Results in Physics 52 (2023) 106775

Contents lists available at ScienceDirect

Results in Physics

journal homepage: www.elsevier.com/locate/rinp

Check for

The dynamical study of fractional complex coupled maccari system in o
nonlinear optics via two analytical approaches
Haiga Ehsan ?, Muhammad Abbas *-*, Magda Abd El-Rahman ", Mohamed R. Ali %%*, A.S. Hendy ©

a Department of Mathematics, University of Sargodha, 40100 Sargodha, Pakistan

b Department of Physics, College of Science, King Khalid University, Abha, 61413, Saudi Arabia

¢ Basic Engineering Science Department, Benha Faculty of Engineering, Benha University, Benha, Egypt

d Faculty of Engineering and Technology, Future University in Egypt, New Cairo, 11835, Egypt

¢ Department of Computational Mathematics and Computer Science, Institute of Natural Sciences and Mathematics, Ural Federal University,

19 Mira St., 620002 Yekaterinburg, Russia

ARTICLE INFO

MSC:

39A12
39B62
33B10
26A48
26A51

Keywords:

Fractional complex coupled maccari system
Modified auxiliary equation method
Riccati-Bernoulli sub-ODE method
Beta-derivative

M-truncated derivative

Conformable derivative

ABSTRACT

In this work, the modified auxiliary equation method (MAEM) and the Riccati-Bernoulli sub-ODE method
(RBM) are used to investigate the soliton solutions of the fractional complex coupled maccari system (FCCMS).
Nonlinear partial differential equations (NLPDEs) can be transformed into a collection of algebraic equations
by utilizing a travelling wave transformation, the MAEM, and the RBM. As a result, solutions to hyperbolic,
trigonometric and rational functions with unconstrained parameters are obtained. The travelling wave solutions
can also be used to generate the solitary wave solutions when the parameters are given particular values.
There are several solutions that are modelled for different parameter combinations. We have developed a
number of novel solutions, such as the kink, periodic, M-waved, W-shaped, bright soliton, dark soliton, and
singular soliton solution. We simulate our figures in Mathematica and provide many 2D and 3D graphs to show
how the beta derivative, M-truncated derivative and conformable derivative impacts the analytical solutions
of the FCCMS.The results show how effectively the MAEM and RBM work together to extract solitons for
fractional-order nonlinear evolution equations in science, technology, and engineering.

Introduction

Nonlinear evolution equations (NLEEs) are used to describe most
real-world events. Because of their nonlinear properties, nonlinear
processes offer the most difficult problems to solve. It is also hard to
manage nonlinear processes since the system can vary rapidly with only
minor adjustments to the valid parameters. Due to the complexity of the
problem, a definite NLEE solution is desired. In applied research and
engineering, it is critical to distinguish between different types of non-
linear situations by studying the travelling wave solutions of nonlinear
partial differential equations. Wave propagation, shallow water waves,
heat flow, optical fibres, fluid mechanics, quantum theory, electricity,
chemical kinematics, biology, and plasma physics are just a few of
the physics issues that have been illustrated using various nonlinear
wave techniques in the past [1-4]. Therefore, closed-form solutions of
NLEE:s play a crucial role in helping us better understand the qualitative
structures of many complex processes and phenomena in the fields of
the natural sciences. This is because closed-form solutions of nonlinear
partial differential equations symbolically and graphically demonstrate
the inner mechanisms of many complex nonlinear phenomena. As a
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result, many scholars who are interested in nonlinear phenomena that
exist in many domains, including either the scientific or engineering
fields, have looked at the closed-form solutions of NLEEs. Numerous
influential and successful methods have been demonstrated to han-
dle NLEEs, including the modified simple equation method [5], first
integration method [6], extended rational sine-cosine method [7], exp-
function method [8,9]. The majority of actual events are modelled and
understood using nonlinear fractional or classical partial differential
equations. In fractional nonlinear differential equations (FNLDEs), the
response is quick and effective in a number of fields in the sciences
and engineering, including astrophysical dynamics, fusion plasma, and
signal processing. Nonlinear differential equations with fractional pa-
rameters have drawn a lot of interest recently [10-12]. While looking
into nonlinear physical occurrences, it is particularly important to
study the exact wave solutions of FNLDEs. Many studies have been
done through the development of various approaches over the years,
and numerical, analytical, and asymptotic solutions to the FNLDEs
have been established [13,14]. In order to demonstrate the develop-
ment of soliton as well as its characteristics, a variety of nonlinear
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medium have been used [15,16]. Understanding the dynamical basis
of comparable physical phenomena requires the solution of fractional
differential equations. Compared to the classical integer-order differ-
ential equations, the fractional-order differential equations are more
versatile and general [17,18]. A special version of the classical integer-
order differential equations known as partial differential equations with
fractional-order derivatives has useful applications in mathematical
physics and a number of engineering fields.

