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The effect of the spin-orbit coupling on the ground state properties of the square-lattice three-band
Hubbard model with a single electron per site is studied by a generalized Hartree-Fock approxima-
tion. We calculate the full phase diagram and show that there appear additional orbital-entangled
phases brought about by competition of various exchange channels or by the spin-orbit coupling in
addition to conventional states stabilized by the Kugel-Khomskii mechanism. One of these phases
previously proposed to explain magnetic properties of Sra VO, is characterized by vanishing dipolar
magnetic moments and antiferro-octupolar ordering. We calculated microscopic parameters for this
material and demonstrate that it is located near a phase boundary of two orbital-entangled and two

conventional antiferromagnetic ferro-orbital states.

I. INTRODUCTION

The Hubbard Hamiltonian on a square lattice has be-
come not only one of the most studied models over the
past decades, but has turned out to be a standard test
bed for various theoretical methods. Nevertheless, this
model still harbors intriguing physics to be uncovered.
Two ingredients — orbital degeneracy and the spin-orbit
coupling — substantially enrich the variety of physical
phenomena described by this model.

Being a very important theoretical concept, the model
is extremely useful for practical applications, and not
only in connection with high-temperature superconduc-
tivity of cuprates, but for many other materials and phe-
nomena including the Kugel-Khomskii mechanism of or-
bital ordering in KoCuFy [l 2], unconventional super-
conductivity in SroRuOy4 [3], orbital-selective physics in
CasRuO4 [] and the spin-orbit assisted Mott transition
in SraIrOy4 [5]. There are also other layered perovskites
with transition metals forming a square lattice, which
demonstrate intriguing and yet to be understood phys-
ical properties. Examples include the anomalous stair-
case field dependence of magnetization [6] together with
half metallicity [7H9] and obscure spin state of Co (elec-
tronic configuration 3d®) in SroCoOy4 [8HI2], or SraCrOy
(3d?) with a reversed crystal field [I3], strong interplay
between spin and orbital degrees of freedom [14], and
possible formation of orbitally ordered states switchable
by ultrafast optical spectroscopy [15] and destroyable by
pressure [16].

Another example is Sro VO, with V4* ions having ionic
configuration 3d'. One might expect formation of a long-
range magnetic order at low enough temperature and,
indeed, there is an anomaly in magnetic susceptibility
at ~ 100 K, but neutron measurements do not detect
any magnetic moment even at 5 K [I7]. upSR experi-
ments evidence formation of an antiferromagnetic order
below 8 K [I8]. Various theoretical models have been
proposed to resolve the problem of vanishing local mag-
netic moment in this material. In particular, Imai et

al. found a complicated spin-orbital order and severe
competition between various magnetic/orbital configura-
tions [I9]. Jackeli and Khaliullin put forward an idea of
a hidden magnetic order, when orbital and spin moments
are reduced to zero at each lattice site and magnetic oc-
tupole order instead [20]. The Jackeli-Khaliullin state
is characterized by vanishing dipolar magnetic moment
and antiferro-octupolar order with two nonzero octupolar
moments transformed by two nonequivalent representa-
tions. Eremin et al. suggested an alternative state with
nonvanishing but compensating each other orbital and
spin moments [2I]. Density functional theory calcula-
tions by Kim et al stress the importance of frustration
effects and argue that spin-liquid or spin-glass states can
be realized at very low temperatures [22].

In the present paper we perform a detailed study of a
three-orbital Hubbard model on the square lattice with
a checkerboard order taking into account the spin-orbit
coupling and tetragonal crystal-field splitting using a
generalized Hartree-Fock approximation (HFA). Particu-
lar attention is paid to the situation of a single d electron,
being characteristic for SroVO,4. The ground-state phase
diagram and physical properties of each phase are dis-
cussed in detail. We show that SroVO, is in a region of
the phase diagram where two highly unusual states with
orbital-entangled wave functions (one of which is char-
acterized by zero dipolar but finite octupolar magnetic
moment) and two more conventional states with ferro-
magnetic (but different antiferro-orbitally ordered con-
figurations) are realized.

II. MODEL AND METHOD

The Hamiltonian of our model reads
H= Ht + HCF + Hso + HCoulomba (1)

where the first term describes intersite hopping processes

Ht = Z t:’;m Cl-mo'cjm’oﬂ (2)
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FIG. 1: Illustration of effects of (a) the crystal-field split-
ting given by (positive Acr corresponds to elongation of
octahedra surrounding transition metals), (b) the spin-orbit
coupling , and (c) their combined action in the case of
A > Acr > 0, which shifts states of |jegr = 3/2, % = £1/2)
up in energy.

where m,m’ = xz,xy,yz numerate orbitals, 0,0’ =1,
define spin projection, and t;?m, are hopping amplitudes
between corresponding orbitals on sites ¢ and j. The
second term

HCF = ACF Z C;lr,my,aci,my,a' (3)

o

sets up tetragonal crystal-field splitting Acp. The third
term in Eq. describes the spin-orbit coupling with the
strength defined by the corresponding parameter A,

Hso =-A Z Si;mm/ : lmm’- (4)
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Here three components o = 1,2, 3 of
z((;)zm’ - Z Cimo . aa’czm a’ (5)

give (generalized) spin operators, and o = 0 provides
information about inter-orbital occupation, o° are Pauli
matrices, and l,,,,, are conventional matrices of orbital
momentum in the basis of cubic harmonics
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The minus sign in Eq. (4]) is needed to work with the
tag orbitals, which can be modeled as effective p orbitals
(I1=1), but with opposite sign of the spin-orbit coupling
constant; see, e.g., [23] 24].

The on-site Coulomb interaction is taken in the follow-

ing form:
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where U(U’) is the on-site Coulomb intraorbital (interor-
bital) interaction parameter, Jy is the Hund’s intra-
atomic exchange (in the Kanamori representation [25]
U = U’ 4 2Jg), pair-hopping matrix element Jq = Jy
is a real number, since we work with real cubic (tag) or-
bitals, and 1, = c;rmacimo and n;,, = ZU Nimeo are the
occupation number operators. The notation ¢ = —o is
used.

Below we consider the case of a single electron per
lattice site under the assumption that a two-sublattice
checkerboard long-range order is established. In the case
of a Mott-Hubbard insulator with an integer band filling
the Hartree-Fock approximation provides reasonable re-
sults [20]. Indeed, in this case HFA yields correct energy
values in the atomic limit, provided that virtual states
are treated correctly within this method (i.e., essentially
Anderson’s kinetic exchange effects). This approxima-
tion was also successfully applied to describe the electron
and magnon spectrum [26] and magnetic phase diagram
of the two-band s — d exchange model [27].

Otherwise, HFA gives only a qualitative estimate of
ground state energy missing a vertex correction to vir-
tual state energies. However, the quality of HFA indeed
depends on the phases considered and an estimation of
its applicability is not straightforward.

Due to the local character of the Coulomb interaction
Hamiltonian , the generalized HFA is fully specified
by a local order characterized by a correlator

C;na ym’o’ = <C;'rmocim’a’>‘ (9)
See details of the derivation in Appendix B; see Eq. (B8).

