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Control of spiral waves in optogenetically modified cardiac tissue by periodic optical stimulation
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Resonant drift of nonlinear spiral waves occurs in various types of excitable media under periodic stimulation.
Recently a novel methodology of optogenetics has emerged, which allows to affect excitability of cardiac cells
and tissues by optical stimuli. In this paper we study if resonant drift of spiral waves in the heart can be induced by
a homogeneous weak periodic optical stimulation of cardiac tissue. We use a two-variable and a detailed model
of cardiac tissue and add description of depolarizing and hyperpolarizing optogenetic ionic currents. We show
that weak periodic optical stimulation at a frequency equal to the natural rotation frequency of the spiral wave
induces resonant drift for both depolarizing and hyperpolarizing optogenetic currents. We quantify these effects
and study how the speed of the drift and its direction depend on the initial conditions. We also derive analytical
formulas based on the response function theory which correctly predict the drift velocity and its trajectory. We
conclude that optogenetic methodology can be used for control of spiral waves in cardiac tissue and discuss its
possible applications.
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I. INTRODUCTION

Spiral waves represent a typical example of self-organized
processes in spatially extended nonequilibrium systems with
quite different nature starting from physics to chemistry and
biology [1–3]. Examples include the Belousov-Zhabotinsky
(BZ) reaction [4,5], CO oxidation on platinum [6], heart mus-
cle [7,8], retina of eyes [9], aggregations of Dictyostelium
discoideum amoebae [10], and frog eggs, through which cal-
cium waves propagate [11].

The attractiveness of investigating the dynamics of spiral
waves is not only because they have a special structure, i.e.,
the spiral tip which is regarded as a topological defect [12,13],
but more importantly they contribute to an underlying class of
cardiac diseases, such as tachycardia and fibrillation [14–16].
Thus, it is important to know how to control spiral waves so
that we can prevent or suppress them.

Optogenetics has emerged as an alternative method for
electrical control of the heart, where optical stimuli are used
to elicit a bioelectric response in tissue modified to express
photosensitive proteins (opsins) [17,18]. Its capabilities have
been extensively used to study the mechanisms underlying the
incidence, maintenance, and control of cardiac arrhythmias
[19–22].

Recently, the control of spiral waves in optogenetically
modified cardiac tissue by using optical stimuli has attracted
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much attention [23–25]. Burton et al. [23] studied the optical
control of spiral waves in cardiac tissue and demonstrated
the light-controlled reversal of the cardiac spiral wave chi-
rality. Majumder et al. [24] showed that the light-guided
manipulation of the core of spiral waves can be used to es-
tablish the real-time spatiotemporal control over the position,
number, and rotation of these spirals in cardiac tissue. Both
these studies demonstrate the manipulation of spiral waves
by suprathreshold optical stimulation, which has the ability
to initiate new waves in cardiac tissue. In Ref. [25], Hussaini
et al. studied the dynamics of spiral waves in optogenetically
modified cardiac tissue at subthreshold optical stimulation and
showed that spiral waves undergo a drift in the presence of a
gradient of optical stimulation.

In this paper, we revisit in view of optogenetics one of
the most studied methodologies for control of spiral waves
in excitable medium: resonance drift. Resonance drift was
initially found theoretically and in BZ reaction. It was shown
that periodic variations of properties of excitable medium in
time results in drift of the spiral [26–34] and the most pro-
nounced displacement occurred when the period of variations
was equal to the period of the spiral wave.

In this paper we study manifestation of resonance drift in
optogenetically modified cardiac tissue by applying homoge-
neous weak periodic (i.e., subthreshold) optical stimulation
at a frequency equal to the natural rotation frequency of
the spiral wave. We numerically show that both depolariz-
ing and hyperpolarizing optogenetic currents induce drift of
spirals under weak periodic stimulation and study its prop-
erties in various conditions. We also develop a analytical
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description of this process by applying the response function
theory and compare its predictions with numerical simu-
lations. We show that optogenetic methodology for both
depolarizing and hyperpolarizing ion currents can be success-
fully used for control of spiral waves in cardiac tissue and no
feedback loops are needed for control of the system.