The most significant subject is soliton solutions [19], which have
various applications in engineering and research. A significant model in
the fields of plasma physics, optics, hydrodynamics, quantum mechan-
ics, and other areas is the two-dimensional nonlinear complex coupled
Maccari system (CCMS). The integrable nonlinear system known as the
(2+1)-dimensional Maccari system (MS) was first derived in 1996 by
Maccari. Researchers from several fields have focused their attention
on this system. In order to study the soliton solutions to the CCMS,
a number of research approaches, including the auxiliary equation
method [20], the exp-function method [21], the unified method [22].
To examine the impact of a fractional parameter, we transformed the
CCMS into the fractional complex coupled Maccari system (FCCMS) in
this study [23]. The FCCMS can be described as

i Da -_
iDfw, +wy, +1;)r—0
Derp+r, + (lw?) =0

Y1
where i = \/—_1 .

Using the modified auxiliary equation method (MAEM) and the
Riccati-Bernoulli sub-ODE method (RBM), the main goal of this study
is to produce stable, common, and compatible soliton solutions to the
FCCMS. Applying the techniques to a fractional model shows how
broadly applicable they are. The aim of the current study is to get

(€Y

some exact analytical solutions for the fractional complex coupled mac-
cari system. A technique for creating accurate solution to differential
equations is the MAEM. It is a development of the auxiliary equation
approach. It provides a straightforward method for handling NLEEs
solutions. The soliton and other solitary wave solutions of the FCCMS
are obtained in this research paper using the MAEM [24,25]. The
solitary waves have elastic dispersion properties that retain their shape
and speed even when they collide. Potential uses for this include the
development of optical switches, pulse signal converters, and optical
communication systems [26,27]. In order to create precise travelling
wave solutions, solitary wave solutions, and peaked wave solutions for
nonlinear partial differential equations, the RBM was initially devel-
oped. The solitons suggest that these two methods are more useful,
easy to use, and effective than other methods. The obtained solutions
demonstrate that the suggested method is a more useful tool than
the existing techniques for solving such nonlinear problems. Nonlin-
ear partial differential equations can be reduced to a collection of
algebraic equations by applying a travelling wave transformation and
the Riccati-Bernoulli equation [28,29]. As a result, the purpose of
this work is to examine the travelling wave solutions of the FCCMS
using the MEAM and RBM and to highlight the impact of the values
of free parameters on the wave function of the obtained solutions.
Different derivatives such as beta derivative, M-truncated derivative,
and conformable derivative are used for soliton solutions.

The paper is structured in the way described here. The fractional
derivatives describes in Section “Fractional derivatives”. Section “De-
scription of methods” gives the description of methods. The solution of
the FCCMS using the MAEM and the RBM given in Section “Analysis of
solutions”. The graphical representation are given in Section “Graph-
ical Representation”. Section “Conclusion” contains the concluding
remarks.
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Fractional derivatives

Beta derivative

Definition 1. The beta derivative (B-D) is defined as [30,31]. Let g,
be a function and g : (a,, 00| — R, then,

1 1-5
_afnrs(ntrp)) w)
*Df (80 (x1)) = lim " .

0<p<l1.
()

For all x, > a,, # € (0, 1]. Therefore g, is said to be differentiable if the
limit of the above exists.

Theorem 1. If a certain function, say g, is p-differentiable at a certain
location x, > a,, p € (0, 1], then g, is continuous at x,.

Proof. If g, is p-differentiable, then,

1 \\!*
o\ X2+ s\ X2+ 75 ~ 8o (x2)
RD)/ZZ (g() (xz))=lim < < F(ﬂ))) O 3)

s—0 N

Theorem 2. The following relations can be satisfied, g, # 0 and g, are two
functions g differentiable with g € (0, 1].

