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How particle interactions and clustering affect the dynamic magnetic susceptibility
of ferrofluids
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Abstract

The effects of magnetic interparticle interactions on the frequency-dependent, dynamic magnetic susceptibility of ferroflu-
ids are summarised with reference to recent theoretical and simulation studies. With weak to moderate interactions, the
dynamic magnetic susceptibility qualitatively resembles the classic Debye prediction, but with features shifted to lower
frequencies as the particle concentration and/or interaction strength are increased. This shows that the mutual spatial
and orientational correlations arising from the interactions lead to slower collective motions. With strong interactions,
and at low concentrations, the particles form chain-like and ring-like clusters, and this leads to distinct collective and
intracluster motions being apparent in the dynamic magnetic susceptibility. The initial formation of chains increases the
static susceptibility, while the subsequent formation of rings decreases it.

Keywords: ferrofluids, dynamic magnetic susceptibility, chain aggregates, ring-like clusters, Brownian dynamics
simulations

1. Introduction

One of the most attractive applications of ferrofluids
is as heating media in magnetic hyperthermia treatments
[1, 2, 3, 4, 5]. Here, the ferrofluid is exposed to an ac exter-
nal magnetic field, and energy is dissipated as heat. The5

heating rate is proportional to the imaginary, or out-of-
phase, component of the dynamic magnetic susceptibility
χ(ω) = χ′(ω) − iχ′′(ω) [6, 7]. χ(ω) characterises the lin-
ear response of the magnetisation to a weak ac field [8].
The peak frequency in the imaginary part is controlled by10

the intrinsic rotation time of the magnetic nanoparticles
[9, 10], and the interactions between the particles. Con-
cerning the interactions, two different types of non-linear
collective effects are worth mentioning here. The first
one is the hydrodynamic interaction between ferroparti-15

cles, arising from perturbations of the hydrodynamic fields
influenced by the other rotating particles. Since the solu-
tion of this problem is unknown, the common approach
[11, 12, 13] is to replace the viscosity η of the carrier liquid
in the expression for the Brownian relaxation time τB ∝ η20

with some effective viscosity of the suspension, which in-
creases with the ferroparticle concentration. The second
effect results from the collective long-range magnetic inter-
particle interactions between ferroparticle magnetic mo-
ments, which is the main focus of this contribution. The25
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theoretical framework is based on Brownian dynamics, i.e.,
a particle’s magnetic dipole moment is fixed within the
body frame, and reorientation happens by particle rota-
tion [14]; Néel rotation is not considered here.

2. Model and theoretical methods30

The ferrofluid is modelled as a system of N particles
in a volume V at temperature T . The number concentra-
tion of ferroparticles is ρ = N/V . Each particle has hy-
drodynamic diameter d and magnetic dipole moment m.
The ferroparticles interact with an external magnetic field35

through the Zeeman energy, and with each other through
the dipole-dipole interaction potential. The total volume
fraction φ, the dipolar coupling constant λ characteris-
ing the strength of the interparticle interactions, and the
Langevin (initial) susceptibility χL are given by40

φ =
πρd3

6
, (1)

λ =
µ0m

2

4πd3kBT
, (2)

χL =
µ0ρm

2

3kBT
= 8λφ, (3)

where µ0 is the vacuum permeability, kBT is the thermal
energy, and kB is Boltzmann’s constant.

Only the Brownian relaxation mechanism is considered
here, and so the magnetic moment is fixed inside the body
of the particle. In other words, the energy of the magnetic
crystallographic anisotropy is considered much larger than
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the thermal energy. For a particle in a liquid with viscosity
η, the Brownian rotation time of a single particle is given
by

τB =
πηd3

2kBT
. (4)

Next, it is assumed that the container of the ferrofluid
is shaped like a highly elongated ellipsoid, and a weak lin-
early polarised probing ac magnetic field H(t) = H0e

iωt

is applied along the principal axis of the ellipsoid. The
demagnetisation effect can be neglected for this configu-
ration. If the field strength amplitude is weak, meaning
µ0mH0/kBT ≪ 1, then the magnetisation is within the
linear response regime. This is written