II. MODELS AND METHODS

A. Two-state variable model

To describe the electrical activities of cardiac tissue, we use
the general Barkley model [35,36]:

∂u

∂t
= 1

ε
u(1 − u)

(
u − v + b

a

)
+ D∇2u + Ioptp, (1a)

∂v

∂t
= u − v, (1b)

where u is the fast (voltage) variable while v is the slow
(gating) variable; ε, a, and b are model parameters; D is the
diffusion coefficient. ε, a, b, and D are fixed at 0.02, 0.9, 0.08,
and 1.0, respectively; when we choose such parameter config-
urations, the spiral undergoes rigid rotation. In simulations,
Eq. (1) is integrated on a 500×500 grid via Euler method
with no-flux boundary conditions. The space step and the
time step are fixed at �x = �y = 0.15 and �t = 0.001 25,
respectively.

In this paper, we consider the optical-induced current Ioptp

in cardiac tissue [37]. Depending on which opsins being
expressed the optical-induced current Ioptp can be divided
into the depolarizing current and the hyperpolarizing cur-
rent [38,39]. In model (1) a depolarized state corresponds
to u = umax = 1; thus, we use u = 1 as a Nernst potential
for the depolarizing current correspondingly. Also, we as-
sume that the conductance of the optogenetic channels is g
which depends on the light intensity I1 at given time t . For
simplicity, we set g = I1; thus, we get the following represen-
tation: Ioptp = −g(u−1) = −I1(u−1). Similarly, we can use
Ioptp = −g(u−0) = −I1(u−0) to simulate the optical-induced
hyperpolarizing current since u = umin = 0 corresponds to the
resting potential of model (1). We add homogeneous peri-
odic optical stimulation in the form of I1 = I0[1 + cos(ωI t +
φI )] � 0 to study the effect of weak periodic optical stimula-
tion on spiral waves. ωI is the angular frequency and φI is the
initial phase. Under weak optical stimulation I0 � 1, no new
electric waves emerge, and electric signals can still conduct in
optical-stimulated regions [25].

B. Ionic model

Detailed mathematical models of the ionic currents in
cardiac tissue have been developed to provide a better un-
derstanding of the electrical activity in the heart. To describe
the electric activity of cardiac tissue, we also consider the
Luo-Rudy model that is based on ventricular cardiomyocytes
[40]:

∂V

∂t
= − Iion + Ioptp

Cm
+ ∇ · (D∇V ), (2a)

Iion = INa + Isi + IK + IK1 + IK p + Ib, (2b)

where V is the transmembrane voltage, and Iion is the total
ionic currents which consist of a fast sodium current INa, a
slow inward current Isi, a time-dependent potassium current
IK , a time-independent potassium current IK1, a plateau potas-
sium current IK p, and a time-independent background current
Ib. Cm = 1 μF/cm2 is the membrane capacitance, and D =
0.001 cm2/ms is the current diffusion coefficient. In simula-
tions, we take Gsi = 0, GNa = 5, Gk = 0.423 and keep j ≡ 1,
which may generate a rigidly rotating spiral wave [41,42].

To include light sensitivity, the model (2) is coupled
to a mathematical model of a light-activated protein called
channelrhodopsin-2 (ChR2). This protein is a light-gated
cation channel that responses to blue light. The ChR2 depolar-
izing current Ioptp caused by optical stimulation I1 is described
by the following equation [43]:

Ioptp = gChR2G(V )(O1 + γ O2)(V − EChR2),

O1 + O2 + C1 + C2 = 1,

G(V ) = [10.6408 − 14.6408 exp(−V/42.7671)]/V,

dC1/dt = GrC2 + Gd1O1 − k1C1,

dO1/dt = k1C1 − (Gd1 + e12)O1 + e21O2,

dC2/dt = Gd2O2 − (k2 + Gr )C2,

dO2/dt = k2C2 − (Gd2 + e21)O2 + e12O1, (3)