We consider the decomposition of the correlator into a

complete set of Pauli matrices

f;m;m/g, =l 00, W Oy, (10)

where
n o= <ng,)lm,> ; (11)
W = (Sismms) (12)

are the components of 4-component (charge-spin) vector
N;nm’ (nmm’7 mmm’) .

Fourier transform of an arbitrary field " can be de-
fined in a standard way ¢(q) = (1/N)>_, exp(igR;)¢",

where N is a number of lattice sites and q is a wave



vector. For two-sublattice valued ¢’ one can once again
single out two components of a field ¢

o(a) = dq09" + dqq¥”, (13)

where " (p®) is the uniform (staggered) component. We
restrict ourselves to considering a two-sublattice ordering
and take ' = CY,, ..,y With two components, a uniform

(C") and staggered (C*):
Crina;m’o" = Cvliu;;m’o" + eXp[iQRi]C:ﬂO';m'O'/ (14)

(from a mathematical point of view, this limits a class
of the general HFA equation solutions). This approach
provides all two-sublattice long-range order solutions for
within HFA. Thereby, we take into account that the or-
dering has only two components (uniform and staggered),
see Egs. and 7 so that the Fourier transforms of
nt . and m! ., have only q = 0,Q nonzero contribu-
tions (see Appendix B).

Within the Hartree-Fock approximation, the total
Hamiltonian reads

Haw = D ([emme (k1)s0r + Fion oo

ki ki;mm/ oo’
7'?1;17;1’0'00/ - (>‘/2)1mm/0'aa’} §k1k’1
0
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(15)

where mean fields .7-'7525, and F: ., generally have com-

plex orbital structure

FOL = (U = 20l + Jato (16)
+5mm/ (2U’ - JH) Z nin//m//,
fnm/ = U/min/m + Jdminm/ (17)
+6mm’ JH Z minumu,

and analogous expressions hold for uniform and staggered
components of F(© and F: this corresponds to the re-
placement i — u and s in Eqs. and (|17]) correspond-
ingly. The detailed derivation of Eqs. (16)) and is
given in Appendix B.

From Egs. 7 , see also Eq. in Ap-

pendix B, we get the system of mean-field equa-

tions in terms of 4-vectors N2 ., (n¥ ., mb ) and
Tsnm’ (ninm’? m?nm/)
1 !
(ou _ + o
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Nﬁfr);f = oN Z Ugo'Fmaa;m’@o’ (k), (19)
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FIG. 2:
crystal structure of layered perovskites. Transition metals
are shown by brown balls, while ligands are blue. There is an
overlap between the yz orbitals in one of the directions (a).
This orbital stays silent in another direction (b), while the zz
orbitals strongly overlap. There is also overlap between the
zy orbitals in both directions (not shown).

Sketch illustrating overlap of xz/yz orbitals in the

where 0 = 0,1, 2, 3; a prime over sums denotes summa-
tion over the magnetic Brillouin zone and

Froasmiaror (k) = Z ajnaa;u(k)am’a’o’;v (k) f(Eu(k)),

(20)
where apq0, are eigenvectors belonging to eigenvalue
E,, of the matrix of the single-electron version of Hamil-
tonian , see Eq. in Appendix B, f(E) =
(exp[(F — Ew)/T])+1)"" is the Fermi function, and FF is
the Fermi level. Within our HFA approach, the latter is
adjusted to set the filling equal to one electron per site.

We get the expression for the full energy within HFA,
E= <HMF>7

E/N = = S E0Qf(E(K) ~ Eoc/N,  (21)
kv

where residual terms of HFA are absorbed into Epc, see
Eq. in Appendix B.

The above-presented formalism can be applied in the
case of an arbitrary filling, not only 1/6 occupation (one
electron per site). The filling is controlled only by E.
However, the quality of an approximation depends dra-
matically on whether integer or noninteger filling per
site situation is considered. In the latter case, for large
U, strong electron correlations renormalize the electron
spectrum, so that more elaborated approximations like
dynamical mean-field theory (DMFT) or the Kotliar-
Ruckenstein slave-boson approximation [28] (see also cal-
culations in Refs. [29] [30]) should be employed. In the
case of integer filling, HFA is a reasonable approximation.

Finally, we turn to choice of specific parameters. There
is an intrinsic deformation — elongation of transition
metal octahedra in layered perovskites, which are phys-
ical realizations of a square lattice. This results in
such a splitting of the ¢4 shell that the zy orbital goes



higher in energy (by Acr) than the zz/yz doublet; see
Fig. [[[a). Another structural feature characteristic for
this class of materials is symmetry of hopping parame-
ters. There is always hopping between the zy orbitals
on nearest-neighbor sites t,, /., = t, but the yz orbitals
overlap (directly or via the p, orbital of a ligand) with
its partner only along one of the directions (a bond in
Fig. , so that tgz/yz =t and tgz/u = 0. The elec-
trons on the last orbital, zz, can also hop only along
half of metal-metal bonds (b bond in Fig. : tb =t

xz/xz
and tl;z Jy> = 0. Thus, the explicit expressions for the
band dispersion reads as €4y 5y (k) = —2t(cos ky+cos ky ),
€xz,22(K) = =2t cos kg, €y 4. (k) = —2tcos k.
Next-nearest-neighbor hopping ¢’ can result in break-
ing the nesting condition and prevent a metal-insulator
transition [31, B2], provided that (U — 3Jy)/t is suffi-
ciently small. But this case is beyond our consideration.

III. POSSIBLE STATES AND PHASE
DIAGRAM: NO SPIN-ORBIT COUPLING

We start from a somewhat simplified consideration as-
suming that electrons are localized on particular cubic
harmonics, and then go on taking into account quantum
effects which result in more complex states obtained by
the Hartree-Fock method.

Conventional ferro- and antiferro-orbital states. With-
out the spin-orbit coupling and for a large and positive
crystal-field splitting (i.e., with elongated metal-ligand
octahedra), one might expect that in the ground state
sites the half-filled zz and yz orbitals will alternate.
There is a hopping between half-filled and empty orbitals
[antiferro-orbital (AFO) order] for all bonds in this state.
This hopping favors ferromagnetic coupling according to
Goodenough-Kanamori-Anderson (GKA) rules [33H35].
Such a state is shown in Fig. [}|a) and Fig. [d{a) and re-
ferred to as FM-AFO,/,. in what follows. This type of
orbital and magnetic order is favored by Hund’s intra-
atomic exchange Jy and large crystal-field field Acr [35]
and realized, e.g., in perovskite YTiO3 [36].

An alternative AFM-zy state is shown in Fig. b) and
Fig. b). Electrons occupy the xy orbital at all sites in
this case. This ferro-orbital (FO) ordering is stabilized
by a small positive or negative Acg and, according to
GKA rules, leads to the antiferromagnetic (AFM) state.

The full phase diagram including these two states
obtained by the Hartree-Fock method is presented in
Fig. a). It was calculated by direct solution of the non-
linear self-consistent system (independent 71 variables)
of Egs. and comparing full energies of different
phases in the T — 0 limit, see Egs. and (B31).
The self-consistency process starts with choice of initial
states and iterative procedure modifying them. Brillouin
zone integration in k—space was performed by triangular
method [37] for Ngyiq = 40 triangles.

