8) ¢ yMEHBIIICHUEM PACCTOSHUS MEXAY y371aMu
UHTEPNOJAIMY (11ara) 4 MOrPEeNIHOCTh MPEACTaBACHUS (PYHKIIMH MOJIUHOMOM
HrroTona yObiBaer. J[7s1 OIEHKHM 3TOM MOTPENTHOCTH HEOOXOAMMa HEKOTOpas
JOTIOJIHUTENIbHAST MHMOpManus 00 UCXOAHOW (PYHKIMM, Takoh WHOOpMaIUeH
SIBJISIETCS TTPOM3BOIHAS (71 + 1) -ro TOpsiAKa, I BEIYUCICHUS KOTOPOH MOTPeOy-

CTCs HCCKOJIBKO AJOITOJIHUTCIBHBIX TOYCK X X . HpOI/ISBO,Z[HBIG Ta0IMy-

n+l> n+2 5 0

HO 33JIaHHOM (QYHKIIMH C TTIOCTOSIHHBIM IIarOM /4 MO>KHO BBIPA3uTh Yepe3 KOHEU-

HBIC PA3HOCTH Ay ¥ PaCcCTOSHHE MEXKIY HHTEPIOJSIIMOHHBIMH Y3JIaMu /i clie-
TYIOIIAM 00pa3oMm:

df A d*f N d'f A
g Ay d S Ky A Ay (4.10)
& b A h ko

Ilpumep 4.3. T'opuzoHTanbHas Oanka IIWHONW 1 M C KBaJIpaTHBIM CEUYCHHU-
eM u BbicoToi 0.01 M 3akperuieHa B Touke x =1 M, B Touke x =0 mpuioxeHa
cuna 100 H, nanpaBneHHass BepTUKaJIbHO BBEPX (IIPOTHBOIOJIOKHO YCKOPEHUIO
TpaBUTAIINH).

M3BecTHB! BEepTUKAJIbHBIE NMEPEMELICHUs ), paccMaTpuBaeMoil Oaiaku B

HECKOJIbKUX TOYKaX X;; OHU IIPUBCIACHLI B Ta6J'II/II_[e.
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IIpoBecTn mHTEPNONALNIO METOAOM HBIOTOHA M BBIYMCINUTH BEPTUKAIb-
HOE IEPEMEIICHUE B TOYKE ¢ KoopauHATOM X =0.05 M; OLIEHUTh NMOTPEUIHOCTh
BBIYUCIICHUIA.

x,Mm |0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

y,cm | 0.20080 | 0.17078 | 0.14137 | 0.11315 | 0.08675 | 0.06275 | 0.04177

Pewenue. Vcnonp3yem N1 MHTEPIOISALUNANA YETHIPE IEPBBIE TOUYKH, OC-
TaJIbHbIE TOYKU HUCIIOJIB3YEM JJIs OLIEHKHU IIOIPEIIHOCTH.

ITopsAnoK MHTEPHONALMOHHOrO nojmHoma n = 3. Illar aprymenTa ucxon-
HOM Tabau4HO 3amanHoN GyHKIMU /4 = 0.1 M. 3HaUeHHE OTHOCUTEIBHOIO apry-
MEHTA, OINPEIEISAIOIETO KOJIMYECTBO IIArOB J0 MCCIENYEMOW TOYKH C KOOPAU-
Hatol x =0.05 M, paBHO ¢ =(x—x,)/h=0.5.

CocrtaBuM TabJMIly KOHEUHBIX PAa3HOCTEH, 3amojHss TEKYIIMH CToJOel]
BBIYMTAHUEM SYEEK B MPEIBIIYIIEM CTOJOIE UCXOAS U3 TOTrO IMpaBuia, 4To KO-
HEYHasl pa3HOCTh HYJIEBOTO MOpsi/IKa paBHA 3HaueHUI0 QyHKIuU. Jlanee KoHeu-
Hasl pa3HOCTh MEPBOTO MOPSAKA BBIYUCIISIETCS KaK pa3HOCTh 3HaYEHUN (DYHKIINY;
a KOHEYHas Pa3HOCTh BTOPOTO MOPSAKA IOJYYAeTCS BBIYUTAHUEM KOHEUHOU
PA3HOCTH NEPBOTO MOPsAJIKA TEKYIIEH TOUYKH U3 KOHEYHON PAa3HOCTH NEPBOTO I10-
psAnka nocuenyromend Touky. [Io aHajmoruu BBIYUCISAIOTCS KOHEUYHbBIE Pa3HOCTU
0oJ1ee BHICOKOTO MOpsAIKa. Pe3ynbTaThl BRIYMCIIEHUH TPUBEICHBI B TAOIHUIIE.

0.02440

XM V.M Ay Ay Ny Ay
0 0.20080 -0.03002 0.00061 0.00058 0.00005

0.1 0.17078 -0.02941 0.00119 0.00063 -0.00005

0.2 0.14137 -0.02822 0.00182 0.00058 0.00004

0.3 0.11315 -0.02640 0.00240 0.00062 -0.00003

04 0.08675 -0.02400 0.00302 0.00059

0.5 0.06275 -0.02098 0.00361

0.6 0.04177 -0.01737

0.7 0.02440

[IpousBenem Berumciienue mo popmyie HororoHa:
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P (x=0.05)=P, (¢g=0.5)=
Nyoq(g=1) , Nyeq(q—1(g-2) _
21 3!
=0.20080 + (—0.03002) - 0.5 + 0.00061- 0.5 - (1- 0.5)/ 21+
+0.00058-0.5-(1—0.5)- (2 —0.5)/31=0.18575

= Yo +Ayoq +

OH@HI/IM IMOTPECITHOCTDL HafII[GHHOFO SHAYCHUS MO MAKCUMAJIIbBHOMY MOAOY-

JI0 KOHEYHOM Pa3HOCTH YETBEPTOro mopsiaka. M3 Tabmuikl HAXOAWM, YTO KO-
4
HEYHas pa3HOCTh yeTBepToro nopsaka A'y, =0.00005, Torma norpemHocTs UH-

TCPHOJIAINA PaBHA

n+l

R(x=0.05)=/(x)~ P, (x)\s%q(q (g 2)(q—n)=

= %q(q —1)(g - 2)(q —3)(¢ —4) =0.000007

Heobxoaumo oOpaTuTh BHUMaHUE Ha TOT (aKT, YTO KOHEUHbIE Pa3HOCTH,
¥ COOTBETCTBEHHO MPOU3BOJHBIC UCXOIHOW (PYHKIIMH, HAYMHASI C TPETHETO TO-
psaaka, ocuwuupyror. CrneaoBarenbHO, HAJAECKHOM B JaHHOM CIIyd4ae MOXKHO
NpU3HATh WHTEPIOJSIIHUIO MOTMHOMaMU HbIOTOHA HE BBIIIE BTOPOTrO MOpPSAKA.
BoluncienHble 3HaUY€HUS BEPTUKAIBHBIX MEPEMEIEHUN OalIku B UCCIEIyeMOit
Touke x = (0.05 u cooTBEeTCTBYIOMIME MOTPENTHOCTH BBIYMCICHUN TIPU UCIIOIB30-
BaHUU MOJIMHOMOB Pa3HOT'0 MOpPsiJiKa MPUBEICHbBI B TAOJIHUIIE.

Yucno y3mnos Ilopsnok | Beraucinennoe Ouenka
UHTEPIOJIALUN IIOJIMHOMA | 3HA4yeHue, CM OLIMOKHU
N n y R
2 1 0.18575 0.000007
3 2 0.18571 0.0001
4 3 0.18579 0.0007

3HaueHUs] BEPTUKAJIBHOTO IMepeMelieHus] Oanku B 3aJaHHOW TOYKE, BBI-
YUCJICHHBIE UHTEPHOJALMEN MO MOJIMHOMAaM MEPBOTO, BTOPOrO U TPETHErO IMO-
PSAIKOB, Pa3aUyaroTCs B MATOM 3HAKE IMOCIHE 3aISTOM, YTO YIOBIETBOPSET TOY-
HOCTH B ONpPEACICHUH BEPTUKAIBLHOTO Tporuda (B CM) IJs CTAIBHOW OaJKu
mHOM 1 M u BeicoTol 1 cm. Tlo camoli rpy0oii OlleHKe BepTUKAILHOE MepeMe-
nieHre Oanku B 3aJlaHHOM Touke cocrtasisieT 1.86 MM ¢ nmorpemnoctbio 0.01 MMm.
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TouHOCTH IMPOBCIACHHBIX BBI‘II/ICJ'IGHI/If/'I, nucxoasa us3s (l)I/ISI/I‘-IeCKOl"O CMBICJIa OIIpC-
ACIEIEMOT O I1apaMceTpa, ABJIACTCA I[OCT&TO"IHOﬁ.
O

4.4. Uumepnonsyus cnnauHamu

[Ipu GOJIBIIOM KOJIMYECTBE y3JI0B UHTEPIOSLIHNN TPUXOJUTCA UCIOJIB30-
BaTh UHTEPIOJISIIIUOHHBIE TIOJTMHOMBI BBICOKOW CTETIEHH, YTO CO3JaeT MPOOIEMBI
MPA OPTaHU3ALMU BBIYMCIUTEIBHBIX Onepannii. BbICOKOW CTENEeHU HUHTEPIONS-
IIUOHHOTO TIOJIMTHOMAa MOHO M30€KaTh, €CIM pa3OUTh BECh MHTEPBAJI OINpeee-
HUSI Ha HECKOJIbKO NOABIHTEPBAJIOB M HA Ka)XJAOM NOABIHTEPBAJIE NMPUMEHUTH
CBOIO HMHTEPNOJISIUOHHYI0 (GyHKIUIO. Takol «KyCOYHBII» MOAXOJ TpedyeT
«CILIMBKWY» WHTEPHOJIAIIMOHHBIX (DYHKIMH JUIsI COCEAHUX TOJIBIHTEPBAJIOB B TOY-
Kax Mepexoja, 4ToObl 00eCleunuTh HEMPEPHIBHOCTH CYMMAapHOW WHTEPIOJISIIU-
OHHOM (PYHKIIMM U €€ MepBoi mpou3BoaHOoN. Hanboee pacrpocTpaHeHHBIM Me-
TOJIOM «KYCOYHOW» UHTEPIOJSALMNU SBISAETCS CIIAWH-UHTEPIIOISALIMSL.

CnoBo «crutaitH» mepeBOAUTCS Kak «ruOkas jquHus». CIUlaifiH MOXHO HC-
MOJIb30BATh JJIs1 IPOBEICHUSI KPUBOM JIMHUU YEPE3 3aIaHHYI0 COBOKYITHOCTh TO-
YeK, U3rudasi JMHUI0 MEXIY TOUYKaMU U JOOUBasCh, 4TOOBI OHA MPOXOWIA Ye-
pe3 Bce paccMarpuBaeMble TOUKU. CTporo roBopsi, CIjialH — 3T0 (yHKIIMS, KO-
TOpas Ha KaXKJIOM MEXY3J0BOM IOABIHTEPBAJIE COBHANAET C HEKOTOPBHIM IOJIU-
HOMOM, CBOMM ISl K@XJIOrO MOJbIHTEpBaa. [IoMMHOMBI COCETHUX TOIBIHTEP-
BaJIOB CTBHIKYIOTCSI B TPAHUYHBIX TOYKAX TaKUM 00pa3oM, YTOObI MHTEPIIOISIHU-
OHHAasl PYHKIHUS B LIETIOM ObLIa HENPEPBHIBHOM.

HauGomnbiee pacrnpocTpaHeHHe TOJNYYHIIa WHTEPHIOJSAIUS C TOMOIIBIO
KyOnueckux cruiailHoB. KyOuueckuil ciulailH «CKJIEMBAETCsA» M3 MOJIUHOMOB

TPEThEH CTETICHU, KOTOPBIE JIJIS JTF0O0T0 i -T0 y4acTKa 3alMChIBAIOTCS B BUJIE
y:ai(x—xl.)3+bl.(x—xi)2+ci(x—xi)+dl. ) (4.11)

CoOTBETCTBEHHO Ha BCEM HMHTEpBAJIC ONpPENENeHUs MCXOAHOU (DYHKIIMU
OyJIeT TIOCTPOCHO # KyOMYECKHUX MOJMHOMOB, OTIWYAOIIMXCS KoddduimeHTa-
Mu a;, b, c¢;, d;. MoxXHO noKa3arh, 4TO 3aJaya HAXOXKACHHUS KyOMYECKOIO

CILJIaiiHA UMEET €AMHCTBEHHOE PEIICHHUE.
PaccMoTpyM BapuaHT CIUIATHOBOW MHTEPIOJISIMA B CIy4ae paBHOMEPHO-
r0 PaCIMOOKEHHUSI UHTEPIOISALMOHHBIX y3JIOB, T.€. JI1 UCXOIAHBIX JTAHHBIX BbI-

IIOJIHACTCA YCIIOBHUE: X, | — X; = const = h. YToObl BBEIYHUCIUTH 4CThIPC IMOJIHUHO-
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MUATBHBIX KOX(h(HUIMEHTa HAa TEKYIIEM YYacTKe, CICAyeT COCTaBUTh YETHIPE
ypaBHEHUSI, KOTOPBIE OTPAKAIOT CICTYIOIIUE YCIOBUS:
1) ycnoBue mpoxoKAeHMs CIIIaiiHa 4epe3 Ha4dallbHYI0 TOYKY (X;,);) Kax-

JI0r0 Yy4acTKa;
2) ycioBUE NPOXOKICHMS CIUIAaiHA 4epe3 KOHEYHYI TOUYKY (X, Vi)

KaXJIOTO y4acTKa,

3) ycnoBue riaagkocTu (GyHKIMH B y3JIaX MUHTEPIIOJISAINH, T.€. HEIPEPHIB-
HOCTH TICPBOW TMPOHM3BOIHOW;, MAaTEMaTHYECKU ITO YCJIIOBHE 3aITUCBHIBACTCS Kak
PaBEHCTBO MEPBBIX MTPOU3BOAHBIX B KOHIIE [ -T'0 y4acTKa U B Havase (i + 1)-ro;

4) yclioBHE TJIAIKOCTH TIEPBOM MPOU3BOJIHON B y3JIaX MHTCPIIOJIAINH, T.C.
HEIMPEPHIBHOCTH BTOPOU MIPOU3BOIHOM, YTO O3HAYAECT PABEHCTBO BTOPHIX MPOU3-
BOJIHBIX B KOHIIE I -TO y4acTKa U B Havaue (i + 1)-ro.

Ydrem, 4TO TPOW3BOAHBIC KYOMYECKOTO CIUIAfHA 3alMCBIBAIOTCS ClIe-

TYIOITAM 00pa3oM:

Q:3ai(x—xi)2 +2b,(x—x;)+¢c; n
dx

d’y
—5=6a,(x—x;)+2b,,
dx
TOrZla MOXKEM 3alucaTh MEPEUUCIICHHbIE BBINIC YEThIpE YCIOBMS CIUIAMH-

WUHTEPIOJISIIAN JJIs1 KICXOTHOW (D)YHKIIMHU C MIOCTOSTHHBIM IIaroM /1 :

1) y,=d, , i=012,...,n—1 ,
2) yy=ah’ +bh* +ch+d, , i=012,..,n—1, (4.12)
3) 3a,h* +2bh+c, =c,,, , i=012,..,n—-2,
4) 6a,h+2b, =2b.,, , i=0,1,2,...,n-2 .

CocTaBUM U3 3THX YETHIPEX YCIIOBUH, 3alIMCAHHBIX JJIS KaXJI0TO ydacTKa
UCXOOHOW  (PYHKIMHM, CHCTEMY JIMHEHHBIX ypaBHEHUH, COAEPIKAILYIO
(4n — 2) ypaBHeHus ¢ 4 n HEU3BECTHBIMU KOX(P(PUIIMEHTAMH CIUIAHHOB
a;, b, c;, d;. UToOBI pelIUTh TaKyl0 CUCTEMY YPaBHEHHH, HEOOXOOUMO A00a-
BUTH JIBA JONOJHUTEIbHBIX FPAHUYHBIX YCIOBUA. ['paHUYHbBIE YCIOBHUS 3aJar0T
3HA4YEeHUs TPOU3BOJHBIX (DYHKIIMK B KOHEYHBIX TOUKAX MHTEpBaja U JUIsl CIUIaid-

HOBOM HHTCPIIOJIALINU MOTYT UMCTb CH@IIYIOH_[I/Iﬁ BUA:
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Y'(x) =y"(x,)=0,

Y'(x)=y'(x,)=0". (4.13)

CoBMecTHOe perienre 4 n ypaBHEHUU ¢ 4 7 HEU3BECTHBIMU TO3BOJISET
HalTH KO3 (PUIIMEHTHI KyOMYECKUX CIUIAiHOB Ha BCEX yyacTKax.

Bonpocbl 5151 caMOKOHMpPOJis

. Kak MOXHO MOBBICUTH TOYHOCTh UHTEPIIOJALUN?
. MOXHO 111 UCII0JIB30BaTh METO Jlarpanxa aJist 3KCTpanoysiquu?
. Kak onpenenuTs morpemHocTb HHTEPHOJISALNH B y3ie?

AW N =

. MoxHo 1 B MeTtojie Hpl0TOHA BBIpa3uTh KOHEYHYIO PA3HOCTh TOJIBKO Yepes
UCXOJIHBIC 3HAYCHUS (YHKIHH?

5. CKOJIBKO pa3IMYHbIX UHTEPIOISIIUOHHBIX TTOJTMHOMOB MOYKHO MOCTPOUTD JIJIS
N 3aJaHHBIX TOYEK?

6. Uto Ha3bpIBaeTCs KyOMYECKUM CILUTaitHOM?

7. Cxonbko KO3 GUIIMEHTOB, TOJISKAIINX OMPEISICHUIO, COIECPXUT KyOuue-
CKMH CIuTaifH?

8. Kakyro (yHKIMIO Ha3bIBAIOT IJIAJKOM?

9. MoryT 51 y3J1bl CIJIaHOB pacIioaratbCsi HEpaBHOMEPHO?

10 KaK BJIINACT KOJIMYCCTBO y3J'IOB HHT epHOJ'ISII_II/II/I Ha TOYHOCTH I/IHTepHOJ'I?ILII/II/I‘.7
TEMA 5. Annpokcumauums

«Koeoa mvl netmaemcst u3 yejioco sbimauiums 0O0HO 36€HO,
06Hapy9fcu6aemc,<z, Unmo OHO NPOYHO CEA3AHO CO 6CEM OCMAIbHbBIM )

U3 3axonoe Mepgu

5.1. KoHuenuyusi annpokcumayuu

[Tpu HaIMYMKM NOTPELIHOCTH B UCXOJHBIX JaHHBIX HEIEIeCO00pa3HO Mpu-
MEHATh Il UX aHaJIW3a METOJ HMHTEPHOJSALHMM M HAXOAUTh NPUOIMKEHHYIO
(GYHKIUIO, TOUHO IPOXOSILYIO YEpe3 BCE TOUKM UCXOAHOM TaOJIMYHO 3a/1aHHOM
¢ynkiuu. B TakoM ciydae mpuOeraroT K MOCTPOCHUIO amMpOKCUMHUPYIOIIEH
OpUONMKEHHOW (YHKIMH, KOTOpasi MPOXOJIUT OKOJIO 3aJaHHBIX TOYEK, MPUYEM
Haubosee OMM3KO K MCXOIHBIM TOYKaM. AMNMPOKCHUMAIIHS CriIaXXuBaeT oOpaba-
THIBAEMBbIE IKCIIEPUMEHTAIbHbIC JaHHBIC U [T03BOJISIET, HAIPUMED, BBIIEIUTH I10-
JIE3HBIN CUTHAJI B TIOTOKE JAHHBIX.
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MeTonpl anmpoKCUMAaITK TPUMEHSIOT TaKXKe K HETPEPHIBHBIM (DYHKITUSIM,
KOTJla €CTh HEOOXOAMMOCTh MOJIYYUTh YIPOIIEHHOE MaTeMaTHYECKOE OMMCAHKE
CJIOKHOM 3aBUCHUMOCTH.

[TycTh B pe3ysibTaTe U3MEpPEeHUM MojyueHa TabaudHas 3aBUCUMOCTD BEJIH-

YUHBI y; OT BEJIMYUHBI X;, KOTOPYIO MOXHO I'padMuecKy MpeICTaBUTh HAOOpOM

TOYEK Ha KOOpJAWHATHOM miockocTH (puc. 5.1). Ecnu onucate 3Ty TabIM4HO 3a-
JAHHYIO 3aBUCUMOCTB V. (X,) CHEHUaJbHO NOJO0OpaHHON aHAIUTUYECKOW (PyHK-
nuen @(x), To MOXKHO BBIYHCIUTH NMPUOIMKEHHOE 3HAUEHHUE B JIFOOOW TOYKE 3a-
naHHoro wHreppana. Ilpu mogdope aHamMTUYECKOHM (YHKLUHU CIENYET YYECTb,
YTO Ka)kJ10€ U3MEPEHHE ObUIO BBIIIOJHEHO C HEKOTOPOU morpemHoctoro. [1oaTo-
My MPAaBOMEPHO Pa3pELINTh OTKIOHEHWE M3MEPEHHOW BEJIWYMHBI OT 3HAYEHUS,
BBIUMCJICHHOTO B 3TOM € TOYKE COIJIaCHO AaNNpOKCUMUPYIOLIEH (QYHKIMH:

g =y(x)—o(x;).

y y: —o(x;)

Puc.5.1. UcxonHple faHHBIC U allIPOKCUMHUPYIOIIAs (yHKITHS

bausocte ucxogHoi y,(x,) M annpokcumupyoomeil ¢(x) gyHkuuii onpe-
JEJSETCS HEKOTOPOM YMCIIOBOW MEpPOM, HAa3bIBAEMOM KPUTEPUEM alMpOKCHMa-
MU WA KpuTepueM Onu3octu. Hanbombiee pacrnpocTpaHeHre MOTyYnsl KBaI-
pPaTUYHBIN KPUTEPHU, PABHBIM CyMME€ KBaJpaTOB OTKJIOHEHHUM PaCUETHBIX all-

IMPOKCUMHPYIOIMINUX 3HAYCHUMN @ OT UCXOAHBIX y ; AJIsI BCEX UCXOAHBIX TOYCK X, ,

B YAaCTHOCTH, SKCIIEPUMEHTAIBHBIX 3HAYEHUMN, €CIIU MPOBOAUTCA 00paboTKa pe-
3yJbTaTOB U3MepeHuit (puc. 5.1). Utak, kBagpaTUUHbIA KpUTEpUil OJIU30CTH atl-
MPOKCUMUPYIONIEH (PYHKIIMU K UCXOTHON TaOIMYHO 3aJaHHON (PYHKIIMH OMHUCHI-

BacTCs BBIPAKCHHUCM:

R=leﬁi(y,. —p(x))’, (5.1)
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rie y, — 3a/JaHHble TaOJUYHbIC 3HAUYeHUs QYyHKIUH, @(X,) — pacueTHbIE 3Hade-
HUS allIpOKCUMUpYIOLIEH QYyHKIIUHU B TEX K€ TOUKax, S, — BecoBble KO Puiu-

€HTbI, YUYUTHIBAIOIIME OTHOCUTENIBHYIO BAXKHOCTh KaXKJI0M UCXOJIHOU TOUYKH.

Yem OosbIIe 3HAYUMOCTh HEKOTOPOW TOYKM I B UCXOJHBIX JAaHHBIX JJIS
ONMCAHMS MTPOTHO3UPYEMOTO SIBJICHUS, TEM BBILIEC HA3HAYAETCS €€ BECOBOM KO-
b puLeHT.

KBaaparnunsiii kputepuit quddepeHnupyem u odecnednBaeT eTMHCTBEH-
HOE pelIeHUE 3aJadyl anmnpoOKCHUMAIMHU [Js MOJMHOMHUAIBHBIX allpOKCUMHU-
pyrommx QyHKIIHA.

Paznmuuaror nBa THHa 3a7ad annpoOKCHUMAalUu, KOrJa MpU ONUCAHUU HC-
XOJIHBIX JAHHBIX HEOOXOAUMO:

1) mOMy4YuTh ANMPOKCUMHUPYIOUIYIO (PYHKIIMIO, OMHCHIBAIOIIYI0 HMEO-
IIMECS JaHHBIE C MTOTPEIIHOCTHIO HE XYK€ 3aJaHHOM;

2) 160 MOIyYUTH ANMPOKCUMHUPYIOUTYIO (PYHKIIHIO 3aJaHHOU CTPYKTYpPHI
C HaWJIy4llIed BO3MOXHOM MOTPEIIHOCTHIO.

[IpumepoM BTOpOro Tumna 3ajaay SIBJISETCS allpOKCUMALMS Pe3yJIbTaToOB
u3MepeHui kpuBoil 'aycca (puc. 5.2). PaccessHue 3HaueHUN ClydailHOW BeEJH-
YHHBI, U3MEHEHHE KOTOPOW 3aBUCUT OT OOJBIIOro yucia (akTopoB, KOTAa HU
OJIMH U3 (HhaKTOPOB HE MMEET MPeoOIATAIONIETO BIUSAHUS, TOJIYMHSICTCS 3aKOHY
HOPMAJIBHOT'O pacupeiesieHus: BeposiTHocTel (3akoHy ["aycca):

_(x-ay’

LI (5.2)

IIe @ — MaTeMaTU4YeCKoe OXKUAAHUE CIIyYallHON BEJIMYUHBI, O — CpeJHee KBal-
paTUYECKOe OTKIIOHEHUE CIIyYallHOW BEJIMYHHBI.

v

Puc. 5. 2. KpuBas IuI0THOCTH BEPOSATHOCTH HOPMAJIBHOTO paclpeesieHus
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3akony ['aycca ¢ HEKOTOpPHIM MPHUOIMKEHUEM MOXET MOAYUHATHCS pac-
CEesTHHE IMOTPELIHOCTe MHOTOKPATHBIX M3MEPEHUH; paccesHue MOTrpeIIHOCTen
W3TOTOBJICHHMSI; TOTPEIIHOCTH U3MEPEHHSI TIMHEWHBIX U YTIOBBIX Pa3MEpOB, Mac-
CBI JIeTaJIed, TBEPIOCTU U IPYTHX MEXaHUYECKUX U (PU3MUECKUX BEITHYUH.

5.2. MemoO HauMeHbWUX Keadpamoe

MeTon HaMMEHBIIMX KBaJIpaToB Oa3upyercs Ha MPUMEHEHUU B KAUECTBE
KpuTepus OJIM30CTH BEIMYUHBI, PAaBHOW CyMMeE KBaJpaTOB OTKJIOHEHHM HCXOJ-
HBIX U pacyeTHhIX 3HaueHui. CymMMa KBaJIpaTOB OTKJIOHEHUH BBIOMpAETCS B Ka-
YecTBE KpUTEpHs OJU30CTH 10 aHAJIOTMH ¢ METpUKOM EBKiMI0Ba pOCTpaHCTBa,
I7IE PACCTOSIHUE MEKJy TOUKAMH OIpPENENsAeTCs KaK JUIMHA BEKTOpa W BbIpaXa-
€TCsl yepe3 CyMMYy KBaJIpaToB KoopauHAT. COOTBETCTBEHHO HAaWMEHBIIHWA KpH-
Tepuil OJIM30CTH MPHU ANMPOKCUMALIMHN OTPAaKaeT MUHUMAIbHOE MPOCTPAHCTBEH-
HO€ OTKJIOHEHME aNMpOKCUMUPYIOUIEH (QYyHKIMU OT UCXOAHBIX AaHHBIX. Eciu
CTPYKTypa amnmpoKCUMHUpYIOUIeH (QyHKIMHU ¢ 3anaHa, TO 33jJadya amnmpoKCUMa-
IIUU CBOJUTCS K MOAOOPY TaKMX MapaMeTpoB MPpUOIMKArOe QpyHKINHU, KOTO-
pble 00ecrneunBarOT HaUMEHbIIee 3HaYECHUE KpUTepUsi OJIM30CTH, YTO COOCTBEH-
HO ¥ COOTBETCTBYET HAWJIYULIEH allllPOKCUMALUN.

PaccMoTpuM B KadecTBe mpuMepa IMOJUHOMHUAIBHYIO allPOKCUMUPYIO-
11yt (pyHKIHIO, KOTOpas B YaCTHOM CIIydae MOKET BBIPOXKJIAThCS B JIMHEUHYIO
3aBUCUMOCTb:

k .
p(x)=a, +ax+..+a_x""+ax" = Zajxf . (5.3)
=0

[Tycth BecoBbie KOI(PPUIUEHTH UCXOTHBIX TOYEK OJUHAKOBBHI U PaBHBI

B, =1 npu Bcex 3HAUYEHMAX HHJIEKCA [, TOrZa KPUTEPUM aNNpOKCUMALUK IS

anmpOKCUMUPYIOIIETO MOJMHOMA Kk -TO Mopsifka siBisieTcs (GyHKuuen koshdu-
IIUEHTOB 3TOr0 MOJMHOMA U UMEET BU/T

n k
R=%(y;,— Zajx,:’)2 =R(ay,a,,...,a; {,a;_;) - (5.4)
i=1 =0

HeoOXoauMbIM YCIOBUEM PELIEHUS IIOCTABIEHHON 3a/1a4M SBJISIETCS CBe-
JIeHre K MMHUMYMY KPHUTEPHs allpPOKCUMAIMH, CIIEA0BATENHLHO, HCKOMBIE I1a-
paMeTphl alIpPOKCUMUPYIOIIEH QYHKIUH — KO3(D(PUIMEHTHI TOJTUHOMA — MOKHO
ONPENENUTh, IPUPABHAB K HYJIIO YaCTHbIE IPOM3BOAHBIE KPUTEPHUS 10 ITHM I1a-

pameTpam:
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8R ! k j m
R 23~ T =0. (53)
oa, i1 =0

rae uHaekc i=1,2,...,n obo3Ha4yaeT pacdyeTHble Touku, uHaekc j=0,1,2,....k
ob6o3HavaeT kodpunreHTs noauHoMma, uHaekc m =0,1,2,....k o0o3HadaeT Te-

Kyl Ko3QOUIIMEHT OJIMHOMA.
[Tomyuennsie mpu auddepeHuupoBaHu paBeHCTBa (5.5) MOXKHO MpeoOd-
pa3oBaTh, a UMEHHO — Pa3/IeIUTh Ha JIBa, PACKPBITh CKOOKH, N3MEHUTH MOPSIOK

CYMMHPOBAHHUS:
n n k ) k n ) n
Zyl.(—xim)+22ajxifxlm = Zaijl/xim > y;x" =0 mm
i-1 i=1;=0 j=0 il i-1

k n ) n

m m . .
da; > xlx"=2yx" ,j=012,..k ,i=12,..,n . (5.6)
j=0 il i-1

Takum o6pa30M, JJIA ITIOJIMHOMA k -To ImopsaakKa MblI IIOJIYHHUIIN CUCTEMY U3

k +1 ypaBHEHHII C TAKMM K€ KOJINYECTBOM HEU3BECTHBIX NAPAMETPOB d ; , IIPH-

YeM JIMHEWHYI0 OTHOCUTEJIBHO 3THUX MapaMeTpoB. Takas cHCTEMa Ha3bIBACTCS
CUCTEMOU HOPMAaJIbHBIX ypaBHEHUH. M3 ee pemienuss HaxoasaTcst Kod)PUIueHTsI
a; TIONHHOMA — aNMPOKCHMHUPYIOIIEH (QYHKLIHMH, 00CCECYHBAIOIIMC MUHUMYM

KpUTEPUS allpOKCUMalUu R, a 3Ha4UT, U HaWIy4dllee BO3MOKHOE KBaJpaTHy-
HOE MPHUOIIKEHNUE.

