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MILDLY VERSION OF HUREWICZ BASIS COVERING
PROPERTY AND HUREWICZ MEASURE ZERO SPACES

MANOJ BHARDWAJ AND ALEXANDER V. OSIPOV

ABSTRACT. In this paper, we introduced the mildly version of the Hurewicz
basis covering property, studied by Babinkostova, Ko¢inac, and Scheepers. A
space X is said to have mildly-Hurewicz property if for each sequence Uy, :
n € w) of clopen covers of X there is a sequence (V, : n € w) such that for
each n, Vp is a finite subset of U,, and for each z € X, x belongs to |V, for
all but finitely many n. Then we characterized mildly-Hurewicz property by
mildly-Hurewicz Basis property and mildly-Hurewicz measure zero property
for metrizable spaces.

1. INTRODUCTION

The study of topological properties via various changes is not a new idea in
topological spaces. The study of selection principles in topology and their relations
to game theory and Ramsey theory was started by Scheepers [16] (see also [9]).
In the last two decades it has gained the enough importance to become one of
the most active areas of set theoretic topology. In covering properties, Hurewicz
property is one of the most important property. In 1925, Hurewicz [7] (see also
[8]) introduced Hurewicz property in topological spaces. This property is stronger
than Lindelof and weaker than o-compactness. In 2001, Kocinac [11](see also [15])
introduced weakly Hurewicz property as a generalization of Hurewicz spaces. In
2004, the authors Bonanzinga, Cammaroto, Ko¢inac [3] introduced the star version
of Hurewicz property and also introduced relativization of strongly star-Hurewicz
property. Every Hurewicz space is weakly Hurewicz. Continuing this, in 2013,
the authors Song and Li [17] introduced and studied almost Hurewicz property
in topological spaces. In 2016, Kocinac [10] introduced and studied the notion of
mildly Hurewicz property.

This paper is organized as follows. In section 2, the definitions of the terms
used in this paper are provided. In section 3, mildly Hurewicz property is charac-
terized using Hurewicz basis property. In section 4, mildly Hurewicz property is
characterized using mildly Hurewicz measure zero property.

2. PRELIMINARIES

Let (X, 7) or X be a topological space. We will denote by CI(A) and Int(A) the
closure of A and the interior of A, for a subset A of X, respectively. The cardinality
of a set A is denoted by |A|. Let w be the first infinite cardinal and wy the first
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uncountable cardinal. As usual, a cardinal is the initial ordinal and an ordinal is
the set of smaller ordinals. Every cardinal is often viewed as a space with the usual
order topology. For the terms and symbols that we do not define follow [5]. The
basic definitions are given.

Let A and B be collections of open covers of a topological space X.

The symbol S;(A, B) denotes the selection hypothesis that for each sequence
(U, : n € w) of elements of A there exists a sequence (U, : n € w) such that for
each n, U, € U,, and {U,, : n € w} € B (see [16]).

The symbol Sy, (A, B) denotes the selection hypothesis that for each sequence
(U, : n € w) of elements of A there exists a sequence (V,, : n € w) such that for
each n, V, is a finite subset of U, and |J,,,, V»n is an element of B (see [16]).

In this paper A and B will be collections of the following open covers of a space
X:

O : the collection of all open covers of X.

Co : the collection of all clopen covers of X.

Q : the collection of w-covers of X. An open cover U of X is an w-cover [6] if X
does not belong to U and every finite subset of X is contained in an element of U.

Cq : the collection of clopen w-covers of X. A clopen cover U of X is a clopen
w-cover if X does not belong to U and every finite subset of X is contained in an
element of U.

A : the collection of large covers (A-covers) of X. An open cover U of X is large
(a A-cover) if each € X belongs to infinitely many elements of U.

Ca : the collection of clopen large covers (clopen A-covers) of X. A clopen cover
U of X is large (a A-cover) if each x € X belongs to infinitely many elements of .

" : the collection of y-covers of X. An open cover U of X is a y-cover [6] if it is
infinite and each € X belongs to all but finitely many elements of U.

Cr : the collection of clopen ~-covers of X. A clopen cover U of X is a clopen
~-cover if it is infinite and each x € X belongs to all but finitely many elements of
U.