Negative crystal-field splitting Acp (when the zy or-
bital gets lower than the xz/yz doublet) obviously stabi-
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FIG. 3: Sketch illustrating various states for a pair of neigh-
boring sites; corresponding charge-density plots are presented
in Fig. Possible hopping paths for (a)—(d) are shown by
dashed lines. In the FM-AFO0,.,,. (ferromagnetic — antiferro-
orbital) configuration, one electron is at the yz orbital, while
another one resides at xz, and hopping from site to site favors
F'M spin ordering. Very similar is the situation for FM-AFQ,,,/;
(zy on one site and |lZg¢] = 1 on another are occupied). In
the AFM-zy state hopping between the xy orbitals stabilizes
AFM order. The other two states, FM-e0 and AF0-e0, are
orbital-entangled states. The exact wave functions for them
are given in and . We sketched these wave functions
via noncomplete filling of arrows denoting spins; plus and mi-
nus signs are used to show the phase of wave functions. In the
last AFM-TM state electrons occupy j&¢ = 3/2 or jig = —3/2
depending on the sublattice (TM stands for the total moment).
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lizes the AFM-zy state, but it is realized even for small and
positive Acg. This is because for AFM-zy both electrons
tunnel and lower the total energy for any bond, while for
FM-AFOQ,./,. only one electron can hop along each bond
(yz for bond @ and zz for bond b). On the other hand, one
can see from Fig. 5| that the AFM-zy state is destabilized
by the Hund’s coupling. In this case the energy of the
excited state Fey. (due the hopping) is strongly reduced
by Jy in the case of FM-AFQ, . /. (one electron is on zz,
while another one is on the yz orbital; Fex. = U —3Jy, if
we use the Kanamori parametrization [25]) with respect
to what we have for AFM-zy (both electrons are on the zy
orbital; Feyx. = U).

However, strong Hund’s coupling stabilizes not
FM-AFO0,./,., but a very different state, with electrons
occupying the zy orbital on sublattice A and an arbi-
trary superposition of the zz and yz orbitals with the
same spin projection on the B sublattice. For example,
one can chose the following wave function,

1
Geg=1)=——
‘eﬂ > Vﬂé
see in Fig. [B[c) and Fig. [f{c). We note that any other
mixture of the zz and yz orbitals can be used without

the spin-orbit coupling. In this FM-AF0,,/; state we win
both by intra-atomic exchange (in the excited state both

(lyz) +ilzz)) (22)
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FIG. 4: Charge densities for various electronic states under
consideration; see Fig. [3] Two different spins are shown by
blue and red. Gray color is used for AFO-e0, where the spin
moment vanishes.

(f) AFM-TM

electrons have the same spin) and by a very efficient hop-
ping of electrons on the xy orbitals. This state is doubly
degenerate with respect to spin [if we take into account
the spin-orbit coupling the spin-down electrons occupy
the 173 = —1) = (|yz) —i|z2))/v/2 orbital on sublattice
BJ.

FM-e0 phase with entangled orbitals (e0). However,
hopping can be optimized even further on mixing xy
and yz/xz orbitals (or their linear combinations given
by IZ; = £1) in an appropriate way. This new phase is
characterized by FM coupling and referred to as FM-e0.
In the case of degenerate ty, orbitals (Acy = 0) one can
find the wave functions for two sites forming a checker-
board order analytically [38]:

ﬁ‘ leg = 1,0), (23)

f' leff - 170>7

2

A g\xy,cﬂ +
2

B: §|:cy,cr>

where A and B are two sublattices, and o stands for
spin. It has to be mentioned that this solution is degen-
erate with respect to o — —o and [Z; — —[Z; inversions
separately. However, for a finite spin-orbit coupling, see
below, only the symmetry (1%, 0) — (=%, —0) remains.
Second, it is remarkable that two sublattices differ only
by the phase of | IZ; = 1,0) component. Finally, in a
general case of arbitrary Acp exact expression for wave
functions depends on parameters and changes in different
points of the phase diagram. This is in a contrast to the
AF0-e0 phase discussed in Sec. [[V}

At Ju = 0 only AFM-zy and FM-AFQ,./,. are pre-
sented: the critical point is determined by competition
of (intersite) exchange Jo, = t2/U and the crystal-field
splitting Acp: Afp = 2Jex. Stability of the FM-e0

0 1 2 3 4 5

09 (b

0.8

0.7 | A=0 ------
A=04 ——

0.6 7 x-02 ——

05f A-03 ——

>
3
Q
@
©)

FIG. 5:  Ground state phase diagram for the crystal-field
splitting —0.1¢ < Acr < 1.0¢ without (a) and taking into
account (b) the spin-orbit coupling. Here Ju stands for
the Hund’s intra-atomic exchange, A is the spin-orbit cou-
pling constant, ¢ is the hopping, and Hubbard’s parameter is
U = 20t. Sketches of different states are shown in Figs.
and [ An increase of X results in an expansion of AF0-e0
phase region to the right, an expansion of FM-e0 phase re-
gion upward, and contraction of FM-AFO,.,,. (the directions
of phase boundaries moving are shown by arrows). In (b)
black dotted line shows the result for A = 0 [the same as in
Fig.[5a)] for the sake of convenience. Blue circle indicates the
region of relevance for SroVO4 parameters (close to Juy = 1.6t,

Acr = 0.16t); see Sec.

and FM-AFQ,,,; phases is rapidly increased and corre-
sponding regions on the phase diagram expand as Jy
increases. Parameters corresponding to SroVO4 at nor-
mal conditions are presented Sec. [VIl They are rather
close to the phase boundary between the FM-AFQ,./,,.,
FM-AFQ,, /1, and FM-e0 states, but the phase diagram by
itself strongly changes by the spin-orbit coupling as we
show in the next section.



IV. PHASE DIAGRAM AT FINITE
SPIN-ORBIT COUPLING

AF0-e0 phase stabilized by SOC. Generally speaking,
the crystal-field splitting and the spin-orbit coupling
(SOC) tend to stabilize electrons on quite different or-
bitals. The first one prefers real (cubic) wave functions,
while the second prefers complex spherical harmonics
(this can be critical, in particular, for the Jahn-Teller
effect [39, 40]). The intra-atomic exchange Jy favors a
maximal total spin (in our situation this is important
for virtual excited states with two electrons per site),
whereas wave functions stabilized by SOC can mix differ-
ent spin components; see, e.g., Egs. (28-29) in Ref. [35].
Therefore, SOC must affect the phase diagram of the
three-orbital Hubbard model described above.