where gChR2 is the maximal channel conductance, G(V ) is the
voltage rectification function, O1 and O2 are the open-state
probabilities of the ChR2, γ = 0.1 is the ratio of conductance
of open states (O2/O1), and EChR2 is the reversal potential
of the channel. e12, e21, k1, k2, Gd1, Gd2, and Gr are kinetic
parameters representing the transition of ChR2 with the state
O1, O2, C1, and C2. Their equations are

e12 = 0.011 + 0.005 ln(1 + I1/0.024),

e21 = 0.008 + 0.004 ln(1 + I1/0.024),

k1 = ε1F p, k2 = ε2F p,

F = σretI1λ/(wlosshc),

d p/dt = [S0(θ ) − p]/τChR2,

S0(θ ) = 0.5(1 + tanh (120(θ − 0.1))),

Gd1 = 0.075 + 0.043 tanh [(V + 20)/(−20)],

Gd2 = 0.05, θ = 100I1,

Gr = 4.345 87×10−5 exp(−0.021 153 927 4V ),

and furthermore, σret = 12×10−20 m2, wloss = 0.77, τChR2 =
1.3 ms, λ = 470 nm and hc = 1.986 446×10−25 kg m3/s2.
Table 1 in Ref. [43] shows more specific definitions of these
parameters.

By substituting Eq. (3) into Eq. (2), we can stimulate the
system optically at the 2D monodomain level. Equations (2)
and (3) are integrated on 400×400 grids via the Euler method
with no-flux boundary conditions. The space step and the time
step are fixed at �x = �y = 0.015 cm and �t = 0.005 ms,
respectively.
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FIG. 1. Effects of weak periodic optical stimulation on the spi-
ral wave dynamics in the Barkley model. (a) Spiral wave before
stimulation. The wave rotates clockwise around a circular core,
i.e., the path of the spiral tip (white). The model parameters are
ε = 0.02, a = 0.9, and b = 0.08. (b) Spiral wave dynamics under
a homogeneous periodic optical stimulation at a frequency equal to
the natural rotation frequency of the spiral wave. Red line: under
application of the depolarizing current. Blue line: under application
of the hyperpolarizing current. In both cases the spiral wave tip
trajectory is a loopy line with straight net translation. Simulations
for optical stimulation I1 = I0[1 + cos(ωI t + φI )] with I0 = 0.005,
ωI = ω0, and φI = 0. The spiral tip is determined as the intersection
of the isolines of u = 0.5 and v = a/2−b [44].

III. NUMERICAL RESULTS

We begin with the Barkley model (1). In Fig. 1(a), we
generate a clockwise rigidly rotating spiral wave with a ro-
tation frequency ω0 = 1.742. Rigid rotation is the simplest
regime of the spiral wave motion. Such rotation occurs with a
constant angular velocity and the spiral tip describes a circular
trajectory. The tip is the inner end of the spiral arm, and
its location is defined as the intersection of the isolines of u
and v.

We add homogeneous weak periodic optical stimulation to
the system to study its effect on the spiral wave. Numerical
simulations show that when ωI and ω0 are equal, the spiral
wave undergoes a resonant drift. The drift trajectory of the
tip is displayed in Fig. 1(b) under periodic optical stimu-
lation with I0 = 0.005, ωI = ω0, and φI = 0. The red line
and the blue line represent the spiral tip trajectory under the
optical-induced depolarizing and hyperpolarizing currents, re-
spectively. The spiral tip initially rotates around the central
black circle. Due to periodic stimulation the tip of the spiral
undergoes induced drift along the trajectory which consists of
the rotation and the translation along a straight line.

Now we study the resonant drift of the spiral wave in more
detail. The drift velocity of the spiral wave is related to I0, φI

and its initial phase �. By selecting appropriate φI or �, it is
possible to choose any drift direction .