Ilpumep 5.1. K KOHCTpyKIIMM IIPWIIOKEHA ITepeMeHHas cwia. C moMOoIIbio
JaT4yuKa B KOHTPOJIBHONW TOUYKe (PUKCHUpyeTcs nepemernenue. Hailtn momuHoMu-
JIBHYIO alIPOKCUMUPYIOLLYI0 (PYHKIUIO JJIsl IEPEMEIEHHs] KOHTPOJIbHOW TOY-
KU TI0 UMEIOUTUMCS SKCTIEPUMEHTAIBHBIM JaHHBIM. Beraucinuth Ko3QphumueHTst
[OJIMHOMOB IIEPBOI'O U BTOPOTO MOPsIJIKA, TOCTPOUTD I'PpaUKH.

WcxonHble TaHHBIC TPUBEACHBI B TAOIHIIE W MPECTABICHBI HA pUC. 5.3.

t,C 1 (2 (3 (4 (5/6|7(8(9 (1011|1213 14|15
¥, MM 101518 147|3(6(9(10(8 |5 |2 |1 |2 |4

57



20
15 - *

101 o o ¢

*

L 2 L 2
L 4
O T T T T T T T T T T T T T T T T T T T T T T T

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
t

Puc. 5.3. UcxoaHble TaHHBIE

Pewenue. Yucno pacueTHbIx TOUeK n=15.

Pacuem 1. Annpoxcumayus runeunvim nOAUHOMOM

k=1

Beruucium ko3 puumeHTs! IMHEHHOro nonuHoMa @ =a, +a,t . Cucrema

HOPMAJIbHBIX YPABHEHUHN COJIEPKUT JIBa YPaBHEHUS:

n n n
0
i=1 j =1 i=1

n n n
0 2
m=1, 1=t ag ) tit;ra it =Yyt ,
i=1 i=l i=1

n n n n

Zfizyi i —fozyi
a, = i=1 =l izl =l

2
n n
a0n+a1;ti :Zl:yi (;tij —nyt;

i=1

01051

n n n n n n
aOZI:ti +alzl:tf =Zl:yiti Dyt —ny. yi,
i- i- i= il il i1

i=

2
n n 5
(Ztij —n2t
i=1 i=1
Beraucnmm cymMmeb:

15 15 15 15
>t =120, >y, =119, >'t7 =1240, > y ¢, =708.
i=l

i=l i=l i=l

a, =

PemuB cucremy ypaBHeHuil, nonyuuMm a, =14.9, a, =-0.87. CoorBercrByIO-

Ui rpaduK TUHEHHOW anmpOKCUMUPYIONIEH (GyHKIIMN IPUBEEH Ha puc. 5.4.
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9 10 11 12 13 14 15

Puc. 5.4. Jluneitnast anmpoKCUManus UCXOTHON (QYHKITUH

Pacuem 2. Annpoxcumayus keaopamuunvim NOAUHOMOM

k=2
2
Bbruucium  koapduuuenTsl nomuHoMa @ =a, +at +a,t”. Cucrema

HOPMAJIbHBIX YPABHEHUHN COJIEPKUT TPU YpaBHEHUS:

n n n n
m=0, tl" =1, aozf?wlz‘;fﬁazsz:;yw
i=1 i= i=1 i=

1

i

n n n n
m=1, 1] =t,, a2t vaytt, vay it =y vt
= = i=1 i=1

i

n n n n

2 0,2 2 2,2 2

m=2, 1" =tl, ag )ttt va )t va, it =0y,
i=1 i=1 i=1 i=1

n n n
agn+a; ) t; + czzzti2 => v

i=1 i=1 i=1

n n n n
WIN ag .t +athi2 +azzti3 => i,
i1 i1 il i1

n n n n
atof + alZf? + aszf‘ = zyitiz
il P il i

15 15 15 15
Bouucnum cymmbr >, =120, >y, =119, >t =1240, > yt, =708,

i=l i=l i=l i=l

15 15 15
't} =14400, D't} =178312, > y.t} =5906.
i=1 i=l i=1
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PemuB nuHeWHyI0 cucTeMy ypaBHEHHH, noiyduM a, =14.95, a, =-0.88,
a, =0.0000004. CootBercTByrOmMI TpaduK anmpokCUMUpyrowel (yHKIUN

IPUBEIEH HA puc. 5.5.

20 ~
y

15 1
10 1

5,

0 T T T T T T T 1

Puc. 5.5. KBagparnunas anmpokcuManusi ICXOAHOU (pyHKITUH

Kak BuauM, KBagpaThyHas anlpOKCHMALMs MO OTJINYAETCS B IIPUBE-
JCHHOM MpUMEpPE OT JIMHEWHOM, MOCKOJIBKY MaJl COOTBETCTBYIOLIUI KO3 uim-
eHT a, =0.0000004 B nonuHoMme. Mccrnenyemas tabinyHass QyHKUMs TpeOyeT

anmpoKCUMAaIMy MOJMHOMOM 0oJiee BBICOKOTO Mopsinka. Berancnenue kodddu-
IIMEHTOB TIOJIMHOMA 00JIee BHICOKOTO MOPSAKA C TPUMEHEHUEM OIMMCAHHOTO ajl-
rOpuTMa MPEACTABISIET CO00M TPpyAOEMKYIO 3a1auy. [ pemienus Takoil 3agauu
MOYHO HCIIOJIB30BaTh BCTPOCHHBIE MOYJIM MPUKIATHBIX TporpamMm. Hampumep,
Ha puc. 5.6 MpeAcTaBIeHa alPOKCUMAIUs TTOJTMHOMOM ISATOTO MOPSIKa UCXO-

HBIX JAHHBIX, IPUBEACHHBIX B mpuMepe S.1.

20 -

y
15 4

10 4

Puc. 5.6. Anmpoxcumanusi TabIUIHO 3a1aHHOU (PYHKITUH

IMOJIMHOMOM ITATOI'0 IIopsAaKa
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5.3. Annpokcumayus anieMeHmapHbIMu hyHKUUSIMU

AnNnpokcuManusi JUCKPETHBIX TaHHBIX, HAIPUMEP MOCIEI0BATEIbHOCTH
ITIOKA3aHUM TEPMOIIAPBl C TEYEHUEM BPEMEHM, HE OIPAHUYMBACTCS JIMHEMHOMN
WIK TIOJIMHOMUAJIBHON 3aBUCUMOCTBIO. B OOJIBIIMHCTBE CilyyaeB MJisi aHAJIU3H-
pPYEMOTO Mpolecca OKuaaeTcsl Ta GyHKIIMOHAJIbHAs 3aBUCUMOCTh, KOTOpasi CO-
JepkuTcsa B (popMylnupoBKe (U3HMUECKOTO 3aKOHA, OMUCHIBAIOIIETO ATOT MPO-
necc. Hampumep, MOKHO OKHJATh, YTO CHUKEHUE TEMIIEPATypPbl MOAUHHSIETCS
AKCIIOHEHUIUAJIBHOMY 3aKOHY. J[pyroil mpumep — npu M3MEpeHUU Mpejesa Bbl-
HOCJIMBOCTH IMOJIy4YarOT IOCJIEOBAaTEIbHOCTh 3HAYEHHUM MPENEIBHOIO paspy-
IIAIOUIEr0 HANPSHKEHUsI B 3aBUCUMOCTH OT KOJMYECTBA LIMKJIOB UCIbITaHUH. Ta-
Kas MOCJIeA0BATEIbHOCTh SKCIEPUMEHTAIbHBIX JaHHBIX OMUCHIBAETCS JIOrapud-
Muyeckor (yHkuue. CoOTBETCTBEHHO YTOObI HAWTH Mpelena BBIHOCIUBOCTH
KaK MPEJEIbHOE 3HAYEHHE ITOCIIEI0BATEIBHO MPEACTABICHHBIX PE3YyJbTAaTOB U3-
MEpEHUS MPOYHOCTU 0OPa3I0B B 3aBUCUMOCTH OT KOJMYECTBA LIUKIIOB HarpyxKe-
HUS, LEeIeco00pa3HO amnmpOKCUMHUPOBATh SKCIEPUMEHTANIbHBIE JIaHHBIE JIOTa-
pudpmMuyecKkor QyHKIHEH.

Jljig anmpoKcUMaluy pe3ysibTaTOB U3MEPEHUN MOTYT ObITh MCIIOJIb30BAHbI
mo0ble  dJIeMEeHTapHble  (YHKIUMU: CTENEHHas, I[OKa3aTelbHas, JpOOHO-
TUHENHas1, JorapudmMuyueckas, TUNepOoInIecKas, JUHEHHbIE KOMOUHAIIMY Tie-
peurciieHHbIX (YHKIMA U QyHKIMU npou3BoibHOro Bujaa. Ilpuuem anmpokcu-
Marus TaOJIMYHBIX JAHHBIX 000 (DYHKIHMEH, 3aBUCSIICH OT ABYX KO3 UIu-
€HTOB, MOKET OBITh CBE/ICHA K HAXOXKICHHIO JUHEHHON (pyHKumH. J{ns Bcex HU-
KETPUBEIACHHBIX BAPUAHTOB AIMIPOKCUMAIIUU PA3TIMYHBIMU (QYHKIHUSIMHU TTIPO/Ie-
MOHCTPHPOBAH UMEHHO TaKOM Mepexo] K HaXOXKACHUIO KO3(PPUINEHTOB JTUHEH-
HOM (YHKIIUU.

Cmenennas @ynxkyus. PaccMOTpUM anmpOKCUMHUPYIOLIYIO CTEINEHHYIO
GyHKLIHIO @, KOTOpasi B HanboJiee 00IIeM BHUJIE 33JJa€TCs CIECTYIOUIUM BbIpaxe-

HHEM:
o(x,a,m)=ax" . (5.7)

[Ipenamonarasi, 4To Bce TaONWYHBIE 3HAUCHUS ApPTyMEHTA W 3HAYCHUS
(YHKIMH TOJOKUTEIBHBI, MpoJIorapuMUpyeM 00e 4acTH BBIPAKEHUS MPU YC-
JIOBUH, 9TO a >0:

Inp=Ina+mlnx . (5.9)
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Tak xak QyHKIMS @ SBISETCS ANIPOKCUMHUPYIOIIEH Uid TaOJIUYHO 3a-
JaHHOM (YHKIUHU ,, TO jJorapudmuueckas GpyHkuusa Ing Oyaer annmpoKCHUMHU-
pyrowmei ansa pyHkuuu Iny,. BBegem HoOByro nepeMeHHyro u =Inx, Torga, Kak
CJIelyeT U3 MPEBbIIYIIEro BeIpaKkeHus, Ing OyneTr GyHKuMel oT BBEAEHHOM 1e-
pemenHoit u: @(u)=Ing.

O6o3naunm m= A, Ina=B, torna @(x,A,B)= Au+ B, cnenoBaTenbHO,

3ajavya 00 anmpoOKCHUMAlMd MUCXOJHON TaOMWYHO 3aJaHHON (DYHKUIMU aHAIUTH-
YEeCKOM CTENEHHOM (yHKIMEN cBeNach K OTBICKAHUIO pUOIMKaroel GyHKIun
B BUJIC JIMNHENHOMN 3aBUCUMOCTH.

Ha npaxTuke 11 HaxoxaeHus npuOIkaronei GyHKINUN B BUJIE CTEIIEH-
HOM BBIMIOJIHAIOT CIEAyIomue AeicTBus. B mcxogHoW Tabnuile JaHHBIX JIOra-

pU(PMUPYIOT BCE 3HAYEHUS X; U ),;; MOJIYUYEHHBIC BEJIMYMHBI [TOMEIIAIOT B HO-

BYIO TaOauIy. 3aTeM BBIUMCIISIIOT 110 HOBOM TaOiuie napameTpsl 4 U B JnHEH-
HOW mpuOIKaomed QyHKIUH. BpUucasIioT Kod3()PUIMEHTH anmpoKCUMHU-
pyro1iei creneHHon GyHKIMN a u m .

Ilokazamenvuas @yukyus. PaccMOTpUM anmpoOKCUMUPYIOLIYIO IOKa3a-
TeNbHYIO (DYHKIINIO, KOTOpasi B OOIIEM BHJIE 33JJa€TCs BBIPAXKECHUEM:

o(x,a,m)=ae™, a>0
[IponorapudmupoBaB 3T0 paBeHCTBO, nosydaem D(x,4,B)=Ax+ B .

Takum oOpazom, ammpokcuManus MoKa3aTenbHOM (DYHKIMEH cBeleHa K
MOUCKY KO3((OULIMEHTOB TUHEHHON (QYyHKIUU.

Jlpobro-nunetinas gynxyus. PaccMOTpUM anmpOKCUMHUPYIOIIYIO JTpOOHO-
JUHEWHYIO (YHKIIMIO, KOTOpasi B OOIIEM BHUJE 3aJaeTCsl CIEAYIOIUM BbIpaxe-

HHUCM:

@(x,a,b) S (5.9)
ax+b

OOpaTuM 3TO BBIPAXKEHUE CIETYIONTUM 00pa3oM:

;:ax+b : (5.10)
¢(x,a,b)

W3 nocnenHero paBeHCTBa cielyeT, YTO HEOOXOAMMO 3a7aTh HOBYIO Tald-
JUYHYIO0 (PYHKIIMIO, 3aMEHUB 3HaYCHUS UCXOIHON TaOIMYHO 3a1aHHON (DyHKITUH
oOpaTHbIMH uncaamu. Jlanee, UCMob3ys HOBYIO TaOIUYHYIO (DYHKIINIO, CIIEAyEeT
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HalTH KO3()PHUIUEHTHI @ U b, TOJCTAaBUTh UX B HAYAIBHOE BBIPAXKEHHE TPOOHO-

JUHEWHOU PYHKIIMM M HAUTH 3HAYCHUS alllPOKCUMUPYIOIIEH (QYHKIUU.
Jlocapupmuueckan gynkyus. PaccMOTpUM anmpOKCUMUPYIOLIYIO JOra-

pudMHUUECKYIO PYHKIMIO, KOTOPasi B OOIIEM BUJE 33Ja€TCS BBIPAKEHUEM

o(x,a,b)=alnx+b . (5.11)

Jlns mepexona ot Jorapudmudeckoil GyHKIMHM K JTUHEHHOW JOCTATOYHO
BBECTH HOBYIO NEpPEMEHHYI0 # =Inx u caenate noactaHoBkKy. CiegoBaTelbHO,
JUTSE HAXOKIeHUsI KO3(PGUIIUEHTOB a U b HYXHO TpojorapudMupoBaTh 3HaUe-
HUSI apTyMEHTa B MCXOJHOM Tabnuile maHHbIX. Jlanee, paccMaTpuBas MoJydeH-
HbIe Jorapu(MUYECKHE 3HAUYCHUS] B COBOKYMHOCTH C MCXOAHBIMU 3HAUYCHUSIMHU
byHKUMH, creayeT HAaUTH KO3 (ULHUEHTHI JIMHEWHONW QyHKUMH a W b, mojcTa-
BUTh UX B HaYaJIbHOE BhIpaKeHUE JorapudmMuyeckor (yHKIMU U HAWTH 3HaYe-
HUS alllIPOKCUMUPYIOIIEH QYHKITUH.

T'unepbonuueckan @yunxkyus. PaccMOTpUM anmpOKCUMHUPYIOIIYIO THUIIEp-
0onrMueckyro (QyHKIMIO, KOTOpasi B 00IeM BUJE 33/1a€TCsl BEIPAXKECHUEM

o(x,a,b)=2L+b . (5.12)
X

Jlna mepexoaa K JMHEHHOW (DyHKIMM JOCTATOYHO BBECTH HOBYIO TeEpe-
1
MEHHYIO # =— W CJIeJIaTh MOJICTAHOBKY, Torna ¢(x,a,b)=@(u,a,b)=au+b>.
X
[TocnenoBaTenbHOCTh BBIYUCICHHUS KO3(PPHUIIMEHTOB BKIIOYAET 3aMEHY
3HAYEHUN apryMeHTa OOpaTHBIMU YUCIaMU U TOUCK KOI(PPUIIMEHTOB TUHEHHON
GbyHKIIH.
Jlpobro-payuonanvuas @yuxkyus. PaccMoTpuM  anmpOKCUMHUPYIOIIYIO
APOOHO-PAlIMOHATIBHYIO (DYHKIIHIO, KOTOpas 33/1a€TCs BBIPAXKCHUEM:

o(x,a,b)=—>— . (5.13)
ax+b
1
[IpousBenaem 3aMeHy apoou: ———— =a +—. Jlamee pemieHue 3agaqu
@(x,a,b) X

AHAJIOTUYHO aNMpOKCUMAIMK TunepOonnyeckord Qynkiued. Bmemem 3ameny:
1

1
u=—, ®=—. B Tabnuie UCXOAHBIX JAHHBIX 3aMEHSIEM 3HAYCHUs (PYHKIHUH H
X y
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aprymMeHTa Ha oOpaTHbIE YHCIa U HAXOAUM KO3(DPHUIIMEHTHI JIMHEWHON 3aBUCH-
Moct D(u,a,b)=bu +a.

Annpoxcumayusi nuHeunou KomoOunayueu ¢yukyuu. bynem uckathb ar-
POKCUMHPYIOMYIO PYHKIINIO @(X) B BUJE JUHEHHON KOMOMHAIIMU dJIEMEHTap-

Heix ymumit f,(x), f5(x), f3(x):
(x) = af, (x) + b, (x) + of (). (5.14)

IIpumMeHHUB METOJ HAUMEHBIINX KBAJAPATOB, IMOJYYUM CUCTEMY JIMHEUHBIX

YpaBHEHUN OTHOCUTENBHO HEU3BECTHBIX KOod(uimentoB a,b,c. Takas cucrema

YPaBHEHUM B MAaTPUYHOM 3aIIMCU UMEET BUJL:

PACH WA CAVACA D IWACAVACH AN CAR O WHACH)
Zfl(xi)fz(xi) Zfz(xi)z Zfz(xi)fz.(xi) b= zyifz(xi) (5.15)
Zfl(xi)f3(xi) Zfz(xi)ﬁ(xi) Zf3(xi)2 ¢ Zyif3(xi)

PemuB noiayyeHHy0 CUCTEMY JMHEHHBIX YPABHEHUHN JTHOOBIM M3BECTHBIM

CrocoO0M, MOXKHO HaWTH KOd(pIULIMEHTH @,b,c U TeM CaMbIM OJHO3HAYHO OII-

pEACNIUTh AaHATTUTUYECKOE BhIPAXKEHUE JJIS alllPOKCUMUPYIOLIEH QyHKINU.

BOﬂpOCbl ons CaMOKOHMpPOoJis

1. MoxHO 11 NpU anmpoOKCUMAIIMKU TOJIMHOMOM TaOJIMYHO 33JJaHHON (DYHKIMU
o0ecneunTh MPOXOKICHUU aMMPOKCUMHUPYIOIeH (YHKIUU TOYHO 4Yepe3 BCe
TOYKH?

2. KakoBo Ha3Haue€HHE BECOBBIX KOA(D(PHUIIMEHTOB B KPUTEPHUH OIM30CTU HCXOJ-
HOM M anmpOKCUMUPYIOIIeH QyHKITUN?

3. MOXHO M MOBBICUTh TOYHOCTH, OJTHOBPEMEHHO YBEIMYMB B HECKOJBKO pa3
BCE BECOBbIE KOADPHUIIUECHTHI?

4. MOXHO 7M1 C TOMOUIBI0 METO/Ia HAUMEHBIINX KBAJPAaTOB HANTH MapaMeTpbl
HEMOJIMHOMUAJIBLHON anmnpokcuMupytomei GpyHkuun?

5. MoeT nu cTeneHp annpoKCHUMHUPYIOMIEro MOJIMHOMA OBITh BBIIIE YHCIA Y3-
JIOB anmpOKCUMALIIH?
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TEMA 6. HennHenHble ypaBHeHUA

«Ecmb npasuna ons evibopa pewenus,
HO Hem npaguil 071 8b100pa YMUX NPAGUILY
U3 3axonoe Mepghu

6.1. KoHyenyusi Memodoe peweHusi HeJIUHeUHbIX ypasHeHuU

Ecnu 3akoHbl (yHKIIMOHUPOBAHMUS HEKOTOPOTO MHXKEHEPHOTO OOBEKTa SB-
JSIOTCS. HENMHEMHBIMHM, a MOJEIMPYEMbIe MPOLECCHl WIM CUCTEMBI O0JaAaroT
OJIHOM CTENeHbI0 CBOOOJBI (T.€. UMEIOT OJHY HE3aBUCHUMYIO MEPEMEHHYIO), TO
MOJiesIb O0BEKTA, KaK MPABUIIO, OMUCHIBAETCS OAHUM HEJIUHEHHBIM ypaBHEHUEM.
B o0mem ciyuae HenmMHENHHOE ypaBHEHUE C OJHUM HEU3BECTHBIM MOXHO 3aIlu-
catb B BUae f (x )=0, rae f (x ) — HEKOTOpas HeNpepbIBHAs (PyHKIINA apryMeH-
Ta X.

HeobxoaumocTh OThICKaHUSI KOPHEH HEIMHEWHBIX YpaBHEHUN BCTpPEUACT-
Csl B pacuerax CHUCTEM aBTOMATHYECKOrO YIpPaBJICHHUS U PEryJupOBaHUs, COOCT-
BEHHBIX KOJ€OaHWN MallMH M KOHCTPYKIMH, B 3ajjauax KHHEMaTH4YECKOro aHa-
JM3a U CUHTE34a, INIOCKUX U MPOCTPAHCTBEHHBIX MEXAHU3MOB U IPYTUX 3aJadax.

Kak mpaBuiio, yuclieHHOE pellleHne HETMHEHHOro ypaBHEeHUs 00Iero Bu-

na f (x)=0 ocymectBusieTcs B 1Ba 3Tana. Ha nmepBom sTamne OTAEISIOT KOPHHU,

T.€. HAXOAAT TaKue€ OTPE3KU HA YHMCIIOBOU MPSIMOM, BHYTPU KaXA0T0 U3 KOTOPBIX
HaXOJUTCS OAUH KopeHb. Ha BTOpOM 3tame il KaKJI0ro BBIIECICHHOIO UHTEp-

BaJIa YTOUHAIOT KOPCHb, T.C. HAXOIAT €TI0 HpI/I6J'II/I}KeHHOC 3Ha4YCHUC X , C IIPCa-

BApUTEJIBHO 33JJaHHON TOYHOCTHIO & .

Paznuuaror anredbpanyeckue U TPAHCLUEHJIEHTHbIE YpaBHEHMs. AreOpaun-
YECKHEe YPaBHEHUS IyTeM alreOpandecKux mpeoOpa3oBaHUii MOKHO TTPUBECTH K
KaHOHMYECKOMY BUIY

n n-1
ax" +a, x" +.4+a,=0, (6.1)

rae a,,a,...,a, — KOC—)(I)(i)I/IHI/IeHTBI YPaBHCHUAI. Iloka3aTens n Ha3bIBAIOT CTEIIC-

HBIO AITeOpanvdecKoro ypaBHEHHUS.
Ecmu pynkmus f(x) He siBnserca anreOpaumdeckoil, ypaBuenue f(x) =0

Ha3bIBACTCA TPAHCUEHACHTHBIM. lIpumMep TpaHCUEHIEHTHOIO YpaBHEHUSA:

2% +cos(x)=0. TpaHCUEHICHTHBIC YpPaBHCHHUS MOTYT HMMETh OCCKOHCYHOE

65



MHOXKECTBO pEIIEeHHW. B HEKOTOpBIX cCiydasx pEelIeHHE TPAHCLEHIAEHTHBIX
ypaBHEHUI MOKHO CBECTH K PEIICHHIO aIre0OpandyecKux ypaBHEHUH.

Mertoapl peleHns: HENMMHENHBIX YPAaBHEHUN JEIATCA HA npsmvlie U umepa-
yuonHvle. IIpsimple METOABI O3BOJISAIOT 3alIMCATh PELICHUE B BUJIE HEKOTOPOTO
cooTHouIeHus, Gpopmynbl. [Ipu 3TOM 3HaYeHHS] KOPHEH MOTYT OBITH BBIYUCIICHBI
no 3Toi (popmysie 3a KOHEUHOE Yuciao apudmerndeckux omnepanuid. [logoOGHbIe
METOJIbl PAa3BUTHI JJISI PEHICHHUS] TPUTOHOMETPUUYECKUX, JOrapu(pMUUIECKUX, TO-
Ka3aTeNbHBIX, a TAKXKE MPOCTEHIINX alreOpanyecKkux ypaBHEHUN.

Opnako mnopasisitoniee OOJIBIIMHCTBO HEJIMHEHWHBIX YpaBHEHUMH, BCTpe-
YaIOINUXCA HA MIPAKTHKE, HE YJIAaeTCsl pElIUTh NpAMBIMA MeTogaMu. Bo Bcex Ta-
KHUX CIIyYasX NMPUXOAUTCS 00palaThCsl K YUCIEHHBIM METOJaM, MO3BOJISIOLIUM
MOJIyYUTh NPUOIMKEHHbIE 3HAU€HUS KOPHEH C 3apaHee 3aJJaHHON TOYHOCTHIO.

Wnes HaxoxaeHus MPUOIM>KEHHBIX 3HAUCHUN KOPHEW HETMHEHHBIX ypaB-
HEHU COCTOUT B cienyromeM. [Ipexae Bcero, HEKOTOpbIM 00pa30M BBIOMPAIOT

HauanbHoe npubaudicenue K KOPHIO X, e[a,b]. Ha ocHoBe 3TOro 3HaueHus 1o
HEKOTOPOH (hOpMyJie BBIYUCIISAIOT CIAEAYIOLIEEe IPUOIMKEHUE X, , 3aTEM X, U T.[.

Kaxxnplil Takoi mar HasbiBaeTcs umepayueti (OT JJATUHCKOTO iteratio — MOBTO-
pEHUE), a CaMU METOJbl YTOUHEHHS — UmepayuoHHsiMu Memooamu. B pesynpra-
T€ UTEpaINil MOJyYaeTcs MOCe10BaTeIbHOCTh NPUOIMKEHHBIX 3HAYEHUN KOPHS

X(sX{seves X 5., KOTOPAsE HA3BIBACTCS UMEPAYUOHHOU NOCE008AMENLHOCIBIO.

Ilepswiii sman: omoenenue kopreu. Bce METONbI OTENICHHUS] KOpHEN (Me-
TOJBI JIOKAaTU3alKuK) 0a3UPyIOTCSl HA OYEBUIHOM CBOMCTBE HENMPEPBHIBHBIX (QYHK-
1ui: KopHu ypaBHeHust f(x)=0 3amaroTcsi TOYKaMu mepeceueHus rpaduka

dbyukiuu f (x) ¢ ockro abciuce y =0 ¥ HAXOIATCS MEXKY COCETHUMU IKCTpe-

MyMaMU (YHKIIHH.
OTtpaeneHre KOpPHEW MOXKHO TNPOBECTH TpaUUYEeCcKd MyTEM MNOCTPOCHUS
rpaduka GyHKIMH f (X ) ¥ BBISIBJICHUS TOYEK €€ MepeceyeHus ¢ OChlo abcIucc.

B ciiydae aHamMTHYECKOTO OTIENICHUsI KOPHEH HAaXOAT BCE KPUTHUECKHE TOUKU
¢bynkuun f(x), T.e. TOYKH, B KOTOPHIX MPOU3BOJHBIE PABHBI HYIIO WA HE CY-

IECTBYIOT (HaIpuMep, 3HaAMEeHaTellb o0parmiaercs B HyJb). st aToro Heooxo-
aumo nuddepennrpoBath GyHKIUIO f(X) .

B HaliieHHBIX KPUTHYECKMX TOYKAX WJW B HEMOCPEICTBEHHOU OIM30CTH
OT HHUX OMNpENesSIIOT 3HaK (QyHKuMU sign f (x,), BKIrOYas 3HaK (QyHKIUM Ha

OCCKOHEUHOM YJaJICHUN YUCIOBOM ocH — oo U +oo. [lomydeHHbIC TaHHBIC aHa-
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JU3UPYIOT: YUCIIO CMEH 3HAKOB Sign f (X ;) paBHO KoJM4eCcTBY KOopHeW. [Ipuuem

Kﬁ)KI[BIﬁ KOPCHb JIOKAJIM30BAH B TAKOM HMHTCPBAJIC, T'AC HA JIEBOM rpaHunc HWH-

TepBaja U Ha MPaBOW ero rpaHule QyHkuus f(x) uUMeeT pa3Hble 3HAKU. BbIsSB-

JICHHBIC MHTCPBAJILI JIOKAJIN3alIUH KOpHeﬁ MOXHO CY3UTb, UCIIOJIB3Ys JOIIOJIHU-

TeJIbHBIE TOYKH, KOTOPHIE 3aMEHSIOT TPAaHUIIbI B OECKOHEUHOCTH.
2 5 1, 1
Ilpumep 6.1. Jlano ypaBHEHUE gx —Ex —6x + 3 =(0; npoBecTn aHamu-

THUYECKOE OTJICJICHUE KOPHEN YPaBHEHUS.
Pewenue. Ananuzupyemast QyHKIUS SIBJISICTCS TOJIMHOMOM TPEThEH CTe-

IEHU:
2 1 1
f(x)z—x3 ——x? —6x+—,
3 2 3
cdf
€€ MPOM3BO/IHAS TAKXKE SBJISCTCS TOJTUHOMOM: d_ =2x"—x—-6.
x

daf

Haitnem xopHu ypaBHEHUS - =0; 2x°—x—6=0; npeobpazyeM ypaBHCHUE:
X

(x —2)(2x 4+ 3) =0; KOpHU ypaBHEHUS: X; =2; X, = —% :

[IpencraBum mHbOpManmio 00 W3MeHeHHH 3HaKa GyHKIUHA f(Xx) HaA BCeW 4u-

CJIOBOU OCH B BHUJIE TAOJIUIIBL;

x — 0 -3/2 2 + 00
sign f(x) |- + - T

W3 Tabauiel BUAHO, 4TO ypaBHeHHE f(x) =0 MMEeT TpU AEUCTBUTEIBbHBIX KOP-
HA: X, € }— OO’_E[; X, € [— 5,2} X; € ]2,+oo[. YMeHpIIMM IIPOMEXYTKH, B KO-

TOPBIX HAXOOATCA KOPHHU:

X — 0 -3 -3/2 -1 1 2 4 + o0

sign f(x) |- - t+ T - - T +
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OKOHYATENbHO MOJIYy4YaeM, UTO KOPHU YPaBHEHHUS HAXOIATCS BHYTPU UHTEPBa-
3
JOB X, e[— 3,—5 , X, € [— 1,1], X; € [2,4].