First of all, SOC is expected to influence the states
with partially filled degenerate xz/yz orbitals, i.e. the
situation shown in Fig. [[(a) corresponding Acp > 0. In-
deed, one can always gain some energy due to the SOC
putting our electron on a linear combination of these
orbitals corresponding to [Z; = 1; see Eq. . This
is shown in Fig. (c), where the jeg = 3/2 quartet is
split by a positive crystal field on two Kramers dou-
blets: jZ; = +£1/2 and jZ; = £3/2. The results of direct
Hartree-Fock calculations presented in Fig. [5(b) demon-
strate that even a modest SOC with A = 0.1¢ leads to
shift of the FM-AFQ,./,. state to the region of large Jy
and to formation of a novel AFO-e0 phase, sketched in
Fig. [B[e) and Fig. [4[e). The wave function in this new
phase is written in a very simple form:

S5 (1 =10 1 B0 = —1.0), (24)

where different signs are taken for two different sublat-
tices (A or B). This AF0-e0 state is exactly the state
with staggered order of in-plane confined isospins, found
by Jackelli and Khaliullin in [20]. Dipole spin

Si=> Simm (25)

[with generalized spin operator Sy, defined in (5)] and
orbital L; moments vanish at every lattice site (S;) =
(L;) = 0, so that only octupole moments remain non-
zero and they order in a staggered fashion, as we will
discuss below.

Higher-lying in energy AFM-TM phase. A very differ-
ent state was considered in [2I]. In particular, the elec-
tron can be localized not on a linear combination of
l7Z¢ = +3/2) and |jZ; = —3/2) at the given sublat-
tice as in the case of the AF0-e0 state, but it can be
described by “pure” ¥ = |jZ = +3/2) at the A and
Y = |jZ = —3/2) at the B sublattice. The latter sit-
uation is shown in Figs. 3(f) and [4f) and dubbed as
AFM-TM (total angular momentum antiferromagnetism).
Spin and orbital momenta exist on each site in this case,
but cancel each other, as explained in [21].

0-8 T T T 0
U=20t Agp=c0 ——

0.7 | Aﬁt 77777 : i

Acp=t----- .

Mt

o o o

S [6)] D
T T T
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FIG. 6: Ground state phase diagram for large (Acr = 1.0t;
dashed lines) or infinite (Acr = oo; solid lines) in terms of
Ju and A. Blue (red) lines show the U = 20¢ (30¢) case. Two
phases, FM-AF0,,,. and AF0-e0, are considered.

We performed an accurate consideration of the energies
of both AFO-e0 and AFM-TM states within the mean-field
approximation for the kinetic exchange Hamiltonian de-
rived from Eq. in the limit 2¢ < U — 3Jg using the
formalism developed in [38] (z is the coordination num-
ber; see Appendix A for details). While both these states
are stabilized mainly by spin-orbit coupling, in the lead-
ing (zeroth) order with respect to A and Acr the kinetic
exchange Hamiltonian yields that the AFO-e0 state has
a lower energy than the AFM-TM state due to the explic-
itly nonsymmetric (with respect to i <> j) ferromagnetic
exchange contribution in the effective Hamiltonian

2Ju
(U —3Ju)(U — Ju)
S S unS;. (26)

ijm

Hnonfsymm = -

See the derivation in Appendix B. It can be readily shown
that for the AFM-TM state this term is strictly positive
whereas for the AF0-e0 state it vanishes (all other terms
in the kinetic exchange Hamiltonian yield the same re-
sult for both states). This analytic result can be com-
pared with direct Hartree-Fock calculations presented in
Fig.[8lin Appendix A. Both approaches clearly show that
AFM-TM is always higher in energy than AFM-TM and for
small Jy this difference is well described by .

Competition of AF0-e0/FM-e0 and FM-AFO,./,.
phases. Coming back to the AFO-e0 phase one can
notice that SOC is very efficient in suppression of the
standard FM-AFOQ, . ,. state even at relatively large Ju;
see Fig. (b) There is a very similar effect on narrowing
the phase region of FM-AFO,/,. state and expansion of
not only the AF0-eQ phase, but the FM-e0 solution with
increasing SOC as well.

For comparison, in Fig. [6] we present the phase dia-
gram in other (Jg — \) variables for a typically (real-



ized experimentally) situation of positive and large Acp.
Such a crystal field shifts the xy orbital upward and this
destabilizes the AFM-zy and FM-eO phases [where elec-
trons occupy the xy orbital; see Figs. [3[b) and (d)], so
that only the AF0-e0 and FM-AFQ,/, . states survive. At
small and moderate Hund’s exchange, the AFO-e0 solu-
tion dominates being stabilized by finite A\. In contrast,
large Jy favors the FM-AFQ,./,. state. Indeed, excited
(intermediate) states in the exchange processes for the
FM-AFQ,./,. solution obey Hund’s rule (these are triplet
states like x24y24). Excited states for the AFO-e0 phase
do not completely optimize intra-atomic exchange inter-
action.

The lowering of Acr favors the FM-AFO,.,,. phase
which changes the phase diagram by expansion of the cor-
responding phase region quantitatively, but not qualita-
tively. However the properties of the latter state strongly
depend on parameter values, as explained in the next
section. Last but not least, there is a strong influence of
Hubbard U on the phase diagram, which is clearly seen
in Fig. [f]

Order parameters. While the FM-AFO,., /.,
FM-AFQ,,/1, AFM-TM, and FM-e0 states can be char-
acterized by standard order parameters — dipole
moments (L;) and (S;) on corresponding sublattices
i = {A, B} — in AFM-e0 both such parameters vanish, as
we have discussed above (hidden orbital-spin order [20]).

The AFM-e0 state is stabilized by strong SOC putting
electrons on the spin orbitals characterized by the total
angular moment J (in our case jog). It is instructive
to consider expectation values of not only dipole (trans-
forming according to I'y representation of cubic group),
but also quadrupole (I's and I's representations) and oc-
tupole (T'a, T'y, and T's representations) moments, which
can be expressed via corresponding combinations of J
components [41].

Our situation is characterized by the tetragonal sym-
metry in which T'y and I's representations are re-
ducible and direct calculations show that only two out
of seven octupoles, (1) and (T)?), transforming over
corresponding one-dimensional irreducible representa-
tions, are nonzero for the AFM-e0 state (all dipoles and
quadrupoles vanish). There is antiferro-octupole order-
ing for both of them (nearest neighbors have opposite
octupole moments). Moreover, on the same lattice site
(T2) and (T) have the same sign.

V. MODIFICATION OF THE
KUGEL-KHOMSKII FM-AFO,.,,. ORDER BY
SOC

As shown in the previous section, while SOC generates
new states having different anomalous properties such
as vanishing dipole magnetic moment, it also modifies
conventional states stabilized by the kinetic exchange. In
this section we consider the evolution of the FM-AFO
state with increasing SOC.
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FIG. 7:  Absolute value of wave function amplitudes of the

FM-AFO,./,. state for one of the sublattices depending on Ju
at Acr = 0o (a) and Acr = 1.0¢ (b), where ¢ is the hopping.
Solid lines correspond to A = 0.1t, dashed lines to A = 0.3t,
dotted lines to A = 0.5¢. Contribution of xz 1 states is shown
in violet, yz 1 in green, and xy | in red.

In Fig. [7] we present decomposition of the occupied
state (obtained by diagonalization of the on-site occu-
pation matrix for one of sublattices) in cubic harmon-
ics. In the case of very large crystal field, Acp = oo,
presented in the upper panel of Fig. [7] we have a con-
ventional FM-AFQ,,/,. with the electron sitting mostly
at the xz 1 orbital (for the second sublattice it will be
yz 1). The intra-atomic Hund’s exchange works for this
state due to the gradually reducing contribution of other
orbitals caused by a finite SOC, \ = 0.1¢.