M(t) = χ(ω)H(t) = M0e
i(ωt−δ), (5)

where χ(ω) = χ′(ω) − iχ′′(ω) is the (initial) dynamic
magnetic susceptibility. The magnetic response has an
in-phase component H0χ

′(ω) = M0 cos δ, and an out-of-45

phase component H0χ
′′(ω) = M0 sin δ due to the fact that

the ferroparticles cannot rotate infinitely fast. The phase
lag is 0 ≤ δ = arctan (χ′′/χ′) ≤ π/2 (the magnetisation
lags behind the field). The power loss is proportional to
the imaginary part of the dynamic magnetic susceptibility,50

χ′′(ω) [6].
Linear response theory leads to an important relation-

ship between χ(ω) and the time correlation function C(t)
of the equilibrium magnetisation fluctuations in zero field
[15]:

χ(ω)

χ(0)
= 1 + iω

∫ ∞

0

C(t)eiωtdt. (6)

C(t) is defined by

C(t) =
⟨M(t) ·M(0)⟩
⟨M(0) ·M(0)⟩

, (7)

where M(t) =
∑N

j=1 mj(t) is the instantaneous magneti-
sation of the sample, mj(t) is the dipole moment on par-
ticle j, and of course ⟨M(t)⟩ = 0. This provides a conve-
nient route to calculating χ(ω) from Brownian dynamics55

(BD) simulations, as has been demonstrated in recent work
[16, 17, 18, 19].

2.1. Debye model

In the ideal case of non-interacting particles – which
corresponds to the original Debye theory [20, 21] – the
time correlation function is simply

CD(t) = e−t/τB , (8)

and the real and imaginary parts of the dynamic magnetic
susceptibility are then given by the well-known Debye ex-60

pressions

χ′
D(ω) =

χL

1 + ω2τ2B
, (9a)

χ′′
D(ω) =

χLωτB
1 + ω2τ2B

, (9b)

where the static susceptibility χD(0) is equal to the Langevin
value χL. Note that χ′′

D(ω) shows a maximum at the fre-
quency ωmax = τ−1

B , which suggests a useful way of mea-
suring the effective relaxation time(s) in other situations.65

Obviously, the Debye model is applicable only for very
dilute ferrofluids, under conditions where the interparti-
cle distance greatly exceeds the particle size, and the ef-
fects of interparticle interactions may be ignored. In this
case, the susceptibility appears to be a linear function of70

the ferroparticle concentration, as in Eq. (3). Taking the
magnetic interparticle interactions into account results in
a non-linear concentration dependence of the susceptibil-
ity, and this dependence is the subject of the following
discussion.75

2.2. Modified mean-field model

There have been many attempts to include the effects
of magnetic interactions [11, 12, 22, 23, 24, 25, 26]. The
basic phenomenology is that interactions between particles
lead to more collective, and hence slower, motions. The80

correction term to the Debye formulae, quadratic in the
ferroparticle concentration, was proved mathematically in
Ref. [27] using the method known as the ‘modified mean-
field model’ (MMF), although it is actually a perturbative
approach. The result for the dynamic magnetic suscepti-85

bility can be expressed entirely in terms of χD(ω) [13, 27]:

χ′
MMF(ω) = χ′

D(ω)

+
1

3

{
[χ′

D(ω)]
2 − [χ′′

D(ω)]
2
}
; (10a)

χ′′
MMF(ω) = χ′′

D(ω)

[
1 +

2

3
χ′
D(ω)

]
. (10b)

Note that the static susceptibility is given by χMMF(0) =
χL(1+χL/3), which is a well-known result derived long ago
[28, 29, 30]. These results have been tested against both90

experimental [13, 27, 31] and simulation data [16, 17, 32],
and they are reliable as long as the Langevin susceptibility
χL ≲ 1.