We first fix I0, φI and change � in the range of 0−2π .
In Fig. 2, the drift speed |Ṙ| and the drift direction  are
plotted for different �. We can see that |Ṙ| is independent
of � [Figs. 2(a) and 2(c)], and  changes linearly with �

[Figs. 2(b) and 2(d)].
We also changed the initial phase of the stimulation φI

in the range of 0−2π and found similar dependencies (see
Supplemental Material, Fig. S1 [45]). The results presented in
Figs. 2 and S1 confirm the rotational symmetry of the prob-

FIG. 2. The relationship between the drift velocity and the initial
phase � of the spiral wave with I0 = 0.005, ωI = ω0, and φI = 0. (a),
(c) Drift speed |Ṙ| vs �. (b), (d) Drift direction  vs �. The white
circle and the red line represent numerical results and theoretical
results, respectively. Top row: the depolarizing current case. Bottom
row: the hyperpolarizing current case.

lem and show that the drift direction of spiral waves can be
significantly affected by the initial phases of periodic optical
stimulation and spiral wave. All the drift directions are also
accessible by changing the initial phase of the periodic optical
stimulation or spiral wave.

Thus far, we have shown, through direct numerical simula-
tions of the Barkley model, that under weak periodic optical
stimulation with ωI = ω0 the drift speed |Ṙ| of the spiral is
independent of � and φI , and the drift direction  depends
both on � and φI .

The Barkley model used in this paper is a generic model
for excitable medium. Although it reproduces main properties
of propagating waves in cardiac tissue it does not represent
in detail the process of generation of cardiac action potential,
which may have influence on the resonant drift of spiral waves
in cardiac tissue. Therefore, we further investigated the drift
behavior of spiral waves under periodic optical stimulation
in the Luo-Rudy model (2) which is a detailed mathematical
model for cardiac tissue and includes description of the main
ionic currents generating cardiac action potential.

Figure 3(a) shows a rigidly rotating spiral wave in the Luo-
Rudy model. We study the effects of weak periodic optical
stimulation on the spiral wave by adding a weak periodic
optical stimulation in the form of I1 = I0[1 + cos(ωI t + φI )].
Similar to the Barkley model, the spiral wave undergoes a
resonant drift [Fig. 3(b)]. The drift is also along the loopy tra-
jectory which consists of the rotation and the linear translation
as displayed in Fig. 3(b). Additional simulations confirmed
that, same as the Barkley model, the drift direction  of the
spiral also changes linearly with � or φI (The relationship of
drift direction  and � or φI is not shown in the figures).
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FIG. 3. Effects of weak periodic optical stimulation on the spi-
ral wave dynamics in the Luo-Rudy model with GNa = 5, GK =
0.423, GSi = 0.0, and j ≡ 1. (a) Clockwise rigidly rotating spi-
ral wave. The path of the spiral tip (white) is a circle. (b)
Spiral wave dynamics under homogeneous periodic optical stimu-
lation: I1 = I0[1 + cos(ωI t + φI )] with I0 = 0.001 mW/mm2, ωI =
ω0= 0.1403 rad/ms, and φI = 0. The tip trajectory exhibits a loopy
line with straight net translation (red). The spiral tip is determined by
the intersection point of two contour lines of the voltage correspond-
ing to −35 mV with the time interval of 2 ms [41].

IV. THEORETICAL ANALYSIS

To analyze theoretically the drift behavior of spiral waves
in cardiac tissue under the influence of homogeneous weak
periodic optical stimulation, we rewrite the Barkley model in

the matrix form:

∂t u = F(u) + D�u + h, (4)

where u = [u, v]T , F(u)=[ε−1u(1−u)[u−(v+b)/a], u−v]T ,
D = diag(1, 0). h represents the optical stimulation. If h =
−I0[1 + cos(ωI t + φI )](u−1)[1, 0]T , the optical stimulation
generates the depolarizing current, and when h = −I0[1 +
cos(ωI t + φI )](u−0)[1, 0]T , the optical stimulation generates
the hyperpolarizing current.

In the absence of optical stimulation, a rigidly clockwise-
rotating spiral wave solution to Eq. (4) has the form

U(�r, t ) = U(ρ(�r − �R), ϑ (�r − �R) + ω0t − �), (5)

where �R = (X,Y )T is the rotation center of spiral waves;
ρ(�r − �R) and ϑ (�r − �R) are polar coordinates constructed with
�R as the center. We set �ζtip(t ) as the tip of the spiral wave. The
initial phase � is the angle between �ζtip(t = 0) − �R and x axis,
which is measured counterclockwise from the positive x axis.