However, a further increase of A (up to 0.3t) changes
the situation dramatically. The SOC is nearly incapable
of struggling with a too large crystal field and therefore
faintly affects the xy orbital. In contrast, it mixes the zz
and yz orbitals to form IZ; = +1 states with the same
spin projection, , which are eigenfunctions of SOC.
This allows a gain in energy as much as possible, both in
the crystal field and SOC contributions, but breaks the
first Hund’s rule. As a result, for fixed A > 0 there exists
a critical Jj; below which occupations of zz 1 and yz 1
coincide [coefficients at corresponding wave functions are
close to 1//2, see Fig. @(a), while orbital occupancies
equal 0.5]. The price to pay is a reduced energy gain
due to kinetic exchange. For a finite crystal field, one
observes a quite similar tendency of mixing the xz and
yz orbitals and onset of critical Jyj; see Fig. [f{b). We
also find that lowering Acr stabilizes the FM-AFO,/, .
state, increasing the difference in occupation of the zz 1
and yz 1T orbitals as well as a nonvanishing contribution
of the xy | state.



VI. APPLICATION TO Sr;VO,

As explained in the introduction section, a physical re-
alization of the three-orbital Hubbard model on a square
lattice with a single electron is Sro VO4 with quite unusual
magnetic properties, which are still to be understood. We
performed density function calculations of Sro VO, taking
experimental crystal structure [I7]. Further details are
as follows: Approximation for the exchange-correlation
potential was chosen following Perdew, Burke, and Ernz-
erhof (PBE) [42], the VASP code [43] was applied, and
the projector augmented-wave method [44] together with
integration over tetrahedra [45] with 405 k points was
used; for projection onto a small Hamiltonian with only
tag orbitals we applied the projected localized orbitals
technique [46]. Some restricted set of orbital orders
and collective excitations above them were considered
within HFA to describe SroVOy in the three-orbital Hub-
bard model at particular values of model parameters [47].
However, the complete ground state phase diagram and
some important states were not considered there.

The hopping between the zz/yz orbitals was found to
be t =250 meV (very close to the previous estimate [48]),
while the crystal-field splitting within t94 is Acr = 40
meV (i.e., zy orbital lies higher than the zz/yz doublet),
so that Acp/t = 0.16. The spin-orbit coupling constant
for V3* is about 30 meV (\/t = 0.12) [23].

The constrained random-phase approximation (cRPA)
has been used in Ref. [22] to calculate interaction param-
eters. For the fy4-only model used in the present work
they turn out be U = 2.7 ¢V and Jg = 0.4 eV (U = 11¢,
Ju = 1.6t) [49]. In other papers, Hubbard’s U varies from
3t05.3eV (U = 12—-21¢t) [22, 50, 5], depending on how
exactly U is calculated and what is included in screening
channels. One can see that with these characteristic pa-
rameters SroVOy is situated very close to boundaries of
the AFO-e0Q, FM-e0, FM-AF0,,/,., and FM-AFQ,, /1 phases;
see Fig. b). Thus suppressed magnetic moment (or its
absence) can be related to formation of orbital entan-
gled AF0-e0 or FM-eO states, depending on the specific
parameters realized in the system.

Strictly speaking, the term “entangled” does not mean
here quantum entanglement, but only reflects quantum
superposition at the one-electron level. Although spin-
orbit coupling generally describes the interaction of spin
and orbital operators and mixing of corresponding de-
grees of freedom, its impact depends strongly on the spe-
cific state: for the AFO-oe phase it is the main one, and
for other phases, it is secondary. Besides, for the FM-e0
phase there is the phase change of o4 orbital amplitude
going from one sublattice to another: two sublattices dif-
fer by this sign only. Obviously, such a mixing can be
taken into account within HFA.

For the sake of completeness, we also performed opti-
mization of the crystal structure for uniform and not too
high pressure of 10 GPa (at very high P, the system is
expected to become metallic and the physical mechanism
responsible for magnetism and other physical properties

will change). We found that the crystal field increases
to 64 meV; the hopping turns out to be 295 meV and
thus also grows to Acp = 0.22t. On the one hand, this
works for stabilization of AF0-e0 states shifting SroVOy4
higher and to the left (Jy/t effectively decreases) in the
phase diagram of Fig. b). On the other hand, while in
the first approximation atomic-like parameters Jyg and A
are not expected to change considerably, it is not a priori
clear how strongly pressure will affect screening of U.

VII. CONCLUSIONS

In this work we considered interplay between differ-
ent interactions, which define the ground state proper-
ties of the three-orbital model on a square lattice with
a single electron per site relevant, e.g., for layered per-
ovskites with t%g electronic configuration. The method
used — the generalized Hartree-Fock approximation —
is suitable to describe the case of strong electronic cor-
relations at other integer filling as well. However, more
elaborated approaches such as dynamical mean field the-
ory [52] should be applied in the metallic regime.

We also consider only the checkerboard order and
demonstrate that even this very particular case has a
rich phase diagram and the spin-orbit coupling changes
it dramatically leading to stabilization of several highly
unusual states including those where conventional spin
moment vanishes and an exotic order of octupolar mag-
netic moments appears.

There are five different phases according to present cal-
culations: three conventional states with antiferromag-
netic and ferro-orbital, AFM-zy, and ferromagnetic and
antiferro-orbital orderings, FM-AF0, /,. and FM-AFQ,,, /1,
stabilized by the Kugel-Khomskii mechanism and two
other orbital-entangled states — AF0-e0 and FM-e0. The
ferromagnetic FM-e0 phase is favored by the intra-atomic
Hund’s exchange and competition of different exchange
interaction is ferromagnetic. Another unconventional
state, AF0-e0, is promoted by the spin-orbit coupling.
This phase was proposed by Jackeli and Khaliullin [20],
while the state suggested by Eremin et al. [21] turns out
to be higher in energy.

It is worth noting that a plethora of various states in
the model under consideration is due to two reasons: (1)
competition of different interactions (spin-orbit coupling,
inter-site and intra-atomic exchanges) and (2) symmetry
of the problem, which makes hopping processes strongly
orbital dependent and anisotropic.

Our consideration can be readily generalized to treat
different transition metal compounds with anomalous
physical properties related to the spin-orbit coupling
and interplay between spin and orbital degrees of free-
dom, e.g., BapNaOsOg [B3H506], BayCelrOg [57], or
BayCaOsOg [68HGI]. The results obtained for SraVO,
demonstrate that this material lies close to the region of
the phase diagram, where four out of five states can be
realized. Therefore some external perturbation can be



used to change physical properties of SroVOy shifting it
from one to another phase. While most of experimental
results have been obtained in previous decades, physical
properties of this material are still intriguing and remain
unexplained. Present high-precision neutron diffraction
experiments with error bar smaller than 0.6 [I7] might
be useful to resolve the issue with vanishing magnetic
moment. In the meantime, other modern experimental
techniques [62H64] can be used to study possible octupo-
lar order in SroVOy.