O

Bmopou sman: ymounenue xopHei. YTOUYHEHHE KOPHEW MOKHO MPOBO-
JUTh OJHUM U3 TPEX CIAEAYIOUIUX CIIOCOO0B, Pa3IMUAIOIINXCSl KOHIIENTYaJIbHO.

Ilepsvlii cnocob: MOUCK KOPHS C 3aJaHHOM TMOTPENIHOCTBIO CBOJUTCS K
nepedbopy BCeX BO3MOXKHBIX 3HAYEHUM apryMeHTa. B kaxaol TeKylled TOuKe
MIPOBEPSIOT HATMYKE PEIICHHS; TAKOW MOUCK HAa3bIBAIOT CKAHUPOBAHUEM.

Bmopoii cnoco6: mouck KOpHsS HEJIMHEMHOro0 YpaBHEHHs 3aMEHSIETCS TO-
MCKOM KOpHs OoJiee mpocToro ypaBHeHus. [IpenmyiiecTBeHHO BHIOMpAeTCs -
HeliHas win napadonudeckast yHkuus. [louck pemieHus oCcyecTBIsIeTcs Mo-
CPEACTBOM BBITIOJTHEHHUS OJJHOTUITHBIX TOBTOPSIIOIINXCS BIYUCICHUM.

Tpemuii cnoco6: HenuneHoe ypaBHeHue f(x)=0 cBomaT K BHUIY
g(x)=@(x) u crpemsaTcs 0OecreunTh PAaBEHCTBO JIEBOW M MPABOW YaCTEH C MO-
MOIIBIO UTEPAITMOHHBIX MPOLETYP.

TouHoe pelieHue ypaBHEHHsI HE BCerja SIBISETCS HEOOXOAUMBIM. 3aiauy
OTBHICKAHUSI KOPHEW ypaBHEHHSI MOXKHO CUMTATh MPAKTUYECKU PEUICHHOMU, €CIIH
MbI CyMEEM HANTH KOPHU YPAaBHEHUS C 3aJJaHHOM CTENEHbIO TOYHOCTU. CunTaer-
Csl, 4YTO YPABHEHUE PEIICHO U €0 KOPEHb X, C 33JJaHHOM MOTPEIIHOCTBIO & Hall-

IIEH, €CIIM BBINOJIHAETCS YCIIOBUE ‘f(xr) <0 wm ‘xr —xk‘Sg, rae o, & —

IPEJIBApUTENLHO 3a/laHHbIE MaJble MOJIOKHUTEIbHbIE BEJIMUNHBI, K — HOMEp HUTe-
panuu. CorjacHo c(OpMYJHMPOBAHHBIM YCIOBHUSIM MOUCK KOPHS METOJOM HTE-
panuii Win METOJOM CKaHUPOBaHUsI MpEphIBaeTCS B TOT MOMEHT, Korja Oin3ka
K HYJIIO JIEBasl 4acTh ypaBHEHUS WK OJM3KHU JIPYT K APYTy JIBa TEKyLIUX 3Haye-
HUS X, MEXY KOTOPBIMU HaXOJUTCS PELICHHUE.

[Ipy mpouux paBHBIX YCHOBUSX OoJjiee 3(PPEKTUBHBIM CUMTAETCS TaKOH
METOJI YTOUHEHHUs] KOPHEW, KOTOPBIM IMO3BOJISIET HAWTU PELICHUE C TOW XKe I10-

I'p€IIHOCTBHIO 3a MCHBIICC KOJIMYCCTBO BBIUMCJICHU.

6.2. MemoO ckaHupoegaHus

Memoo ckanupoeanus TpelyCMATPUBAET pa3leiICHHE BCET0 HMHTEpBaIa
[a,b], IZle OTJEJIEH KOPEHb, HA MaJICHbKUE OTPE3KH, paBHbIEC 3aJJaHHOW MOrpewI-
HOCTH &, C MOCJIEAYIOIIHMM BBIYUCIIEHUEM 3HauYeHUN (QpyHKIMN f(Xx;) Ha KOHLAX

9THUX OTPEC3KOB, T.C. B TOYKaX, paCCTOAHHUEC MCKAY KOTOPBIMU HC IIPCBLIITACT BC-
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anuuHbl norpemHocty (puc. 6.1). Tlo 3HaueHusM (QyHKUIMH, BBIYUCICHHBIM C

IIAroM &, BRIGMPAIOT TOT OTPE3OK [x;,X,,, |, Iie (yHKIMs MeHseT 3HaK.
3a KOpeHb YPaBHEHUS IPUHUMAIOT CEPEIUHY BBIOPaHHOIO OTPE3Ka:

_Xi T X

x}"
2

(6.2)

Hcxond u3 onmmMcaHHOTro alnropuTrMa MOUCKa KOPHEW ypaBHEHUs, NOTPEI-
HOCTb pelIeHUs! He OyIeT NPEeBBIIAThH 33JJAHHYIO TOTPEUTHOCTD & .

fo 1

Puc. 6.1. [lorck KOpHS METOJIOM CKaHUPOBAHUS

OObeM BBIYMCIICHUH MPHU HCIOJb30BAHUN METOAAa CKaHUPOBAHUS MOYKHO
YMEHBIIUTH 33 CUET pa30MeHHs MHTEPBaa Ha OTPE3KH C YABOCHHOM JUTMHOMN 2& .
Jlpyroi crioco0 MOBBICUTH 3PPEKTUBHOCTh METOJIa — IPOBOJIUTH YTOYHEHHUE TI0-
ATAIHO ¢ MEePEMEHHBIM II1aroM pasouenus. Ha mepBom stame 3agaeTcsi 00JIbIIOe
3HAYCHHE Iara W HaXOJHWTCS TOT OTPE30K, INe QYHKIUS MCHSCT 3HAK. 3aTeM
HAMIEHHBIH OTPE30K eIlle pa3 JACIUTCS ¢ MCHBIIMM IIIaroM, KOPEHb HAXOIUTCS
OoJiee TOYHO; U TaK JaJee.

6.3. MemoO OesnieHusi ompe3Ka rnomnoJsiam

Memoo Oenenus ompeska nononam NpeANoOaraeT JeJI€HUE HHTEpBaa Ha
JIB€ paBHbIEC YACTH, 3aT€M CPaBHUBAIOT 3HAKW (PYHKIMH HA KOHIAX KaXIOH U3
JBYX TOJIOBUHOK M BBIAEJSIOT Ty MOJOBHHY, HAa KOHIIAX KOTOPOU 3HAKU (PyHK-
Uy pasHele (puc. 6.2). BeiieneHHyIo MOJ0BUHY CHOBA JIEJSAT Ha JIBE€ pAaBHbIC Ya-
CTH, CHOBA BBIOMPAIOT OJIHY U3 TIOJIOBHHOK, COJIEPKAIIYI0 KOPEHb, U T.JI.
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f0) 1

Puc. 6.2. [louck KOpHsI METOAOM MOJOBUHHOTO JI€JIEHUS

YcinoBueM OKOHYAHUS HUTCPAIMOHHOI'O IIpOoHeCCa CIIYKHUT ACIICHUC TCKY-
ero OTpE3Ka Ha TaKUC IMOJIOBHUHKU, NJIMHBI KOTOPBIX HC IPCBLIIIAOT SaI[aHHOﬁ

IMOTPCUIHOCTH & .

6.4. Memod xopad

Memod xopd TpeNoNaraeT, 4To Ha OTIEIEHHOM HHTepBale |a,b| Hemu-
HeliHas GyHKus f(x) 3amMeHseTcs JIMHEWHOU (yHKIMeH. 3aMeHSoas JTuHen-

Hast QYHKIIAS OTpa)kaeTcsl Ha Tpaduke XOpI0il — OTPE3KOM, COSAUHSIONINM Tpa-
HHUYHbBIE TOUKHU (a, va (a)) " (b J (b)) HEJTMHEUHOU (PYHKIIHUH.

[lo nuHEHOMY YpaBHEHHIO XOPAbl MOKHO HAWTU TOUKY €€ IMepeceyeHust ¢
OCbhI0 abcuMce U, COOTBETCTBEHHO, MPUOIMKEHHOE PEIlIeHNEe X, Ha IepBOM Ila-

re BeluucieHui. HalijieHHas Touka NpUHUMAETCS 32 HOBYIO I'PaHUIly OTpe3Ka, B

KOTOPOM COZAEPKUTCS KOPEHb. Uepes3 3Ty TOUKY ¢ KOOPAMHATAMH (xl, f (xl)) "

MpeaBapuTeNbHO 3aUKCUPOBAHHYIO TPAHUIY HAYAJILHOTO HWHTEpBajia CHOBA
IPOBOJAT XOPAY, HAXOJAT CIIEAYIOIIee IPUOIHKEHUE X 5, U T.J.

B pe3ynbTaTe TIOJTy4aeTCsl MOCTIEI0BATEIHHOCTh 3HAYCHUH
X 15X ,X 3,0..,X; , CXOIAIIAACA K KOPHIO (pHC. 6.3). Yc0BUEM IPEKpaIleHus Bbl-

YUCIICHUH MOXET OBITh HCPaBCHCTBO ‘xi _'xi—l‘ < &, a B KQUeCTBE KOPHA ypaB-

HEHUS C TOYHOCTBIO & MOXET OBITh IIPUHATO 3HAYCHHUC X, .
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f ()

v

Puc. 6.3. [louck KOpHsI METOAOM XOP[

Meton npuMeHHM K MOHOTOHHOW Ha 3aJJaHHOM y4yacTke (QyHKIuu. Ouk-
CHUpYyeTCsl TIpH ATOM TpaBas WX JieBas TpaHUIa WHTEpBaJa B 3aBUCUMOCTH OT
BUJIa (DYHKIIUH.

Ecm f(b)-f"(b)>0, TO ¢ukcupyerca mnpasas TrpaHHLla HHTEpBaja

(puc. 6.3) 1 BBIUUCIICHUE NPOU3BOIUTCS 1O (HopMyIie

£ @)
=X, - o (b-x,); 6.3
R Sy (3

IIPY TOM IIOCIIEAOBATENBHOCTD X |,X 5,X 3,...,X , IPUOJIMKAETCS K KOPHIO CIIEBA.

Ecmu f(a)- f'(a)>0, To pukcupyercs jeBas rpaHulla UHTEPBaja U BbI-

YUCIIEHHE MPOU3BOAUTCS MO (popmyiie

_ S (@) .
xi+1_a+f(a)—f(xl.)(xi a), (6.4)

IMpHU 3TOM IOCJIICAOBATCIIBHOCTD HaﬁﬂCHHBIX pel_HeHI/Iﬁ X 15X 95X 35000, X HpI/I6HI/I-

JKACTCA K KOPHIO CITpaBa.
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6.5. MemoO kacamesibHbIX

Memoo xacamenvnvix (Hpr0TOHA) WCMOIB3YET B KayeCTBE OTCEKAroIIeh
OpsIMOM KacaTelnbHYI0 K rpaduky (YHKIHH B TEKyIIEeH TOYKE HTEPAIMOHHOMN
MOCJIeI0BaTENbHOCTH (puc. 6.4).

f(x)

Puc. 6.4. [louck KOpHsI METOJOM KacaTeIbHBIX

VYpaBHEHHE KacaTeNIbHOM, ONpenesaoniee IEPBYIO MPOU3BOAHYIO, 3a1aeT-
Csl 10 KOOPJAMHATE TEKYLIEH TOYKM U YTy HAKJIOHA KacaTeJbHOW B ATON TOYKE.

B kauecTBe HadanbHOW TOUKUM MOYKHO BBIOpaTh JIEBYIO (X, =a) WIM NPaBYIO
(x, =b) rpanuny nHTepBaia. JleBas Touka MHTEpBaJa BHIOMPAETCS B TOM CIIy-
qae, €CJIM BBIMOJHAECTCS HepaBeHCTBO f(a): f'(a)>0; COOTBETCTBEHHO IpaBasl
TOYKa BbIOMpaeTcs B TOM ciyyae, eciau f(b)- f"'(b) > 0. Anroput™m uTepanoH-

HBIX BBIYHMCIICHUN 3aMUCBIBACTCS CIIETYIOUIUM 00pa3oM:
Xipl =X, _% : (6.5)

1

ANTOPUTM HAJEKHO pabdoTaeT, Korja Ha BHIJICIICHHOM WHTEpBAaJe aHAIH-
supyemasi GyHKus f(x) SBISETCS MOHOTOHHOU. ['JTaBHBIM BBIYHCIUTEITHLHBIM

JOCTOMHCTBOM METOJIA ABJISICTCS KBaJApaTU4YHASI CKOPOCTh CXOAUMOCTH, YTO BO
MHOTHX CJIy4asiX MOXET MPUBECTH K COKPAIICHUIO 00beMa BhIUUCIECHUHN. Y ClIO-
BHE OKOHYAHMS MMOUCKA AaHAJIOTUYHO METOY XOP/I.
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6.6. MemoO napabonu4eckol annpoKkcumayuu

Memoo napabonuueckotl annpoxkcumayuy 3aMEHIET UCXOIHYIO (YHKIIHIO
napabonmdeckoit gynkmuen (puc. 6.5). Takas anmpoxcumanus oOecTICUMBAECT
0osee OBICTPYIO CXOUMOCTD K PEIICHUIO.

f() 1

A

Puc. 6.5. MnnmrocTpanus nepBoro 3ramna
IIPU OUCKE KOPHS METOJIOM NapaboIMuecKo annpoKCUMaluu

Ha nepBom stamne s moctpoeHus: mapadoibl BHIOMPAIOT TPU TOYKU: JBE
TPaHUYHBIE TOYKHU (a, f (a)), (b, f (b)) Y CPEIMHHYIO TOYKY OTPAHHUYEHHOI'O HH-

TepBaJia ¢ KOOpAUHATAMHU ((a +b)/2, f((a +b)/2)). [To ypaBHeHUIO MapaboOIIbI
y=c,x> + ¢ x+c, HAXOOAT NPUONMKEHHBIH KOPEHb, pellas ypaBHEHHE
e, x* +ex+cy =0,

Ha BTOopoMm 3Tame s mocTpoeHusl nmapadosbl UCHOJB3YIOT TPU TOUKH:
((a +b)/2, f((a+ b)/2)), (xl,f(xl)), (b,f(b)). Ha tperbem nstame mis mo-
CTpoeHHsI Tapabonbl OyayT WCIOJB30BaHBl  CICAYIONINE TPU  TOYKH:
((a +b)/2, f((a+b)/ 2)), (x2, f (xz)), (xl, f (xl)). Jlanee nis mOCTpOEHUS mapa-
0601 Oynmer WUCHOJb30BAaHA TPOMKA MPEIABIAYIIUX PACUETHBIX 3HAYCHHIA:
(2. /(1)) (53,1 (%3)) (1. ().

Takast mpoueypa moBTOPSIETCSI MHOTOKPATHO 0 TEX MOpP, MOKA BEJIMYMHA
OTpE3Ka, BHYTPU KOTOPOr0 HAaXOAUTCS KOPEHb, HE CTAHET MEHBIIE IpeaBapu-
TEJIbHO 3a/IaHHOM MOTPENTHOCTH.
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6.7. Memod npocmol umepayuu

Memoo npocmoti umepayuu TpeOyeT npeoOpa3oBaHUsI UCXOJIHOTO YpaB-
Henus f(x)=0 k Bumy

p(x)=x (6.6)
WM B 001IeM ciiydae — K BUny f(x)=g(x). CymecTByOT pa3IudHbIe CIIOCOOBI
npeoOpazoBaHusl UCXOTHOTO ypaBHEHUs K BHIY (6.6). CaMblii ipocTOl CIIocod

3aKJII04acTCA B CJ'IGI[}’IOHIeﬁ 3aMCHC!:

B f(x)+x=0+x B
f(x)=0 — £ 4 x= () —>p(x)=x . (6.7)

Ha HauanpHOM 3Tame nepeMeHHOMN MPUCBAUBAIOT HEKOTOPOE MPOU3BOJIb-
HOE€ 3HA4Y€HUE X,, KOTOPOE HE SIBJIETCSI KOPHEM YpPaBHEHHUS, U COOTBETCTBEHHO
@(x ) # x ,. Ha nepBoM 3Tane BBIUUCISIOT 3HaYEHUE X, = @(X, ), KOTOPOE SIBJIS-

€TCsl TIEPBBIM NIPHOIMKEHUEM K KOpHIO. Jlaiee BRIYUCISIOT CIAEAYIOIIee 3Hade-
HUEe X, =@(x,) u T.0. B 00meM ciayyae Ha HEKOTOPOM HMTEPALMOHHOM IlIare

NpUOIMKEHHOE PEIIEHUE UCXOIHOTO YPABHEHMSI BBIYMCIIAETCS KaK X;,., = @(X;).
VYcinoBreM OKOHYaHUS MOMCKA MOYKET ObITh HEPABEHCTBO: |X; — X ; +1‘ <g,rme €

— 3aJaHHasd MOrpCITHOCTL PCIICHMUA.

[TomyueHHass MOCAEAOBATENBHOCTh 3HAYEHUH X (,X |,X 5,..0rX CXO0-

P+loe
JUTCS K KOPHIO (pHC. 6.6) IIpU YCIOBUH, UTO MOYJIb POU3BOIHOMN 3aMEHSIONIEH

(YHKITUW HE TIPEBBIIIAET CIUHUILY: ‘qo'(x )‘ <1 Ha uHTepBaJe [a,b ] [Tpuuem uem

OmKe MOJYJib K HYJIFO, TCM BbIIIC CKOPOCTH CXOJAMMOCTH K PCIICHUIO.

y=¢(x)

v

X, X X, X

Puc. 6.6. [Touck KopHsI METO/I0M IPOCTON UTEPALIUU
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Ecnu ycnoBue ‘gn'(x )‘Sl HE BBIMIOJIHAETCS, UTEpAllMOHHAs IOCJeI0Ba-

TEJIbHOCTh HE CXOJIUTCSI K HICKOMOMY pelieHuto (puc. 6.7).

y=p(x

v

X, Xy X4 X

Puc. 6.7. Hecxoasuuiicsa UTEpalmOHHBIN IPOIIECC

Pemenue HeNMMHEWHBIX YPaBHEHUN C OJJHUM HEU3BECTHBIM SIBJIICTCS BAXK-
HOM 3aJa4ell KOMIIBIOTEPHOTO MHKMHUpPHUHTa. Kak mpaBuio, Ipu pelieHnH Ha-

VUHBIX M WHXXEHEPHBIX 3a1a4y QyHKIuUs f(X) COOEPKUT psi MapaMeTpoB, UC-

clieoBaTeNss W WH)XKCHEpa HWHTEPECyeT TIOBEJACHUE pEIICHUH YpaBHEHHUS
f(x,py,Py»---p;) =0 B 3aBUCHMOCTH OT IapaMeTpoB p, . He Hapymas oOuiHo-

CTH 3aJa4M, MOKHO IIOMCHATb MCCTaMHU HCU3BCCTHOC X U 10001 H3 [mapamMcTpOB

Dy > T.€. PEIIUTH YPABHEHUE OTHOCUTEIBHO APYTrOM HEU3BECTHOU BEJIMYUHBL.

Bonpocbi 051si caMOKOHmMpoJisi

1. M0XHO 111 HAalUTHU KOPEHb METOJIOM JEJIEHHsI OTpPE3Ka IOIojaM, €ClId OH Ha-
XOJIUTCS HA TPAHULE UHTEpBAJIA?

2. Becerna nu MeTOX XOpA MO3BOJIAET BBIYMCIINTD OTACJIICHHBI KOPEHb C 3a/aH-
HOM NOTPEIHOCTHIO?

3. B ueM 3axnirogaeTcs reoMeTpuueckas nHTepnperanus merona Herorona?

4. B xakux ciayyasx MeToJ napadoandecKon anmpoKCUMAalliK He HalJeT KOPEeHb
ypaBHEHUS?

5. Uto Ha3bIBaeTCs CXOUMOCTBIO METO/Ia UTEpaid?

6. Ecnu Ha 3agaHHOM OTpE3Ke MMEETCS ABa KOPHs, TO 4YTO MOXKHO CKa3aTb O
CXOJUMOCTH METOJIa UTEPALIMI HA 3TOM OTpe3Ke?
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TEMA 7. CucrtemMbl JIMHENHbIX YPaBHEHUMN

«Huxo2oa ne cmasvme 3aoauy,
peuterue Komopou 8am Heu38eCmHoy
U3 3axonoe Mepghu

7.1. KoHuenuusi Memodoe peweHuUsi cucmem JIUHeUHbIX
ypaeHeHul

MaremaTnyeckre MOJEIN MHOI'MX MH)KEHEPHBIX 3aJay NPUBOAAT K CHUC-
T€MaM JIMHEHHBIX alreOpanyecKuX YpaBHEHUN C OONBIIMMH U Pa3pe’KEHHBIMU
MaTpullaMd KO3 (PUIIMEHTOB. B KOMIBIOTEpHOM HWHXXHUHMPUHIE HAac MPExXIe
BCETO MHTEPECYET PEIICHUE YPABHEHUN C YACTHBIMU MTPOU3BOJHBIMA METOIAMH
KOHEUYHBIX PA3HOCTEN MJIM KOHEUHBIX JJIEMEHTOB.

Pemienne cucteM NMHENHBIX YPABHEHUN B KOMIIBIOTEPHOM WHKMHUPHUHIE
MIPOBOJIUTCS YMCIICHHBIMUA METOJaMH JIMHEHHOUN anreOpbl. B nuneiHoN anredpe
paccMaTpHUBAIOTCS YEThIpE Kilacca 3ajay: pelieHUe CHUCTEM JIMHEWHBIX anre0-
pandeckux ypaBHeHui (CJIAY), Beiuncienue onpeaenureneid, HaxoxaeHue o00-
paTHBIX MaTpHll, ONpeeeHHe COOCTBEHHBIX BEKTOPOB M COOCTBEHHBIX 3HAue-
HUW Matpull. Bee 3TH 3a1aun UMEIOT BaXKHOE NMPUKIAAHOE 3HAYEHUE IIPU pele-
HUAW PaA3JINYHBIX HAYYHO-TEXHUYECKHMX 3a/1a4 B KOMIBIOTEPHOM HHKMHUPHUHTE.
Kpome Toro, 3amaun nauHEHHOW anreOpbl SIBISIOTCS BCIIOMOTAaTENbHBIMU TIPH
peanu3anuyu MHOTMX aJrOPUTMOB BBIYHCIWTEIIBHOW MaTeMaTHKHU, MaTeMaTuye-
CKOM (u3HKU, 00paObOTKH Pe3yIbTATOB YKCIEPUMEHTAIBHBIX UCCIIEIOBAHUMA.

Metonast pemenus CJIAY MOXHO pa3fenuTs Ha ABE OOJIbIIKE TPYIIbI —
npsIMbIE U UTEpAallMOHHBIE. [IpsMbIE METOBI MTO3BOJIAIOT HAWTU PEIICHUE CUCTE-
MBI B PE3yJIbTaTe OJHOKPATHOI'O IMPUMEHEHHMs BBIYMCIUTEIBHOM NpoLenypsl. B
UTEPAllMOHHBIX METOJAX BBIYMCIUTEIbHAS MPOLEAYpa MNPUMEHSAETCS MHOIO-
kpaTHO. [IpuMeHeHHe UTepallMOHHBIX METOJOB IEIeCO00Pa3HO B TEX CIy4YasX,
KOTI'/Ia CUCTEMa COACPKUT OOJIBIIOE KOJTUYECTBO JIMHEHHBIX YPAaBHEHUH.

B o0miem Buze cuctema NTUHEHHBIX anreOpanuyecKkux ypaBHEHHUH 3amuChl-
BAETCs CIEAYIOIIUM 00pa3oM:

a; X, +a,x, +ax;+...+a,x, =b,,
Ay X1 +ApX ) +ay X5 +...+a,,x, =b, , (7.1)

a,X,+a,,X,+a,;x;+..+a,,x, =b

n
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Cucremsbl ypaBHeHHI;'I AJI1 YAUCJICHHOTO PCIICHUA 3allMCBIBAIOT B MATpUU-

HOM BHJIIE
_ _ b
ay A - 4, || N 1
yp Ay - Gy || Xo | b,
_anl an2 . ann a \xn bn )

uinu komMnakTHo: [A]{x}={B}, rne [A] — kBagpaTHas MaTpulla pa3MepoM 1 X i,

COCTaBJICHHAS 13 KOA(DPHUITUEHTOB IPH HEU3BECTHBIX; 71 — PA3MEPHOCTH CUCTEMBI
ypaBHEHUH; {x} U {B} — maTpuIbl pazmepom n x 1, coaepkalirue HEU3BECTHbIE

1 CBOOO/IHBIE YJIEHBI COOTBETCTBEHHO. CHUCTEMA YpaBHEHUM UMEET pELICHUE, ec-
JIM YMCJIO HEU3BECTHBIX PABHO KOJIMYECTBY YPAaBHEHHUM, MO3TOMY MaTpula KO-
3¢ (ULHEHTOB AOKHA OBITh KBAaJPATHOM: KOJIMYECTBO CTOJOLIOB MATPHUIBI KO-
3¢ (ULIMEHTOB paBHO YMCIY HEU3BECTHBIX, a KOJMYECTBO CTPOK PaBHO KOJUYE-
CTBY YpaBHEHHUM.

Martpunbl — NoJIe3HBIM anmapar sl UCCIECI0BaHUs MHOTHX 3aJa4 Mare-
MaTUKH, QU3UKU U TeXHUKU. OTHON W3 BaXXHEMIIMX 3a/lay SIBISETCS MOUCK pe-

IIEHUS] CUCTEM JIMHEWHBIX aJIreOpandecKnuX ypaBHEHUH.

7.2. Mampuubl u Mampu4Hbie 8bIYUCIeHUSs

MHorue TexXHWYeCKHe 3aJaud B MPHOIMKEHHBIX pacueTax CBOJMIITCSA K
PEIICHUIO CUCTEM JIMHEHWHBIX YpaBHCHUW B MAaTPUYHOM BHJE, KPOME TOTO, MPH
pelieHNd WHXXCHEPHBIX 3aJ1ad MCXOJHBbIE U oOpabaThiBacMble TaOJMYHBIC JaH-
HBIC MOTYT OBITh TPEJICTABICHBI JIJI1 KOMITBIOTEPHBIX BBIUMCICHUN B BHUJIC MaT-

pun A pazMepa mxn:

a;;  dp a,
a a .. a
21 2 2
A= S (7.2)
aml am 2 amn

rac 4ucia aij , COCTAB/AIOINUC MJAaHHYIO MATpUIy, HA3BIBAIOTCA 3JICMCHTAMU

MaTpuUIbl, HepBBIﬁ UHIEKC I B 0003HAYCHUHN DJICMEHTA MaTpuIlbl YKa3bIBACT HA

HOMED CTPOKH, BTOPOM UHAEKC j — Ha HOMEP CTONOLA.

Martpuiia, y KOTOPO YMCIO CTPOK PaBHO YHUCIY CTOJIOIIOB, HA3bIBACTCS
KBaJpaTHOI. MaTpuna, coaepkailas OJMH CTOJOEN UIU OJHY CTPOKY, Ha3bIBa-
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eTcsl 6eKmopom (BEKTOP-CTOJIOEL MIIN BEKTOP-CTPOKA COOTBETCTBEHHO). BekTop-
CTOJIOEI] M BEKTOP-CTPOKA MPEICTABIISIOTCS CIEAYIOIUM 00pa3oM:

a,
a,
A= , B=(, b, .. b,). (7.3)
am
DneMeHTsl da,;, dy, ..., d; OOpPa3ylT IVIABHYIO AUAroHajlb MAaTpPHLIbIL.

KBagpaTHas mMarpuna, y KOTOPOM BCE JJIEMEHTBI, KPOME JJIEMEHTOB TJIABHOU
JIMaroHajy, paBHbBI HYJII0, HA3bIBACTCS OUA2OHANbHOU. JlnaroHanbHas MaTpUIIa, y
KOTOPOM KaKIbIi DJIEMEHT IJIABHOM JWArOHAIM PABEH E€IWHUIIEC, HA3BIBACTCS

COUHUUHOU:
1 0 0
0O 1 ... O
E = ) (7.4)
0 O 1

Martpuiia, moaydeHHas U3 UCXOIHOM ITyTeM 3aMEHbl KaXKJI0M ee CTPOKHU Ha
CTOJIOCI C TE€M € HOMEpPOM, HA3bIBACTCS MATPULEH, MPAHCNOHUPOBAHHOU K

NaHHO# 1 0603HauaeTcss A’ . Hampumep, ecu A = o) T0 A" = (1 O).

[Ipu cnoxenuu matpuy, 4 u B nonydarot Marpunly C = A+ B, ipu 3TOM

CKIaAbIBAOTCA HMX J3JICMCHTHBI C OJWMHAKOBBIMHM HHJICKCAMM: cij ZCIZ-]- +bij . Cno-

’KEHHE MTPOBOJUTCS TOJIBKO JUISl MAaTPUIL] OAMHAKOBBIX Pa3MEPOB.
[Ipn ymHOXeHMM MaTpuubpl 4 Ha yucio k nosydaroT marpuny C=kA4,
IPU 3TOM KaXKIbIH 3JIEMEHT UCXOIHOM MaTpULbl YMHOXKAETCSA HA JJAHHOE YHCIIO:

Cy :kaij.

IIpousBenenuem matpull 4 u B sBiugerca Mmatpua C, KaXIblid 3JIEMEHT
KOTOPOW BBIYMCIIAETCA KAK CyMMa IPOU3BEICHUN JJIEMEHTOB I - CTPOKU MaT-
puubl A4 Ha COOTBETCTBYIOLIME BJEMEHThl Kk -ro cronlua MaTpuibl B :
¢, =a,b, +a, b, +..+a,b, . Onepanus yMHOKEHUS MPOBOIAUTCS AJI JIBYX
MaTpHIl, KOT/Ia YKCIIO CTOJIOLOB MEPBOM MATPHIIBl PaBHO YMCIY CTPOK BTOPOM
Matpuisl. [locaenoBaTebHOCTh BBIYUCICHUN P YMHOKEHUU MATPULl MOYKHO
peACTaBUThH cxemoit (puc. 7.1).
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aa/\b“ b

i | AAAT] b b
aaa b b

S = W

Puc. 7.1. Cxema yMHOXEHHS MaTpPHIL

[IpousBenenne NByX KBaIpaTHBIX MATPHUIl OJMHAKOBOTO TMOpsIKa HE 00-
JajaeT B OOIIEM cllydae MepecTaHOBOUHBIM CBOMCTBOM: AB # BA . Ilpoctoit
I 0 1 1 I 1 I 0

npuMep: ecim 4 = uB= ,TO AB= u BA=
0 0 I 1 0 0 1 0

Matpuusl, Ui IPOU3BEACHUS KOTOPBIX CIPABEMJIMBO IIEPECTAHOBOYHOE
CBOMCTBO, Ha3bIBAKOT KOoMMymupyrowumu MarpuuaMmu. Ciaenyer OTMETUTh OCO-
OyI0 pOJb €IUHUYHON MATpHUIlbl E, aHAJIOTHYHYIO TOH pPOJIM, KOTOPYIO UTpPaeT
quciIo | mpH NMEepEeMHOXKEHUM BELIECTBEHHBIX YUCE: IIPU YMHOXXEHUU IPOU3-
BOJIBHOM KBaJpPAaTHOM MAaTPULbI HA CAMHUYHYIO IIOJIYYalOT UCXOAHYI0 MaTPULLY:
AE =E4 = 4.