. SDZ (180 (1) + K182 (1,)) = jlf,‘nggo (o) + klgDigz (to)-
. (I)‘Dicl =0, for ¢, any constant.
* RD,ﬁﬂ (gO (to> * 8 (to)) =& (lo)(’)z DZgO (to) + 8o (la)(’)e DZgZ (lo)'

0
R {M} _ (03 DF go(to)=s0(t0)o DF 82
071\ &2(1,) a%(’a) ’

M-truncated derivative

Definition 2. The truncated Mittag-Leffler function (TMLF) of a single
parameter is defined as follows [32],
i J1

f
iEy (f2) = Z :

A — ()]
j1=0 r (}'jl + 1)

in which y > 0, f, € C.

Definition 3. The local M-truncated derivative of g, of order g € (0, 1)
with respect to x, is given [33],

£0 (xl +,E, (sxl_ﬁ>) - £ (x,)

D‘A’;(XI (g0 (x1)) = lim , 5)

s—=0 N

in which ;E, () is a TMLF and 7, x; > 0.

Theorem 3. Let g, (x,) is continuous at x, then g, (x,) be p-differentiable
function at g, > 0 where € (0,1] and y > 0.

Theorem 4. Let0 < f <1,y >0, r{,s; € R and 5|, w, be p-differentiable
at a point x; > 0. Then,
. Dﬁ,’,y’xl("lal +s1@)(xp) = "1Dﬁ,}}:xl(‘71)(x1) + SlDﬁ;[}:xl(wl)(xl);
- DY (@@ = lalﬁ<x1>,-D’i‘},xl (@) + @0, D (0)0x,);
: - 4
D (o =

TG+ dx; ’
@DGDDY (@)= G Dy (@D

DR (Lyxy =
DY (E)xy) 7 ;
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Conformable derivative

Definition 4. The conformable derivative (C-D) of order g is defined
for a function g, : (0, 0] — R defined as [34,35],

1-p
8o | Xp +5x — 80 (xl)
Ty (20) () = lim Shian : ©)

s—=0 N

for all x; >0, g € (0,1].

Theorem 5. g, is continuous at x,, if a function g, : (0,00] - R is
differentiable at g, > 0, § € (0, 1].

Theorem 6. Consider e, = ¢; (x;) and f| = f, (x,) are differentiable for
all values of x,. Then,

* DL, (e +hyfy) = hy DY ey +hy DL, /i
. Dg, (e /1) =61D£,f1 +f1DfZ]e1;

. Dﬂ e\ _ N1 D)ﬁ(lel_elDflfl .
\n ST 7 ’
* DL (x{°) = pox";
1-pd
. Dfl (e) (x1) =x,7" 25

Description of methods
Description of MAEM

The function is considered to satisfy the evolution equation w =
w ( V1> 21 t) .
M, (w,wy],wzl,w,,wylyl “.>=0. ()
The Eq. (7) is an ordinary differential equation that has the form,
T, (P.P.g PP, ..)=0, (8)

using the suitable wave transformation. The basic solution is assumed
using auxiliary equation method [36],

q
Py (€)=L0+Z [Lk('lou)k+Mk(’70”)7k]s (C)]
k=1

for unknown constants L, s and M, s. The function’s value is determined
by the auxiliary equation v (¢).
ay + by~ 4+ cinp’
In#
for random constant values of a, by, ¢; (¢>0 , ¢#1) [37].
The following situations occur for Eq. (10),

V)= (10)

. Ifa%—4b1c1 <0 or ¢ #0.
2
) \/4bjc;—at¢
—ay +4/4bjc; —aj tan (T'>
’73(9 = 2, or
Ty
) 4bycy—ai¢
ay +4/4bjc; — aj cot <T‘>
we) _
o 2¢, '
. Ifa%—4b1c1 >0 or ¢ #£0.
\/a>—4bci¢
a + \/a% —4bc tanh(%)
’13@) == 2 or
\/at—4byei¢
a + \/a% —4b1clcoth(%>
'13@ _ ‘

2¢;
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-Ifa%—4b]c1:O or ¢ #0.

) _ _ 2+ag
0 26
Description of RBM

To develop the NPDE solutions, we present the RBM [38]. The RBM
solution is assumed as,

P/ =GyPFF + HyP, + Ky P an

where G, H,, K, and F are constants.