2.3. Modified Weiss model

The so-called ‘modified Weiss model’ (MW) is an ex-
tension of the classic Weiss model in a way that removes a
divergence of the susceptibility at χL = 3, which does not
occur in real ferrofluids. The resulting MW expression for
the dynamic susceptibility is

χMW(ω) =

(
1 + 1

3χL

)
χD(ω)

1 + 1
3χL − 1

3χD(ω)
, (11)

from which the real and imaginary parts can be separated95

out easily. Importantly, the static low-frequency limits
of the MMF and the MW models coincide. Comparisons
with computer-simulation results show that the MW the-
ory is marginally better than the MMF theory, and that
the predictions are reliable for systems with χL ≲ 3 [17].100
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The main prediction of both dynamic models is the
shift of the maximum of the imaginary part, χ′′(ω), to-
wards frequencies lower than the Debye model prediction
ωmax = τ−1

B . This effect, elucidated by computer simula-
tion and demonstrated in Fig. 1, leads to the conclusion105

that the collective magnetic correlations in a ferroparti-
cle ensemble slow down the dynamic magnetic response;
essentially, τB should be replaced by an effective rota-
tion time τeff > τB. For monodisperse ferroparticles, the
MMF prediction for the effective collective relaxation time110

is τeff = τB (1 + χL/3), which is linear in the ferroparticle
concentration.
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Figure 1: The real and imaginary parts of the dynamic magnetic
susceptibility of monodisperse ferrofluids with λ = 1. The computer
simulation data are shown with symbols for the volume concentra-
tions (a) φ = 0.105, χL = 0.838) and (b) φ = 0.314, χL = 2.51. The
lines are the predictions from the Debye (black), MMF (red), and
MW (blue) theories.

The general conclusion of this Section is that the mag-
netic dipole interactions reduce the relaxation rate due
to increased correlations between magnetic nanoparticles,115

leading to collective motions. This conclusion is supported
by several other studies [33, 34, 35, 36].

3. Structural ‘chain–ring’ crossover

The perturbative MMF and MW theories are valid only
for weak to moderate interparticle interactions, when the120

corrections to the Debye model are dependent on the prod-
uct of the dipolar coupling constant and the volume con-
centration, i.e., the Langevin susceptibility χL. By con-
trast, the magnetic properties of ferrofluids become ex-
plicitly dependent on λ for strongly interacting ferropar-125

ticles [16]. At low concentrations φ ≪ 0.1, and with high
dipolar coupling constant λ > 4, dipolar particles self-
assemble to form flexible chain-like clusters [37, 38, 39,
40, 41]. The physical reason for this effect is the energet-
ically favourable configuration of neighbouring ferropar-130

ticles with a ‘head-to-tail’ orientation of their magnetic
moments. The association energy prevails over the loss
in entropy, and for each φ and λ, a distinct equilibrium
distribution of chains is established [42]. At low concen-
trations, and with increasing λ to about 6, the impact135

is that the formation of chains increases the static ini-
tial magnetic susceptibility χ(0) faster than χL, because
of the strong orientational correlations between particles
in a given chain. This effect is illustrated in Fig. 2, where
theoretical predictions are compared with BD simulation140

results at φ = 5.24× 10−4, but it has also been confirmed
experimentally [43]. Above λ ≃ 7, the chains start to
close up and form ring-like clusters. The driving force of
the crossover from chains to rings (for four or more par-
ticles) is the association energy when the chain ends are145

closed, and the magnetic flux becomes closed inside the
ring-like cluster [44]. The chain closing is accompanied by
a loss of conformational entropy of the free chain ends,
but the energy change prevails with strong dipolar cou-
pling. This structural crossover, elucidated by means of150

computer simulations [41], was studied theoretically in de-
tail in Refs. [45, 46]. A ring-like cluster has a very low
net dipole moment, it behaves like a ‘magnetic hole’, and
so it does not respond to a weak applied magnetic field.
Thus, the crossover to ring-like clusters is accompanied by155

a rapid decrease of χ(0) [19, 45], as is shown in Fig. 2.
A recent study on very dilute systems with φ = 5.24×