O9P : the collection of groupable open covers. An open cover U of X is groupable
[12] if it can be expressed as a countable union of finite, pairwise disjoint subfamilies
U, such that each z € X belongs to |JU,, for all but finitely many n.

C% . the collection of groupable clopen covers. A clopen cover U of X is
groupable if it can be expressed as a countable union of finite, pairwise disjoint
subfamilies U, such that each € X belongs to (JU,, for all but finitely many n.

Q9P : the collection of groupable w-covers. An w-cover U of X is groupable if
it can be expressed as a countable union of finite, pairwise disjoint subfamilies U,,,
such that each finite subset F' C X is contained in |JU,, for all but finitely many n.

C¥ : the collection of groupable clopen w-covers. A clopen w-cover U of X is
groupable if it can be expressed as a countable union of finite, pairwise disjoint
subfamilies U,,, such that each finite subset F' C X is contained in | JU,, for all but
finitely many n.

Definition 2.1. [7] A space X is said to have Hurewicz property (in short H) if
for each sequence Uy, : n € w) of open covers of X there is a sequence (Vy,, 1 n € w)
such that for each n, V, is a finite subset of U, and each x € X belongs to |JVn
for all but finitely many n.

Definition 2.2. [10] 4 space X is said to have mildly Hurewicz property (in short
MH ) if for each sequence (U, : n € w) of clopen covers of X there is a sequence
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(V,, : n € w) such that for each n, V, is a finite subset of U, and each x € X
belongs to |V, for all but finitely many n.

For a subset A of a space X and a collection P of subsets of X, St(A, P) denotes
the star of A with respect to P, that is the set [J{P € P: ANP # 0}; for A = {z},
x € X, we write St(z, P) instead of St({z},P).

Definition 2.3. [3] A space X is said to have star-Hurewicz property (in short
SH) if for each sequence (U, : n € w) of open covers of X there is a sequence
(V,, : n € w) such that for each n, V, is a finite subset of U, and each x € X
belongs to St(J Vn,Un) for all but finitely many n.

Let A and B be families of subsets of the infinite set S. Then CD Ry, (A, B) [16]
denotes the statement that for each sequence (A, : n € w) of elements of A there is
a sequence (B, : n € w) such that for each n, B,, C A, for m # n, B,, N B,, = 0,
and each B,, is a member of B.

Theorem 2.4. If a space X has mildly Hurewicz property and C DRy, (Co,Co)
holds for X, then Syin(Co,CE’) holds.

Proof. Let (U, : n € w) be a sequence of clopen covers of X. Since X has the
property CD R (Co,Co) we may assume that U,’s are pairwise disjoint. Since X
has mildly Hurewicz property there is a sequence (V,, : n € w) such that for each n,
V, is a finite subset of U,, and for each x € X, z belongs to | JV,, for all but finitely
many n. Then V,,’s are pairwise disjoint and hence | J, .., V» is a groupable clopen
cover of X. O

3. MiLbLy HUREWICZ BASIS PROPERTY

In 1924 [13], Menger defined the following basis property :

A metric space (X, d) is said to have Menger basis covering property if for each
basis B of metric space (X,d) there is a sequence (U, : n € w) of elements of B
such that {U,, : n € w} is a cover of X and lim,,_,ocdiamq(U,) = 0.

In 1925 [7], Hurewicz showed that the Menger basis property is equivalent to the
Menger covering property Syin (O, O).

In 2004 [1], Babinkostova, Kocinac and Scheepers defined the following basis
property :

A metric space (X, d) is said to have Hurewicz basis covering property [1] if for
each basis B of metric space (X, d) there is a sequence (U, : n € w) of elements of
B such that {U,, : n € w} is a groupable cover of X and lim,_,diamq(U,) = 0.

Recall that a metric space is crowded if it does not have isolated points.

Theorem 3.1. [1] For a crowded metric space (X,d), X has Hurewicz property if
and only if it has Hurewicz basis property.

Since Hurewicz property and star-Hurewicz property are equivalent in metrizable
spaces, it can be noted that for a metric crowded space (X, d), X has star-Hurewicz
property if and only if it has Hurewicz basis property.