OKeusaneHmuvle MaTPULBI — MATPUILBI, KOTOPbIE MOTYT OBITH ITOJIy4EHbI
OJIHA U3 APYTOil ¢ MOMOUIBIO 3JIEMEHTAPHBIX IPE0OPa30BaHU, a UMEHHO:

1) nepecTaHOBKOM MeCTaMU JIBYX CTPOK MAaTPHLIBL;

2) yMHOXEHHEM BCEX 3JIEMEHTOB CTPOKH Ha YHMCIIO, OTJIIMYHOE OT HYJIS;

3) cioXeHueM AByX CTPOK.

Onpeodenumens MaTpullbl WIH €€ AETEPMUHAHT — BELIECTBEHHOE YMCIIO,
BBIYHCIIIEMOE I10 DJIEMEHTAM MATPULbI COIVIACHO CIEAYIOLIUM IIPaBUTIaM.

JI1st KBaipaTHOM MaTpUIbl BTOPOTO MOPSAKA

det4=a,a,, —aya,,.

Jlnst KBagpaTHON MaTpUILbI TPETHETO MTOPSAIKA

det A =a, a5 a55 + 41305305, + Ay A3y 015 = U305 013 = Ay @)y 033 = A3y 3 -

Omnpenenurens MaTpULbl 00Jiee BBICOKOTO IOPSAIKA BBIYHUCISAETCS 4epes
OIPEIENUTENN ITOW MATPULIBI HU3LIUX ITOPSIIKOB.

MMHOP mij 9JICMCHTA aij OIIPCACIUTCIIA MaTpUulbl — OIIPCACIUTCIIb, ITIOJIY-

YEHHBIH U3 UCXOJHOTO MOCJIe BHIYEPKUBAHUS CTPOKH W CTOJIOIA, HA Tepeceye-
HHUU KOTOPBIX HAXOJAUTCS TaHHBIN 3JIEMEHT.
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Aneebpauueckoe donoanenue A; dIEMEHTa @; ONPEIEIUTENS] MATPULIBI
. — i+j
YAOBIETBOPsIET ycnosuto: A; =(=1)""m; .

*
Ilpucoeounennas matpunia A WMeET IEMEHTHI, paBHbIE AJIreOpaniecKuM

JIOTIOJTHEHUAM Al.j 3JIEMEHTOB a; VMCXOJHOW MaTPULIBL:

A4, 4, ... 4,

. | A, A .. A
gt | 22 n2
A4, A,, ... 4,

Obpamuas mampuya — KBaJipaTHas MaTpHIIa TOTO XKe MOPsIKa, TPOU3BE-
JI€HUE KOTOPOI Ha UCXOAHYIO MaTPUIly paBHO €IMHUYHON MaTpuIe:

AA' =A4T"A=E . (7.5)

O6paTHa51 MaTpula HaXOOUTCsA ACIICHHUCM HpHCOCI[PIHCHHOﬁ MaTpHullbl Ha
OIpCACIINTCIIb HCXOI[HOP'I MaTpUIlbIL:

*

A

A ="2
det A4

(7.6)

[Tpoueaypa HaxoxaeHUS 0OPATHON MATPUIIBI UCIIOJIB3YETCS PU PELLICHUU
CUCTEMBI JIMHEHHBIX aireOpandeckux ypaBHeHHil. CucTeMy ypaBHEHUN MOYXKHO
[IPEACTaBUTh B MATPUYHOM BUJIE: [A]{x}z {B}, rae {x} — UCKOMOE€ PELICHUE CU-
CTEMBI, 3allICAHHOE B BHJE BEKTOpa-cToJOIa. PemieHwe 3TOro MaTpUYHOrO
YpaBHEHHsI MOYKHO CBECTH K HaXOXKJICHHIO OOpPaTHOM MaTpHIIbI [A]_l, IIOCKOJIb-
Ky, YMHOXHUB cjeBa 00€e uacTM YpaBHEHUS Ha OOpaTHyI MaTpuily
[A]_I[A]{x}z [A]_I{B}, II0JTy4aeM HENOCPEICTBEHHO BEKTOP-CTOJIOEL] HEU3BECT-
HBIX 3HAYeHHit: {X}= (4] {B}.

Buvipooicoennas mampuya — MaTpuLa, ONPENEIUTENb KOTOPOM paBeH Hy-
0. Besikast HeBbIpOXKIeHHAs: MaTpULla UMEET 0OpaTHYIO MATPUILY.

7.3. Mampuuybi, o6pabambieaembie CAE-npoepammamu

[Iporpammel nnxkenepHoro ananuza CAE dopmupyroT u obpabaThiBaroT
MaTpUIlbl OOJIBIION PA3MEPHOCTH, OCOOBIM 00pa30M CTPYKTYpPUPOBAHHBIE.

Paszpeorcennas mampuya — matpuiia, GOJBIIMHCTBO AJIEMEHTOB KOTOPOM
paBHO HYJI0. BBOIUTCS MOHSATHE TJIOTHOCTH MaTPHIIBI — OTHOIICHHUE YUCIIA He-
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HYJICBBIX 3JICMCHTOB K O6H_[6My YUCIIy 3JICMCHTOB MAaTpPHIIbI. ManI/IHa CUHTAaCT-

o 1
Cs Pa3pCiKCHHOU, CCJIN €€ TNIOTHOCTh MCHBIIC ——, TAC N — pPasMCPHOCTb MaT-

JN
punel. Hanpumep, ecnu pa3MepHOCTh MaTpuIlsl N =10°, o0Iee Yucio dJieMeH-
TOB MaTPHUIBI paBHO 10°, TOTJAa YHCIO HEHYJIEBBIX 3JIEMEHTOB Pa3peKEHHOM
MaTpuLbl He IpeBbimaet 31622.

Pa3pexxeHHble MaTpHIlbl OPMUPYIOTCS MPU MEPEX0JE K KOMIBIOTEPHOMY
PELIEHUIO PA3IMYHBIX 33/1a4 C IOMOIIBIO ITPOrpaMM KOMITBIOTEPHOTO MHKEHEP-
HOro aHaimsa. B mpouecce MOCTpoeHUs MUCKPETHBIX AHAJIOIOB TaKUX 3aad
BO3HMKAIOT OOJIBIIME CHCTEMbl JIMHEHHBIX anreOpanvyecKkux ypaBHEHH, mpen-

CTaBJIIEMbIC B KOMIIAKTHOM 3aliCHU MaTPpHUYHBIMHA YPABHCHUAMMU:
[A]{x}=1{} (7.7)

7€ {x }— BEKTOP UCKOMBIX 3HAYEHUH HEKOTOPON (HhM3UYECKOM BEINYMHBI (TEM-

neparypa, CMEIIEHHUE U T.I1.) B paCUETHBIX TOUKAX JUCKPETHON MOJIEIH;
{f }— BEKTOp Harpy30K B PACYETHBIX TOYKAX JTUCKPETHON MOJICIIH.

Martpuusbl [4A] B TakuX ypaBHEHUAX, KaK MPABHIO, CAMMETPUYHBI OTHO-
CUTEJIbHO TJIaBHOM JUMArOHAIM U UMEIOT Pa3peKeHHYIO CTpyKTypy. Ilpu perie-
HUU 337]a4 Ha IPOYHOCTh U KECTKOCTh KOHCTPYKIIMN MaTpuua [A | Ha3pIBaeTcs
rI00aaIbHON MaTpHIel )KECTKOCTH CHCTEMBI, B TEIUIOBBIX 3a/1auyax maTpuiia [4 |
HMMEET CMBICII TETJIIOBOTO COMPOTUBJICHHUS.

Jlenmounas mampuya — pa3pexxeHHasi MaTpUlla C JICHTOUYHON CTPYKTYpou
HEHYJIEBBIX 2JIEMEHTOB. JICHTOUHBIC MATPUIBI (POPMHUPYIOTCS MPU COCTABICHUHN
rJ100aIbHON MaTPUIII )KECTKOCTU U BBIMOJIHEHUH BBIYUCIUTEIBHBIX IPOLIEAYP B
CAE-niporpamme. JleHTouHas KBajpaTHas MaTpuila UMEET CIEAYIOIIYIO CTPYK-
Typy:

a=| N . (7.8)

0 % % *

*

I[JI}I JICHTOYHBIX MAaTpPHUI] BBOJAT ITOHATHC IIWPHUHBI JICHTHI. I[JI?I MaTpHUIbI

A C HyJIEBBIMHU 3JIEMEHTAMH a; =0 npu i >j +m, wim j >i +m, BeINYUHA

n, + n, + 1 Ha3bIBaeTCs HIHpHHOﬁ JICHTBI, a4 BCJIMYUHBL m; U n, HA3BIBAIOTCA

LIMPUHON HUKHEN U BEPXHEH IOIYJIEHTHI COOTBETCTBEHHO.
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Tpexouaconanvnas mampuya — MaTpuLa, BCE 3JIEMEHTHI KOTOPOM, KpoMe
AJIEMEHTOB TJIABHOW W NMPUMBIKAIOIIMX K HEW JuaroHasieil, paBHbl Hymr0. Bax-
HOCTh TPEXJAHAroHaJILHOW MAaTPHUIIBI OOYCIIOBJIEHA TEM, YTO HEKOTOPHIE METOJIbI
npeoOpa3zoBaHUil MO3BOJISIOT MPUBECTU MPOU3BOJILHYIO MATPUILYy K 3TOMY 4acT-
HOMY BUJLY.

Opmoeonanvuas mampuya — Takas MaTpula, JUisli KOTOPON BBITIOJIHSETCS
YCIIOBHE:

A '=4" wm AA=E, (7.9)

rne A — TpaHCIIOHMpOBaHHAs MaTpuIa, E — euHUYHas MaTtpuna. MaTpuua, 06-
paTHasi OPTOrOHAJIBHOM, JKBUBAJIEHTHA TPAHCIIOHUPOBAHHOM; ONPEIEIUTEND Op-
TOTOHAJIBHOW MaTpPHIILI paBeH 1.

Cuneynsapuas mampuya — Takas MaTpuLa, MEXIYy CTPOKaMH KOTOpOH (a
TaK)Ke€ MEX]y CTOJIOIaMH) CYIIECTBYET JIMHEHHAs 3aBUCUMOCTD; OINpPEACIIUTEh
TaKOW MAaTpHUIIBI paBeH HYNIO. PemeHue CUCTeMbl JTMHEHHBIX anreOpandecKux
ypaBHenuit B CAE-nporpamme npuBoguT K 00paboTKe MaTpullbl OOIBIION pa3-
MepHOCTH. Ecin maTpuia sBiIsSeTCs CUHTYJIIPHOW U €€ ONPEEIUTENb PABEH HY-
J0, peniaeMasi CUCTEMa yPaBHEHMU SIBISETCS BBIPOKICHHOW M OJHO3HAYHOE
pelIeHUe ISl Hee OTCYTCTBYET. IIOHATHE BBIPOXKAECHHOW CHUCTEMBI JIMHEHMHBIX
ypaBHEHUI O3HAYaeT, 4TO (PaKTUUYECKU caMa CUCTEMa YpPaBHEHUM SIBISIETCS He-
JNOCTAaTOYHO OIPEAEICHHOM MUl PELICHMS, IOCKOJBbKY HEKOTOpBIE YpPaBHEHMS,
BXOJIAIIME B TAKYI0 CUCTEMY, MPECTABISIOTCS JIMHEHHOW KOMOMHAIIMEH IPYTUX
ypaBHeHu#. Toraa cymiecTByeT 1u00 0€CKOHEYHOE MHOXKECTBO PEIICHUM, OO
HE CYIIECTBYET HU OJHOTO.

Ilo0o6Hble Mampuybl — MaTpULlbl A U B o100HbI, €CITU CYIIECTBYET TaKas
HECUHTYJISIpHAas MaTpula P, 4To cpaBejIMBO COOTHOILLICHHE

v
B=P'AP. (7.10)
Cummempuueckas mampuya COBIAJAET CO CBOEH TPaHCIOHUPOBAHHOU

Marpunei: 4 = A4 T T.e. HIKHUIT TPEYIrOJIbHUK KBaJApaTHOW MAaTPULbI ABJISICTCS
«3EpPKAIBHBIM OTPAKEHUEM» BEPXHETO TPEYroJibHUKA. Pa3pexkeHHas JICHTOYHas
CUMMETpPUYECKass MaTpHuila MOXeT ObITb 00bekToM 00padotku B CAE-
[IporpaMMax Ipu peLICHUN HEKOTOPBIX 3a/ay.

T
Kococummempuueckas mampuya ynoBieTBopser yciosuio A" =—A, rae

A" — TpaHCIIOHMpOBAaHHAS MATpHIIA.
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Cummempuueckas noioHCumenbHo onpeoenennas mampuya (B aMepuKaH-
ckoi yuteparype — Symmetric Positive Defined wnu cokpaienno SPD) dbopmu-
pyercs B CAE-niporpaMMax mpu pelieHruy 3a7a4d MPOYHOCTH U KECTKOCTH KOH-

cTpykumit. CuMMerprueckas MaTpuia 4 = A’ SBIAETCS TONOKHUTENBHO OIIpe-

nenennoit A4 >0, ecu I TIO60TO HEHYJIEBOTO BEKTOPA-CTONONA {X} BHINO-
T o

nsercs ycnosue {x} [Afx}>0. CrencTBreM momokuTeNbHOM ONpeIeTeHHOCTH

ABJIAIOTCA CIICAYIOIIUC CBOMCTBA MaTpPHUIbIL:

1) Bce nuaroHaabHBIE DJIEMEHTHI MTOJIOKUTEIbHBL: g, > 0 U1 BCex i ;
2) HauOONBIINNA MO MOAYJIIO 3JIEMEHT PAcHOJIOKEH Ha TJIABHOM JUaroHa-
M aga ;> () o i #
- iy 2 \dy) A J -
Tpeyzonvras mampuya GOPMUPYETCS MIPH BBIMOJTHEHUN BHIYHCIUTEIBHBIX

npouenyp. s vHuxHeit (lower) TpeyroibHOW MaTPHIIbl BBITIOJIHAETCS yCIOBUE:
a; =0 npu i > j. HikHsis TpeyrosibHas MaTpuLia KIMEET CTPYKTYypy:

* 0 0 0
L=, v v, (7.11)
k  k ok %k

Jlnst BepXHEW TpeyroiabHOM MaTpulbl (upper) BBIOJIHSIETCS YCIOBUE:
a; =0 npu i > j. BepxHsis TpeyrospHas MaTpHLia HMEET CTPYKTYpY:

FOE S

O***
U=l o « » (7.12)
00 0 *

daxmopuszayueli MaTPULIbl HA3bIBAIOT TaKoe MpPeoOpa3oBaHHE, KOTOPOE
BelleT K (POPMUPOBAHUIO SKBUBAJICHTHOW TpEyroiabHOW Martpuibl. OAWH Imar
daktopuzanuu GopMUPYET OJHY CTPOKY TPEYTOJIBHOW MaTpHIlbl. Takoe mpeol-
pa30BaHME MPOU3BOIAT MPU PEIICHUH CHCTEMBI aliTeOpandecKux ypaBHEHUN Me-
TonoM uckitouenus (I"aycca), korga k03P UIMEHTH CUCTEMbI TIPE/ICTABIICHBI B
MaTPUYHOM BHJIC.
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7.4. lMpsimbie MemoOObI

Memoo ['aycca npOBOAUT pPELICHUE CUCTEMbl YpaBHEHHUI B JBa JTara.
Cucrema ypaBHEHMI IIpeICTaBIAEeTCS B MaTpuuHOM Bujae. Ha nmepBom 3rtare uc-
XOJIHasl MaTpHULa, COOTBETCTBYIOIIAsl CUCTEME YPABHEHMM, C IIOMOIIBIO JJIEMEH-
TapHBIX NpeoO0pa3oBaHUM (MEPECTaHOBKA CTPOK, CIOKEHUE CTPOK, YMHOXKEHUE
CTPOKM Ha YMCJIO) IPUBOAMUTCS K BEpXHEH TpeyrojabHoil Marpuie. CooTBETCT-
BylomIas o0paboTKa MaTpHIIBl HA3BIBAETCS MPSIMBIM X0J10M (cBepxy BHH3). Ilo-
clie TaKuX MpeoOpa3oBaHMI B MOCIHEAHEH CTPOKE OCTAIOTCA HYJIU W 3HAUCHHE
OJIHOM IIEPEMEHHOM.

Ecnu B mpouecce npuBeAeHUs MaTPULIbl K TPEYTOJIBHOMY BUJY TOSBIIS-
I0TCSl YPABHEHMS, B KOTOPBIX JIE€UCTBUTEIBHOE YUCIIO IPUPABHUBAETCS HYIIIO, TO
3TO CBUJETEIBCTBYET O HECOBMECTHOCTH CHUCTEeMbl ypaBHeHUW. Takas cucrema
HE UMEET HU OJTHOTO PEILICHHUS.

Ha BTOpoM »sTame, T.e. B 00paTHOM Xoj¢ (CHU3Y BBEpX), MOJCTAHOBKOM
HaXOJSATCA MOCJIEI0BATEIbHO BCE HEM3BECTHBIE CUCTEMBI ypaBHEHUN. McTOUHU-
KOM OoIIMOOK B MeTojie ['aycca sBisieTcss yMHOXKEHUE CTPOKH MJIM CTO0La MaT-
pHIIBI Ha OY€Hb OOJIBLIOE YUCIIO WU JIeJICHHE Ha OYeHb MasleHbKoe uucio. [Ipu
BBITIOJIHEHUH TAKUX ONEpalrid B BBIYUCIUTEIbHBIX MPOLEAypax MOTYT HaKarljau-
BaThCsl OOJIbLINE OIIMOKHU, MPUBOJALINE K MOSIBICHUIO 3HAYUTEIBbHOM MOTpeLl-
HOCTH PaCUYETHBIX PE3yJIbTATOB.

Memoo onmumanbHo20 uckitOYeHus SBISETCS MoAMQHUKaIuell Meronaa
["aycca, TpeOyeT MeHblIEe MaMsITH JUIs pelieHus. 31ech MaTpula oopadaTbIBaeT-
Csl 332 OJIMH IPOXOJ IIyTEM HUCKIIFOYEHHS YK€ BBIPAKEHHBIX IIEPEMEHHBIX U3 BbI-
LIECTOAIINX YPABHEHUH.

Memoo Kpamepa npeoOpa3yeT UCXOIHYI0 MaTpHUIly B IPOU3BEIECHUE IBYX
TPEYTOJIbHBIX MATpPHI], YTO IMO3BOJSET CBECTH PEIIECHUE 3aJaHHOW CHCTEMBI K
IIOCJIEIOBATEIBHOMY PELIEHUIO JBYX CUCTEM C TPEYrOJIbHBIMUA MaTpuuamu. s
TaKoro MnpeoOpa3oBaHUs HMCHOJB3YIOTCS ONPENECNIUTENM MaTpull. Beruncienue
oIpeaenuTeNiel MaTPULl BHICOKOTO MOPSJIKA OCYLIECTBIISETCA MPUOIMKEHHO U
camo 1o cebe ABISIeTCs] TPYJIOEMKOM orepanueil, HO BBIYUCIUTENbHAS IPOLIey-
pa JUIs pelIeHus CUCTEMBbl YpaBHEHUN ITPU 3TOM (DOPMYIHPYETCs IPOCTO.

[Ipsimble MeTOABI UMEIOT PsiA HemocTaTkoB. Kak mpaBwmiio, oHu TpeOyroT
XpaHEHUs B ONEPaTUBHON MaMsITU Cpa3y BCEW MaTpHUIbl, U MpU OOJIBLINX 3HAUE-
HUSIX 1 PACXOAYETCs MHOTO MecTa B MamsTH KommbioTepa. Kpome Toro, 6oiee

CYIICCTBCHHBIM HCIOCTATKOM IIPAMBIX MCTOHOB SABJIACTCA HAKAINIMBAHHC II0-
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IPEIIHOCTEM B MPOIECCE PEIICHUS, MOCKOJIbKY BBIYUCICHUS Ha JIOOOM 3Tare
UCITIOJIB3YIOT PE3YJIbTaThl MPEIBIAYIINX ONEPALUN.

[Ipsimble METOABI PEUICHUS JIMHEWHBIX CUCTEM MHOTAA HA3bIBAIOT TOYHbI-
MU, TIOCKOJIbKY PEIICHHE BBIPAXKAETCS B BUJIE TOUHBIX (hopmys uepe3 koddpdu-
UEHTBI cUCTeMbl. OHAKO TOYHOE PEIICHUE MOXKET OBITh MOJYYEHO JIHUIIbL TPU
TOYHOM BBITIOJIHEHUU BBIYUCICHUN (M, pasyMeeTcs, MpU TOYHBIX Kod(duiueH-
Tax cuctembl). Ha nmpakTuke ke mIpyu UCIOJIb30BAHUU KOMIIBIOTEPOB BBIUUCIICHHS
MPOBOAATCS C MOTpenHOCTAMU. [103TOMYy HEM30€KHBI MOTPEITHOCTH U B OKOH-
YyaTeIbHbIX PE3YJIbTaTax, BbI3BAHHBIE MOTPEIIHOCTSIMU BBIYUCIIEHUN (HAIpuMep,
MOTPEIIHOCTHIO OKPYTIICHHUS ).

Bo Bcex mpsiMbIX METOAAX HAKATUIMBAECTCS HEAITOPUTMUYECKAsT BBIYMCIIN-
TenbHas omuoOka. HakorieHnne Takod OMIMOKK B BBIYUCICHUSX MOXXHO KOHTPO-
JIMPOBATH C MOMOIIBIO TaK HA3bIBAEMOW KOHTPOJIBHOM cyMMbl. Hanpumep, B Me-
toae 'aycca K Kaxaoi CTpOKe MaTpHIIbl JOOABISAIOT €Ile OJUH 3JIEMEHT, KOTO-
pBIif paBEH CyMME BCEX DJIEMEHTOB CTPOKH (KOd(PPUIIMEHTOB COOTBETCTBYIOIIE-
ro ypaBHeHusi). C 3TUM 3JIEMEHTOM MPOU3BOJIAT T€ Ke OMEpaluu, 4To U ¢ KO-
¢unmentamMu ypaBHeHus. Ha kaxaoM 1miare mpoBEpsIOT PaBEHCTBO CYMMBbI KO-
3 PUIMEHTOB U KOHTPOJBLHONM CYMMBI: pa3HUIIA TOBOPUT O TMOSIBICHUU HAKO-
MUBIIEICS BRIYUCIUTEIBHON NOTpeHOCTU. OIIEHUBAaTh MOKHO OTHOCUTEIBHYIO
1 a0COIOTHYIO MOTPEIIHOCTh. B IpsAMBIX MeTOoaX OIMOKa B BBIYHUCICHUSIX, KO-
r71a OHA HE KOMIIEHCUPYETCS CIyYaiiHO APYTHMMH OLTUOKaMU, HEN30€KHO BEIET
K OIIMOKaM B pacUETHBIX pe3yJibTaTax.

Takum oOpa3zoM, MPSMBIMU METOJAMH TOJY4YalOT PEIICHHUE C MOTPEIIHO-
CThIO, TOSIBICHUE U HApacTaHUE KOTOPOM MOKHO KOHTPOJHUPOBATh. JTOU TO-
IPEMIHOCTBIO B MPSIMBIX METOJAAX TPYAHO YIPABIIATh, U OHA MOYKET OKa3aTbCs
3HAYUTEJIPHON NPU BBICOKUX MOPSAKAX CUCTEMbl YPABHEHHUU WIIM IS TUIOXO
oOycioBieHHbIX MaTpuil. [110X0 00yClIOBIEHHBIE MATPHIIBI XapaKTEPU3YIOTCS
YUCIOM O00YyCIIOBIEHHOCTH. YUCIO OOYCIIOBIEHHOCTH OCHOBHOW MAaTpHIIbl Xa-
PaKTEpU3yET YPOBEHDb IMOIPEIIHOCTA B PELICHUU CHUCTEMBI YPABHEHUM OTHOCH-
TEJIbHO TOTPEIIHOCTH UCXOJIHBIX JaHHBIX. ECM uncio 00yCIOBICHHOCTH MAJIo,
CUCTEMa SIBJISIETCS XOpoIo o0ycioBieHHo. Ecnu uncio o0ycloBIeHHOCTH Be-
JIUKO, TO CUCTEMA SIBJISETCS IUIOXO O0YCIOBICHHOW. YeM MeHblIe 4ucio 00y-
CJIOBJIGHHOCTH, TE€M MEHbIIEH OyIeT MOTPENTHOCTh PEIICHUSI OTHOCUTEIHHO TO0-
IFPENIHOCTEN BXOAHBIX TAHHBIX.
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7.5. UmepayuoHHbIie MemoObI

N3 Bcero MHOT00Opasus MPUOIMKEHHBIX METOJ0B MPUHIUITUAIBHO BaX-
HBIMH MPU YHCJIEHHOM PEIICHUU PA3JIMYHBbIX WHXKEHEPHBIX 33/1a4 SABJISIOTCS Me-
TOJIbl UTEPALIUOHHBIE.

Merton utepanuii (OT JaTUHCKOTO iteration — MOBTOPEHUE), CTPOTO TOBO-
ps, clielyeT Ha3BaTh METOJIOM IOCJIEI0BATEIbHBIX MpUOIMKeHud. MtepaninoH-
HbIE METOJIbI JAl0T BO3MOXHOCTh HAWTH PEIICHUE CUCTEMbI Kak Ipeaen 0ecko-
HEYHOT'0 BBIYUCIIUTEIBLHOTO MIPOLECCA, MO3BOJISIOLIETO 0 YK€ HAMACHHBIM ITPHU-
OJIMDKEHUSIM K PEIISHUI0 TTOCTPOUTH CeAyrolee, 0oyiee TOUHOE MPUOIMKESHUE.
OTanyuTebHON OCOOCHHOCTHIO WTEPALIMOHHBIX METOJIOB SIBJISIETCS MPOCTOTA
BBIYMCIIUTEIBHBIX MPOLETYD.

BaxxHoe JOCTOMHCTBO MTEPALMOHHBIX METOJOB COCTOUT B TOM, YTO IIO-
TPENIHOCTH OKOHYATEIBHBIX PE3YJIbTATOB HE HAKAIUIMBAKOTCS, MOCKOJBKY TOY-
HOCTh BBIYHUCIICHUWA B KaXJIOW MTEpPALMHU OIPEIENSIeTCA JIUIIb pe3yabTaTamMu
NPEAbIAYIIECH WTEpPAlMU W IPAKTHYECKH HE 3aBHCUT OT PaHEE BBIITOJHEHHBIX
BBIYMCJICHUU.

B cnydae cxopsiierocss HTepallMOHHOTO TIpoliecca OMMOKa, IMoIydYeHHas B
HEKOTOPOM MPUOTIMKEHUH, UCTIPABIISICTCS B MOCIEAYIOMUX MPUOTHUKEHUSIX. Y C-
JIOBUSI U CKOPOCTh CXOJAMMOCTH KaXJIOTO UTEPALMOHHOTO MPOIECCa CYIIECTBEH-
HO 3aBUCAT OT CBOWCTB YPAaBHEHUH, T.€. OT CBOMCTB MaTPUIbl CUCTEMBI U OT BbI-
00pa Ha4YabHBIX MPUOIMKEHUI.

Memoo npocmoii umepayuu UCXOJHYIO CUCTEMY ypaBHEHUI [A]{x}: {B}

npusomut K Buay {x}=[Clx}+ {D}, rne detC # 0. 3a navansHOE MPUGTIIKEHNE

0 . .
{x}( ) PEIICHHS TaKOM CHCTEMbl ypaBHEHUHN 4acTO OEPYT BEKTOP {D}:

{x}(o) =(x"%" . x"={D} . (7.13)
Torna npubnmkeHne Ha IEPBOM IIAre: {x}(l) = [C ]{x}(o) + {D}; Ha BTOPOM

n1are aHaJIOTMYHo: {x}(z) = [C ]{x}(l) +{D} umm B 06mem Buze

) =[Clx) +{D} . (7.14)
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Merton npoCThIX UTEpAMii MOXKHO 3alMCcaTh B BUAE:

i+1

_ i i i i
X|{ =CyX| +CpX,tepxy +ate,x, +d,
i+l — P4 4 L+ P+ d (7.15)
Xy TCpX| TCpX ) TCX 3 T...TCH, X, 2 .
il i i i i
X, =C,X|+C, Xy +C,3X5+...+C,,x, +d,

Memoo 3aiidens oTIMYAETCSI OT METOAA MIPOCTBIX UTEPALMl TEM, UTO IO-
Jy4YEHHBIE HAa TEKYILIEM I1are 3Ha4€HUs HEU3BECTHBIX CPa3y K€ MOJCTaBIIIOTCS
B Jpyrue ypaBHEHUS CUCTEMbI. AJITOPUTM UMEET BUJI:

i+l _ i i i i

i+l i+l i i i

i+1 i+1 i+1 i i
Xy =CyX) FCpXy, +CpXyt..toy,X, tdy (7.16)

...................................................

i+l i i i i
X, =C,X|+C,X5+C,3X5+...+C,,x, +d,

n

BOﬂpOCbl ons CaMOKOHMPOJis

1. B ueM pa3HuIia NpsIMBIX U UTEPAIMOHHBIX METOJIOB PEILICHUS CUCTEM JIMHEH-
HBIX aNreOpandecKux ypaBHEHUH?

2. B dem 3akiroyaeTcst mpsiMOi 1 00paTHBIN X0/ MeToJ1a uckitouenus ['aycca?

3. Uto Takoe mpAMOYyTojbHas, KBajpaTHas, TPAaHCIOHHPOBAHHAs, OJIOYHAs,
CUMMETpHUYECKasi, HyJIeBasi, e AMHUYHAS, BEpXHsA (HUXKHSS) TPEyroyibHas, CTy-
neHvarasi, TpeXInaroHaJibHasl, BRIPOXKICHHAS U 00paTHAst MATPHUIIHI?