10−4 and 1 ≤ λ ≤ 8 uncovered pronounced effects of clus-
tering on the dynamic magnetic susceptibility as well [19].
Examples are shown in Fig. 3. χ(ω) is divided by the160

Langevin susceptibility, which with the stated value of φ,
and 5 ≤ λ ≤ 8, is in the range 0.0209 ≤ χL ≤ 0.0335.
With λ = 5, there is a single peak in χ′′(ω) in the re-
gion of ωτB = 1 [Fig. 3(a)]. The dynamic response is
essentially that of weakly interacting but unclustered par-165

ticles, and it is close to the Debye behaviour (9). With in-
creasing λ, the formation of chains leads to an increase in
the effective rotation time, and hence χ′′(ω) shows a low-
frequency peak, well below the single-particle frequency.
This is quite clear in Fig. 3(b) with λ = 6, where two clear170

peaks in χ′′(ω) are in evidence: one at ωτB ≃ 0.03 and
the other at ωτB ≃ 1. The obvious interpretation is that
the lower-frequency peak arises from short chains, and the
higher-frequency peak arises from unclustered but inter-
acting particles. With λ = 7 [Fig. 3(c)], the predominant175

peak in χ′′(ω) is at ωτB ≃ 0.002, which again must be due
to chains, but now longer ones. It is worth mentioning

3



0 1 2 3 4 5 6 7 8 9

0.00

0.01

0.02

0.03

0.04

0.05

χ
(0

)

(a)

non-interacting (χ
L
)

interacting

BD d = d
LJ

BD d = d
HS

0 1 2 3 4 5 6 7 8 9

λ

0.0

0.5

1.0

1.5

2.0

χ
(0

) 
/ 

χ
L

(b)

non-interacting chains

rings

Figure 2: (a) The static susceptibility χ(0), and (b) χ(0) divided
by the Langevin susceptibility χL, as functions of the dipolar cou-
pling constant λ, for ferrofluids with particle volume fraction φ =
5.24× 10−4. The dashed black lines are for non-interacting particles
[χ(0) = χL], the solid black lines are the predictions of the chain–ring
structural transformation theory [45], and the symbols are from BD
simulations [19]. The simulation results are shown in two forms, with
λ (2) calculated using either a Lennard-Jones particle diameter (dLJ)
or an effective hard-sphere diameter (dHS). The dotted black lines
show the approximate boundaries between states where the struc-
ture is primarily unclustered (non-interacting) particles, chains, and
rings.

that the main peak at ωτB ≃ 1 has actually disappeared,
which means that the portion of unclustered particles can
be neglected at λ = 7. As chains start to close up to180

form rings at λ = 8 [Fig. 3(d)], the low-frequency peak
at ωτB ≃ 0.002 becomes much less pronounced, due to
there being a smaller number of long chains. Interest-
ingly, a high-frequency peak in χ′′(ω) appears unexpect-
edly, which turns out to be associated with intracluster,185

single-particle oscillations. A large dipolar coupling con-
stant means that there are strong torques which act to
keep the dipole moments aligned. In conjunction with the
Brownian forces on the particle, the time scale of the ori-
entational fluctuations is short as compared to τB, and the190

corresponding signature in the dynamic magnetic suscep-
tibility spectrum appears at high frequency. A dynamical,
one-particle theory, including the average torque arising
from neighbouring particles, yields an accurate estimate
of the characteristic time [19], which is in the region of195

0.05τB when λ = 8, and gives a peak at ωτB ≃ 20. Such
high-frequency motions must be present whenever there
are clusters, but they are only visible in χ′′(ω) when all
of the chains have closed up to form rings, since the chain
contribution to χ(ω) is so much larger than that of indi-200

vidual particles or rings.
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Figure 3: The dynamic magnetic susceptibility χ(ω), divided by the
Langevin susceptibility χL, for ferrofluids with volume fraction φ =
5.24 × 10−4: (a) λ = 5; (b) λ = 6; (c) λ = 7; (d) λ = 8. The
solid black line represents the real part, and the dashed black line
the imaginary part, from BD simulations. In (d), the solid red line
and dashed red line represent the Debye functions with an effective
Brownian time 0.0510τB, and scaled to give the peak height in χ′′(ω).