In 2020 [2], Bhardwaj and Osipov defined the following basis property :

A metric space (X, d) is said to have star-Hurewicz basis property if for each
basis B of metric space (X, d), there is a sequence (V,, : n € w) of elements of B
such that {St(V,,, B) : n € w} is a groupable cover of X and limy,_,«cdiamq(V,) = 0.
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Theorem 3.2. [2] Let (X, d) be a crowded metric space. The followings are equiv-
alent :

(1) X has star-Hurewicz property;

(2) for each basis B of metric space (X, d) and for each sequence Uy, : n € w)
of open covers of (X,d), there is a sequence (V,, : n € w) of finite sets of
elements of BAU, = {BNU : B € B,U € Uy} such that {St(J Vn, BAU,,) :
n € w} is a groupable cover of X and limy,_oodiamq(U,) =0 for U, € Vy;

(3) for each basis B of metric space (X,d) and for each sequence Uy, : n € w)
of open covers of (X,d), there is a sequence (V, : n € w) of finite sets of
elements of B such that {St(JVn, BAU,) : n € w} is a groupable cover of
X and limy,—oodiamq(Uy,) = 0 for U, € Vy,.

Now we define a mildly version of Hurewicz basis property.

Definition 3.3. A metric space (X,d) is said to have mildly-Hurewicz basis prop-
erty if for each basis B consisting of clopen sets of metric space (X,d) there is a
sequence (U, : n € w) of elements of B such that {U,, : n € w} is a groupable clopen
cover of X and lim,_~diamg(U,) = 0.

Theorem 3.4. If (X,d) is a crowded metric space for which CDRgyu,(Co,Co)

holds, then following statements are equivalent:

(1) X has mildly-Hurewicz property;
(2) X has mildly-Hurewicz basis property.

Proof. Let X has mildly-Hurewicz property and let B be a basis of X consisting
clopen sets. Now define U,, = {U € B : diamq(U) < 1/(n+1)}. Then for each n, U,
is a large clopen cover of X. Since X has mildly-Hurewicz property, by Theorem 2.4,
there is a sequence (V,, : n € w) such that for each n, V), is a finite subset of U,, C B
and |J,,,, Vn is a groupable clopen cover of X. Then for (J, ., Vn = {Un : n € w},
limuy,— oodiamq(U,) = 0.

Conversely, let X be a space having mildly-Hurewicz basis property and (U, :
n € w) be a sequence of clopen covers of X. Now assume that if a clopen set V is
a subset of an element of U,,, then V € U,,. For each n define

Then for each n, H,, is a clopen cover of X and has the property that if a clopen
set V' is a subset of an element of H,,, then V € H,,.

Now let U be the set {U UV : (3In)(U,V € H,, and diamq(U UV) > 1/n)}.
First we show that U is a basis for X consisting clopen sets. For it, let W be an
open subset containing a point z. Since (X,d) does not have isolated points, x
is not an isolated point of X. Then we can choose y € W \ {z} and n > 1 with
d(z,y) > 1/n. Since #, is a clopen cover of X, there are U',V' € H,, such that
zeU andyeV . Nowput U =U NW\{y}and V =V nW\ {z}. Then
U,V € H, since H,, has the property that if a clopen set V is a subset of an element
of Hy, then V € H,. Also UUV C W and diamq(U U V) > d(z,y) > 1/n. So
UuVeldandx e UUV CW. Thus U is a basis for X consisting clopen sets.

Since X has mildly-Hurewicz basis property, there is a sequence (W,, : n € w)
of elements of U such that {W,, : n € w} is a groupable clopen cover of X and
limpocdiamg(Wy) = 0. Then U, c, Wn = {Wyn : n € w} such that each W, is
finite, Wy, "1 W, = () for n # m and each z € X, z belongs to [JW, for all but
finitely many n. Without loss of generality, let



MILDLY VERSION OF HUREWICZ BASIS COVERING PROPERTY... 5

Wl - {Wl,WQ, ...,Wmlfl};
Wy = {Wml’ Wm1+17 ---va2fl}§

Wn - {Wmn,ly Wmn,1+17 sy Wmn}a

and so on. Now we get a sequence m; < mg < mg < ... < my < ... obtained from
groupability of {W,, : n € w} such that for each 2z € X, for all but finitely many &
there is a j with mj_1 < j < my such that z € W;.