4. Ilpu kakoM yCIIOBUM OJHOPOJHAsI KBaJpaTHas CUCTEMa JIMHEWHBIX anreOpau-
yeckux ypaBHeHuil (CJIAY) umeeT HeHYJIEBOE pellieHUE?
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TEMA 8. PewweHue ancdepeHumanbHbIX ypaBHEHUN
Ha ceTke

«Kocoa 0seoe oenarom ooHo u mo dnce,
NOJIYYaemcsi He 0OHO U MO JHcex
U3 3axonoe Mepghu

8.1. KoHuyenuyust Memodoe peweHusi Ha pac4emHou cemke

MHorue uHXeHepHbI€ 3a/1a4d MPUBOIAT K peUIeHUIO AU(depeHIInaTbHbIX
YPaBHEHHUH C YaCTHBIMH MPOU3BOJHBIMU, IIPU PEIIEHUH KOTOPBIX HAC UHTEPECY-
€T paclpelelIeHne UCKOMOr0 IapaMeTpa B IIPOCTPAHCTBE U €r0 U3MEHEHHUE BO
BPEMEHHU B KaXJI0M TOUKE HcclieqyemMoil o0nacTu npoctpanctBa. COOTBETCTBEH-
HO MCKOMBIN mapaMmeTp sABIIseTCS (YHKIMEH YeThIpeX MepPEeMEHHBIX — TpeX IMpo-

CTPaHCTBEHHBIX KOOpPAMHAT M BpeMeHu: f(x,y,z,t). Hampumep, ecnu npu aHa-

JU3€ TEXHUYECKOW CHCTEMBbl BEIETCS MOMCK TEMIEPATyphbl, TO TEXHUYECKOTO
CHEIUAINCTAa MOXET MHTEPECOBATH NPOCTPAHCTBEHHOE PaCIpe/eIeHUE TeMIle-
paTyphl B aHAIM3UPYEMOM CUCTEME U €€ U3MEHEeHHEe BO BpeMenu: 1'(x,y,z,t).

Haubonee BaxkHOe MPUIIOKEHHE B TEXHHKE MUMEIOT nuddepeHnanbHble
ypaBHEHUS MEPBOrO U BTOPOTO MOPSAKA; HATOMHUM, YTO TopsakoM auddepeH-
LMaJbHOIO YPaBHEHUS Ha3bIBAECTCS MOPSIOK CTapllel Mpou3BOAHON. B ciyuae
JBYX HE3aBUCUMBIX MEPEMEHHBIX X U ¢ nuddepeHnnanbHoe ypaBHEHUE BTOPO-
o MOPSIIKA C YaCTHBIMU IPOU3BOJIHBIMU MOKHO 3alMcaTh B BUIE

2 2 2
F x)t)f’g)gQG {78 {Ja f :O) (8-1)
Oox Ot Ox° Ot~ Oxot

rae f = f(x,t) — uckomas GyHKus, F — 3aJaHHOE BhIpa)KEHUE, CBA3BIBAIOIIICE

IPOU3BOJAHBIE UICKOMON (YHKIUH.

Pemenne npocrenmux 3a1ay Juisi ypaBHEHHUM C YaCTHBIMU IPOU3BOAHBIMHU
B PsiIE CIIy4aeB MOXET ObITh ITPOBEJICHO aHAIMTUYECKH. DTO OTHOCUTCS K HEKO-
TOPBIM YPAaBHEHHUSM IIEPBOIrO MOPSIKA, & TAKXKE K YPABHEHHUSIM BTOPOTO MOpPSAIKA
C MOCTOSIHHBIMM Kod(¢uuumeHtamu. OAHAKO B MOJABISIIOIIEM  OOJIBIIMHCTBE
CIly4aeB MpU PEHICHUH HAYYHO-TEXHUYECKHX 3a1au auddepeHnranbHble ypas-
HEHMsI HE MOTYT OBITh PEIICHbl aHAJIMTUYECKU. /{151 MX pelleHus UCHOIb3yHT
MPUOJIMKEHHBIE METO/Ibl, KOTOPbIE TPEOYIOT BBIIIOJHEHNS OTPOMHOIO KOJIHYECT-
Ba JJIEMEHTApHBIX OINEpaluii U OCYILECTBISIOTCS C IOMOLIBIO COBPEMEHHBIX
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KOMITBIOTEPOB, 00JIAAIONINX OOJIBITMM 00BEMOM NAMSTH U BBICOKON CKOPOCTHIO
BBIUMCJICHUMN.

CyTb IpUOIMIKEHHBIX METOJIOB penieHus Au¢ GepeHITMaATbHBIX ypaBHEHUH
B KOMITBIOTEPHOM HMHXHHUPUHIE 3aKIIOYACTCA B IUCKPETU3AMHU 3aJadyu: IMpo-
W3BOJIHBIE B yPaBHCHUHM 3aMCHSIIOT MPHUOIMKEHHBIMH Pa3HOCTHBIMU OTHOIIIE-
HUAMH. [[7s 3TOro aHanu3upyeMyro 00JIaCTh MPOCTPAHCTBA (HEMPEPHIBHYIO)
MPEACTABIISIIOT TUCKPETHBIM MHOXECTBOM TOYEK, KOTOPBhIE OOpa3yloT pacyerT-
HYIO CETKY W Ha3bIBAIOTCA pacdyeTHhIMU y3iamu. McxomHnoe nuddepeHnnaibHoe
ypaBHEHHE 3aMCHSICTCS Ha CETKE CHCTEMOM alreOpanvecKuX ypaBHEHUM, perras
KOTOPYI0O MOXKHO HaWTH B y3/laX CETKU MNPUOIUKEHHBIE 3HAYCHUS] HCKOMOM

GyHKIHH.

8.2. MemoO KOHeYHbIXx pa3Hocmeu

B cerounsix MeTromax 00J1acTh HEMPEPHIBHOTO U3MEHEHHS apryMEHTa 3a-
MEHSIETCS TUCKPETHBIM MHOYKECTBOM TOYEK, HA3BIBAEMBIX y3JIaMHU (pacueTHBIMU
y371aMU, PACYETHBIMU TOYKaMH). MHOXECTBO PaCUETHBIX y3JI0B COCTABIISIET Pa3-
HOCTHYIO CETKY (pacueTHyro ceTKy) (puc. 8.1). Y3Ibl CeTKU SIBIISIIOTCS pacyeT-
HBIMH TOYKAMH, B ATHUX TOYKaX BBIYHCIAIOT MCKOMBIC 3HAYEHUS HEU3BECTHOM
IIEPEMEHHOM.

f

ﬁ «—0

f; #——°

S 0

L N R

I S R R
A A Y S >
Xy X2 X3 X4 Xs X

Puc. 8.1. OqHomMepHast pa3HOCTHASI CETKA: y3JIbl CETKH PACIIOI0KEHBI Ha YUCIIOBOM MPSIMOiA

HCPAaBHOMCPHO U MPCACTABJICHBI YCPHBIMU TPCYT'OJIbHUKAMUN

Hckomas ¢pyHKIUS HENPEpBHIBHOTO apryMeHTa NPUOIMKEHHO 3aMEHSIETCs
(GyHKLIMEH TUCKPETHOrO apryMeHTa Ha 3aJlaHHOM ceTke. Takas (yHKUMS Ha3bl-
BaeTCs CETOYHOM.

89



[TpousBoanbie B nuddepeHInaibHOM YpaBHEHHH 3aMEHSIOTCS KOHEYHO-
Pa3HOCTHBIMHU COOTHOLIECHUSMMU:

o Ax, '

1

3amena nudepeHInanTbHOro YpaBHEHHsI KOHEUYHO-PAa3HOCTHBIM MPOU3BO-
JUTCS JUIsl BCEX PACUETHBIX Y3JI0B M HA3bIBAETCA allPOKCUMAIMEN HA CETKE WU
pa3HOCTHOM anmpokcumManuent. [Ipu 3ToM TouHbIe 3HAYEHUS UCKOMOU (DYHKITUU
3aMEHSIOTCA 3HAYECHUSAMHM CETOYHOW (YHKIMHM B y3JaxX pa3HOCTHOW ceTku. B
uTore GopMUPYETCsl CUCTEMA alTeOpandecKux ypaBHEHUMN, KOTOPasi Ha3bIBACTCS
Pa3HOCTHOU CxeMOH. Pemas 3Ty cUCTEMY YpaBHEHMH, MOXKHO HaWTU B y3Jax
CETKU 3HAYCHUSI CETOYHOU (PYHKITUU.

Ilpumep 8.1. IlycTb HEM3BECTHAs BeJIMUMHA ABISIETCS (PYHKIMEH OBYX Te-
PEMEHHBIX — BPEMEHU ¢ W MPOCTPAHCTBEHHOW KoopauHaThl X . IIycTh pemae-
Moe auddepeHIuaipHoe ypaBHEHUE COAEPKUT YaCTHYIO MPOU3BOJHYIO (DYHK-
LMY [EPBOrO MOpPAJIKA MO BPEMEHU U YACTHYIO MPOU3BOJIHYIO BTOPOIO MOPSIKA
no koopauHate. Heobxoaumo HalTH pacripejiesieHue HEU3BECTHOM BEJIMYMHBI B
IIPOCTPAHCTBE M €€ M3MEHEHHE BO BpEMEHHU. B mpumepe paccmarpuBaercs OJ-
HOMEpHas 3aj]a4a, T.€. Mbl O0€peM BO BHUMAHUE TOJBKO OJHY MPOCTPAHCTBEHHYIO
ocb KoopauHaT. OTHOMEPHOM MOJENBI0O MOXKHO MPEJICTaBUTh B pacueTe TpyOy,
peNbC, CTPYHY, CTEPKEHD U T.I1.

Pewenue. B Takol MOoCTaHOBKE HAXOJAT, HAIIPUMEDP, PACIPEACITCHUE TEM-
nepaTypsl 1O JJIMHE CTEPXKHS. 3aJaJuM IO OCHU CTEPXKHS paCUETHBIE Y3JIbl —
TOYKH, B KOTOPBIX CJIEyET BBIYUCIUTh 3HAUYCHHS TemIiiepatypsl (puc. 8.2). Pac-
CTOSIHME /1 MEX]ly pacyeTHBIMH y3JaMH 3aJaJuM, UCXOJs U3 3ApaBOro CMbICIA.
Ecnu nnuna crepxkus paBHa 200 MM, TO pacCTOSIHHE MEXAY PAacCUETHBIMU y3Ja-
MU MOXHO 337aTh paBHbIM 20 MM. MOHO BBIOpaTh JIpyroe 3HayeHue, HO Iar
CeTKH MeHee | MM JJig JTaHHOTO OJJHOMEPHOTrO CiIydas HE MMeEeT (PU3UYECKOTro
cMmbiciia. Het He00X0MMOCTH 3a7aTh TOUKU C OOJbIIEH MJIOTHOCTH, TaKas JHC-
KPETHOCTh HE J00aBII€T MPUHIMIIUAILHO HOBOM MH(pOpPMAIMKM O pacrpejerie-
HUU TEMIEPaTyphbl B KOHCTPYKIMH. 3aJJaHbl HAYaJIbHBIC YCIOBUS, T.€. U3BECTHBI
3HAUYEHUsl TEMIEpaTyphl B y3jaxX B Ha4YaJIbHbI MOMEHT BpemeHU. Cleayer BbI-
YUCIIUTh, KAK U3MEHSIETCS TEMIIEPATYPHOE IOJIE CO BPEMEHEM.
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T,=25 °C T,=700 °C

o O O O———0
o

|‘ Vl

Puc. 8.2. PacueTHas ceTka U HaYaJbHbIE YCIOBUS

3agaaum mar no BpemeHu (puc. 8.3) paBabiM 0.1 ceKyHIIbI.

=0 T,=25°C T,=25°C T3=700°C T,=700 °C Ts=25°C Ts=25

O O O O O O
t=0.1 ¢ le? Tzz? T3:? T4:? T5=? T6=?
O O O O O O

Puc. 8.3. Bgenenue miara no BPEMCHHU C HCU3BCCTHBIMU 3HAYCHUAMUA TCMIICPATYPhI B Y3J1aX

3MeHeHHe TeMIEpaTyphl B CTEPKHE MPOMCXOAUT 33 CUET SBJIEHUS Tell-
JIONIPOBOJIHOCTH. SIBJIEHHE TEMJIONPOBOJHOCTH ONUCHIBAETCA ypaBHeHHEM Dy-
pbe, KOTOPOE COJIEPKUT IEpBYIO MPOM3BOJHYIO TEMIIEPATyphl MO BPEMEHH M
o’T
ox’
CBOIicTBAa MaTepuana, NpPUCYTCTBYIOIIME B YpaBHEHHE TEIIONPOBOIHOCTH,

oT
BTOPYIO IPOU3BOJIHYIO IO KOOPJHMHATE: a—:a . Jns ynpomieHust 3anvcu
4

CTpyNIUPOBAHBI B OJUH KOYPPUIIUEHT: a = %, rae o — IIoTHocth, C — Ten-

JIOEMKOCTb, A — TEIJIONPOBOAHOCTh. Hen3BeCTHBIM MapaMeTpoM, OTHOCUTEIIBHO
KOTOPOTI'O PEIIAETCS YpaBHEHUE TEIUIONPOBOIHOCTH, SIBJISETCS TEMIIEpaTypa.

[TocTpouM pa3HOCTHYIO CXEMy JJisi YpaBHEHUS TEIJIONPOBOAHOCTHU

or o’T

—=a >

ot ox

MbIil mapameTp — Temmeparypa 1 =T7(x,t) sBusercs (yHKIHEH NBYX NEepeMeH-

B CJIy4ae OJHOMEPHOM NEPENAady TEIUIa B U30TPOIHOM Tene. Mcko-

HBIX — IIPOCTPAHCTBEHHOU U BPEMEHHOM.

[Tpu mepexone OT cTepxHS K HAOOPY pacUETHBIX TOYEK MbI 3aMEHUJIH
aHAIMTUYECKYIO 3a1audy AucKkpeTHol. CooTBETCTBEHHO B Au(depeHInaIbHOM
YpaBHEHUU MPOU3BOIUTCS 3aMeHa auddepeHimana KOHCTanToi: ox = /. [lomu-
MO IPOCTPAHCTBEHHOT'O paclpeiesieHUs] TEMIIEpaTypbl HAC TAaK)KE€ UHTEPECYET ee
M3MEHEHHUE B 3aJ]JaHHBIX PAcUETHBIX TOUKax. Beibepem miar pacuera no BpeMeHU
Y 3aMEeHUM JuddepeHIuan KOHCTAaHTOU: Of = 7 .
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B utore, eciu MBI 3aa111, HapUMep, 6 TOYEK 1O JUIMHE CTEPKHS U S pac-
YETHBIX IIaroB 10 BPEMEHHU, TO HaM BCEro cieayer onpenenurs 30 3Ha4eHU
TeMIiepaTypbl. Pa3HOCTBIO 3HaYEHUN TeMIIepaTyphl B JIBYX COCEIHHX y3Jax 3a-
MeHstoT qupdepenuman: 07 =T, — T;. Kak nmpaBuiio, MUHUMaJIbHBIN HAOOp TO-

YeK U IIaroB M0 BPEMEHH, OTPAXKAIOIINI PACUETHYIO CETKY, IPYNIUPYIOT B 11a0-
JIOH CETKH.

CocTtaBuM 11a0JOH PAa3HOCTHOW CETKU JUIsl YPaBHEHUS TEIJIONPOBOIAHO-
ctu. IlycTh MHAEKC i COOTBETCTBYET PACCTOSIHUIO MEXIY PACUCTHBIMU Y3J1aMU B
IIPOCTPAHCTBE, MHIEKC j COOTBETCTBYET LIaram BO BpeMeHM. B merone koHeu-

HBIX PA3HOCTEH IIar ceTKu (GUKCUPYETCs, BETUYMHA II1ara B MPOCTPAHCTBE paBHA
h, Bo BpemeHu 7. [11abmoH pa3HOCTHOM CETKM MpECTaBIsSETCS rpadUueCKu B
BHJIE cXeMbl (puc. 8.4).

i,j+1

> o— L
i-1,7 i,j i+1,j
Puc. 8.4. I11a6ioH pa3HOCTHOM CETKU AJISl YPaBHEHUS TEIJIONPOBOTHOCTH

3amensieM B auQdepeHuaibHOM YPaBHEHUU TIEPBYIO0 U BTOPYIO MPOU3-

BOJIHbIE KOHEUHBIMH PAa3HOCTSIMHU 3HAYEHUHN CETOUYHON QYHKIIMHU ISl TOUKH i, j :

oT AT T/"-T/

~ ; 8.3
or At T 83)

O oT Ti{Ll_Tij Tij _Tij;l ] ] ]

T (8x ) h - h Iy -2 +T/,
x?  ox h B K> - 84

B xaxxnom y3ne pacyeTHOU ceTku 3aMmeHsieM TuddepeHiaibHoe ypaBHe-
HUE JIMHEHHBIM alNreOpandecKum:

JHl J J J J
I -7 :aTm_zTi + 1

- 3 (8.5)

3/1ech UCIOJb30BaHAa SIBHAsI pa3HOCTHAS CXEMa, TAKUE CXEMbI IPUMEHSIOT-
Csl ISl pEUIEHUs YPABHEHUM, B KOTOPBIE BXOJAT MPOU3BOAHBIE MO BpeMeHU. [Ipu
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3aMeHe audQepeHnanbHOro ypaBHEeHUS anreOpandyecKiMy YpaBHEHUSIMU B y3-
J1aX CETKM II0 SIBHOM CXEME€ OJHO HEU3BECTHOE 3HAYCHUE TEMIIEPATyphl Ha Cle-
IOYIOLIEM IIare BIYUCICHUM BBIPAXKAETCS Yepe3 BBIYMCICHHBIE TEMIIEPATYPHI Te-
KyLlero mara. SIBHble CXeMbl YyBCTBUTEJIbHBI K IIAry 10 BPEMEHH; LIar I10 Bpe-
MEHHU HE MOXKET OBbITh POU3BOJIBHBIM B SIBHBIX CXEMaX.

8.3. MemoO KOHe4YHbIX 3571eMeHmMoe

PeminM HECKONBKO 3a/lady TEXHUYECKOM MEXaHUKH METOJOM KOHEUHBIX
AJIEMEHTOB, YTOOBI MMOKa3aTh OCHOBHYIO UJEH 3TOr0 M3SIIHOrO nmojaxona. Pac-
CMOTPUM aJITOPUTM (POPMUPOBAHUS MATPHUI] B KOHEUHO-IJIEMEHTHOM aHAJIM3€ Ha
MIPOCTBIX MIPUMEpax.

3aoaua 1. O0HoKkoOpOUHAmMHOE pacmsdCeHUe YNPY2OU NPYHCUHDBL

[IpyxruHa B KOHEYHO-2JIEMEHTHOM CETKE MOJEIUPYETCS OJTHOMEPHBIM YyTI-
PYTHM JIMHEWHBIM 3JIEMEHTOM C JABYMS y3J1aMu. 3aJJaBA€MO€ CBOMCTBO KOHEUHO-
ro 3JIEMEHTa — KECTKOCTh YNPYTrol MPYKUHBI, pa3pelicHHOE HarpyXeHue — y3-
noBbie criibl. ChopMHUpyeM MATPUILy KECTKOCTH KOHEYHOTO dJIeMEHTa, MOJIEIH-
pytolero npykuny (puc. 8.5) ¢ xecTkocThio k . PaccmaTpuBaembiil KOHEUHBIHN
9JIEMEHT UMeEeT 2 y371a ¢ HoMepamu | u 2; neiicTByrolue B y3/1ax cuibl f, U f,

BBI3bIBAIOT COOTBETCTBYIOINHNC IICPEMCIICHUS Y3JIOB U, U U, .

Puc. 8.5. Ynpyruii KOHeUHBII 371IeMEHT

CyMMapHOe YJJIMHEHHUE KOHEYHOTO 3JIEMEHTa, ONpEeNEeNsIollee ero Je-
(dopmanuio, paBHO Pa3HOCTU MepeMeleHUH y310B: (u, —u,). JleHCTBUTENBHO,

HayaJIbHasl KOOPAMHATA NIEPBOIO y3/a X, KOHEUHAs X, ; Ha4aJbHasl KOOpAUHATA
BTOPOI'O y37a X,,, KOHeuHas x,. HauanpHas anuHa OpyKHMHBIL X,, — X,,, KOHEU-

Has JUIMHA MPYXKHHBL X, — X, . Ilepememenue nepsoro ysna u, = x, — x,,, Hepe-
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MEILEHHE BTOPOIO y3J1a Uy =Xy — Xy Hedbopmarius IIPYKUHBI

£=(xy —x) = (x99 = X10) = (% = xp0) = (%) —Xp) =1y —u4y.

CymMa cuii, IpUJIOKEHHBIX K TIPYKUHE, paBHA HYJIO B CTATUUECKOM 3aj1a-
ye. Cuiibl, ICUCTBYIONIKE B y3J1aX YIPYroro KOHEUHOTO 3JIEMEHTA, MO IUHUHSIIOTCS
3akoHy ['yka, mosTomy cBsi3aHbl ¢ AchopMallUIMHU B y3jaX JUHEHHO yepe3 Ko-
3 PUIMEHT MPONOPIIUOHATHHOCTH, PABHBIN )KECTKOCTU MPYKUHBI:

i =—k(uy —u)) ku, —ku, = f,
—

(8.6)
Jo=—k(u, —u,) ku, —ku, = f,
WM B MAaTPUYHOM BUJIE
k -k
wl_ ) (8.7)
-k k ||lu, £,

WJIU CKATO B MaTpU4yHOU opme:

[K Jus =11}, (8.8)

rae [K ] — Marpuia KeCTKOCTH 3JIEMEHTA, {4} — BEKTOp Y3JOBBIX IepeMelle-
HUH, {f } — BEKTOP y3JIOBBIX CHJI.

OOpaTtute BHMMaHHE Ha TOT (akT, YTO MATpPHUIA >KECTKOCTH KOHEYHOTO
AJIEMEHTA SIBJISIETCS CAMMETPUYHON U 3aII0JHEHA C MCIOJIb30BAHUEM OJHOM Be-
JMYMHBI, ONMUCHIBAIONICH YIpyrue cBoiicTBa mpyxuHbl. KoadduuumeHT xectko-
CTH MOKHO BBIHECTH B BHJI€ MHOXKMTEJIS, OTIEIMB KBAaJPAaTHYIO MaTpHIly, Ha-

IMOJIHCHHYIO CIMHUIIAMMU

1 —=1]fy _ i
=11 1>

B cratuueckoii 3agaue cymma cuil, IpUIOKEHHBIX K KOHCTPYKIIMHU, pPaBHA
Hymo: f,+ f,=0.

Pemenuem 3aaun SBJISIOTCS 3HAYEHUS MEPEMEIIEHUH B y3iax. 3Hasl 9TH

k

HepeMeIleHus, MO)KHO BBIYMCIUTD NepeMELIeHNE JTF0001 TOUKH BHYTPHU 3JIEMEH-
Ta, HAIPUMeEDP, C IOMOILbIO IMHEHHON MHTEPHOISIIMOHHON (QYHKIUH.
u=ax+b u =ax;+b u,=ax,+5b
U, — iy Uy Xy — Ui Xy

u= X+
Xy =X Xy =X
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Ecnmm momecTuTh Havamo KOOpAWHAT B MEPBBINA y3€l W BHIOPATh CIMHHUY-
HYIO JUTMHY dJIEMEHTa!
u(x)=(u, —u)x —uy ; u(x)=xu, —(x+Du; ; u(x) =0, (x)u, + DO, (x)y, .

DT0 ypaBHEHHE MOXHO 3aITUCcaTh B MAaTPUYHON hopme

wo=lo, o
2

Oynkunn O, (x) u P, (x) NMO3BOJAIOT MO MU3BECTHBIM 3HAUEHUSIM Y3JIO-
BBIX MEpEMELIEHUN BBIYUCIUTD MEepeMeIeHUe 000 TOYKH BHYTPHU AJIEMEHTA.
OTH (QYHKIIUU SBISIOTCS WHTEPIOJSAIMOHHBIMU W HA3bIBAIOTCA (DYHKIIUSIMH
dbopmbl. OHU 00pazyroT Matpuily GyHKIUNA GopMbI {CI)1 D, } = {— (x+1) x}.

PacueTHbie y37bl CETKH SIBISIOTCS WHTEPHOJSLUOHHBIMHU Y3JIaMH; B HHUX
byHKIMKM (POPMBI TPUHUMAIOT 3HAYECHHS BBIYMCICHHBIX paHee Y3JIOBBIX Iepe-
MEIICHUMU.

3aoaua 2. Pacmsaoicenue nocneoo8amenbHo cOeOUHEHHbIX NPYHCUH

VYcnokHUM 3a7a4y — pacCMOTPUM CHCTEMY, COCTOSIIYIO M3 JIBYX IOCIIE-
JIOBaTEIbHO COEAUHEHHBIX NPYKUH. [IpecraBuM cuctemy nNpy»KUH OJHOMEPHOI
pPaCYETHOM CETKOW M3 JIBYX JINHEMHBIX YIPYTUX KOHEYHBIX AJIEMEHTOB C pa3HOM

k,
3
—
U, Us

f /o /s

Puc. 8.6. Cuctema U3 ABYyX YNPyTruX 3JIEMEHTOB

KECTKOCThIO (puc. 8.6).

Cuctema ypaBHEHUM paBHOBECHs [JIsi MEPBOIO KOHEYHOTO 3JIEMEHTA B
MaTpUYHOM BHJIE 3aIIUCHIBACTCS C UCIOJIB30BAHUEM MATPULBI KECTKOCTU 3TOIO
DJIIEMEHTA:

ki —ky||u :fll

8.9)

o (8.
—k, k|, S

AQHAJIOTUYHO TSI BTOPOTO KOHEYHOTO JIEMEHTA!

ko ko lfun] S5 (8.10)
—k k u 2] '
2 2 3 3
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7€ k, — JKECTKOCTh MEPBOTO HJIEMEHTA,

k , — )eCTKOCTb BTOPOTO JIIEMEHTA,

u, u,, U, — y3JOBBIE IEPEMEIIEHUS,

f!', f) — y3J0BbI€E CHJIBI IEPBOTO DIIEMEHTA,
£}, i — y3II0BbIE CHIIbI BTOPOTO 3JIEMEHTA.

CyMMapHsIe y3I0BBle CHIBL |, =f, , fo=f3 +f5 , f3=f5 CBA3AHHIC

Y3JI0BbIMHU IICPCMCUICHUAMUA JIMHEUHBIMU 3aBUCUMOCTSIMHU U 06pa3y10T CUCTCMY

YPaBHCHUU:
fr=ku, —ku,
fo=—kw+(ky+kyuy—kjyu, (8.11)

f3=—kyu,+kjus;

HJIM B MAaTPUIHOM BHAC:

k, —k, 0 U, fi
—ky kytky —ky Nuye=aSops (8.12)
0 —k, ky |lus E

HJIKX KPATKO B MAaTPUIHOM BHUJIC:
[Kui=1{ 1}, (8.13)

rae [K ] — rmobanpHas MaTpHUIla )KECTKOCTH, COCTaBJICHHAs U3 MATPHII KECTKO-

CTHU DJIEMEHTOB.
Jlns Ipy>KHUH ¢ OIMHAKOBOM KECTKOCTBIO:

1 =1 01w [f
-1 2 —1Ru,t={f,
0 -1 1 ||lu] |fi

3ameyanus no 2n106anbLHOU MamMpuye Hcecmrocmu

1. I'moGanibHast MaTpULIa KECTKOCTH SBISECTCA KBAJPATHOM.

2. 'mobanbHast MaTpUIla )KECTKOCTH SBISAETCS CUMMETPUYHOM.

3. I'moGanbHas MaTpuia *KECTKOCTH KOHEYHO-3JIEMEHTHOM CETKU COCTaB-
JIEHA U3 MaTPHLl KECTKOCTU KOHEYHBIX 2JIEMEHTOB.

4. I'maBHBIE TMArOHaJW MATPUIL )KECTKOCTH KOHEUHBIX AJIEMEHTOB COBIA-

JAIOT ¢ TJIaBHOW JUaroHaibio ri100aJbHOM MATPHITI )KECTKOCTH.
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5. Ha rmaBHON AMaroHanu rio0albHON MaTPHUIbl KECTKOCTU PACIIONONKE-
HbI 3HAYEHUS KECTKOCTHU y3JI0B, PABHBIE CYMME KECTKOCTEM IPUMBIKAIOIIUX KO-
HEYHBIX 3JIECMEHTOB.

6. 'mo0anbHast MaTpuLa )KECTKOCTH COAEPKUT HYJIM B OTJIIMYNE OT MaTPHUIL
KECTKOCTH OTJEJIbHBIX KOHEUHBIX 3JIEMEHTOB.

3ameuarnus no y3106bim cuIam

1. B 3agade cratuku cymMMa CHJI, IPWIOKEHHBIX K CUCTEME, PAaBHA HYJIIO:
fi+f2+f3=0.

2. PaBHBI HYJIIO CUJIBI B T€X y3J1aX, K KOTOPBIM HE MPHWJIOKEHBI BHEIIHUE

Harpy3Ku win peakuuu omnop: f, =0.

YTouHUM I TaHHOW 3a7auu rpaHu4dHbIe ycinoBus. [lockonbKy B 3amadax
CTaTHKU BCETJIa BBOJATCS OTPAHMUYCHUS CTETICHEW CBOOOIBI, 3a/1aIUM JKECTKYIO
3aJIeIKy CUCTEMBI B TIEPBOM y3JI€, UYTO O3HAYaeT HYJEBOE MepeMeIleHue y3lia U
JICHCTBYE B HEM CHJIBI PEAKIIUU OMOpPHI. [IpHiIokuM K CUCTEME BHEIIHUE CHIIBI
BO BTOPOM U TPEThEM y37aX, paBHbIe F . ['paHUYHBIC YCIOBHS ATOW 3aAauu IS
OJTHOMEPHOW KOHEYHO-IJIEMEHTHOM CETKM MOYKHO 3amucaTh CICAYIOMUM oOpa-
3oM: u; =0, f,=f;=F.TornacucreMa ypaBHEHU! paBHOBECUS UMEET BUL:

k, —k, 0 ||0 A
-k ki +ky, —k, Ju,;=F;. (8.14)
0 -k, ky ||us F

Pemiennem cucTteMbl MOKHO HAaWTH HEU3BECTHBIC MApaMETPhl — CHILY pe-

aKIUK ONOPHI f| U NEpEeMEILEHUs y3JI0B U, U, (PEIIEHUEM CUCTEMBI U3 3 ypaB-

HEHUN MO>KHO HAWTH 3 HEU3BECTHBIX MMapaMeTpa):

I I iy (8.15)
k2

f1=—"2F, u,
ki |

3aoaua 3. Ocesoe pacmsdiceHue cmepi*CcHs

PaccMoTpum pacTsokeHHe NpsSIMOrO CTEPKHS MOJ JACHCTBUEM BHEIIHEU
oceBol cwibl F. Jlyis perieHus Tako 3ajadd CleayeT BhIOpaTh OJHOMEPHBIN
JIMHEWHBIA KOHEYHBIA AJIEMEHT THUIIA «CTEPKEHBY», KOTOPBIM MO3BOJSAET IPOU3-
BOJUTH PAaCUYET KOHCTPYKIIMH Ha PACTSKEHUE-CKATUE U KPYUCHHUE.