According to the response function theory [46–48], for a
rigidly rotating spiral wave, the drift velocity can be analyzed
in a reference polar coordinate system corotating with the
initial phase and the angular frequency of the spiral wave
around its rotation center. In the reference system, �R′ = 0 and
�′ = 0. Following the methods in Ref. [49], we can obtain the
drift velocity of spiral waves under weak optical stimulation
with ωI = ω0:

Ṙ(t ) = ei�
∫ t+π/ω0

t−π/ω0

ω0dτ

2π
e−iω0τ

〈
W(1)(�′ = 0),−I0[1 + cos(ω0τ + φI )][U (�′ = 0) − 1]

(
1

0

)〉
, (6a)

Ṙ(t ) = ei�
∫ t+π/ω0

t−π/ω0

ω0dτ

2π
e−iω0τ

〈
W(1)(�′ = 0),−I0[1 + cos(ω0τ + φI )][U (�′ = 0) − 0]

(
1

0

)〉
, (6b)

where W(1) is one of the response functions of the spiral wave
with critical eigenvalue −iω0. Equation (6a) represents the de-
polarizing current and Eq. (6b) represents the hyperpolarizing
current. The time-independent term in the inner product 〈w, v〉
is always equal to zero after integration of one period time.
Therefore, the drift velocity can be expressed as

Ṙ = I0μ

2
ei(�+φI +ν), (7)

where

μeiν =
〈
W(1)(ρ, θ,�′ = 0),

1 − U (�′ = 0)
0

〉
, (8a)

μeiν =
〈
W(1)(ρ, θ,�′ = 0),

0 − U (�′ = 0)
0

〉
. (8b)

R(t ) = X + iY is the complex coordinate constructed with
the instantaneous rotation center location of the spiral wave.
Equation (8a) represents the depolarizing current and Eq. (8b)
represents the hyperpolarizing current. Therefore, Ṙ = |Ṙ|ei

is the drift velocity, |Ṙ| is the drift speed, and  is the drift
direction. From Eq. (7), we obtain finally

|Ṙ| = I0μ

2
,  = � + φI + ν. (9)

Using the open-source software DXSPIRAL [50], we can
compute the drift coefficients μ and ν. For the parameters
in Fig. 1, we get μ = 7.9218 and ν = −3.0862 for the de-
polarizing current and μ = 3.4542 and ν = −0.2538 for the
hyperpolarizing current, respectively.

Based on Eq. (9), we can find the following character-
istics of the resonant drift of spiral waves in cardiac tissue
induced by periodic optical stimulation. First, the drift speed
|Ṙ| is directly proportional to the amplitude of the periodic
optical stimulation I0, but independent of the initial phase �

of the spiral wave and the initial phase φI of the periodic
optical stimulation. It agrees well with the numerical results
displayed in Figs. 2(a), 2(c), and S1(a), S1(c). Furthermore,
the values of the drift speed |Ṙ| predicted by the theory [the
red solid lines in Figs. 2(a), 2(c), and S1(a), S1(c)] are quan-
titatively consistent with those measured directly from the
numerical simulations. Second, the drift direction  changes
linearly with �, i.e., � = �� when φI is fixed. They are
quantitatively consistent with the numerical results as shown
in Figs. 2(b) and 2(d). Third, the spiral wave drifts along
different directions when we change φI , i.e., � = �φI when
� is fixed. They also quantitatively agree with the numerical
results as shown in Figs. S1(b) and S1(d).