4. Summary

In the case of weak to moderate interactions, meaning
λ ≲ 2 and χL ≲ 3, the peak in the frequency spectrum
of the imaginary part of the susceptibility shifts towards205

lower frequencies, which can be interpreted as the collec-
tive response of the ferroparticles being slower than the
response of individual, non-interacting particles. In this
regime, the effective collective relaxation time is a linear
increasing function of the static Langevin susceptibility,210

meaning that it is proportional to both λ and φ.
Strong magnetic interactions, 4 ≲ λ ≲ 6, in a diluted

magnetic suspension, φ ≲ 0.05, lead to the formation of
ferroparticle chains, the presence of which results in a sig-
nificant increase of the static magnetic susceptibility, and215

the appearance of an additional peak in the imaginary sus-
ceptibility at frequencies much lower than τ−1

B . This peak
corresponds to the hydrodynamic rotation of a flexible
chain, and it is obviously dependent on the chain length;
the longer the chain, the lower the frequency.220

Further strengthening of the interparticle interactions,
λ ≳ 7, is accompanied by the ‘chain–ring’ structural crossover,
during which the energy decrease on joining the chain ends
compensates for the loss in the conformational entropy of
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the free chain ends. The magnetic flux becomes closed in-225

side the ring-like cluster, the magnetic moment is approxi-
mately zero, and so the ring-like clusters do not contribute
to the static magnetic susceptibility. Hence, the ‘chain–
ring’ transformation is accompanied by a huge decrease in
the static magnetic susceptibility. The formation of rings230

with very strong interparticle interactions results in the ap-
pearance of a high-frequency peak in the imaginary part
of the susceptibility spectrum, due to the strong torques
between neighbouring particles, and the disappearance of
chains in the cluster distribution.235

5. Conclusions

The effects of interparticle dipole-dipole interactions
and clustering on the dynamic magnetic susceptibility χ(ω)
of ferrofluids have been summarised. Examples were taken
from recent theoretical and simulation studies, which means240

that the key physical parameters were well controlled.
Regarding the relevance to experiments, it should be

possible to use the theories outlined here to fit functions to
measured susceptibility spectra, and determine the particle-
size distribution – so-called dynamic magnetogranulome-245

try [47, 48]. Here, the application of models accounting
for the interparticle interactions is of major importance for
obtaining correct data, since the characteristic relaxation
times are dependent not only on the particle size, but also
on the sizes of the magnetic moments and the interactions250

between them. Both the dipolar coupling constant λ and
the Brownian rotation time τB are proportional to the par-
ticle volume (∼ d3), and the effects of particle size on the
dynamic magnetic susceptibility are complicated because
of the interactions between particles, and the concomitant255

formation of self-assembled structures with complex dy-
namics. One way of isolating the effects of interactions
would be to compare particles of a given size, so that τB
remains constant, but synthesised from materials with dif-
ferent values of the saturation magnetisation Ms, so that260

λ ∼ M2
s changes substantially. The theoretical work de-

scribed here provides concrete predictions which can be
tested in experiments.
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[21] H. Fröhlich, Theory of Dielectrics: Dielectric Constant and Di-
electric Loss, 2nd Edition, Clarendon Press, Oxford, 1987.

[22] P. Ilg, S. Hess, Nonequilibrium dynamics and magnetoviscosity340

of moderately concentrated magnetic liquids: A dynamic mean-
field study, Z. Naturforsch. 58a (2003) 589–600.
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