HNcxXomHOW TEOMETPUUYECKOM MOJENBIO I CTEPHKHS SBISECTCS OTPE30K
PAMOW JIMHUM JJIMHOM a . llepexon OT OJHOMEpPHOM MOJENU K TPEXMEPHBIM
pacyeraM IPOU3BOJAUTCSA 34 CYET PEaTbHOM KOHCTAHTBI KOHEYHOIO JJIEMEHTA,
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3aJaroulell mIomaab MonepevyHoro ceueHus: crepxHus S . Pemenue auddepen-
[IUAJILHOTO YpaBHEHUS! pPABHOBECHSI CUCTEMBI B CIIy4yae YIpyrou 3a/ladyu CTaTUKH
TpeOyeT 3aJaHKsl KOHCTAHThI, BXOJSAIIEH B 3TO ypaBHEHUE — MOJYJSI HOpMaJib-
HOM ynpyroctu Marepuana crepxus (moayns FOura) E .

Cdhopmupyem mMaTpulily KECTKOCTH KOHEUHOTO 3JIEMEHTa, MOAETUPYIOLIe-
ro crepxeHb (puc. 8.7). DnemMeHT uMeer 2 y3ia ¢ uHjaekcaMu 1 u 2; nercTByro-
M€ B y3/1ax CUJIbl f, U f, BBI3BIBAIOT COOTBETCTBYIOLINE MEPEMEILIECHUS Y3JI0B

u, U u,. XapaKTEepUCTUKAMU 3JIEMEHTA SIBIISIFOTCSI MO/YJIb HOPMaJIbHON yIpyro-

cTd E W IJIomaab CEYEHUs CTEPKHA S .

S, E J
X u, u,
— — >
7 /s
a

Puc. 8.7. OceBoe pacTsiKeHHUE CTEPKHS

PaccMoTpuM 3aBUCHUMOCTD OCEBBIX MEpeMENIeHu ¢ =u (X ), OTHOCUTEIb-
HBIX AedopMaluil € =&(x ) U HAPSHKEHUH o = o (X ) OT KOOPJIUHATHI TOUKU HA

OCH CTEpXKHs. B Teopun ynpyroctu yCcTaHaBJIMBAaIOTCS U3BECTHBIE COOTHOLIEHUS
MEXAy NepeMetIeHUsIMU, Ae(POpMALIUSIMU U HAPSKEHUSIMU:

., o=E-¢ . (8.16)

IIepemernieHre MporU3BOJIbHON TOYKH C KOOPAUHATON X BHYTPH DJIEMEHTA
MOKHO BBIPA3UTh YEPE3 Y3JIOBBIE TEPEMENICHHUS

u(x)=u, +z(u2 —ul):(l—f)ul +£u2 , (8.17)
a a a

tTorna BelpaxkeHus (5.16) mana nepopmauuii U HaOpsHKEHUM TPeoOpasyroTcs K
BU]LY:

g _wmu e By (8.18)
a

3anuiieM O4E€BUIHOE COOTHOLICHHE BHEIIHEW OCEBOM CHIIBI, IPUJIOKEH-
HOM K CTEPIKHIO, M IEPEMELICHNAN B y3J1aX:
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F:a-S:E'S(uZ—ul)zk(uz—ul) , (8.19)
a

rac k = — JKCCTKOCTb CTCPIKHA, KOTOpadA, KaK BUAUM, 3aBUCHUT OT I'COMCT-

a
PUYECKUX pa3MeEpPOB (MUIMHBI M IUIOIIAAM TOMEPEYHOrO CEYEHHsI CTEPXKHS) U
CBOMCTB MaTepuaia, U3 KOTOPOIro CTEPKEHb U3roTOBJIEH. CTepkKeHb, OyaydH U3-
TOTOBJICHHBIM M3 TJIACTUKA WM U3 aFOMUHUA, OYJeT UMETh Pa3INuHYyI0 JKEeCT-
KOCTb IIPH OJJHUX M T€X K€ FTEOMETPUUECKHUX pa3Mepax.
Martpuity )K€CTKOCTH 3JIEMEHTA MOKHO 3aIIMCATh CIEAYIONIUM 00pa3oM:

E-S E-S
ko —k - E-S[1 -1
K]= = @ a = , (820
K] -k Kk E-§ E-S a |[-11 (8.20)
a a
U ypaBHEHUE PABHOBECHS JIEMEHTA B MAaTPUUHOMN (hopMe UMEET BUJT
S =1 ju
£:5 Jaloh (8.21)

a |-1 1] |lu,| |A]

OOpature BHUMaHHE Ha MAaTPUYHOE ypaBHEHHE, KOTOPOE MOMJIEKUT pe-
IICHUIO0 B KOHEYHO-3JIEMEHTHOM aHAJIN3€ CTATHYECKH HArpy»XEHHON KOHCTPYK-
MU. JTO YpaBHEHUE CBA3BIBAECT JIMHEWHON 3aBHCHUMOCTBIO Y3JIOBBIE IEpeMelLe-
HUS U y3J10Bble CWIBL. [Ipy pemennn Takoro ypaBHEHHs YACIEHHBIMU METOIAMU
HaxOJAT NEPBUYHBIE MTAPAMETPbl KOHCTPYKLIMOHHOTO aHAJIN3a — Y3JIOBBIE IIEpe-
MellleHus. Berurcnenue y3/oBbIX NepeMelleHuil He TpeOyeT 3a/aHusl Mpenesb-
HBIX XapaKTEPUCTUK KOHCTPYKIHOHHOIO MaTepuaia — Mpenesia MNPpOYHOCTH WIH
npenesna TEKy4eCTH, 3TU KOHCTAHThl HE BXOST B PEIIaeMOE YPaBHEHHUE.

3aoaua 4. Ocesoe pacmsdicenue CmyneHuamo20 CmepiCcHs

PaccMoTpuM pelieHre Ha KOHEYHO-3JIEMEHTHOM CETKE KJIAaCCUYECKOM 3a-
Jaud U3 Kypca TEXHHYECKOW MEXaHUKHU 00 OCEBOM PACTSIKEHHH CTYNEHYAaTOTO
cTepxHs. B 3a1aue ctyneHuaTsiil crep:keHb (puc. 8.8) ¢ IByMs CTYNEHSAMHU OJU-
HAaKOBOM JUIMHBI ¢ W IUIOLIAJBIO IONEPEYHOTO CEYEHUs CTYIEHEN COOTBETCT-

BEHHO S| U S, JKECTKO 3aJICJIaH U Harpy>KeH oceBou cwiion F . Ciaexyer BbIYUC-

JIUTh NIEpEMEIIeHUs ceueHun 1, 2 u 3.
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A 4
A 4

Puc. 8.8. OceBoe pacTsikeHHE CTYIEHYaTOro CTEPKHS

[IpencraBum cTepKeHb CETKOW M3 JIBYX CTEPKHEBBIX 3J1IeMeHTOB (1 1 2) u
Tpex y3ioB (1, 2 u 3). Ilepemenienue ceueHU! paBHBI IEPEMEIICHUSIM COOTBET-
CTBYIOILIUX Y3JIOB CETKH U ,U,,U;. PaccMoTpuM smemenT 1 (puc. 8.9) anuHoil a

U TONEPEYHBIM CEYEHHUEM S|, B y3JIaX 3JIEMEHTA NPWIOXKEHbl YCUIUS f, U f,,

KOTOPBIC BbI3bIBAKOT COOTBETCTBYIOIIHNE IEPEMCIICHUS OTUX Y3JIOB U U U, .

E, S,
7 />
: C —>f1 ()—>2
a

Puc. 8.9. [lepemenieHusi B KOHEUHOM 3JIEMEHTE

3anumeMm O4YCBHHBIC COOTHOIMCHUA CHUJI 1 HepCMCH_IeHI/Iﬁ B y3J1ax:

A=y =0, ) (8.22)
WM 0000IIEHHO B MAaTpUIHOM opme
E-sy b =Hjm]_J (8.23)
a |—-1 1||\u, /15
WIIA KPaTKO B MAaTPUYHOU (opme
[KRuj=1r7 (8.24)

rae £ — Moaynb HOpMainbHOM yrpyroctd (Moaynb FOHra) mMarepuana CTEpiKH,
E ° Sl

a

— XKCCTKOCTB 2JICMCHTA,

[K] — MaTpula KECTKOCTH 3JICMCHTA, CBA3bIBAIOIIAsA JIMHEVHO Y3JI0BBIC YCHUIIUA

Y y3JI0BbI€ NTEPEMEIICHUS.

100



CocrtaBuM nanee MIOOAJIbHYIO MATPHILy JKECTKOCTH JJisi BCEl CETOYHOMN
MOJIENT! U3 MATPHIL )KECTKOCTU OTAETBHBIX 3JIeMeHTOB. [Ipu 3TOM riaBHbIE qHa-
TOHAJIM MaTpPHIL )KECTKOCTH 3JIEMEHTOB COBMAJIAIOT C IIABHOW JHUAroHaJbIO TJI0-
0aJbHON MaTPUIIBI KECTKOCTH U CTHIKYIOTCS B y3ie 2. OOIIyIo CUCTEMY ypaBHe-
HUI paBHOBECHS JJISl CETKU MOYKHO 3alHCcaTh Pa3BEPHYTO:

S-S0 W) R
Plls s +s, —s ful=l o0 L, (8.25)
“lo -s, s |l | F

rae R, — peakuus onopsl B ysie 1,
F — oceBas CUIIa, IIPUIIOKCHHAS B y3JIE 3.

Kak Bugum, y3en 2 HaXoAUTCS BO BHYTPEHHEH 00JacTH CETKH, K HEMY He
MPUKJIAJABIBAIOTCS TPAHUYHBIE YCIIOBHUSA, T. €. 3TOT y3€J] CBOOOJIEH OT BHELIHUX

Harpys3o0K.

E * Sl E ¢ Sz
nu k2 =——— — 3HA4YCHHUA KCCTKOCTHU IJIA IICP-
a a

VYurem, 4to k| =

BOT'O 1 BTOPOT'O 3JICMCHTOB COOTBCTCTBCHHO, TOI' 1d FJIO6aHLHy}O MaTpuLly XKeCT-
KOCTH MOKHO BbIPa3nuThb 4CPE3 3HAYCHUA KECCTKOCTH 3JICMCHTOB!

ko k0 J(u) [-R
—k k+k, —k {u,b={ 0 }. (8.26)
0 -k & |lw) | F

OOpaTtuTe BHUMaHKUE HAa TOT (aKT, YTO KOHCTPYKITUS BBITIOJTHEHA U3 OJTHO-
ro mMarepuaia C 3aJlaHHBIM MOJIYJEM HOPMAJIbHOW yHnpyroctu E , M )KECTKOCTh
DJIEMEHTa k 3aBUCHUT TOJBKO OT T€OMETPUYECKHUX Pa3MEpPOB — JUTHHBI U TUIOIIA-
T CEUYCHUSI COOTBETCTBYIOIIEH CTYTICHH CTEPKHSI.

JloGaBUM TpaHWYHBIC YCJIOBUS B BUJC HYJIEBOTO MEPEMEIICHUS B TOYKE
3aJIeNIK1 (OrpaHUYEHHE CTeneHel cBoOo bl B y3ie): u, =0:

k, —k, 0 0 -R,
-k ki +k, —k %=1 0 ;. (8.27)
0 —k, k, |Ms F

Pemenne 3Toi cucTeMBbl allreOpandecKuX ypaBHCHHI:

Fa Fa[ 1 1
u, =0, u,=—, u=—| -+

+ 8.28
E\S s, (8.28)



BOﬂpOCbl ons CaMOKOHMPOJis

1. [TocTpoiiTe mabi0H pa3HOCTHON CETKU U 3aMEHUTE BOJTHOBOE YPaBHEHUE
o%u B o%u
87 = aax—z Pa3HOCTHBIM.

2. KakuM MeTOJI0M MOKHO HalTH 3HAUEHUE UCKOMOT0 ITapaMeTpa B TOYKE MEX-
Iy y3J1aMH CETKU?

TEMA 9. OnTumusauus

«Ycnoocname — npocmo, ynpowamos — coHcHO»
U3 3axonoe Mepghu

9.1. KoHuenyusi Memodoe onmumu3auyuu

MHorue TexHu4ueckue npo0aeMbl MIPUBOIAT UHKEHEPOB K PELICHUIO 3a/1a4
ONTHUMAJIBHOI'O MPOEKTUPOBAHUS, T.€. K IOMCKY HAWJIy4dIIEro BApUaHTa TEXHOJIO-
MU WM KOHCTPYKUMH. Takue 3a1aun pemaroTcs ¢ UCIOJIb30BAHUEM PA3JIMYHBIX
METOJIOB ONTUMH3aLlUH, KOTOPbIE OCHOBAHbI HA ITIOMCKE IKCTPEMyMa HEKOTOPOU
GyHKIIUH, OTpaXkaroulel KpUTepuil ONTUMAIBHOCTH, MIPH YCIOBUU BBITIOTHEHUS
psza OrpaHUYEHUN.

OnTumusanus — npouecc BpIOOpa HaWIydlIEro BapUaHTa TEXHUYECKOH
CUCTEMBI U3 BCEX BO3MOXKHBIX. ONTHMM3aLMs HaIpaBlIcHA HA IOUCK TEX BaX-
HBIX IapaMeTpPoOB, OT KOTOPBIX 3aBUCUT peanu3alus HAWIYYLIErOo COCTOSHHS
TEXHUYECKOM CUCTEMBI. Takue mapaMmeTpbl Ha3bIBAIOTCS IPOEKTHBIMU ITapaMeT-
pamu. B mponecce peleHusl 3aiaud ONTHUMU3AIMU HEOOXOJIUMO HAWTH OMNTHU-
MaJbHbIE 3HAYCHUs IPOEKTHBIX I1apaMETPOB, ONPEICIAIOIUX HaWIydllee Cco-
CTOSIHME TEXHMYECKOM cHcTeMBbl. IIpoekTHBIME mapameTpamu B 3a1adax KOHCT-
PYKIIMOHHOM MPOYHOCTH MOTYT OBITh, HallpUMeEp, JUHEWHBIE pa3Mepbl KOHCT-
PYKLIMM, Macca WINA TeMIeparypa. KonmuecTBo HCKOMBIX IPOEKTHBIX MapameT-
POB 7 XapaKTEPHU3yeT pa3MEPHOCTH 33/1a4l ONTHUMU3ALNN.

Br160p OonTUMaNbHOTO pELICHHUs] WM CPaBHEHHE HECKOJIBKUX ajbTepHa-
THUBHBIX BAPUAHTOB TEXHUYECKOW CHUCTEMBI ITPOBOJUTCA C MIOMOLIBI0 HEKOTOPOH
3aBUCHMOW BEJIMYMHBI, ONPEIEIAEMON ITPOEKTHBIMU ITapaMeTpaMu. Takas Beu-
YuHA SBISETCA (PyHKIMEH IPOEKTHBIX IapaMETpPOB W HA3bIBACTCS ILEJIEBOM
byHKIMe (apyrue Ha3BaHUS — LEJIEBOW MapaMmeTp, KPUTEPUil ONTUMATbHOCTH,
KPUTEPUI KaueCTBa).
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B mporiecce perenust 3a1aun ONTUMM3AIUN JTOJDKHBI OBITH HAMJICHBI Ta-
KH€ 3HAYEHUS MPOCKTHBIX MapaMeTpoB, MPU KOTOPBIX LieJeBas QyHKIMS TOCTH-
raeT MUHMUMyMa (Wi Makcumyma). LleneBbiMu mapameTpamu B 3ajayax KOHCT-
PYKIMOHHOM MPOYHOCTU MOTYT OBITh, HAIIPUMEP, TPOYHOCTH, MACCa, MOIIIHOCTD,
o0wveM. IleneBbIx QyHKINN MOXKET OBITh HECKOJIbKO. [Ipruem 1ieneBbie GyHKIMH
MOTYT OKa3aThCsi HECOBMECTUMBIMHU U MPOTUBOIOJIOKHBIM 00pa3oM BIUSTH Ha
MPOCKTHBIC MapaMeTphl. Hampumep, mpu mpoeKTUPOBAHUH JIETATH HEOOXOIUMO
OJTHOBPEMEHHO 00€CTeUYUTh MAKCUMAJIbHYIO TIPOYHOCTh U MUHUMAJbHYIO MaTe-
pUATOEeMKOCTh. B Takux cioydasx BBOJUTCS TPHOPUTET IIENIEBBIX (DYHKIIUU.
B nepByto odepenp mpu MpOEKTUPOBAHUU JeTaau oOecredyrBaeTcsl €€ Mpou-
HOCTb, a 3aTeM OepeTcsi BO BHUMAaHHE MAaTePUATIOEMKOCTb.

MeTtoasl ONTUMHU3ANMK MOXKHO KJacCU(GUIMPOBATH 1) MO pa3sMepHOCTH
perraemoii 3aaun (0JTHOMEPHBIE 1 MHOTOMEPHBIE); 2) M0 HATWYUIO OTrpaHHYe-
HUM (ycloBHBIE U O€3ycOoBHBIE); 3) Mo crocody ¢opMupoBaHus Iara (rpagu-
€HTHBIE, OE3rPaIUCHTHBIE, CITyYalHBIN TTOUCK).

Ilpumep 9.1. TpeOyeTcsi CIPOESKTUPOBAThH 3aKPBITHIN CBApPHOU KOHTEUHED
U3 METAJUNIMYECKOro JHcTa B GopMe MPSMOYTOJILHOTO Mapalijiesenunena oobe-
MOM ¥ =1 M’ M M3pacxof0BaTh HA €ro M3rOTOBJICHHE KAK MOXKHO MCHBIIE Me-
Tasia.

[Ipy MOCTOSIHHOW TOJIIMHE CTEHOK C(HOPMYJIHPOBAHHOE B TEXHUYECKOM
3aJlaHud TpeOOBaHUE O3HAYAET, YTO TUIONIAb MOJHON MOBEPXHOCTH KOHTEHHEpa

S noipkHa OBITP MMHHMAaNBHOW. O003HAYMM X, X,,X; — JUINHBI peOEp KOHTEH-
Hepa. MuHMMH3UpyeMasl IUIONIalb ABISIETCS (YyHKUMEH JTUHEHHBIX pPa3MepoB
KOHTeMHepa U uMeeT BUI S = 2(x;X, + X,X; + X;X;). 30€Cb X{,X,,X; — MNPOEKT-
HbIE TapaMeTpsl, S — Henesas QyHKUUs, V' =1 — orpaHMYeHHE PaBEHCTBA, KO-

TOPOC IMO3BOJIICT UCKIOYNUTL OAWH IApaMETpP U3 CIIMCKA MCKOMBIX IMPOCKTHBIX
MapaMCTpOB U TAKUM O6p330M CHU3UTDH PAa3MCPHOCTD 3ala4u:

C ydeToM JaHHOTO OTpaHUYEHUS 3a/1a4a CBOJUTCA K MUHHUMU3AIUU 1IeJie-
BOU (DYHKIIMHU JBYX MEPEMEHHBIX:

S =2(xx, +L+L)—>min .
X X
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9.2. OOHOMepHasi onmumu3ayusi

3amady ONTUMM3ALUU MOKHO C(OPMYJIMPOBATH TaKUM OOpa3oM, YTO OC-
HOBHOW BBIYMCIIMTENBHOU MPOLEAYPON CTAHOBUTCA NMOMCK MUHMMYyMa LIEJIEBOU

¢bynkuun R(x). B cBsi3u ¢ 3TUM MPEACTABISIIOT MHTEPEC UUCIECHHBIE METOIbI

MOMCKa 3KCTpEeMyMOB LieneBod ¢yHkuuu. Ilycts neneBas (yHKuMs sBisieTcs
(GyHKIMEH 0JJHOTO UCKOMOTO MpoeKTHOro napameTpa R(x). [logoOHble 11eneBbIe

bynkuun GopMUPYIOTCS B 33/1a4aX OJHOMEPHON ONTUMH3AIIUU.
PaccMoTpum oiHOMEpHBIE 3aa4u ONITUMU3ALUN BU/]1A

R(x) > min[a<x<b], (9.1)

/1€ CKJSIPHBIN IPOEKTHBIN NapaMeTp X 3aJlaH Ha oTpe3ke [a,b].

OKCcTpeMyM LenaeBol GyHKIUHA MOXKHO HAUTH MOCTPOCHUEM YIy4lIaromen

IMOCJICAOBATCIIbHOCTH 3HAYCHUM IIPOCKTHOTO IIapaMe€Tpa X,, X;, ..., X;5, X; g,

rge (x,; —x <&, & —3aaaBaemas MMOTPCIIHOCTL PCHICHU . ITouck IKCTpEMYyMa

i+1
B 3TOM CJIy4ae BEJIETCA MOIIAroBO: Ha Ka)XJIOM IIare BBIYUCIISICTCS CIEAYIONIEe
3HAYEHHE MOCIIEI0BATEIbHOCTH. BhIUMCIEHHE OCTaHABIMBAETCS, KOTIa MOIYJb
Pa3HOCTH JABYX MOCJEIOBATEIIbHO BBIYHUCJIIEHHBIX 3HAYECHUW IMPOCKTHOTO Iapa-
MeTpa OKa3bIBACTCSl MEHbIIE OO0BSABICHHOW morpemHocTd. [lociennee Bbryuc-
JICHHOE€ 3HAYE€HHUE MPOEKTHOr'O MapaMeTpa SIBIISIETCS PEUICHUEM 3aJa4d ONTUMH-
3alliM C 33JJaHHOU TOYHOCTBIO.

Memoo ckanuposanus 3aKarO4YaeTcs B MOCISAOBATEILHOM IIepedope Beex
3HaYeHUN a < x<b c marom, paBHbIM MOTPEIIHOCTH PEIICHUs &£, WIH C Tepe-
MEHHBIM IIaroM, BEJIMYMHA KOTOPOTO HA3HAYAECTCS IMYyTEM IOCIEAOBATEIBLHOTO
yTOUHEeHUs penieHusa. Ha kaxaom miare Beluucisiercs neneas GyHkuus R, 3a-
TEeM BBIOMpPAETCS HAUMEHBIIIEE U3 BCEX BBIUMCICHHBIX 3HAUCHUN R W Ha3HayaeT-
Csl COOTBETCTBYIOIIEE MUHUMYMY 11€JIEBON ()YHKIIMU PEIICHUE X .

bonee OBICTPBI aJTOPUTM IIOMCKA OHKCTpPEMyMa IIOCJIEIOBATCIHHBIM

YTOUYHCHHUCM BKJIFOYACT HA INICPBOM I3TAII€C CKAHHUPOBAHUC C KPYIIHBIM IIaroM Al .

3aTeM OTpEe30K, BHYTPU KOTOPOTO IMOJIYyYEHO HAUMEHbIIEE 3HAUCHUE IIEJIeBOM
¢yHkuy, pa3ouBaerca Ha Oosee Menkue oTpesku A, u T.A. (puc. 9.1) go tex
op, MOKa BEJIWYMHA OTPE3KAa HE OKAXKETCA MEHbIIE 3aJlaHHON MOTPEIIHOCTH.
JIOCTOMHCTBO METOAA B TOM, YTO MOYKHO HAWTH TIO0ATBHBIA MUHUMYM IIEICBOM
(yHKITUH, KOT/Ia CYIIECTBYET HECKOJBKO SKCTPEMYMOB.
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Puc. 9.1. Tlonck skcTpeMyma METOJJOM CKaHUPOBAHUS

Ilpumep 9.2. TpeOyercs HaUTH SKCTpeMyM IeJ€BOM  (DYyHKIMH
R(x)=2sin(x +1) Ha oTpe3ke [1 < x <2]. Omubka 3agaeTcs MO MEPEMEHHON X :

£=0.05.
O

Memoo Oenenus nononam oCHOBAH Ha JeIEHMH TEKYIIEro otpeska [a,b],
rJle COAEPKUTCS UCKOMBIM 3KCTpeMyM, Ha JBe paBHbIe yacTH. B kauecTBe cie-
AYIOLIEr0 OTpe3Ka BbIOMPAETCs Ta MOJOBHMHA, B KOTOPOH JIOKAIU3YyETCsl SKCTpe-
MyM. OKCTpEMyM JIOKaJIM3yeTCsl IMyTEeM CpaBHEHHUS ABYX 3HAUEHUIl IleneBoi
(YHKIIMM B TOYKAX, OTCTOALIMX OT CEPEIMHBI TEKYILEro OTpe3ka Ha &/2, rae &
— MOTPEITHOCTh PENICHHs 3a1auu onTumMusanuu. Ecim R(x + &/2)< R(x —&/2),

TO MHUHHMYM pacIlOJIaraeTcsi B IPaBOil MOJIOBUHE TEKYIIETO0 OTpe3Ka [a,b], B

IIPOTUBHOM CJIy4dac — B JICBOM. Hpouecc ITOKMCKa 3aBCPpIIACTCs, KOI'’Ja BCINYMHA
TCKYHICTO OTPE3Ka CTAHOBUTCS MCHbBIIIC SaHaHHOﬁ IOTpCITHOCTH.

9.3. F'padueHmHasi onmumu3ayusi

[Ipu TpagueHTHON ONMTHMH3AIIMY BEIMYWHA ITara B PEKypPPEHTHOM COOT-
HOIIICHUH BBIYHCIIIETCS C MCTOJB30BaHUEM IpaJueHTa IeneBoit ¢pyukmuu. Ha-
MpaBjcHUE TpagucHTa IMOKA3bIBACT HAINPABJICHUEC HAMCKOPCHUINEro YOBIBAHMS
(GyHKINH, 2 €r0 MOAYJIh — CKOPOCTh 3TOTO YOBIBAHMUSI.

Memoo epaouenma popmupyer mar h-grad R(x) 1o mepeMeHHON x

Kak (YHKIHIO OT TpaJueHTa 1eJIeBONH (PYHKIMHU B TEKYILIEH TOUKE MOMCKa; MpHU-
yeM KO3((ULHEHT MPOMOPIHOHATBHOCTH /A yIpaBiseT 3((EeKTUBHOCTHIO TO-
MCKa; CHIDKEHHE /1 BOJIM3HM ONTHUMAJIBHOTO PEIIEeHUs], HapuMep, 03BOJISIEeT ObI-
CTpee HAUTHU pELICHUE.

105



[TpocTeitmuii anropuT™M NOMCKa MUHUMYMa LI€TIEBON (DYyHKIIUHU 3aMHChIBa-
€TCsl B BEKTOPHOM (popme caenyronmm o0pa3oM:

x™=x"—h grad R(x") (9.2)
WIM B CKaISPHOM BMJE IJIS LEIeBOH (DYHKIMH HECKOJIBKHMX ITPOEKTHBIX Mapa-
METPOB:
; ; OR .
xM=xt—h—,j=l.,n. (9.3)
ox "
J

[Tonck ka0 HOBOM TOYKH HA IyTH K ONTUMAIIBHOMY PELIEHUIO COCTO-

UT U3 JIBYX JTamoB: 1) OlleHKa rpajgueHTta I1eieBor QyHKuuu R(x) IMyTeM BbI-
YKCIICHHS €€ YAaCTHBIX MPOU3BOAHBIX 110 KAKIOMY MPOECKTHOMY Hapamerpy X ;;

2) ocyuiecTBiIieHHE pabOYero miara no BCeM MEPEMEHHBIM OJTHOBPEMEHHO.
CpaBHUTENbHAS WIUTIOCTpAIMSI TPACKTOPUN, TIO KOTOPHIM TPaJUCHTHBIC
METO/Ibl HAXO/IAT MUHUMYM I1€JIeBOH (PYHKITNHU, IPUBEACHA Ha puc. 9.2.

1

Puc. 9.2. CpaBHuTeNnbHAs WILTIOCTPALUS TPACKTOPUI IOUCKA MUHUMYMa
JIBYMEPHOM 11eJeBoi (QyHKINU TPAAUEHTHBIMH METOIAMHU:
1 — onTumyMm, 2 — HayaJIbHbIE TOUYKH,
3 — MmeroA rpagueHTa, 4 — MeTOJ CONPSKEHHBIX TPAJAUEHTOB

Memoo nauckopetiuieco cnycka. OCHOBHbIM HEAOCTATKOM T'PaJUEHTHOTO
METO/Ia SIBJIIETCS HEOOXOAMMOCTh YACTOTO BBIUMCIICHUSI TIPOU3BOIHBIX OT IIeJie-

BoM QyHKIMU R (x ). DTOr0o HEIOCTATKA JIUIIEH METO]] HAMCKOPEHIIIEro CITyCKa,

r7ie B TEKyLIeH Touke Bhluucisiercss grad R (x), a 3aTeM B HaIpaBJICHUH T'paju-
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€HTa BBIYHCISAETCS MUHUMYM IieneBod ¢pyHKiuu min R (x ). [Ipaktudecku 31o

MOJKET OBITh OCYHIECTBJICHO JIOOBIM METOJOM OJHOMEPHOH ONTHMH3AIUH KaK
IOHUCK IO OJIHOMY HAaNpaBJICHUIO — HAINIPaBJICHUIO I'PaJUEHTa; Haubosee 4acTo
UCITIOJIB3YETCSl CKAHUPOBAHKE JIO MEPBOTO JIOKAJLHOTO MUHUMYMa 110 HaIpasJie-
Huto grad R(x).

Bnanu ot ontumyMa 3(ppekTUBHOCT METOAA BBICOKA, YTO MO3BOJISET Obl-
CTPO BBIUTH B PaliOH ONTHUMYyMa; HO B OKPECTHOCTU ONTUMYyMa 3(PPEKTUBHOCTD
METO/1a CHUYKAETCS U3-3a YaCTOM CMEHBI HAIPABJICHMs IIOUCKAa. METoJ, Kak U BCe
rpaJieHTHBIE METObl, 00JIa/1aeT HEBBICOKON 3((EKTUBHOCTHIO B TaK Ha3bIBae-
MBIX «OBpP@XHbBIX» (YHKLUAX, KOrja B OOJacTH ONTUMYyMa CYIIECTBYeT He-
CKOJIBKO JIOKQJIBHBIX 3KCTPEMYMOB. B psjie ci1ydyaeB MOXHO MOBBICUTH CKOPOCTb
BBIXO/Ia B palilOH ONTUMYyMa NPEAbSIBICHUEM HEBBICOKMX TPEOOBAaHUI K TOYHO-
CTH TIOMCKa MUHHMYMa LI€JIeBOM (YHKIUU MO HANpaBICHUIO IpagucHTa, KOTO-
phBIi perynupyercs KodhPuimeHTom 4 .

Memoo conpsicennvix epaouenmos. Ha HadanpHBIX 3Tamax MOMCKa pe-
IIEHUSI METOJI COIPSDKEHHBIX I'PAaJUEHTOB Pa0OTAET TakK ke, KaK METOJ HauCKo-
peifmiero cnycka. B mpenenax mara HenuHelHas 1eneBast (pyHKINS 3aMEHAETCS
JIMHEHHBIM TIOJMHOMOM M IIPOM3BOJAUTCS BBIYMCIICHHE T'PAJMECHTA LEIECBON
GbyHKIIMN Yepe3 MepBble MPOU3BOJHBIE MO KoopauHaTaM. [IoCcKonbKy A mpu-
ONMMKeHMsl 1eJ1IeBOM (DYHKLIMM HCIIONIB3YETCS B TaKUX BBIUMCIECHUSAX IOJIMHOM
MIEPBOTO MOPsJIKa, TPAAUEHTHBIA METOJ] HAUCKOPEHIIIEro Cycka OTHOCAT K Me-
TOZAM IIEPBOrO MOPSAKA.