Remark 1. Eq. (11) is Riccati equation if Gy, K, # 0, F = 0 and
Bernoulli equation if G, # 0, K, = 0, F # 1. Riccati and Bernoulli
equation are special cases of Eq. (11). In order to avoid introducing new
term and to reflect the fact that Eq. (11) is the first suggested equation,
we refer to it as the Riccati-Bernoulli equation [39].

Eq. (11) has the following solutions:

Family 1.
At F#1, Hy#0, Ky =0.

1
F-1

G
P (o) = <—?0 + BoeHO(Ffl)g>
0

Family 2.
At F#1, Gy #0, \/H) —4GyK, < 0.
2
po) o Hy 4GoKy — H}
1 =736, 2G,
L
1-F
(1 - F)1/4GoKy — H?
X tan 5 (c+ By) .
or
. 4GoK, — H}
P —_—— i —
1 (6) 2G, 26,
1
1-F
(1—F)+/4GyK, — Hg
X cot 3 (¢ + By)
Family 3.

At F # 1, Gy #0, \/H? —4GyK, > 0.
H, \/—4Go Ky + H

P(Q)=|-55~—
! 2G, 2G,
1
1-F
(1 - F)/-4GKy + H?
X coth 5 (c+ By) .
or
o 0, \/—4Go K, + H?
1 =|-— _—
2G, 2G,
1
1-F
(1= F)/—4GyKy + Hg
X tanh (¢ + By)

2
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Family 4.

At F # 1, Gy # 0, \/HZ —4GoK, = 0.

1
H, 1 -
Ppo=[-2>+— " )
! (260 ZGO(F—I)(g+BO)>
Family 5.
AtF#1, Hy=0, K, =0.

1

P (o) =(Gy(F=1)(c+By))™F.
Family 6.
At F=1.

P, (¢) = ByelGo+HotKo)e

Analysis of solutions

The wave transformation, w (y,z;,1) = e# Py (¢) and r (y,z,1) =
o

0, () where ¢ = y; + z; + g;‘(t+¥) and u = 15y, + wyz; +

I'(a)
o
%(1 + %) , is utilized to obtained the solution of Eq. (1) that can
be written as:
i (g1 +27%) P+ (-qy—73) P + P/ + P,Q, = 0.

12
(1+g) 0] +2P P =0. a2

The result of separating the real and imaginary components of Eq. (12)
is
(81 +27) P/ =0.

13

— (@2 +73) P+ P+ PQ, =0. as
From the imaginary part, we get

g1 = —21. 14

Eq. (12) second part gives
I
=_ P2 15
0 =-1 . F as)

We get a single nonlinear equation by placing Eq. (15) in to Eq. (13):

—(p+2)(1+g) P+ (1+g) P +P =0 16)
Soliton solution using MAEM

The FCCMS solutions are attained in this section by employing the
MAEM. Apply homogeneous balancing principle [40,41] to Eq. (16),
balance highest order nonlinear term Pf and highest order derivative
Pl” , result ¢ = 1. Hence, Eq. (9) becomes,

P ()= Lo+ Ling"+ Mny™". 17)

Balancing the coefficients of each power by using Egs. (17), (10) into
Eq. (16), the following algebraic equations are obtained.

(n2) > 262 (14 g,) My + MY =0,
(’75)725 3M, (ayby (1+g;) + LoM,) =0,

()™ My (@ (1+8)) +2bye, (1+g,) +3L2+3L, M,
- (1+8)(@+15)) =0,

0./3
('15) :Lg+a by Li+a;bg Ly +ajc; My +ajc;g My + 6Ly LM, — Lyg,
— &1Llogr - Lofé —glLofé =0,

()" : Ly (@ (1+g1) +2bye; (14g)) +3L2 +3L M,
- (1+g)(@+17)) =0
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(n2)?: 3Ly (aye; (1+8) + LoLy) =0,

(n0)’: 23 (1 4,) Ly + L7 =0,

The following families are obtained from above equation by using
Wolfram Mathematica software.

Set 1:
When

0 = —a3—8by c| —alg) —8b| ¢ g ~272~2g7] o= _laylre
2 2(1+g1) 0 N

L= _i\/icl\/l"'gl’M] = _i\/zbl\/l"'gl,

the following situations occur:
For a% —4bic; <0  or ¢ #0, (see Box I) which are trigonometric

solutions.
For af —4byc; >0  or ¢ #0, (see Box II) which are hyperbolic
solutions.
Set 2:
When
_ —‘1%—317101—ﬂ%gl—gblclgl—hé—kfé I = iaj\/T+g;
D= 2(1+g;) LY.