Now let us study the trajectory of a spiral tip in more
detail. We substantially extended the size of the domain

044210-4



CONTROL OF SPIRAL WAVES IN OPTOGENETICALLY … PHYSICAL REVIEW E 105, 044210 (2022)

FIG. 4. The same as in Fig. 1(b) but in a large domain and
extended running time. The tip trajectory exhibits a loopy line (red
and blue) and the drift trajectory of the spiral rotation center is a
circle. The black line is the fitted curve for the drift trajectory of
the spiral rotation center. (a) The depolarizing current case, where
the radius is r = 13.2083. (b) The hyperpolarizing current case,
where the radius is r = 11.0472. The periodic optical stimulation
I1 = I0[1 + cos(ωI t + φI )] with amplitude of I0 = 0.005.

and studied the drift trajectory under weak periodic optical
stimulation h = −I0[1 + cos(ωI t + φI )](u−1)[1, 0]T for de-

polarizing and h = −I0[1 + cos(ωI t + φI )](u−0)[1, 0]T for
hyperpolarizing current. The result is shown in Figs. 4(a) and
4(b). We see that actually spiral drift trajectory here is a circle
of a large radius.

In Ref. [48], Biktasheva et al. pointed out that spiral waves
will undergo resonant drift under general weak periodic force
h = I0 cos(ω0t + φI )[1, 0]T (I0 � 1) and the typical trajec-
tory of a resonantly drifting spiral wave is a large circle of
radius r = O(I−1

0 ) 	 1. Therefore, under weak periodic force
h = I0 cos(ω0t + φI )[1, 0]T , the spiral drift trajectory is close
to a straight line in a limited size system.

Note, however, that in our case, since the light intensity
is no less than zero, the expression for the periodic force has
a different form: instead of I0 cos(ω0t + φI )[1, 0]T the peri-
odic force is −I0[1 + cos(ω0t + φI )](u−1)[1, 0]T or −I0[1 +
cos(ω0t + φI )](u−0)[1, 0]T .

As a result, in our case the drift along the circle of finite
radius is due to a different effect: change of frequency of spiral
wave. Because of that, such circular drift will also occur in an
finite system as r ≈ O(1). Let us show it theoretically.

For weak optical stimulation with ωI = ω0, we can obtain
that the change of the frequency is

�̇(t ) =
∫ t+π/ω0

t−π/ω0

ω0dτ

2π

〈
W(0)(�′ = 0),−I0[1 + cos(ω0τ + φI )][U (�′ = 0) − 1]

(
1

0

)〉
, (10a)

�̇(t ) =
∫ t+π/ω0

t−π/ω0

ω0dτ

2π

〈
W(0)(�′ = 0),−I0[1 + cos(ω0τ + φI )][U (�′ = 0) − 0]

(
1

0

)〉
, (10b)

Eq. (10a) for the depolarizing current and Eq. (10b) for the hyperpolarizing current. After integration, one can get

�̇ = I0χ, (11)

where

χ =
〈

W(0)(�′ = 0),
1 − U (�′ = 0)

0

〉
or χ =

〈
W(0)(�′ = 0),

0 − U (�′ = 0)

0

〉
.

W(0) is one of the response functions of the spiral wave
with critical eigenvalue 0. For the parameters in Fig. 1, we get
χ = −0.3612 for the depolarizing current and χ = 0.1427 for
the hyperpolarizing current, respectively.

From Eq. (9), we can know that ̇ = �̇, and that the drift
speed |Ṙ| is independent of �; thus, we know that �̇ is the
angular velocity of the resonant drift and the radius of the
circle is

r = |Ṙ|/|�̇| =
∣∣∣∣ μ

2χ

∣∣∣∣ = O(1). (12)

Thus, we see that compared to the results of Ref. [48], the
radius in our case is indeed r ≈ O(1) and does not depend
on I0. In Fig. 4, we extend the running time of Fig. 1(b) and
observe that the spiral wave drifts along a circle of radius
r = 13.2083 for the depolarizing current and r = 11.0472
for the hyperpolarizing current. All are close to the radius
r = 10.9669 for the depolarizing current and r = 12.1064 for
the hyperpolarizing current, which are predicted by Eq. (12).
If we decrease I0 to 0.001, the observed radius r in numerical
simulations becomes r = 11.8683 for the depolarizing current
and r = 11.7000 for the hyperpolarizing current, which are
closer to the radius that the theory predicts.
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FIG. 5. The relationship between the drift speed |Ṙ(t )| and I0.
The red line indicates the theoretical results and the blue square line
represents the numerical results. (a) The depolarizing current case.
(b) The hyperpolarizing current case.