Theoretically it would be very interesting to include
in consideration not only orbital degrees of freedom and
the spin-orbit coupling as was done in the present paper,
but also to take into account a long-range exchange inter-
action and its possible anisotropy, since both have been
demonstrated to play an important role for SroVO,4[22).
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Appendix A: Effective model in a multiorbital case

In this appendix we derive the effective kinetic Hamil-
tonian for arbitrary hopping matrix t;’jm/ generalizing the
classical derivation of Kugel and Khomskii [2]. We con-
sider the Hamiltonian in the case of one electron per
site, treating Ho = Hcr + Hso + Hcoulomb as the main
Hamiltonian and hopping processes described by H;, as
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a perturbation [65],

Heg = PHoP — PHuHy (1 — P)Hu P, (A1)

where P is projection operator on the subspace with one
electron at each lattice site. Obviously PHcoulompP =
0 and we neglect the impact of Hcr [see Eq. . ] and
Hso [see Eq. . on the eigenvalues and eigenfunctions
of virtual (excited) states:

PHuHy (1 — P)HuP ~ PHuHE woms (1 — P)HuP-

This approximation is justified by that |Acr|, |A < U —
3Ju.

Our derivation generalizes the derivation of [66] to the
case of an arbitrary number of orbitals Ngq (in the main
text Ng = 3). There have been also other approaches
proposed to treat the same problem within the method
of irreducible operators [67].

There are two types of two-electron states at one site:
doubles, characterized by double occupancy of a partic-
ular orbital (there are Ny such states), and pair-orbital
states [2Nq(Ng — 1) = 4 x Nq(Nq — 1)/2; factor 4 origi-
nates from the spin degeneracy]. These two sets of states
form invariant subspaces of Hcoulomb-

One can introduce basis functions for the subspace of
doubles in the following way,

1

Eq=U~-Jy : Za(k) jmcmi, (A3)

where E, are the energies (eigenvalues of Hcoulomb)
of the corresponding states, ¥ = 1,...,Nq — 1, and

the coefficients a'y’ satisfy the relations ) alf) =0

and Z a(k)* *) = Orir. We also use the notation
(N") = 1/+/Ngq, which corresponds to the wave function

(k)

ALZ, so that the matrix a.,” appears to be unitary.

For the subspace of pair orbitals, we have

m<m,

a mm/ \f Z 00’0 ma Criors (A4)

with o = 0, z, y, z, and there are once again two subspaces
— singlet (S) and triplet (T) ones with the energies

Es=U+Ju
Er=U —Ju

0=y,
:0=0,x,z%.

As a whole, we have four eigenspaces, for which the
projectors onto the corresponding excited states can be

11

readily obtained,

Paz = A:riEAdEa (AT)
~ Ng—1

Pa = Z AdkAdka (A8)

PS = Z Ay mm/ ymm’7 (Ag)
m<m/

PT = Z Z Aa mm/’ amm" (AlO)

0=0,z,z m<m/’

In order to formulate the effective model in the second-
order perturbation theory, we have to take the sum over
all subspaces of excited states (given by a = d¥,d, S, T),

Hep = Hor + Heo — ZE;l

mimb mlmz + A
Z tij t Clmlﬂclmzﬂlcjm o Jacjm’lo”

ijmimimaomioo’

(A11)

where P;, is projector P, at site j. The last expression
describes processes of the electron transfer from site i,
orbital mg, spin projection o to site j, orbital m/, and
the same spin. Then, we project this excited state onto
different subspaces and move the electron back to the
initial site. It is convenient for further consideration,
however, to rearrange c operators in Eq. according
to the site index. Here and below we assume that Heg
acts on the subspace with one electron at each lattice
site.

Before proceeding to calculating c,,,Pa cm oy We
present explicit expressions for some of the projectors
via ¢ operators. From Eq. , one can obtain

Pax = A Z Cmfcmﬁm/icm’% (A12)

mm/’

while Egs. and . ) give
Pa=2. Z a8 ) gl ot i

mm/ k=1

:Z((s

mm/’

mm! — 1/Nd) CInTC;rn\LCmQLCm'T = Pd - PdEa

(A13)
where
Pq = Z cInTCmTCInJ,CmL (A14)
m
is the projector onto subspace of doubles (d). Corre-

spondingly for the triplet pair-orbital state [see defini-

tions and - we have

Pt = B+ Ps, (A15)



and
B= Y ChoCnoChioCme  (AL6)
m<m/,oco’
where the Fierz identity
3
Z 02’10{ Jggoé = 250105 60201~ (A17)
o=0

was used.

Next, we calculate chPacjn,a, from Eq. sep-
arately for each subspace (omitting the site index j).
Eq. allows us to consider P, = dX,d,S, and B
(instead of T)

e o =dX. From Eq. (A12), we readily find

Cma',PdECjn/a’ =
mym}
(A18)
Here and below, the terms, which are not bilinear
form in the Fermi operators, are omitted since they
are eventually projected out of the considered state.
Thus, we obtain

(A19)

where v+ = 41,7, = —1, and finally one gets the
expression entering Eq. (A11]) for d¥ subspace

mgPdEC It = (1/Nd) VHVU/CmECm )

T )
z'mlacimga’cjm o szcjm’la’

oo’

= (1/Na) Zc;rm1(76im20"y",yalcjm'gﬁcjmi‘_’/

= (2/Na) (SO s Sy = Simyma Syt )+ (A20)

where stzm, is defined by Eq. . Without the
orbital index, all its components coincide with the
conventional spin (and number of particles) opera-

tors. The conventional charge and spin operators
are obtained by taking trace of Sm , over orbital

indices.

m

e o = d. Following the same strategy, one can find

using Eq. (A14)

T — 4 T T
Cmopdcm/o’ - Z |:Cma7 leTlej,] [leicmﬁ" Cm’a’:|

(A21)

and finally, the expression entering Eq. (A1]] m in
terms of generalized spin operators transforms to

= 5mm’7070/cma Cina!

§ : A
czmla imoo’ ]m o Jdcjm’la’

oo’

_ T
= (6771 tmlb 1/Nd Zvava'czmlaczmgo’cjm gcjm G’

oo’

=2 (8,1my, — 1/Na) ( S S, simlmzsjmémi) .
(A22)

1 T T i
Nid Z |:Cm0'7CTI’LlTCm1i,:| [CmiicmllT;Cm/J/} .
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_ § i T T
- |:Cmo’ cm10'1 cm’lgi Cont Lo1 cml oy Cont ot

my<mf,o10]

- ¥

my<mf,o10}

T T
(6'"””1 5‘7‘71 Con Lol - 577””/1 5‘7‘7/1 Crmyoy

(6m’m1 60”0”1 Cm/lo'l - 5m’m'1 60"0'1 Cm101) . (A23)

Using symmetry of this expression with respect to
the orbital index exchange m <> m} we obtain

T _
mo’ch’a’_ mm/’ leo mio

mi#Em

_600 - mm Zcmo Crmoy - (A24)

Finally we obtain

§
E :Cimlacimgcr’cjm UBJCJm o’