L =iV2e,\/1+g,. M, =iV2b,\/T+g,.

the following situations occur:

For a%—4b1c1 <0 or ¢ #0, (see Box III) which are trigonometric
solutions.

For a% —4bic; >0 or
solutions.

¢ # 0, (see Box IV) which are hyperbolic

Set 3:
When

—a% +4bjc - a?gl +4bicig — 21'3 —Zgrg
2(1+g)

9 =

>

L iaj\/1+ g
0="" ~

V2
L, =-iV2e,\/1+g,.M, =0,

the following situations occur:

For a> —4bjc; <0  or ¢ #0,

112 1
wy (y1,21.1) = =i —71+2blc,\/1+g]tan<§\/—a%+4b1clg>,
and

&2 | 2
3 (yl,zl,t) :<—7l +2blcl>tan<5\/—a%+4b1c1g> N
or

a? 1
wyy (y1,zp,1) =i —?1+2b]c1\/1+g|cot<§\/—a%+4b1c1g>,
and

2 2
a
r3p (y1,21,1) = <—71 +2blc|)cot <%\/—af +4b,c1g> ,

which are trigonometric solutions.
For a%—4blcl >0 or ¢ #0,

i\/a% —4bcy/1 + g tanh <%‘/a% —4b1c1g>

V2

wss (1.21:1) =

5

and

2
r33 (yl,zl,t) = % (a% —4b1c1)tanh (%\/a% —4b1c1g> s
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X 1 2 4bjcy
i1+ \/—a2+4bctan ~¢y/—a; +4bjc; | —
&1 < 1 11 <2§ 1 M al—\/—a%+4b1c1 tan(%g\/—a%+4blcl)

V2

wiy (v, 21,1) = =

B

and

4byc
rig (yizt) = % \/—a} +4bjc tan <%g\/—af+4blc1> - e ,
a — ‘/—a% +4b;cy tan (%g\/—a% +4blcl>

or
4bjc
i1+ \/—a? +4bc cot ( 11/—a® +4byeic ) + L
& < 1 1 <2 1 116 a1+\/—a%+4blcl col(%\/—af+4blclg)
wi s (ylszla’) = \/5 ,
and

4bc
ria (yl,zl,t)=% \/—a%+4blclcot <%\/—a%+4b1clg>+ et s
a; +\/—a?+4blcl cot(%\/—a?+4b1c1g>

Box L.

iV1+g | Va2 +4bc tanh(%g a]2+4b1c1)+ 2hicy
a1+\/a12+4b1cllanh<%g a12+4b1c1)
V2

w3 (y1,21,1) =

and

1 1 4b;c
"3 (,VthJ):E \/“12—4b101taﬂh<§€\/‘112—4b101>+ = 1 ,
a; +\/a%—4b|c1 tanh(zg a12—4b1c1>

or

iV1+g | Va2 —4bc coth(%g a12_4blcl>+ 4bic;
a|+\/a]2_4b|cl la"h<%§\/a|2—4b|cl>
V2

wig (y1521,1) =

and

1 1 4b,c
ri4 (yl,zl,t)=§ \/alz—4blclcoth<§g\/a12—4blcl>+ it 1 ,
aj +4/a —4bic coth(ig a12—4b1c1>

Box II.

or
Set 4:
ir/a® —4bic,\/T+g, coth(%\/a%—%lclg) When

\/5 ? —a% +4bjc - a?gl +4bjcig — 213 - 2gr§
@ = >

2(1+g)
and i/ T &1

L, R
2
1 1/ \/E
r3’4(y1,z1,t):E(a%—4b1c])coth<z af—4b]c1g> ) . —i\/zc mM —o
1= 1 1M =0,

which are hyperbolic solutions. the following situations occur:

W34 (ylszl’t) =
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iT+g [ 4/-a? +4byc tan(%g,/—a%+4blcl> _ 41;1c1l
al—\/—a%+4b1c1 tan(ig\/—a%+4blcl)
wy (i 21,t) == V2 .
and