Since W,, € U, so there is k, such that U,,V,, € Hy, and W,, = U, UV,
with diamg(W,,) > 1/k,. For each n, select the least k,, and sets U, and V,,
from Uy, . Since each U, has the property that if a clopen set V is a subset of
an element of U,, then V € U, U,,V,, € Uy, . Since lim,_,codiamq(W,,) = 0,
for each W,,, there is maximal m,, such that diamgq(W,,) < 1/m,. Then 1/k, <
diamq(W,,) < 1/m,, implies that k,, > m,, for each n and lim,,—m, = co. Since
limy,— oodiamq(W,,) = 0, so for each k,, there are only finitely many W,, for which
the representatives U, V;, are from Uy, and have diamq(U,, UV,,) > 1/k,,. Let Vy,,
be the finite set of such U, V,,.

Now choose I; > 1 so large such that each W; with ¢ < my has a representation
of the form U UV and U’s and V’s are from the sets Vy,, ki < l1. Then select j; so
large such that for all ¢ > j;, if W; has representatives from Vy,, then k; > ;.

For choosing l2, let my be the smallest greater than j;, and now choose Iy so
large that if W; with my < i < myg41 uses a Vy,, then k; < [y, that is, choose
maximal of k; for which my, < i < my41 and say lo, then I3 < k; <lo. Now choose
maximal of ¢ for which the representation of W; from Vi, where l; < k; < [y and
say ja, then J2 > 71 and Vi > J2 if W; uses an, then k,, > ls.

Similarly alternately choose [, and j,,. For each m if we consider the least
my > lp,, then :

(1) if W; with my < < mp4q uses a Vi, then 1, < k; < lyn41;
(2) if i > j,, then if W; uses Vi, then k,, > l,,.

For each V € Vi, with k, <[y, V € Hy, and V € Uy, for each k; < k,,. Then
V e U, and let G be collection of such V' € Vi, with k, < ;. Then G; CU; is a
finite subset.

Now for each V' € Vy, with [, < kp, < lpj1(asp <1p), V € Hy, and V € Uy,
for each k; < k. Then V € U, and let G, be collection of such V' € V;  with
l, <k, <lpr1. Then G, is a finite subset of U,,.

Then we have that for each z € X, z € |JG, for all but finitely many p. It
follows that X has the mildly-Hurewicz property. 0

In [10], it was shown that for a zero dimensional space, Hurewicz and mildly-
Hurewicz properties are equivalent. Now we have the following corollary.

Corollary 3.5. If (X,d) is a zero dimensional crowded metric space for which
CDRgup(O,0) holds, then following statements are equivalent:

(1) X has Hurewicz property;

(2) X has mildly Hurewicz property;
(3) X has star-Hurewicz property;
(4) X has Hurewicz basis property;
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(5) X has mildly Hurewicz basis property

(6) for each basis B of metric space (X, d) and for each sequence Uy, : n € w)
of open covers of (X,d), there is a sequence (V, : n € w) of finite sets of
elements of B AUy, such that {St(JVn, B AU,) : n € w} is a groupable
cover of X and limy,_oodiamq(Uy,) =0 for Uy, € Vy;

(7) for each basis B of metric space (X, d) and for each sequence Uy, : n € w)
of open covers of (X,d), there is a sequence (V, : n € w) of finite sets of
elements of B such that {St(JVn, BAU,) : n € w} is a groupable cover of
X and limy,—oodiamq(Uy,) = 0 for U, € V.

4. MILDLY HUREWICZ MEASURE ZERO PROPERTY

Recall that a set of reals X is null (or has measure zero) if for each positive €
there exists a cover {I,,} e, of X such that 3, diam(l,) < e.

To generalize the notion of measure zero or null set, in 1919 [4], Borel defined a
notion stronger than measure zeroness. Now this notion is known as strong measure
zeroness or strongly null set.

Borel strong measure zero: Y is Borel strong measure zero if there is for each
sequence (€, : n € w) of positive real numbers a sequence (J,, : n € w) of subsets of
Y such that each J,, is of diameter < €,, and Y is covered by {.J,, : n € w}.

But Borel was unable to construct a nontrivial (that is, an uncountable) example
of a strongly null set. He therefore conjectured that there exists no such examples.