_ (0) (0)
- 25m’1m’2 Z (Sz 7n17n2$_7,m7n + Si;mlmQSj;mm)

0 0
— A1 = O ) S s St - (A25)
e a0 =2S.
i i
maPScm ro! Z [CmoVAy:mlm’l} [Ay:mlm/17cm’o":|
mi<m]
(A26)
and since

Ay:mlm’17c;rna} = (1/\/5) [lelicmlT — Cm)1Cma s CIno'jI
= 1(’}’0’/\/5) (6mmlcm/15- + 5mm/1 lea—) 5 (A27)

we find using m; ¢ m} symmetry that

1
PSC77L o — Z’YU’YU’ Z (6m7n1 Cin'lé' + 5mm’1 c;fnu?)

mi7#m)

X (6m’m1 Cm/ 5/ + ém’m’l Cmu_f’) . (A28)

Finally, the expression entering Eq. (A11) for the
subspace S is given by

}: A
szla imoo’ Jm o Jscjm’la’

oo’

= Sy O (1=26,011m) (szmlmsﬁnm = Simim,S jmm)

+80 SO s Smimy-

1mims ]mm tmimsz = jJm;m

(A29)



Using Eq. (A15]), we get analogously for the T subspace

im10 Cimao!
!

(0) (0)
5m’1m’2 Z ( Sz mlmg‘s] mm T Si;m1m28j;mm)

m

—380 s

Zmlmz ]m m2

T _
ij’za JTij’la’ -

[exen

- Si;mlmgsj;m’lmé' (A'?)O)

Combining all the results together and summing over
the excited states, we arrive at a final expression for the
effective Hamiltonian in terms of the generalized spin op-
erators,

7_[eff = HCF + Hso - Z t$1m2t;?;1m2

ijmim’mami

( 2Jq
(U + (Na — 1)Ja)(U — Ja)
(S(O) S(O) _S.

S- 1o/
mimsa ]m m rmimsa jm2m1)

+20 L L
mimy U—Ja U’ + Juy
0) (0
X (SzmlmQSjm mf - Sim1m28jm’2m’1)

1 3 (0) (0)
+6m’1m’2 ((U, T Ty + U — ) S’Lmlmz Zsjmm
1 1
_ S. S.
3 1 0 g0
_ _ S! St _
<U'-JH U/-I-JH) imyma = jmyms
1 1
(U’ “Un U JH) Simlmzsjm’lmé) - (A
For the hopping parameters, which are diagonal in
the orbital space {77 = dym/t];, using the Kanamori

parametrization [25}7 U =U - 2Jy, Jg = Ju and taking
into account that > SO —1 /2, one obtains

m “jmm

Heff = HCF + Hso

Z 1 3 (0)
CAEk { (U Ju U—3JH> fmm

ijm
1 1
_ S. S.
+(U—3JH U—JH> imm 7}

m1 mz 2J4
P [U+<Nd—1>JH>(U—JH>

z]mlmg

(0) (0)
(Szmlmzsgmlmg - Sim1 mao Sjm1 mz)

3 1 (0) 0)
- S! S!
+ (U —3Jy U— JH> tmima < jmamy

1 1
Siim-S A32
+ (U_ 3JH + U — JH> imime jm2m1:| ’ ( )
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FIG. 8: Total energy difference between AFM-TM and AF0-e0
states for U = 20t, Acr = 0, A = 0 as obtained by the di-
rect calculation using Hartree-Fock methods (black solid line)
and effective model for kinetic exchange within the mean-field
approximation developed in Appendix A (red dashed line);

see Eq. .

where S; is defined by Eq. .

Below we consider in detail an application of Eq. (A32)
for the calculation of the difference between energies of
the AFM-TM and AF0-e0 states (see Fig. [§)).

Using the mean-field approximation for the Hamilto-
nian (A32)) is equivalent to the assumption that ® has a
two-sublattice form,

o =[] [ el bl,10>,

i1€EA 2 €B

(A33)

where |0 > is vacuum, and site one-electron state a cor-
responds to sublattice A and b to sublattice B. Then
Eyin = (®|Hyin|®). Under this approximation we have
to replace charge-spin operators in Eq. (A36|) by their
) and (S

averages. So we have to calculate <Sz(2~bm

to calculate the energy of the state ®.

imm’>

Omitting site index ¢ and writing generally for d = a, b

d
dh = Z umacinav
mo

(A34)

with u,,, being arbitrary normalized coefficients, we get

Sr(rfzn’ Z U(O) *Ud m/ o’ (A35)

Since the xy orbital is not occupied we simplify the
expression (A32)) for energy taking into account in the



sum over my, msy only diagonal terms (m; = my),

Ba@= X P

ij,mi1#zy

) (13
2 U—-Jg U-3Jy

B (U —13JH - U_le) (sim.)(S;)

2Ju O /O \ e ,
ey e GEALNELENLEN)
3.1 ) \, (0)
* (U3JH UJH) (i 8 m,)

N (U —13JH U _1 JH> <Sim1><sjm1>> . (A36)

where the spin s Sl(m)m
a site 7 is 1ntroduced

Now we consider separately FEiyi,(®) for TAFM and
oe—-AFM states.

operator of an orbital m at

e AFM-TM order. We assume that

al = 7 (1022,2T + csz) (A37)
bt = —% (ich., —cly) (A38)
50 ULl = —10pm.22/V2 F Sy / V2
We get from Eq.
(5508 = 3019 (1~ by, (A39)
(0 = o0~ Gnm). (AL0)

e AF0-e0 order.

1. .
af = D) (wlzT + ij + lclzi - Cim) » (AdD)
1
pt = -5 (wzzT + csz 10732i + Cyz¢) (A42)
so uf, Omaz/2 — VoOmy=/2, ub, =

_YYU m, ‘LZ/2 5m yz/2 Yo = +1(_1) for o :T (\L)

We get analogously

1

76a70(6m,xz + 6m7yz)

(sihap = 1

1
+ 75a,w(6m7wz -

1 Om,yz)-

(A43)

Note that for neighboring sites ¢ and j, both orders
<S(O)><S(O ) = 1/16 (Sim)(Sjm) = —1/16. Therefore all

m
terms in Eq. c01nc1de besides underlined term. In
the case AFM- TM order we get (S,) = (—1)’e,/2 with unit

vector directed along z axis e.; therefore (s;,, )(S;) =

14

—1/8. This term has a different nature than another
terms in Eq. since here total spin exhibits fer-
romagnetic exchange interaction with spin of neighbor
orbitals (indexed by mj). In the case of AFO-e0 order
(S;) = 0. We find that ferromagnetic exchange inter-
action increases the energy of TAFM order making it less
favorable than AF0-e0 order due to a delicate effect of
ferromagnetic exchange interaction.

Appendix B: Inter-orbital Coulomb interaction
Hamiltonian within HFA

In this appendix we present a HFA treatment of the
local Coulomb Hamiltonian Hcoulomb , Sec. 1, and use
this for the derivation of the total HFA Hamiltonian, see

Eq. , Sec. 2.