V. DISCUSSION

A. Effect of the amplitude

Through the previous content, we have observed the res-
onant drift of the rigidly rotating spiral wave under weak
periodic optical stimulation and analyzed it theoretically. In
Fig. 5, we study the relationship between the drift speed
|Ṙ(t )| of spiral waves and the amplitude of periodic optical
stimulation I0 in a wide range of the amplitude. We see that
when I0 is relatively small, the theoretical results of the drift
speed agree well with its numerical results. However, when
I0 increases, the simulation results start to deviate from the
theoretical results.

B. Cardiac parameters

In our paper we used a generic Barkley model for cardiac
tissue and also an ionic Luo-Rudy model. A typical drift
speed of a spiral wave in Luo-Rudy model was 0.347 cm/s for
I0 = 0.001 mW/mm2. Note, however, that in a modification
of Luo-Rudy model used in our paper a typical period of
spiral wave is 44.8 ms and a spatial wavelength of a spiral
is 1.54 cm. This means that in dimensionless units, when a
spatial variable is expressed in wavelength λs and time is
normalized by a period of rotation Ts, the drift speed will
be 0.0101 λs/Ts with I0 = 0.001 mW/mm2, or during one
stimulation cycle, a spiral wave core shifts 0.0101 λs. As a
typical wavelength of a rotor is of the order of 3−7 cm and a
period of an arrhythmia in the human heart is on the order of
150−200 ms [51,52], we can expect that for parameters used
in our simulations a typical drift speed in the human heart will
be 0.151–0.469 cm/s. As the typical size of ventricles in the
human heart is on the order of 10 cm, we estimate that bring-
ing spiral waves from the center to the outer edge of the heart
will take the order of 10−30 s, which in our view, is relevant
for clinical interventions. The amplitude of the stimulation is
realistic, as it is based on a realistic model of optogenetic
channel. In a generic Barkley model similar estimates give
0.00635 λs/Ts for the depolarizing current and 0.00288 λs/Ts

for the hyperpolarizing current with I0 = 0.005. The expected
drift speed of arrhythmias will be 0.0953−0.296 cm/s for the
depolarizing current and 0.0433−0.135 cm/s for the hyper-
polarizing current. According to Fig. 5, with I0 increasing
to 0.1, Barkley model estimates give 0.109 λs/Ts for the

FIG. 6. Resonant drift of the meandering spiral wave. (a) Mean-
dering trajectory of the spiral tip. (b) The spiral tip trajectory exhibits
straight net translation. Red line: the depolarizing current case. Blue
line: the hyperpolarizing current case.

depolarizing current and 0.0747 λs/Ts for the hyperpolar-
izing current. The expected drift speed of arrhythmias will
be 1.64–5.09 cm/s for the depolarizing current and 1.12 −
3.45 cm/s for the hyperpolarizing current. Thus, it takes about
1−4 s to move a spiral wave from the center to the outer edge
of the heart.

C. Resonant drift for meandering spirals

The spiral wave dynamics was also extensively studied in
the chemical excitable medium: the BZ reaction. Also, the
resonant drift phenomenon for spiral waves subjected to the
external periodic forcing has been studied in numerous ex-
periments as well as numerical simulations in light-sensitive
BZ reactions [28–34]. And, in light-sensitive BZ reactions,
the resonant drift has been observed for both rigidly rotating
spiral waves and meandering spiral waves.

Considering that rigid rotation is not the only possible
regime of spiral waves in cardiac tissue, we further applied
weak periodic stimulation to meandering spiral waves and
also observed the resonant drift which is similar to that of
the rigidly rotating spiral wave. The meandering spiral wave
is generated by the general Barkley model [35,36] with ε, a,
b, and D being 0.02, 0.58, 0.05, and 1.0, respectively. The
meandering trajectory of the spiral tip is shown in Fig. 6(a).
The drift trajectory of the spiral tip is shown in Fig. 6(b)
under periodic optical stimulation with I0 = 0.001 and ωI =
ω0= 1.340. ω0 is the frequency of the meandering spiral
wave, which corresponds to the primary simple rotation of
the spiral tip [53,54]. Similar to a rigid rotation, we see a
combination of the basic dynamics (in this case meandering)
and a net linear shift of the trajectory.