In 1928, Sierpinski observed that every Luzin set is strongly null, thus the Con-
tinuum Hypothesis implies that Borel’s Conjecture is false.

Sierpinski asked whether the property of being strongly null is preserved when
taking homeomorphic (or even continuous) images.

In 1941, the answer given by Rothberger is negative when the Continuum Hy-
pothesis. This lead Rothberger to introduce the following topological version of
strong measure zero (which is preserved when taking continuous images).

A space X is said to have Rothberger property if it satisfies the selection principle
S51(0,0).

In 1988([14]) Miller and Fremlin proved that a space Y has the Rothberger
property ( S1(O,0)) if and only if it has Borel strong measure zero with respect
to each metric on Y which generates the topology of Y.

In [1], Hurewicz measure zero property was defined.

Hurewicz measure zero : a metric space (X, d) is Hurewicz measure zero if for
each sequence (¢, : n € w) of positive real numbers there is a sequence (V,, : n € w)
such that:

(1) for each n, V), is a finite set of open subsets in X;
(2) for each n, each member of V,, has d-diameter less than e,;
(3) Uneq Vn is a groupable cover of X.

Theorem 4.1. [1] Let (X, d) be a zero-dimensional separable crowded metric space.
The following statements are equivalent:

(1) X has Hurewicz property;
(2) X has Hurewicz measure zero property with respect to every metric on X
which gives X the same topology as d does.

In 2020 [2], Bhardwaj and Osipov defined the following measure zeroness prop-
erty :
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A metric space (X,d) is star-Hurewicz measure zero if for each sequence (e, :
n € w) of positive real numbers there is a sequence (V,, : n € w) such that:

(1) for each n, V), is a finite set of open subsets of X;

(2) for each n, each member of V,, has d-diameter less than ¢,,;

(3) {St(UVn,Uy) : n € w} is a groupable cover of X, where U,, ={U C X : U
is open set with diamq(U) < €,} for each n.

Theorem 4.2. [2] Let (X,d) be a zero-dimensional separable metric space with no
isolated points. The following statements are equivalent:

(1) X has star-Hurewicz property;
(2) X is star-Hurewicz measure zero with respect to every metric which gives
X the same topology as d does.

Now we consider the mildly version of Hurewicz measure zero property.

Definition 4.3. A metric space (X, d) is mildly-Hurewicz measure zero if for each
sequence (€, : n € w) of positive real numbers there is a sequence (V,, : n € w) such
that:

(1) for each n, V, is a finite set of clopen subsets in X ;
(2) for each n, each member of V,, has d-diameter less than €,;
(3) Unew Vn is a groupable clopen cover of X.

Theorem 4.4. If (X,d) is a zero-dimensional separable crowded metric space for
which C DR (Co,Co) holds, then following statements are equivalent:

(1) X has mildly-Hurewicz property;
(2) X is mildly-Hurewicz measure zero with respect to every metric on X which
gives X the same topology as d does.

Proof. For (1) = (2), let X has mildly-Hurewicz property and let (e, : n € w) be
a sequence of positive real numbers. For each n, define U,, = {U C X : U is clopen
set with diamq(U) < €,}. Since X is a zero-dimensional metric space, U, is a large
clopen cover of X for each n. Since X has mildly-Hurewicz property, by Theorem
2.4, there is a sequence (V,, : n € w) such that for each n, V,, is a finite subset of
U, and JV,, € C&. Hence X has mildly-Hurewicz measure zero with respect to
every metric on X which gives X the same topology as d does.

For (2) = (1), let d be an arbitrary metric on X which gives X the same
topology as the original one. Let (U, : n € w) be a sequence of clopen covers of
X. Since X is a zero-dimensional metric space, replace U,, by {U C X : U clopen,
diamq(U) < 1/n and IV € U,, such that U C V'} for each n. Also X is a separable
metric space, replace last cover by a countable subcover {U,, : m € w}. Since the
cover is countable and sets are clopen, it can be made disjoint clopen cover refining
U, for each n. Also for each n, each member of this new cover has diamg < 1/n.
Also by taking intersections of each new cover with the last new cover we obtain a
new cover. Now name this cover U} for each n. So (U} : n € w) is a sequence of
clopen covers such that for each n:

(1) U is a clopen pairwise disjoint cover of X refining U,,;