1. Coulomb interaction Hamiltonian treatment

We write the Coulomb interaction Hamiltonian omit-
ting for brevity site index

v i
5 Z cinocmﬁ' Cm&Cmo

Jd
+7 Z CT c;fnacm’acma

HCoulomb =

/
+Z e ol e c
) mo“m/c’“m’oc’ “mo

J,
—|—7H Z chcIn,g,cma/cm,g. (B1)

m#m/;o0’

This sum is rewritten as

HCoulomb = Z Hint [W(ﬂ)j| ) (BQ)
B=U,Jq,U’,Ju
where
Hlnt [W] =
1
5 Z Wao/(mm’;mlmll) Ina'cin’a/c /U’leo'
mm/'mimioo’
(B3)
and
)
ng/ =U- (1 - 500’) 5mm’5mm1 5mm’1a (B4)
Wa(gzl) = U (]— - (Smm’) 6mm1 6m’m/17 (B5)
Ji
WCEUI/{) = JH (]— - 6mm’) 5mm’15m’m17 ( 6)
Wéi(?) = Jd (1 - 50«7/) : (1 - 5mm1) Jmm’émlml (B7)

where arguments of W) (mm’;mim}) are omitted for
brevity.



The HFA treatment of all terms is performed in an
equal way (Hin[W ] — HIFAIWB)]) using the Wick
theorem:

HiI_IIIEA [W(ﬁ)} _ Z

mm/mimioo’

W) (mm’; mymb,)

B
(Cinacmla'<cin’a’cm’10’> - Cjna'cm/la’ <Cjn’o"cm10>) _E](DC)}’
(B8)

where El(f C) is introduced to avoid double counting and
equals half of the statistical average of the first two terms.

For the case 8 = U, Jy the spin projection dependence
reads Wéi?(mm’; mim}) x (1 — d,,/) and we rewrite o
sums in Eq. through generalized density and spin
operators, see Eq. ,

JHPA {W(B)}: Z WT(f)(mm';mlmll)

mm/mim}

(28},‘37111%,,”,1 —928% m?

mmy ' m/m]

fS;er,lm_ - Sﬂ_m/lmJr ) —EL. (BY)

m’mq m’mq

Here for § = U we get from Eq. (B4)

HHFA [W<U>] =2y (3<0> o — 8 m? )

int mm mm’mm

- Byd  (B10)
and for 8 = Jq we get from Eq.

A (WO =270 37 (S5, = Sy,
m#my

— ESY. (B11)

For the case § = U’, Ju W) is spin independent, so we

rewrite Eq. (B8]

P [W(B)} =9 Z Wéf)(mm’;m1m/1)
mm/mim}

0 (0)
(287(7“)711 nm’m’1 - Smm’l Nn/my — ‘Smm’1 mm’ml)
- EY) (B12)

Here for 5 = U’ we get from Eq. (B5))

H]I;Il]gA |:W(U,):| = 2U/ Z (287(7?7)nn'm/m/_

m#m/
_Sr(r?,,)n/nm/m — Smm/mm/m) — E](:)[g), (B13)
and for 8 = Jy we get from Eq.
H]I-IIEA [W(JH)} =2Jg Z (QSégzn,nm,m_
m#m/
_Sr(rggznm'M’ - Smmmm’m’> - E(DJCH) (B14)
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We write down the final mean-field version of the
Coulomb Hamiltonian as

Hggl?lomb =2 Z (‘F'r(r?r)n’sﬁggn’ - fmmlsmm/) - EDC?
(B15)
where the contributions from four above-considered
terms are collected together,

FO O S (U — Jn)K + 0Unpm]  (B16
+ (2Ju — Ui + Jatmms B17
fmm/ =

+ U/mm’m + Jdmmm’; B19

(B16)
(B17)
S [JHM + SU M 1] (B18)
(B19)
(B20)

Epc = Z (fr(r?»,)n/nmm/ - fmm/mmm’) )

mm/’

where 6U = U — U’ — Jyg — Jq, where

K = anm»
M = mem.

Within the Kanamori approximation U = 0 and we em-
ploy this in the main text.

(B21)

(B22)

2. Derivation of HFA Hamiltonian

Below we present details of the HFA approximation for
the Hamiltonian , using the results of Sec. 1 of this
appendix, restoring the site index i.

We apply the transformation to the Bloch wave func-
tions in Eq. @,

Cimo = N_1/2 Z exp(_ikRi)Ckmaa
k

(B23)

and the Fourier transform of C?

mo;m’

. turns out to be

1
Cmo;m’a/(q) = N Z<Cir(mcrck+q,m/o’>' (B24)
k

The result of application of HFA to the Hamilto-

nian (8] is
Hg/IOFlﬂomb = Z Z Z (‘F'r(r?r)n’ (k - k/)doa/

kk’ oo’ mm/’

- fmm’(k - k/)Uoo’) C;r(mgck’m/o’a (B25)

where mean fields ) (k — k') and Fpm(k — k') are

mm/’

Fourier transforms of mean fields given by Egs. and
).

The treatment of the Hamiltonian is presented
below. We introduce the magnetic Brillouin zone (|k,|+
|ky| < ), so that for any ki from the Brillouin zone we
have a presentation k1 = k + aQ, where a = 0,1. We



rewrite Eq. through the summation over the mag-
netic Brillouin zone (denoted by a prime)

!

Z ZHrl\rfgama'a

kaa’;mm’ oo’

_ t
Hur = (K)Chet 0@ mo Cktra’Qumiors

(B26)
where the k-dependent 3 x 2 x 2 matrix
HMF

maamao

(k) =
FFON s FY G — (A/Q)lmm,aw/} S

mm/’

+ {]—‘7537);,600/ - .’F'Smm/cfag'} daar, (B27)

is introduced. Here &,/ (k) sets up the band spectrum,
the explicit expression for which is given in the end of

Sec. [
The Hamiltonian matrix (B27)) is diagonalized by the
transformation (cf. [68])

cctaune = 3 s ()

v

(B28)

In terms of new Fermi operators dy,, d;rw the Hamilto-
nian has the form

Hup = Z E,(k)d] dy,. (B29)

[(5mm’ (k + OéQ) + ACFém,ry) 6mm’5mf’
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Then the correlator (B24]) can be expressed through the
spectrum E, (k) and coefficients a,a0;0 (k):

t
<ck+aQ,mack’+a’Q,m’a’ >

= S¢S T () amrarar () F(E, (k). (B30)

Applying Eq. (B20) we obtain

Epc/N = )Y [QU' - Ju)K*(a) — JuM>(q)
q=0,Q

+Ja Y (00 (@) —mp,. (a))

mm/

—(U" = 2J1) Y M (@)

mm/

_U/ Z mmm’(q)

mm’

nm’m(q)

My (Q) (B31)



	Introduction
	Model and method
	Possible states and phase diagram: no spin-orbit coupling
	Phase diagram at finite spin-orbit coupling 
	Modification of the Kugel-Khomskii FM-AFOxz/yz order by SOC
	Application to Sr2VO4
	Conclusions
	Acknowledgements
	References
	Effective model in a multiorbital case
	Inter-orbital Coulomb interaction Hamiltonian within HFA
	Coulomb interaction Hamiltonian treatment
	Derivation of HFA Hamiltonian