MeToz conpsiKeHHBIX TPAAUEHTOB B 00JIaCTh ONTUMYMa BBIXOJUT TaK XK€,
KaK METOJ] IEPBOTO MOPsIKa, a YK€ B OKPECTHOCTAX ONTHUMyMa TpaHCPOpMUpy-
€TCsl B METOJI BTOPOTO MOPSAKAa M aHAIM3UPYET IS TEKyIIEed TOYKU BTOPHIE
IPOU3BOJHBIE OT LENEBON (PYHKIIUU.

[Ipn mepexoje K YMCICHHOMY aHAJIU3y BTOPBIX MPOU3BOAHBIX AJITOPUTM
METOJIa COIPSKEHHBIX IPAJUEHTOB BBIOMpPAET HAIpPaBJIECHUE TOKUCKA B BUAE JIU-
HEMHON KOMOWHAIMKM BEKTOPOB IPAJIUEHTA B JAHHON TOYKE U MPEIIECTBYIOLIE-
IO HaIlpaBJICHUS:

x'=x"—h grad R(x"),

T . | 9.4)
x™=x"—h [grad R(x')+a grad R(x™")] ,

rac KOC—)(b(I)I/IHI/ICHT ¢ BbIUHCIEICTCA KAaK KBaJApaT OTHOHICHUA JIMH BCKTOPOB
rpaarCHTOB HAa TCKYIICM IIare U Ha NpCAbIAYIICM IIarce:
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‘grad R(x") ’

a

. (9.5)
‘grad R(x’_l)‘

BOﬂpOCbl ons CaMOKOHMpPOJis

1. OkcTpeMyM Kakux 1eneBbiX GyHKIuUA R(x) MOXXHO HAWTH METOJOM CKaHU-

poBaHus?
2. Kak noBbICUTh TOYHOCTh TOMCKA ONTUMAIBLHOTO PEIICHUS?

3. Uto Ha3bIBaeTCs TPAJIMCHTOM 1ieJieBOr pyHKIMU R(x)?

4. HaliTu onTuMalnbHbIe pa3Mepbl KOHTEHEepa B ipumMepe 9.1.
TEMA 10. CoGCcTBEHHbIE 3HAYEHUA U BEKTOPbI

«Ocmaswuecs 2auku HUKo20d
He N00X00am K 0Cmasuumcs 6oaimamy
U3 3axonoe Mepgu

10.1. MoHsTIMUe cobcmeeHHbIX 3Ha4YeHUl

[IpuMeHeHnEe KOMIBIOTEPHBIX CHCTEM WHKEHEPHOI'O aHalIM3a K pacyeTy
KOHCTPYKIIMM M MEXAaHWYECKUX CHUCTEM IIPEIIO0JIAraeT YMCICHHOE PEIICHUE 3a-
a4 MEXaHHWKH, B XOJ€ KOTOPOrO BO3HUKAET HEOOXOJUMOCTh pElIaTh OOJIbIINE
CUCTEMBI anreOpandeckux ypaBHeHHH. HekoTopwie 3amaun MEXaHUKH B TaKOU
MOCTAHOBKE TPEOYIOT HAaXOXKICHHS COOCTBEHHBIX WM XapaKTEPUCTHUYECKUX
3HAYEHHUM CUCTEMBI.

C 3amavamMu Ha ompeneieHUe COOCTBEHHBIX 3HAYEHUH U COOCTBEHHBIX
BEKTOPOB MH)KEHEP CTAJIKMUBACTCS IIPU IPOECKTUPOBAHUM PA3IUYHBIX CHUCTEM H
coopyxeHui. Tak, Mpu aHaW3€ HAIMPSIKEHHOTO COCTOSHUA KOHCTPYKLHH JJIS
TE€H30pPOB HANPSKEHNUI COOCTBEHHBIE 3HAUEHUS ONPEACIIAIOT IIaBHbIE HOPMAJIb-
HbI€ HANpSDKEHMs, a COOCTBEHHBIMM BEKTOpaMU 3a/Ial0TCSl HaIlpaBJICHUs, CBs-
3aHHBIE C TPOMKOW 3HAYEHU I'JIaBHBIX HAIIPSKECHUM.

[Ipy AMHAMHAYECKOM aHAJIN3€ MEXaHUYECKUX CHCTEM, HapUMEp, PU MO-
JabHOM aHajn3e BUOpaIuii COOCTBEHHbBIE 3HAUEHHUSI COOTBETCTBYIOT COOCTBEH-
HBIM YacTOTaM KoJieOaHuM, a COOCTBEHHBIE BEKTOPHI XapaKTEPU3YIOT COOTBETCT-
Bytomue aedopManni KOHCTPYKIIUH, COOTBETCTBYIOUIYIO KaXK/10i1 COOCTBEHHOMN
yacTtore kosiebanuit. [Ipu pacuere KOHCTPYKIHI HA YCTOMYHUBOCTH COOCTBEHHBIE
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3HAYEHUS MO3BOJSIOT ONPENENISTh KPUTUUECKHE HArpy3KH, MPEBBIIIEHUE KOTO-
PBIX IPUBOJIUT K OTEPE YCTOMUYMUBOCTH.

B ob6mem Bune 3amada Ha COOCTBEHHBIC 3HAYEHUS KBAJIPAaTHONW MaTpPHIIBI
bopmynupyercs CaeAyoIuM 00pa3om:

I 7 - 7 0
a, A, .. a,| |x A0 o 0 |x
0
a21 azz ces azn ) X2 _ 0 22 cos 0 ) xz (10 1)
0
[y Gy o Q| (X)) [0 0 A4 (x, )

wn kpatko: [A]- {x}=[1] {xo}
rrne A — KBajipaTHasi MaTpHIla pa3MEpHOCTH 71 X 71.

KBanpatHast matpunia 4 pa3MEepHOCTH 71X 1 UMEET 7 COOCTBEHHBIX 3Ha-
YeHUH 4; ; HabOp Bcex ee COOCTBEHHBIX 3HAYEHUIN Ha3bIBA€TCS CIIEKTPOM MATpH-

11, HyMeparuio coOCTBEHHBIX 3HAUCHUM MMPOU3BOIST IO BO3PACTAHUIO MOJTYJIS:

| <] Ay <. <)A, 4] <4, - (10.2)

KaxxnoMy coOCTBEHHOMY 3HAUYEHHIO A; COOTBETCTBYET COOCTBEHHBIN BEK-
TOp X; . B 00mem ciydae Tpebyercs HalWTU 7 COOCTBEHHBIX CKAISIPHBIX 3HAYCHUHN
A M COGCTBEHHBIC BEKTODHI X', COOTBETCTBYIOIIUE KAXKIOMY M3 COOCTBEHHBIX

3HAYECHUU.
0
CoOcTBEHHBIE BEKTOPBI X; 00pa3ylOT CUCTEMY OPTOHOPMHUPOBAHHBIX BEK-

TOPOB:

S (1) ’l:’,‘; - (10.3)

[IpuBiedyeHre KOMITBIOTEPHBIX METOJOB K pPAacyeTHOMY OOOCHOBAHHIO
MIPOCKTUPYEMBIX WHKEHEPHBIX CUCTEM CBOJMT PEIICHHE MCXOMHOTO AuddepeH-
[IMAJILHOTO YPaBHEHUS, OIMHKCHIBAIONMIETO (DU3UUYECKUE MPOIECCHI B CUCTEME, K
00paboTKe KBaApaTHOM MaTpHUIllbl Oo0JbIIONW pazMepHOCTU. COOTBETCTBEHHO,
paccMaTpuBasi KOMIBIOTEPHBIE METO/bl PEIICHUS WHKEHEPHBIX 3aJad, CJIEIYeT
o0CyaUTh METOABI MOWCKAa COOCTBEHHBIX 3HAYCHHH W BEKTOPOB KBaJPaTHOM

MAaTpULBI.
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10.2. KoHuenuusi noucka cobcmeeHHbIX 3Ha4YeHul

AJTOpUTMBI pellieHus 3a7a4 Ha COOCTBEHHBIE 3HAUEHMsI KBalpaTHON Mat-
PHUILBI MOXKHO pa3enuTh Ha ABe rpynmnsl. 1) CylecTByroT UTEpALIMOHHBIE METO-
Ibl, KOTOpPbIE YJIOOHBI U XOPOIIO MPHUCIIOCOOJIEHBI ISl ONpEAeIeHUs] HauMEHb-
IIET0 U HAUOOJbIIEro cOOCTBEHHBIX 3HAaYeHHH. 2) CyIIeCTBYIOT TaKKe METOIbI
npeoOpazoBaHuil MOAO0US, KOTOPBIE CIOXKHEM, HO 3aTO MO3BOJISIOT ONPEAETUTh
BCE COOCTBEHHBIE 3HAUECHHS U1 COOCTBEHHBIE BEKTOPBI MATPHULIBI.

Haunbomnee o4eBUIHBIM CIIOCOOOM pEIICHUS 3aJa4d Ha COOCTBEHHBIE 3Ha-
YEeHUS ABJIETCS UX ONPEEIICHNE U3 CUCTEMbl YpaBHEHUIL:

([4]-[2]- [ED-{x}=0, (10.4)

KOTOpasi UMEET HeHYJIEBOE pellIeHuE JINIIb B ciydae, ecnu det (4 - A E) = 0.
VYpasuenue det (4 - A E) = 0 sBasieTcs anreOpandeckuM YpaBHEHHEM, €TO
Ha3bIBAIOT XapaKTEepUCTUYECKUM YypaBHeHueM. Hampumep, ans kBagpaTHON
MaTpPHUIIBI BTOPOTO MOPAIKA XapaKTePUCTHUECKOE YpaBHEHIE UMEET BUJ
a,—1 a
11 12
det([4]- 4 -[E])=det

s ay — A

= (an - /1)(6122 - /1)— a;,a,, =0 .

PackpsIB onpeneanTens, HOIyYUM MHOTOUIEH /-1 CTETIEHN OTHOCUTENIBHO
A, KOPHU KOTOPOro U OyAyT COOCTBEHHBIMHM 3HAUEHUSIMU MaTpullbl. MTak, col-
CTBEHHbIE 3HAUEHUS KBAJIPATHON MaTpHUIbl A ONpPEIENSIIOTCS KaK KOPHU Xapak-
Tepuctuueckoro noiauHoma det (4 - A E). Jlnsg onpeneneHus: KOpHEH MOXKHO
BOCTIOJIb30BaThCS JIFOOBIM U3 U3BECTHBIX YHCICHHBIX METO/IOB.

Bonpocbi 051ssi caMOKOHmMpoJsisi

1. Kakas MaTpuiia Ha3pIBa€TCs KBaApaTHOW?
2. Yto Oynet pe3yabTaToM YMHOXKEHHUS KBaJIpaTHON MaTpHUIIbl HA €IUHUYHYIO?
3. Kak BBIUHCIISIOT ONPEACIUTENb MATPUIIBI?
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TEMA 11. MNapannenbHble BblYUCIIUTESIbHbIE TEXHOMOMUMU

«Jluwb 8 KOHYe pabomvl Mbl 0OLIYHO NOHUMAEM,

C Ye2o ee HYIHCHO ObLIO HAYUHAMb»

U3 3axonoe Mepghu

PaccmaTtpuBasi mapayuienbHbIE BBIUYMCIHTEIbHBIC TEXHOJIOTHUHU, CIEAYEeT

pa3leNuTh TOHSATUS «IapaUIeTbHbIC BBIYHCIUTEIBHBIC CHCTEMBD) M «Iapall-
JICTbHBIC YUCIICHHBIC METOIBD).

11.1. MNMapannenbHbie eblYuciumesibHble cucmembl

XapakTepHOl OCOOEHHOCTHIO COBPEMEHHBIX BBIYUCIUTEIBHBIX CHCTEM
SABJISIETCA BO3MOKHOCTh OJIHOBPEMEHHOTO WIIH, KaK TOBOPSIT, NApaNIeIbHOTO UC-
MOJIb30BaHUs OOJBIIOTO YKCIIA MPOIECCOPOB Jisi 00paboTku uHbopmanuu. Jlis
TaKUX CHCTEM COOMpATENIbHBIM CTaJI0 Ha3BaHHWE «IapajuIeNIbHbIE BHIYMCIUTEIh-
Hble cucTeMbl». HeobxoaumocTh 3¢ (PEeKTUBHOTO UX TPUMEHEHUS TpeOyeT paju-
KaJIbHOTO U3MEHEHHS CTPYKTYpPhl UUCIEHHBIX METO/I0B. Pa3HOOOpa3ne apxuTex-
TYp BBIYUCIUTEIBHBIX CHUCTEM MOPOXKIAET pasHOoOOpas3we CIOCOOOB OpraHu3a-
MY BBIYMCIICHUH, YTO BBI3BIBAET PA3JIMUKME B OPraHU3allMU TaHHBIX, YACIECHHBIX
METOJIOB U JITOPUTMOB, a TaK)K€ BAPUATUBHOCTH CPEJCTB U S3BIKOB OOIIECHHUS C
BBIYUCIUTEILHON TeXHUKOU. J[J1s1 OONBIINX MapajuieIbHBIX CUCTEM pa3padathl-
BAIOTCA CIEUAJIbHBIC YUCICHHBIE METObI U MUIIYTCS MPUKIIATHBIE POTPAMMBI
C YUYETOM apXUTEKTYpPbl TAKHUX CUCTEM.

[Ipobiiema corimacoBaHusi MPOrPaMMHBIX CPEACTB U CTPYKTYpPbl BHIYUCITH-
TEJIbHON TEXHUKHU MOSIBWIACHh B CBSI3U C BO3MOXXHOCTBIO BBITIOJIHEHUSI BBIYUCIIE-
HUM Ha MHOTOIPOIECCOPHBIX KOMILUIEKCAX, MOCKOJIbKY TPAIUIIMOHHbBIEC aJrOPUT-
MUYECKHUE SI3BIKM JTOCTATOYHO XOPOIIO COTJIACOBAHBI C KIACCUYECKHMHU OJIHO-
MPOIIECCOPHBIMU MalluHaMU. BHelIHee cOBMajieHHe OMepaluii alropuTMuye-
CKHX SI3bIKOB C MAaTEMaTUYECKUMHU ONEPALUSIMH CO31A€T YCTOMYUBYIO UILTIO3UIO
COBIIAJICHUSI UX CBOMCTB M CKPBIBAET OT MOJIb30BaTENsl OOJBUIMHCTBO MPoOieM
peanu3aluy alrOpuTMOB Ha KOHKPETHBIX BBIUMCIUTENbHBIX ycTpoicTBax. On-
HaKO TPaJUIIMOHHOE MAIIMHHO-HE3aBUCUMOE MPOrpaMMHOE OOEeCIeueHHE OKa-
3bpIBaeTCAd HEd(P(HEKTHUBHBIM B CIydyae MapajuieIbHbIX BBIYUCIUTEIBHBIX CHUCTEM.
JIJ1st 9TUX CHUCTEM CTAaHOBUTCS aKTyaJlbHOM MpoOjieMa COrjacOBaHHOCTHU aJro-
PUTMOB U QITOPUTMUYECKUX SI3BIKOB CO CTPYKTYPOU BBIUMCIUTEIBHON CUCTEMBI.
D¢ hexTUBHON peanu3aiuu aJropurMa MOryT MoOMeIaTh, HapuMep, 0COOEHHO-
CTH KOMMYHHUKAITMOHHOM CETH, CBS3BIBAIOIIEH IPOIIECCOPHI MEXKIYy COOOM M C
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sueiikaMu naMatu. OrpaHndeHHbIE BOBMOKHOCTH OBICTPBIX CBSI3€H KOMMYHHUKA-
LIMOHHOM CEeTU MOTYT OBITh HE COIVIACOBAHHBIMU CO CTPYKTYpOH CBsI3€H B ajro-
puUTME.

BeruncnurenpHas cucTteMa MpeCTaBisseT COBOKYITHOCTh CBSI3aHHBIX MEXK-
oy coOoi ycTpoicTB. B Kak[plii MOMEHT BpEMEHH 3TH YCTPOWCTBA JUOO MpPO-
CTaMBalOT, JJMOO BBIMOJHSIIOT MOJE3HYIO paboTy, T.€. 3aHAThHl XpaHEHUEM, Iepe-
CBUIKOM Wiy nepepadoTkoil nHpopmaru. CUCTEMBI pa3IMYalOTC KaK COCTaBOM
YCTPOMCTB, TaK U BUAOM CBsizei. CBSA3UM MOTYT OBITh MOCTOSHHBIMU HWJIA H3ME-
HSIEMBIMHU.

OCHOBHBIE CTPYKTYPHBIE 3J€MEHThI BBIYUCIUTEIBHON CHUCTEMBI MOKHO

BBECTHU U ONMCATh HA MPUMEPE OJTHOMPOIECCOPHOUN MamuHkbI (puc. 11.1).

Y CTpOUCTBO yIIpaBIICHUSA

A 4

A

A
BBon ITamsTn
BriBox

> IIponeccop

A

A

Puc. 11.1. CrpykTypa 0AHOIPOLIECCOPHOI MAITUHBI

B ogHOmponeccopHoil MaliHe UMEETCS ABa OCHOBHBIX ycTpoiicTBa. OTHO
U3 HUX Ha3bIBAETCS MpPOLecCOpoM (LEHTPAJIbHBIN MPOIECcCop, pellarlee yCT-
POMCTBO, apu(PMETHKO-TOTHUECKOE YCTPOUCTBO) U MPETHA3HAUYCHO TSI BBITION-
HEHUsI HaJ ONEpaHJaMH HEKOTOPOro OrpaHMYEHHOro Hadopa Omepaluii.
B nabop oneparnuii BXOAST omnepanuu CIOKEHUS, BRIYUTaHUS, YMHOKCHUS U Jie-
JIEHUS YHCEJl, JOTUYECKUE OINEepally HaJ OTIEIbHBIMU pa3psiaaMu U UX IMOcTe-
JIOBATEJIBHOCTAMU, ONIEPALlMM HAJ CUMBOJIaMU U Jp. Jpyroe ycTpoiucTBo, Ha3bl-
BaeMoO€ MaMAThIO (3alIOMUHAIOIIEE YCTPOUCTBO), MPETHAZHAYEHO /IS XPAHCHUS
Bcel mHGOpMAIIUKA, HEOOXOIUMOM Il OpraHu3aliuu padoThl mporeccopa. [Ipo-
1IECCOpP SBJISIETCS aKTUBHBIM YCTPOUCTBOM, T.€. OH UMEET BO3MOXHOCThH MPeoo-
pa3oBbIBaTh HHPOpMaIUio. [lamMsTh SBISETCS MACCUBHBIM yCTPOMCTBOM, T.€. OHA
HE UMEET TaKoi BO3MOXKHOCTH. [Ipoiieccop u maMsTh CBsI3aHbI MEXITY COOOM Ka-
HajaMu oOMeHa HH(pOpMaITHeH.
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PaGoTa omHOMpoOIIECCOPHOI MAIIMHBI 3aKJIFOYAETCS B MOCIEAOBATEIIEHOM
BBITIOJIHEHUU OTAENIbHBIX KoMaH[. Kaxaas koMaHJa colepKuT MHGOPMALIHIO O
TOM, Kakas omnepanus U3 3aJlaHHOr0 Habopa JO0JIKHA OBITh BBIMOJIHEHA, a TAKKE
U3 KaKUX SYEEK MaMsITH JODKHBI ObITh B3STHl apTyYMEHTHI ONEpaliyd U B KaKHe
SYEeUKU ToMelleH pe3ynbTaT. OnucaHue ynopsiIOueHHOW MOCIeA0BaTEIbHOCTH
KOMaHJ[ B BUJI€ MIPOTrpaMMbl HAXOJMUTCS B MaMsITH. TaM ke pa3MelarTcs Heoo-
XOAUMBIE JUISl peau3alid ajJrOPUTMA HAYAIBHBIE JAHHBIC U PE3YJbTATHI MPO-
MEXKYTOYHBIX BhluucieHu. KoopauHupyer paOoTy BCeX Y3JIOB MallWHBI yCT-
poiicTBO yrpaBieHusi. OHO OpraHU3yeT MOCJIEI0BATEIbHYI0 BHIOOPKY KOMaH]I U3
MaMsITH U UX paciupoBKy, Mepeiavy U3 MaMsTH B IIPOIIECCOP OMEPAHJIOB, a U3
mpoiieccopa B MaMsTh Pe3yJIbTaTOB BBHITIOJHEHUS KOMaHJI, YNpaBiseT paboToit
npoueccopa. Beoa HayanbHBIX JAHHBIX U BbIAAYY PE3YJIbTATOB OCYIIECTBIISIET
YCTPOMCTBO BBOJIa-BhIBO/IA.

IIpouieccop ABIsIETCS €OAUHCTBEHHBIM YCTPOMCTBOM, KOTOPOE BBIMOJIHSIET
MOJIE3HYIO C TOYKH 3PEHUsI pealin3alii anropurma padoty. Bee octanbHbie yCT-
POICTBA IO OTHOIICHUIO K HEMY OKa3bIBAIOTCSA OOCITYKUBAIOIIUMHU, U UX paboTa
HarpaBjeHa TOJbKO Ha TO, YTOOBI oOecnieunTh Hanbonee YPPEKTUBHBIN PEKUM
(yHKIIMOHUPOBAHUS Mpolieccopa. B 0OCHOBE apXUTEKTypbl ONMMCAHHOW MAaIlIUHBI
JIEKUT MPUHLMI MOCIEI0BATENBHOTO BBINOJIHEHUS OTIENbHbIX KoMaHia. Opra-
HU30BaHHbBIE TAKUM 00pa30M MalMHBI HA3bIBAIOT MMOCIEI0BATEIbHBIMH.

[ToBBICUTH OBICTPOACHCTBHUE MPHU PEUICHUU OOJIBIINUX 3a7a4 MOKHO, 00be-
JWHHUB HECKOJBKO MPOLIECCOPOB U HECKOJIBKO YCTPONCTB MaMSTH B €IUHYIO BbI-
YUCJIIUTEIbHYIO CUCTEMY C TIOMOIIBI0 KaHAJIOB Tiepenayn uHpopmanmu. Kommy-
HUKAIMOHHAsI CETh KaHAJOB CBSI3U MEXIY YCTPONCTBAMH JIMMUTUPYET OBICTPO-
JIEHCTBUE TaKOM CHCTEMBI, TIOCKOJIBKY CKOPOCTh 00pabOTKH MH(pOpMAIMHU IMPO-
LIECCOPAMU CYIIIECTBEHHO MPEBBIMIAET CKOPOCTh MEpeaadyr JAHHBIX MEXKIY YCT-
poiictBamu. [lpuyem ¢ pocTOM MHUHHATIOPU3AIMHU 3JIEMEHTHOW 0a3bl U YCT-
POMCTB BHIYUCIUTEILHON TEXHUKH MPOOJIeMa MOCTPOCHHUSI KOMMYHUKAIIMOHHBIX
CeTell He TOJIbKO HE CHUMAETCs, HO CTAHOBUTCS ele 00Jiee CII0KHOM U aKTyallb-
HOU. [IpsiMast CBA3b Ka)XIOro yCTPOWCTBA CO BCEMHU OCTAJIbHBIMHU IPUBOJIUT K
PE3KOMY YCIIOKHEHUIO CETH C POCTOM 4HCla yCTpOMCTB. Kaxaplil mpoueccop
napasuieIbHOM CUCTEMbI MOXET UMETh CBOIO COOCTBEHHYIO MaMsATh, U TOTJa Ma-
MSITh CHUCTEMBI Ha3bIBACTCS paclpenesieHHOM. i pacipeIeleHHOM naMsIT! Xa-
PaKTEpHO Hajgu4yue OOJBIIOTO YKCiIa ObICTPHIX KAaHAJIOB, CBSI3BIBAIOIIUX OTIEIh-
HBIE €€ YaCTH C OT/AENbHBIMU Mporieccopamu. OOMeH nHbopMaIre Mex Iy Jac-
TAMH paclpeieIeHHON NmaMsATh OOBIYHO OCYIIECTBISETCS JOBOJIHBHO MEJJIEHHO.
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Ecnu mporeccopb! o0mmaroTes ¢ maMsThio 4epe3 o0Iue KaHallbl CBS3H, TO B 3TOM
ciIydae MmaMsITh Ha3bIBacTCs 0oOIIeH. [l mapayiielbHBIX CHCTEM ¢ OOIICH mamsi-
THIO OJTHAM U3 Y3KHX MECT, 3aTPYIHSIOMNX TOCTIKCHHE MAaKCUMAIBHOTO OBICT-
POJICHCTBHS, SBIITFOTCSI KaHAJIBI CBS3M C MaMAThI0. OJTHA M Ta K€ BBIYMCIIUTECIIb-
Hasl CHCTEMa MOXKET UMETh KaK OOIIYI0, TaK U pacipeieICHHYIO TaMSTh.

Crpemienue 3pQpeKTHBHO pelIaTh 3aJadyd Ha MHOTOMPOIECCOPHBIX CHC-
TeMax JOJDKHO O0S3aTENbHO COMPOBOXKIATHCSA COTJIACOBAHMEM CTPYKTYPBI YHC-
JICHHBIX METOJIOB M apXUTEKTYPhI BBHIYMCIUTEIBHBIX CHUCTeM. COMpPSKEHUE BBI-
YUCIUTEIBHBIX CUCTEM M YHCJECHHBIX METOJIOB MOPOJK/IACT JBa Kilacca MpoosiemM
— oOecreyeHue OBICTPON KOMMYHHUKAIIMK U TIOJIHAS 3arpy3ka mpormeccopoB. Ha-
palIMBaHue MOITHOCTH BBIYMCIMTEIIBHBIX CHCTEM C MHOTHMH MPOIECCOpaMU U
pacrnpeneeHHON MaMsIThl0 B KAKOW-TO MOMEHT MPUBOJIUT K TOMY, YTO BO3MOXK-
HOCTH KOMMYHHKAIIMUOHHOW CEeTH B oOecrieueHUH OBICTPOM Iepeady JaHHBIX
JOCTHUTAIOT TIpeliejla U HAYWHAIOT OTPaHUYHMBATH OBICTPOACHCTBHE CHCTEMBI B
nenoM. IlpudymHa 3akarodaeTcss B TOM, YTO CTPEMIICHHE YBEIHYHUTH OBICTPOICH-
CTBHE 32 CUET HMCIIOJIb30BaHMs OOJIBIIIOT0 YHCIa MPOIECCOPOB MOXKET OBITh He-
COBMECTHMBIM B YCIIOBUSX NPHUMEHCHHS KOHKPETHOTO YHMCICHHOTO METoja C
BO3MOYKHOCTSIMH KOMMYHHUKAITMOHHOW ceTH. B wmTore mro0asi BRIYUCITUTEIIbHAS
cUCTeMa C OOJBIITUM KOJIMYECTBOM MPOIECCOPOB OyneT 3(h(PeKTUBHON TOJIBKO HA
OTIPEICTICHHOM KJIACCE aJITOPUTMOB M METOIOB.

He Ttonpko orpannyeHuss KOMMYHHKAIIMOHHOM CETH CISPKHUBAIOT POCT
MIPOU3BOANTEIILHOCTH BBIYUCIIUTEILHON cHUCTEeMBI. TpeOyeTcss Takke MOCTOSH-
Has 3arpy>KEHHOCTh BCEX IPOIIECCOPOB BBIMOJHEHHEM MOJIe3HOM paboThl. Ho
ANTOPUTM pENICHUS 3aJaddl B CHJIy NPHUYHMH, BBI3BAaHHBIX €r0 COOCTBEHHOM
CTPYKTYpPOii, MOKET TIPOCTO HE 00JIajaTh BO3MOKHOCTBhIO 00ECIIEYUTh MOCTOSH-
HYIO 3arpy3Ky OOJIBIIIOr0 Yhcia MPOIECCOPOB HE3aBUCUMO OT YCTPOMCTBA KOM-
MYHHUKAIIMOHHON ceTH. MIMeeTcss MHOTO YHCIEHHBIX METOJIOB, KOTOPBIC HEIb3s
3¢ ()EeKTUBHO pean30BaTh HM HA KAKUX MHOTOIPOIIECCOPHBIX CUCTEMAaX.

Knaccudukanus napaiebHBIX BBIYHCIUTEIBHBIX CHCTEM YUYHUTHIBACT
CJIeAYIOIIUE NMPU3HAKKU: TUI TTOTOKA TAaHHBIX, TUI MTOTOKAa KOMaH/I, criocod o0pa-
OOTKHW JaHHBIX, TUI CTPOSHUS MaMSATH, TUIT KOMMYHHUKAIIMOHHON CETH, CTCIICHb
OJTHOPOJHOCTH KOMITOHEHT CHCTEMBI, CTEIICHb COTJIACOBAHHOCTH PEKHMOB pado-
TBl ycTporcTB. [IIMpOKO M3BECTHO JEJeHHE CHCTEM IO JBYM IIPU3HAKAM: THII
MOTOKa KOMaHJ MEXKIy YCTPOWCTBAMH IMaMSITH M YCTPOWCTBAMH YIIPABICHHS
WU MPOIeCCOpaMy M THIT TTOTOKA JTAHHBIX MEXIY MPOIECCOPaMU M YCTPOMCT-
Bamu namsTu. [IoTok komMaHg MOXeET ObITh OIUHOYHBIM (Single Instruction) nimn
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MHOXeCTBEHHBIM (Multiple Instruction). B 0OqTMHOYHOM MOTOKE B OAMH MOMEHT
BPEMEHU MOKET BBIMOJHATHCA TOJBKO OJIHA KOMaH/a, U 3Ta €IUHCTBEHHAs KO-
MaHJa omnpeaenser padoTy MHOIMX YCTPOMCTB B JaHHBIA  MOMEHT.
B MHOXeCTBEHHOM MOTOKE B OJIMH MOMEHT BPEMEHH MOKET BBITIOJHATHCS MHO-
ro KOMaH/JI, ¥ KaXKJasi KOMaH/Ja ONpeesieT padoTy TOJIBKO OJHOIO YCTPOKCTBA B
JaHHBIE MOMEHT. B OMHOYHOM TOTOKE MOCJEI0BATEIbHO BBIMOJIHSIOTCS OT-
JeJIbHBbIE KOMaH/Ibl, B MHOKECTBEHHOM ITOTOKE — IFPYIIIbI KOMaH/,.