(2) for each V e U}, diamq(V) < 1/n;

(3) Uy, refines U).
Now define a metric d* on X by d*(z,y) = 1/(n + 1) where n is the least natural
number such that there exist U € Uy with x € U and y ¢ U. It can be easily seen
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that d* generates the same topology on X as d does. Since X has mildly-Hurewicz
measure zero with respect to d*, by setting €, = 1/(n + 1) for each n, there are
finite sets V,, such that diam}j(U) is less than e,(= 1/(n + 1)) whenever U € V,,
and (J,,c,, Vn is a groupable clopen cover of X

Let W, : n € w) be a sequence of finite subsets of |
0 whenever m # n, and (J,c, Wr = U
all but finitely many k.

Since W is finite, so choose i1 such that W; C Uigi1 V;. Then Uigi1 V; is finite
and exhausted in a finite number of W;’s and choose j; such that for each ¢ > jj,
if Ve W;, then V ¢ Ui<i1 V.

Now W, is finite, so choose iy > iy such that W;, < Ui1<i§i2 V;. Then
Ui1 <i<i V; is finite and exhausted in a finite number of W;’s and choose j2 such
that for each i > jo, if V€ W;, then V ¢ Ui1<z‘§i2 V.

Alternatively, we choose sequences 1 < i1 < ig < ... < iy, < ... and jp = 1 <
71 < J2 < ... < Jm < ...such that :

(1) Each element of W, belongs to -, Vi
(2) For each i > ji, if U € Wy, then U ¢ U, Vi
(3) Each element of Wj, belongs to U;, .;<;,,, Vi-

Then for each element V' of W, has d*-diameter less than ¢;, =1/ +1<1/k+1
since i, > k. As V is clopen set in (X, d*) and diam}j(V) < 1/k+ 1, then V C
Bj(x,1/k+1), where Bj(x,1/k+1) is an open ball centered at € V and of radius
1/k+1in (X,d*). Now Bj(z,1/k+1) ={y € X : d*(z,y) < 1/k+ 1}. So for
each y € Bj(xz,1/k +1),d*(z,y) < 1/k + 1, there is U € U} such that € U and
y ¢ U for some n > k. So for all k& < n, there is no set U € U} such that z € U
and y ¢ U. Thus for all £ < n, there is a set U € U} such that x,y € U for all
z,y € Bj(xz,1/k + 1), that is, Bj(z,1/k+ 1) C U € U} for all k < n. Thus, by
definition of d*, each element V of W;, is a subset of an element of U}, each of
which in turn is a subset of an element of U. For each k and for each element V'
of Wj,, choose a U € U with V' C U and let G, be the finite set of such chosen
U’s and Gy, is a finite subset of Uy. So for each k, JW,, C Gk

Then we have that for each x € X, z € |JG, for all but finitely many p. It
follows that X has mildly-Hurewicz property. 1

hew Yn such that Wy, W, =
Vn, and for each y € X, y € (YW, for

new

Now we have the following corollary.

Corollary 4.5. If (X,d) is a zero-dimensional separable crowded metric space for
which CD Ry (O, O) holds, then following statements are equivalent:

) X has Hurewicz property;

) X has star-Hurewicz property;

) X has mildly-Hurewicz property;

) X has Hurewicz basis property;

) X has mildly-Hurewicz basis property;

) for each basis B of metric space (X,d) and for each sequence Uy, : n € w)
of open covers of (X,d), there is a sequence (V, : n € w) of finite sets of
elements of B AUy, such that {St(UVn, B AU,) : n € w} is a groupable
cover of X and limy,_diamq(U,) =0 for U, € Vy;

(7) for each basis B of metric space (X, d) and for each sequence Uy, : n € w)

of open covers of (X,d), there is a sequence (V, : n € w) of finite sets of
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elements of B such that {St(JVn, BAU,) : n € w} is a groupable cover of
X and limy,—oodiamq(Uy,) = 0 for U, € Vy;

(8) X is Hurewicz measure zero with respect to every metric on X which gives
X the same topology as d does;

(9) X is star-Hurewicz measure zero with respect to every metric on X which
giwes X the same topology as d does;

(10) X is mildly-Hurewicz measure zero with respect to every metric on X which

gives X the same topology as d does.
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