4b,c
roq (v z11) = % ‘/—a% + 4bc| tan <%\/—a% +4b101€> _ 1€
a; —\/—af+4b1c] tan(%\/—a%+4blc]g>

iV1+g \/—af+4b1clcot %,/—a%+4[,lclg + _ 4b1¢»11 :
al+\/fal+4blclco[(i\/—alﬂtblglg)

V2

or

wy o (ylazl,’) ==

)

and

4bc
rag (yiozt) = % \/—a% +4b,c; cot <%\/-a? +4b101€> + 1€1
a; +\/—a?+4blcl cot(%\/—a?+4b1c1g>

>

5

Box III.

iy/1+ \/—a2+4bc tanh l‘/112—4[7(; + 4bic;
81 ( 1 1€1 <2 1 1€1¢ a1+\/—a%+4blc] lanh(%\/af—éiblclg)
V2

W3 (J’thst) ==

B

and

4b,c
ros (v zt) = % \/—a% + 4b, ¢, tanh <%\/a% —4b101€> + 1€1
ay+ /- +4b¢ tanh<%\/af—4b1c1g>

i1+ \/a® —4bjc, coth | 11/a® —4b,c > + by
gl< 1 1€1 <2 1 1616 al+\/a?—4blclcoth(% af—4blclg)
V2

or

W4 (yl’zl’t) ==

>

and

5

4b;c
rog (v 21.1) = % \/—a% + 4b, ¢, coth <%,/—af +4b161€> + 1€1
ay +/—a +4bc, coth<%‘/—a%+4blclg>

5

1 > 2
cot 3 —a1+4b1c1g )

¢ #0,

Box IV.
For a® —4bjc; <0 or ¢ #0, and
a? 1 a%

wyy (y1.zp,1) =i —?l +2b;c1y/1 + g tan <§\/—a% +4b]c1g> R ran (v z0t) = ~3 +2byc;
and

5 ) which are trigonometric solutions.

a

1 1

rag (v1.21) = <—7 + 2b1¢1> tan <§\/ —a +4b1"1g> . For &® —4byc; >0  or
1

or

2 i\/a%—4b1c1\/1+g1tanh<%,/g%_4blc]g>

a
wyy (y1,21.1) = =i —71 +2byc;y/1+ g cot <%\/—a%+4blclg> , w3 (y1.21.1) = —

V2

>
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and and

2
1 1
43 (yl,zl,t)=E(a%—4b1c1)tanh<§\/a%—4blclg> , | 4bye,
rsa(yi-z1t) = 514~

or al+,/af—4b1c1coth<%\/af—4b1c1g>
i\/a? — 4bjc, /T th( y/a® —4b
4y ey g coth| 74/4y 1€1¢ which are hyperbolic solutions.

\/5 ’ Set 6:

When
—a? +4bjc) — a?gl +4bc 8 — 21'3 - ngg

2
1 1 =
r4y4(y1,zl,t):i(a%—4b1c1)coth<§\/af—4b]c1g> , o 2(1+g) ’

2

B

Wy (1, 21,1) =

and

which are hyperbolic solutions. Ly= iajy/1+g
Set 5: \/5
When Ly =0,
—a% +4bjc; - a%gl +4bici g — 27& - 2gr§ M, = i\/ibl V1+e,
2= 2(1+g) ’ the following situations occur:

Ly

B

2 \/_ 4byc;
i1+ g <a1 - >
Ll =0, M] — —i\/ibl m’ g, (yl’Zl’I) _ al—\/—a%+4blc1 tan(%\/—a%+4blclg)

the following situations occur: \/5
For a% —4bjc; <0 or ¢ #0, and

. 4byc
V1+ - L 1 4by ¢y
' & <al ren (vi.21.1) = 5| ay =

al—\/—af+4blcl lan(%\/—a%+4blclg) 2 5 | >
s (Y1,Z1,I)=— \/E > ay —y/—aj +4b;c; tan 5\/—al+4b1clg)

or

2
i1+ g <a1 - b0 )

ay+4/—a?+4b; c; cot L —a2+4bcg
4b,c, w6,2(yl,z1,t)= ! \/ [ (2\/ 1 11)

’ 2
al—\/—af+4b1c1tan<%\/—a%+4blclg> \/—
and

or 2

1 4bycy
iv1+g <‘11— e > ’6,2()’1,21,1):5 a) —

—a? Lo /_2 / /
a1+\/ al+4blclcol(2\/ a1+4b1c1g) a + —a%+4blcl cot <% —a%+4b101§>

V2 ’
which are trigonometric solutions.
For a% —4bjc; >0  or ¢ #0,

4byc iv1+g <a1 Abiey )