D. Interaction with the boundary

In this paper we studied the process of resonant drift of
spiral waves. This drift can bring spiral waves to the boundary
of the medium and result in its elimination. However, we did
not study in detail the process of interaction of spiral wave
with the boundary. Note that interaction of a spiral wave with
a no-flux boundary causes the drift of a spiral wave if its core
is located sufficiently close to the boundary [55]. In addition to
that, resonant drift can cause reflection of spiral waves from
the boundary [46,56]. This resonant reflection is a complex
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process and its control, e.g., by using the methods considered
in Ref. [57], can make the annihilation of spiral wave at the
boundary more efficiently. It would be interesting to study the
interaction of resonant drift under periodic optical stimulation,
considered in our paper, with the boundaries of the medium.

E. Resonance phenomenon in 3D

In this paper we studied resonance phenomenon in a 2D
model for cardiac tissue. Compared to 2D, resonance phe-
nomenon in 3D is largely underinvestigated. Also, because in
2D light can be applied to the surface of the tissue only, it
would be interesting to find out effects of optical stimulation
in that case as well. Here, one can use anatomical models of
the heart as, e.g., in Refs. [58,59]. Note that in 3D there is also
its own drift of 3D spiral wave [60,61], which can additionally
contribute to the drift induced by the optical forcing.

F. Feedback control

In our cases the frequency of external forcing is constant
and equals to the rotation frequency of the unperturbed spiral
wave. In studies of resonant drift also other ways of frequency
control were considered, and one of the most studied is the
feedback control. In that case, the frequency of a perturbation
was determined by an excitation frequency measured during
the process of resonant drift. One of the most straightforward
ways to do this is to measure the frequency by an electrode
placed at some points in the tissue. In that case instead of
motion along a straight line the spiral wave tip approaches
an asymptotic trajectory with a symmetry center located at
the measuring point [62]. The trajectory depends on various
conditions. They are locations of the measuring electrodes
with respect to the location of a spiral wave core, the delay
of stimulation after passage of the wave, and some other
factors. As a result, the spiral wave core can approach that
measuring point (attraction), or approach another attractor at
some distance from the measuring point [62]. Another type of
feedback control was considered in Ref. [63], where instead
of local measurement of the period, a feedback signal was
generated from the integration of state variables in a certain
domain. In that case the drift velocity field of spiral core can

be very complex and depends on the size and the shape of the
integration domain. In Ref. [64] a feedback control based on
simulated electrocardiograms was considered and it resulted
in effective elimination of spiral waves in the tissue. It would
be interesting to study how these and other ways of local
and global feedback control work for subthreshold optical
stimulation considered in our paper.

VI. CONCLUSION

In summary, we have numerically studied the drift of spiral
waves in cardiac tissue under the influence of homogeneous
weak periodic optical stimulation in the Barkley model and
the Luo-Rudy model. We find that spiral waves undergo a
resonant drift under weak periodic optical stimulation at fre-
quencies equal to those of the spirals. Using the response
function theory, we derive a drift velocity of spiral waves in
the Barkley model due to weak periodic optical stimulation
and all the theoretical results agree with the numerical results
quantitatively. In addition, in the limited size system, we find
that the drift trajectory of the spiral wave is a circle under
weak periodic optical stimulation. Further theoretical analysis
based on the response function theory has been proposed and
the observed radius of the drift trajectory in numerical simula-
tions is close to the radius that the theory predicts. We expect
that the resonant drift under homogeneous weak periodic op-
tical stimulation at a frequency equal to the natural rotation
frequency of the spiral wave is a common phenomenon. We
hope that this phenomenon can be observed in cardiac ex-
periments, and that this simple method of controlling cardiac
arrhythmias could be implemented in clinical applications.
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