B cBoto oudepenib, OIMHOYHBIN MOTOK AaHHBIX (Single Data) npennonaraet
HCITOJIB30BAHUE TOJIBKO OJHOTO YCTPOMCTBA IMAMSTH U OAHOrO Ipoueccopa. Ilpu
ATOM HCIOJIb3YEMBIN MPOIECCOP MOMKET OBITh MPOCTHIM WM OYEHb CJIOKHBIM,
TaK 4YTO Mpoilecc 00pabOTKK eAMHUIIBI WH(GOPMAIIUU MOTOKa OyJeT TpeOoBaTh
BBITIOJTHEHUS] MHOTUX KOMaH[. MHOXeCTBEHHBIN MOTOK AaHHBIX (Multiple Data)
COCTOUT U3 MHOTHX OJMHOYHBIX MOTOKOB, IMOJHOCTHIO HE3aBUCUMBIX WJIUA CBS-
3aHHBIX UCTIOJB30BAHUEM OOIIEH MaMATH WU 00Iero mpoiieccopa.

B cootBeTcTBUU ¢ maHHOM KiaccudUKAIME BCe MapaiebHbIE CUCTEMbI
nensTea Ha derbipe kiacca: SISD, SIMD, MISD, MIMD. OxgxonpoueccopHas
MalIuHa KJIACCUYECKON CTPYKTYPHI SIBJISETCS THUIIMYHBIM MPEICTABUTENIEM KJlac-
ca SISD. K knaccy MISD MOXHO OTHECTH CHUCTEMY, UMEIOLIYIO CIOKHBINA IPO-
LIECCOP C BBIMOJHEHUEM OTHEIbHBIX ONepaluil (CIoKeHue, YMHOKEHUE, CHIBHT,
JIOTUYECKOE YMHOXXEHHE U T.II.) CHEUUATU3UPOBAHHBIMHU YCTPOHUCTBAMH TOCIIE-
JIOBaTENIbHO 1O KOHBeiiepHoMy Tuily. [Ipu paboTe KoHBeiepa MOJ0KUTETbHBIHN
3¢ dexT nocTuraercs 3a cyeT BBINOJHEHHUsT OOJBIIOTO YUCIa HE3aBUCHUMBIX OIle-
paruii: AJig TOro 4ToObl HA4aTh BBHITIOJIHEHHE CIEAYIONICH Onepaiuu, He Hy>KHO
KJaTh OKOHYAHMS BCEro IMpoliecca BHINOJHEHUS MpeAblAyILIel onepanuu; 10c-
TAaTOYHO, YTOOBI Y MPEBIAYIICH onepauy ObUT 3aKOHYEH TOJIBKO MEPBBIN JTaIl.
Peanuzauus KoHBeilepa MO3BOJISIET MAaKCUMAalbHO 3arpy3uTh IMPOILIECCOPHI BbI-
MOJIHEHUEM TOJIe3HON paboThl. OMHAKO 32 JOCTIKEHHUE 3TOTO dddexTa mpuxo-
IUTCS TUIATUTh HEOOXOJMMOCTBIO OpPraHM30BBIBATH JIAHHBIE OCOOBIM 00pa3oM,
00BbeIMHAS B OT/IE/IbHbIE TOTOKHU HE3aBUCUMbIE OJIHOTUIIHBIE JaHHbIe. OOpaTuTe
BHHMAaHHE, YTO U B JAHHOM ciy4ae 3(h(PeKTUBHOCTH IMpoliecca peann3aluu 3a/1a-
YM penIaroIiuM 00pa3oM 3aBUCHUT OT CTENEHH COIJIACOBAHHOCTH CTPYKTYPbI UKC-
JIEHHBIX METO/I0B U OCOOEHHOCTEMN apXUTEKTYPbl BBIYMCIUTEIbHBIX CUCTEM.

Cucrtemsl kitacca SIMD u MIMD Bcerzia uMEIOT MHOTO TTPOIIECCOPOB, pa-
ooraromux napaensHo. B cucremax MIMD mnipouieccopsl, kKak mpaBuiio, YHU-
BepCalbHbIe, UMEIOT COOCTBEHHYIO MaMsTh U PEeIKOo OOMEHHBaroTCs MH(pOpMa-
e mexay coboii. KomMyHUKaIMoOHHas CETh TaKUX CUCTEM obecrieurBaeT Obl-
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CTpbI€ NIepeaaun HHPOPMaALUU TOJIBKO MEXAY MPOLECCOPAMU U UX COOCTBEHHOM
NaMATbhIO; OCTaJbHblE OOMEHBI OCYLIECTBIIAIOTCS 3HAUUTENbHO MeajieHHee. B
cucremax SIMD mporieccopsl MOTYT OBITH KaK YHHBEPCATbHBIMU, TaK U CIIEIUA-
AM3UpOoBaHHBIMU. OOBIYHO OHM MMEIOT HEOOJBIIYI0 COOCTBEHHYIO NMaMSTh WU
He UMeIOT ee coBceM. KomMyHukanmonHas cetb cucteMbl SIMD oGecnieunBaet
ObICTpbIE Nepeaun HHPOPMaALMU KaK MEXKIY MPOLECCOPAMH U UX COOCTBEHHOM
IIAMSTBIO, TAK U MEXKy HEKOTOPBIMU U3 ITPOLECCOPOB.

11.2. NapannenbHbie an2opummbi

Kak Ob1 HU OBLIM YCTPOCHBI MapaJlieIbHbIE BHIYUCIUTEIBHBIE CHUCTEMBI,
BCE OHHM 00JIaIal0T OJHOM 00IIel 0COOCHHOCTBIO: B KaXKJbIi MOMEHT BPEMEHHU
npeoOpa3zoBaHrue MHGOPMAITUTN MOXKET OCYIIECTBIATHCS OJHOBPEMEHHO Ha MHO-
ruxX (PYHKIIMOHAJIBHBIX YCTPOMCTBAX, MIPUUYEM Ha KaXKJAOM yCTpoucTBe UHpOpMa-
1M B JIaHHBIH MOMEHT BPEMEHHU MpPeoOpa3yeTcss HEe3aBUCUMO OT OCTAIbHBIX.
COOTBETCTBEHHO, AJTOPHUTM, PEAIM3YEMbI Ha MapajuieIbHOM CUCTEME, Mpea-
CTaBJISIETCS B BUJE MOCIIEI0BATEIBRHOCTH TPy onepauuii. Bee onepaunu oaHOM
IPYIIbl JTOJDKHBI ObITh HE3aBUCHUMBIMU U 00J1aJlaTh BO3MO>KHOCTbIO OBITh BHI-
MOJIHEHHBIMU OJTHOBPEMEHHO Ha MMEIOIINXCA B cUcTeMe (YHKIIMOHAIBHBIX YCT-
pOMCTBax.

[TycTh omeparuu anroputma pa3OUTHI HA TPYIIILI, YIOPSIOYCHHBIC TaK,
YTO KaXKJasi onepalus JII0OO Ipymibl 3aBUCUT JUOO OT HayaJdbHBIX JAHHBIX ajl-
rOpUTMa, JUO0 OT PE3yJIbTATOB BBHIMOJIHEHUS OTIEPAIIi, HAXOSIINXCS B TIPEIbI-
nymux rpynmnax. [IpeacraBinenue anroputma B MoJJ0OHOM BUJE Ha3bIBaeTCs Ta-
pauensHOM GopMoit anroputma. Kaknmas rpyrmma omnepanuii Ha3pIBaeTCs spy-
COM MapaijiebHON (POPMBI, YHUCIO TPYHI — BBICOTONW MapauieNbHOU (OPMBI,
MaKCHUMAaJIbHOE YUCJIO OTIEPAIMH B SIpyCe — ITUPUHON MapaieTbHON (OPMBI.

Ecnu u3BecTHa nmapamienbHas popma alropurma, TO caM alrOpUTM MOXK-
HO Peajv30BaTh Ha NapauIeIbHOW BBIYMCIUTEIBHON CUCTEME IO IIaraMm Iocie-
JIOBATENBHO sIpycC 3a sipycoM. Ecnu cocTtaB PyHKIMOHAIBHBIX YCTPOUCTB CUCTE-
MBI TaKOB, YTO MapaJIJICIIbBHO MOTYT BBITIOJHIATHCS BCE OMEpaIuu Jro0o0ro spyca,
TO MPU MOAXOIAIIMM 00pa30M OPraHU30BAHHON KOMMYHHUKAIMOHHOW CETH all-
TOPUTM MOKET OBITh pean30BaH Ha MapajuieJIbHON CUCTEeMe 3a BpeMmsi, MPOoTop-
[IMOHAJILHOE BBICOTE MapajlieIbHOU (POPMBL.

Pa3zpabaTeiBaeMblil alropuT™M MOXKET UMETh MHOTO MapajuIeNIbHBIX (hopM,
pa3InyarIIMXcs BeICOTOM U mupuHoid. Ho cpeau Bcex nmapamienbHbix GopM 1ist

JAHHOTO AJITOpUTMa MMEETCs OJHa (opMa MHUHUMAIBHOW BBICOTHI. Takas ma-
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pautenpHas (opmMa ¢ MUHUMAJIbHOW BBICOTOM HA3BIBAETCS MAKCHUMAJIBHOMW, a €€
BBICOTA OMpEJENseT BBICOTY aiaropurma. MakcumanbHas napasienbHas dopma
QICOpPUTMA MPEACTABISIET HAWOOJBIINKA WHTEPEC, MOCKOJIBbKY OHA OINpPEHENSIET
MUHHMAaJIbHOE BPEMS pealii3alliid alrOpUTMa Ha Mapajule]IbHONW BBIYUCIHUTENb-
HOM CHUCTEME.

Ilpumep 11.1. CoctaBuTh mapaieiabHble (POPMBI 71 aITOPUTMa BBIUKC-

JIEHUH COIJIaCHO alreOpandeckoMy BBIpaXEHHUIO (a,a, + asa, )(asaq + a,ag).

Pewenue. JIns 1aHHOTO aJIrOpUTMAa BBIYMCICHUHA MOYKHO COCTaBUTh Clie-
IYIOTYIO0 MapauieibHyo hopMmy.

Bapuanm 1

Janusbie a, a, a, a, as d a, dg
SApyce 1 a,a, a,a, asdg a;dg
Apyc 2 a,a, +asa, asag+a,aq
Apyc 3 (a,a, + azay)asaq + a;ag)

BricoTta coctaBieHHO# napasuiebHOM (OpMbI paBHA TpeM, IIUPUHA — Ye-
TeipeM. OHa MoOeT ObITh peajii30BaHa Ha MapajljieNIbHON cucTteMe, UMeoIen
YeThIpe MPOLECCOPa, CIOCOOHBIX BBIMOJHUTH ONEpPALUA YMHOXKEHHUS U CIOXKe-
Hus. CHayasia BBIIOJHSIOTCS YETHIPE OllEpalid YMHOKEHHS, COOTBETCTBYIOIIHE
apycy 1, 3aTeM JBe omepanuu CI0KEHHsI, COOTBETCTBYIOLIUE SIPyCy 2, U, HAKO-
HEll, OJJHa OoIlepalnusi YMHOXEHUsS, COOTBETCTBYyIomas spycy 3. [Ipuuem B pac-
CMOTPEHHOM (popMe Bce YeThIpe Mpolieccopa 3a/1eCTBOBaHbI TOJIbKO HA TIEPBOM
apyce, 3aTeM paboTaroT JIBa MPOLIECCOpa U Ha TPEThEM sIpyce JIMILIb OJUH IPO-
L[ECCOp 3arpy>KeH Moje3Hol paboToi, a BCe OCTAIbHbIE TPOCTAUBAIOT.

Mo>HO cOCTaBUTh JUIsi JAHHOTO QJITOPUTMa M JpYyrue napajulesIbHbIE
(GbopMbl, B KOTOPBIX BbICOTa OyAET OOJblLIE, HO MPU 3TOM HMCIOJb3yEeMbIE MPO-
LIECCOpPBI 3arpy’keHbl 0ojiee MHTEHCUBHO. Huke mpuBeneHb! elle aABa BapUaHTa
napajuie’abHON GOpPMBI C BBICOTOM, pABHOM YETHIPEM M IISITH COOTBETCTBEHHO.

Bapuanm 2

JlaHHbIE a, a, a; a, as ag a, dg

Apyc 1 a,a, aa,

Spyc 2 asa, a,0g
Apyc 3 a,a, +asa, asag+a,ag
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Apyc 4 (a,a, + asa,)(asaq + a;ag)

Bapuanm 3

JIEREISE a, a, as a, as dg a, dg
Apyce 1 a,a, a,a,

SApyc 2 a,a, +aa, asag

Apyc 3 a,ag
Apyc 4 asag +a-ag
Apyce S (a,a, + azay)asaq + a;ag)

Mupuna mapaniaenbHbIX GOPM BO BTOPOM M TPETbEM BapHaHTaX paBHA
asyMm. O0e 3Tu napajuiesabHble GOPMBI MOTYT OBITH peaM30BaHbl Ha Mapasljielib-
HOM cHucTeMe C AByMs mpolieccopamu. BTopoil BapuaHt siBisierca Oonee ynad-
HBIM B IUIaHE 3arpy3KH MPOLECCOPOB, 31E€Ch BCE MPOLIECCOPHI padOTAIOT HA BCEX
Apycax, KpoMe MOCJIEeIHEr0. B TpeTbeM BapruaHTe HA TPEThEM, YETBEPTOM U IISI-
TOM SIpyCax OJIMH U3 JIBYX 3aJCHCTBOBAHHBIX IIPOLIECCOPOB MPOCTAaNUBAET.

O

PaccmoTpeHHbIl TprMep MOKa3bIBAET HEKOTOPBIE IPOOJIEMBI, C KOTOPBIMU
IIPUXOJIUTCS CTAIKUBATHCS IIPU peAIM3alUN aJrOPUTMOB Ha NapajuIeNIbHBIX BbI-
YUCIUTENBHBIX cucTtemMax. OIHON M3 HHUX SBJSETCS MpoOJIeMa 3arpyKEHHOCTH
IIPOLIECCOPOB.

He menee BakHON IpoOJIeMOH peanu3aluy NapajuleIbHbIX aJIrOPUTMOB
ABIISAIOTCA KOH(MIUKTHI B MaMATH, KOTJa HECKOJIBKO MPOIIECCOPOB BHIOUPAIOT U3
HaMsITH OJHY U Ty e uHpopmaiuio. KoHQIUKTB B TaMITH MOXHO JTUKBUIUPO-
BaTh 32 CUET YBEJIMYEHHUSI BBICOTHI, yCTAHABIMUBAS (DAKTUUECKHU 11 TPOLIECCOPOB
OYEPETHOCTD OJIy4EeHUsI HH(OpMaLIUK.
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NMPUNOXEHUE

Paboma 1. OpzaHu3ayus ebiqucrieHul e cpede MathCAD

Hasznauenue npoepammor MathCAD. Tlporpamma BKIIOYAeT BBIUUCIIU-
TeJbHBIN MPOLIECCOp AJI MPOBEACHHUS PACUETOB COTJIACHO BBEACHHBIM (POpPMY-
J1laM, CUMBOJIBHBIN MPOLIECCOP W TEKCTOBBIM PENAKTOP IJIA BBOJA U PEOAKTUPO-
BaHUsl QopMyNl M TekcTa. MHTerpamus 3TUX KOMIIOHEHTOB CO3AAeT YI0OHYIO
BBIYHMCIIUTEIBHYIO CPEAY JUIsl pa3HOOOPAa3HbIX MATEMATHUYECKUX PAacyeTOB M JI0-
KYMEHTUPOBAHUS PE3YJIHTATOB PAOOTHI.

B cpene MathCAD MOHO BBIOJHUTH CIAEAYIOIINUE PAOOTHI:

— BBOJ, HA KOMIIBIOTEPE MATEMATHUYECKUX BBIPAXKEHUN I NATbHEHIINX pacue-
TOB WM CO3/IaHUS JOKYMEHTOB, Npe3eHTanuii, Web-ctpaHuir;

— MIPOBEJICHUE MATEMATUUECKUX PACUETOB;

— OJATOTOBKA I'pa(UKOB MO Pe3yIbTaTaM pacyeTOB;

— BBOJI UCXOJIHBIX JAHHBIX U BBIBOJ PE3YJIbTATOB B TEKCTOBBIC (haliIbl WK (haii-
76l ¢ 0a3aMHU JJAHHBIX B Pa3IMUHbBIX opMaTax;

— TIOJITOTOBKA OTYETOB paOOTHI B BUJIE MTEYATHBIX JOKYMEHTOB;

—noaroroBka Web-ctpanuil u myOaukaius pe3yiabTtatoB B MinTepHere;

— TIOJTyYCHHE PA3IMYHON CIpaBOYHON MHPOPMAIIUU U3 00JIACTH MATEMATHKH.

Humepdgpetic npoepammor MathCAD. T1ocne TOro kak mporpaMmma 3amyiiie-
Ha Ha WCIIOJHEHHUE, TOSIBIISETCSI OCHOBHOE OKHO MPUIOKEHUSI. OHO UMEET Ty XKe
CTPYKTYpY, UTO U 0OJbIIMHCTBO NpuioxeHuid Windows. CBepxy BHU3 pacmosa-
raroTCsl 3aroJIOBOK OKHA, CTPOKa MEHIO, MMaHeNId WHCTPYMEHTOB (CTaHIapTHas U
dbopmaTupoBanus) U padbouas obsacth gokymeHta (worksheet). HoBwiil qoKy-
MEHT co3ziaercsa aBromaTudecku npu 3anycke MathCAD. B camoit HuxHel yac-
TH OKHAa HAXOAMTCS CTpoKa cocrosiHusa. He 3a0biBasi 0 cXOACTBE penakTopa
MathCAD ¢ 0ObIYHBIMH TE€KCTOBBIMU PEIAKTOPAMHU, BbI MHTYUTHUBHO TMONMETE
Ha3HAY€HHE OOJIBIIMHCTBA KHOMOK HA MaHESAX HHCTPYMEHTOB.

[lanenn MHCTPYMEHTOB CIIyXaT JJisi OBICTPOTO (B OJWH IIEITYOK MBIIIIN)
BBITIOJIHEHHSI HanboJiee 4acTo MpUMEHsIeMbIX KOMaHJl. Bce nelcTBus, KOTOpbIE
MOHO BBINOJHUTh C MOMOIIBIO MaHENeld WHCTPYMEHTOB, JAOCTYIHBI U 4epes
BepxHee MeHI0. Hanbonpuii MHTEpeC MpeacTaBiseT MaHellb MAaTeMaTUYECKUX
UHCTpYMEHTOB «Maremarukay. [lanens Math (Maremaruka) mpeaHazHadeHa
JUISL BBI30BA Ha DKpaH JEBSATH CIYKEOHBIX MaHeNel, ¢ MOMOIIbI0 KOTOPHIX COO-
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CTBEHHO M IMPOMCXOAUT BCTABKA MAaTE€MAaTHUYECKHX JACHUCTBUU U OINEpaluil B J0-
KYMEHTHI.

(1] Mathcad - [[pueeTcTayw!.mcd]

ﬁ’ tarin Mpaeka BEwa Bcraeka ®opmat  MHCTpyMEHTE! CHMBONMEA OkHOo  [MoMOWE

D-ad SR_Y 3 me = 30 e v @

Namal v | aial vio | B 7 U |[E|== ==
= [&<F T] af |h-1|:|131|:alfﬂ V|(@GD

a=0% sin cos tan In log
T O T I

t=2
¢ x ()

2
el - 1223 w788 J
2 4 5 B x
L + 1 2 3 +
= o - =

ITanens mHCTpYMEHTOB «MareMaTuka» — OCHOBHAS NAHEIb IPOrPaMMBbl,
KOTOpasi COAECP’KUT HECKOIbKO HAOOPOB MHCTPYMEHTOB, CTPYNIHUPOBAHHBIX IO
BBITIOJIHAEMBIM (DYHKITHSIM U OPOPMIICHHBIX B BUJIC BCIUTBIBAIOIINX TTAHEIICH:

B[] == [§ < T o

[TepeuncinM Ha3HAYCHUE MATEMATUYECKUX TTAHEJIEH.

(] == [& <E 31 «f W

[Tanens kanpKynsATOpA

— KaJIBKYJIATOP, IpOU3- N\ _/
|ﬁE|HEJ'Ib EAanekyY NaTopa h

BOJUT apupmMeTHIecKue

JIEHCTBUS U TIPOCTHIC

sin cos tan In log
BBIYUCJIICHUA
nloi =l T +
# ()R
m 7 8 9 /f
T 4 5 B =
- 1 2 3 +
— o — =
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[Tanens rpaduxa — BbI- mg] x= [ <2 T af

0op Tuna rpadguka N4

e

& & @ +

[Tanens BEKTOPOB U TR [2 <2 T1 ap »

MaTpHIl — IEUCTBUS C __
ManI/II_IaMI/I |I'IaHenb EEKTODOE H ManHu.l

MaTpHua [x]
[HEH R B
i M M mn

Fed Fwi Zw

A4 [lx=]ige <2 20 af @

[Tanens pacueToB — BbI-

[MOJIHSIEMBIE JIEMCTBUSA U N
orepaTophI

Pacuer I'E

Ilanens ucyucineHus —

A A [ xﬂ@?\f T «f
nuddepeHrpoBanue, \_/

+ ‘||—_|EIHEJ1I: HE‘-IHEHEHHH‘

MHTETPUPOBAHUE

o
o
=

CE3

b
d

o
=
=

[
=

H
i
=
il

.:M
_.:l:I

lim  lim,  lim
=3 =3t =a-
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[Tanens OymneBoit a- ] x= [E]<Z[X] ap
reOpbl — OyJIeBHI OTIe- _
+ |I'IaHen|:. Gy negoH nu:urHr:Hl
panuun
[ EOHUHEIA (X

= < > £ 2

ZF a oA v &

[Tanens mporpammupo-

- b oid

BaHMA — KOMaHAbI JJIA

+ |I'IaHer|b npnrpaMMHpDBaHHnl

COCTAaBJICHHSI IPOTPaMM

Mporparmmyposanqe (X

Add Line —
if othenwise
fiar while

hireak continue

return an efror
[Tanens rpeyecknx = [@ <2 m @
CHUMBOJIOB — 3arjIaBHBIC _
u HpOHI/ICHBIG CHUMBOJIBI =+ ||-|EIHE.I1b rpENECEHY I:HMBI:IHI:IBl
rpedeckoro angaBuTa '
IpeYeCcKui ¥
o g ¥ & & [
g v & N W
¥ E o ®™ p oo
Tou ¢ K W ow
A BTD AEZ
He I KAM
N EOIIPZ
TY @ XYW &
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Ilanenbs CUMBOJIBHBIX

|$‘||| Mob cair
KJIFOYEBBIX CJIOB — KO- N
+ ||_|EIHEJ1I: CHMEONEHEX KNHIYEERIX EJ'II:IBl

MaH/Ibl, OCYILECTBIISIIO-
II1e pacyeT 1 npeodpa-

30BaHHUC

— " Madifiers
float complex assume
solve sirnplify  substitute
factor expand coeffs
collect Series parfrac
fourier laplace frans

invfourier  imvlaplace  imverans
[ 1= [M] —

explicit

Ilpoepammuposanue 6 npoepamme MathCAD.
Cocrasnenue nporpammsl Add Line
Omnepatop 100aBIsSET CTPOUKY B IPOTPAMMY.

O ey
; ( addLline ) «

________________ it otherwise

for wrhile
bireak continue

return an errar

OmnepaTop npucBauBaHUs <—

Omeparop nMpucBanuBacT 3HAUCHHE.

y(x) = 3@3.2

BCEI'JIA (!!!) npoBepsiiiTe TEKyLIIUi pe3yJIbTaT BEIYUCICHHN:
yv(1.6) =32

v(2168900) = 3.2

3anoJIHUM CTPOKHU MPOTPAMMBI:
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v(x) = |ae 3.2

be«x+a

IIpoBepuM pe3yIbTaT BEIYUCICHUM:
v(1.6) = 4.8

Omneparop ycinoBHbIH if

Omneparop 3a1aeT yCIOBHBIN ITEPEXOI:

v(x) = |ae 3.2

bex+a if x=2
[IpoBepuM pe3yabTaT BEIYUCICHUN:
y(1)=32 y(3)=62

Omnepartop ycnoBHbI otherwise
Omepartop 3amaer B mporpamme nepexoi AJsi TeX YCIOBHH, KOTOpbIE HE
OOBSIBIICHBI OIIEPATOPOM if:

v(x) = x fxzl
x if 0=ex<1
0 otherwise
[IpoBepuM pe3yabTaT BEIYUCICHU:
y(-5)=0 y(0)=0 y(05)=05 y(1)=1 y(3)=9

['paduk 3amanHoN QyHKIIUU:

107

X

Omneparop nukia while

Omniepatop dopMuUpyeT IMUKI, BBIOMpAET HYXHBIH HWHJEKC U MPOU3BOJIHUT
BBIYUCJICHUE 110 BHIOPAHHOMY UHJIEKCY.

IToctaBuM 3aiady Tak, 4YTO HYKHO HAWTH MEPBOE 3HAYCHHE, MPEBBINIAIO-
iee 3 1Sl BBIPAKEHUS:
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i:=0.1000 wj:= i1
3agaauM KpUTEPUIA:
R:=3
Cozpanum nporpammy:
ww = (1« 14
while w; = R
11+ 1

1

w;

IIpoBepuM pe3ysIbTaT BIYUCICHUN:
243
3.002

VWA =

Omneparop uukia for
Omnepatop hopMHUPYET UK, TUCTACT UHACKC U MMPOBOJIUT BHIYUCIICHUS Ha
Ka)KJIOM LIare.
Breraucimm 3HaueHus TaOIUIHOW PYHKITUH:
vi= |1« 1
for x1,1.1..2

2

YYY; « sin[xx")
1e—1+1

YYY

Pe3ynbTar BEIYMCICHUM:

0

0.841
0.936
0.991
0.993
0.925
0.77
0.545
0.243
-0.058
-0.451
0.757

-
I

e N =l S B o L ) ) e

L2 = =]

—_| =
—| =
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Paboma 2. Annpokcumauyus

3aoaua. TlonydeHa sKciepUMEHTalIbHAS 3aBUCUMOCTh KOHLIEHTPAIUU HO-
cuTesiel 3aps/ia B MOJYIMPOBOAHUKE OT BEIMYUHBI MOBEPXHOCTHOI'O COMPOTHB-
JICHUS JJI 3JEKTPOHHOIO TUIA MPOBOAUMOCTH. OLIEHUTh KOHIICHTPALUIO HOCHU-
Tenel 3apsaa npu nmoBepxHoctHoM conpotuBieHuu 0,0009 Om*cwm.

P, Om*cm | 0,003 0,005 0,01 0,02 0,03 0,04

N 2,41*%10" | 1,27%10" | 4,76%10" | 1,51*10'® | 7,22*10"" | 4,25*%10"’

P, Om*cm | 0,05 0,06 0,07
N, cm™ 2,85%10'7 [ 2,08*10" | 1,61*10"

Pewenue.
3anuiineM UCXOIHbIC TJAaHHBIE B BUE MAaTPHUI] (BEKTOPOB):

(0.003 ) (241 )
0.005 127
0.01 47.6
0.02 15.1
soprot := | 0.03 elektron := | 7.22
0.04 4.25
0.05 2.85
0.06 2.08
\ 0.07 ) \ 1.61 )

B npeacraBieHnn DaHHBIX K pacueTy MPOUTHOPUPOBAH IMOPSAIOK 3HAUE-
HUM KOHUEHTPAIMH, TAKOW IMOJIXOJ IMOBBIIMIAET TOYHOCTh KOMIIBIOTEPHBIX BbI-
YUCIIEHUMN.

[TocTpouM rpaduk uCX0HOM TAOTUIHO 3aTaHHON (YHKITUH:
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300 T T T T | |
200 -
gleltron 100 -

SRS R
[

ok o o) o o o] =

100 l | | l | |

0 0.01 0.02 0.03 0.04 0.05 0.06
soprot

[TockonbKy QPyHKIMS UMEET CTPYKTYpPY IKCIIOHEHTHI, IEPECTPOUM €€ Tpa-

¢buK B orapupMuUUecKux KOOpArUHaTaX:

5 I I I [ I I
4 o -
In(elektron) “
000 2 o —
o
[:I — —]
| | | ] | |
-6 5.3 -5 45 -4 33 -3 -2
In(soprot)

Ly

B norapudpmMuyeckux KoopauHaTax SKCHOHEHLHUANbHAs (DyHKLIUA Tpen-

CTaBJIACTCA HpHMOfI J'IPIHPI€I>1, YTO IMO3BOJIAACT CBCCTU AIIIIPOKCHUMAIIUIO q)YHKHI/II/I

K JINHEWHOU PETPECCHUH.

nomer = 0,1.. 8

Z = r&gressk]n(soprotj Jn(elektron) ,8)

slope(In(soprot) ,In(elektron)) = —1.621

intercept(In(soprot) ,In{elektron)) = —3.763

f(x) := intercept(In(soprot) ,In(elektron)) + x-slope(ln(soprot) ,In(elektron))
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10

in(elektron) °
00
f(x) 4 M

2

£(1n(0.0009)) \Q\h

In(soprot) ,x, n(0.0009)
f(In(0.0009)) = 7.608

otvet o oF(1(0.0009)) 4 17

20
otvet = 2.014 = 10
(]
Paboma 3. HenuHeliHble ypagHeHUs
3afayva: pemuTh are0pandeckoe ypaBHEHHE:
x3 -5.-x-1=0

Pewenue.
Drtall nepBblil: OTAEICHUE KOPHEN.
BeimonHuM otaenenne KopHel rpaduyecku:
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fx) 4 3

BriBoai: ypaBHEHUE UMEET 3 KOPHS.
Iman 6mopou: ymounenue KOpHel.
HauanbHoe mpulimkeHue KOpHs:

x:=10
Pemenne ypaBHeHuUs:
rootlxc® = 5 x— 1,%) = ~0.202
Jpyroii BapuaHT 3amucH:
f(x) := x3 -5-x-1 root(f(x) .x) = —0.202

®yuknus Root(f(x0),x0), rae x0 — HavyanbHOE MPUOIMKEHUE, BO3BPALIAET
TaKoe 3HaUYCHHUE X, MpU KoTopoM (yHKIms f(X) paBHA HYIIO.
YTOYHUM APYTUE KOPHHU:

Xx:=2 I‘GGT[KB—S'X— l,x) = 2.33

xi= -2 rootl = 5-x—1,x) = —2.128

|
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3aknrouyeHue

He6011b1110#1 BBOJHBIN KypC MO BBIUUCIUTENBHBIM METOJIAaM B KOMITBIOTEP-
HOM MHXUHHPUHTE HE MOXET OXBATUTh BCIO MPOOJIEMATHKY OBICTPO pa3BUBAIO-
nieiicss KOMIbIOTEpHON oTpaciu. Jlanee cienyeTr yriiyOuTh CBOM 3HaHHUS B 00-
JIACTU MaTEMATHUKU U IIPOrPaMMUPOBAHMS, COBEPLIEHCTBOBATH HABBIKUA PELICHUS
MHXEHEPHBIX 3a7a4 B MHTEpQeicax pacnpOCTPaHEHHBIX NPOrPAMMHBIX CpE/,
MOYHO IEPEUTH K HANIMCAHUIO IPUKIIAIHBIX IIPOTPAMM Ul PELICHUS UHKEHEP-
HBIX U MPOEKTHBIX 3a7a4.
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