- 1
ay +\/a%—4b1c1 tanh( 3 \/a%—4b1c1g)

a1+\/—a%+4b16100t<%\/—a%+4b101€> we (yi-21,t) = N ,

and

2 _
B ialm For aj —4bjc; <0 or ¢ #0,

B

and

s

1
s | (Y1,Zl7’> =3 a -

B

Ws o (J’I,Zl,f) =-

and

1
rso (v1-21.1) = 54—

which are trigonometric solutions.
For a% —4bjc; >0  or ¢ #0,
4b;cy

1
4byc res (vi.21:1) = 5| a -
iy/1+ a; — Lol 2 ,
& < ! al+\/a%—4b]c] Ianh(;\/a%—ﬁlb]clg)) a + \/a% —4b1C1 tanh 5\/&% —4blclg

B

NG or
and
s iv1+g <a1 - dbiey >

aj+/ai—abyc| coth(% \/af—“blcl?)
Wy (y1.21.1) = ,

4b;cy \/E

al+‘/a%—4b]c1tanh(%\/a%—4blclg> and 2

or 4b,c,

1
" r6,4(Y1’Zl’t):§ a =
ivV1+g | a - L4 al+\/a%—4blclcoth<%\/af—4b1c1g>

ay +\/af—4b1c1 colh(% \/a%—4blclg)
which are hyperbolic solutions.

V2

5

Ws3 (Y1s21”) ==

1
rss (yi.2z1.1) = 314~

5

5

Ws 4 (J’1szl”) ==



H. Ehsan et al. Results in Physics 52 (2023) 106775

2/3
Soliton solution using RBM <_‘/7—'—81* /qz:g ~ Voizg /_qz__,§ mn(% /_—qz—rg(Bo+g)) /
V2 V2
The soliton solutions are attained in this section by employing the == T+g, )
RBM [42,43]. Apply homogeneous balancing principle to Eq. (16),
balance highest order nonlinear term Pl3 and highest order derivative or
Pl” , result g = 1. Substituting Eq. (11) in Eq. (16)
V-1 —81\/‘12""53
3GHyPi(¢)* = FGoHyPi(¢) +3g,GoHyPi(6)* ~ Fg Gy Hy Py (c) wiz (y20) =| =+ V2
+2GP ()" = FGIP (o)™
+281G3P ()" = Fg G Pi(c) ™ + HoKoP(6)*" 13
+ FH Ky P (&)™ + g HyKy P ()™ + Fg, HyK, T \/ 2 <3\/ 2
V=T—g\/—¢ —7icot | 34/—a =75 (Bo +¢)
P + HEPL (O™ + g Hy P(©)'™ + 2Go Ko Py ()" N AN 0
+281GOK0P1(€)HF—42P1(€)1+F—g1112 \/E ’
P =P — g g P + P + FRTP (07T
+Fg K3 P(©)™' = 0.
and
18)
. ri3 (v1-21,1)
Setting F =0, we get ’ 23
1= 2 1= g —172 3 /0 _22(B
HoKy + 8 HoKy + H2P, (€) + g H2P, (©) + 26, Ky P (<) <_ VmeVarg | Vmay-en cot( 3 y/~a—7a( 0+€))>
+281GoKoP(5) — g P (§) — 8102 Py (6) — (19) __ V2 V2
2P (§) — 8173 Py () + 3Gy Hy P (6)” + 38, Gy Hy P (6)* + Py (¢)° 1+g
+2G2P(¢)* +2¢,G2Pi(¢)’ =0. .
At F#1, Gy #0, \/H —4GyK, > 0.
Balancing the coefficients of each power. The following algebraic equa- * s 0 070
tions are obtained.
V-1l-gi\/a+ 72
HS +g1H§ +2GoKy +28,GoKo — 4, — 81492 — Tg —glfg =0, w4 (YIsZI”) _ _&
B \/E
3Gy H, + 3g,GoHyy = 0, )
1/3
5 5 \/—1—gn/q2+z'5coth(%\/q2+r§(30+g)>
142G +2g,G; =0, + )
V2
HyKy + g HoKy
The following set are obtained by using Wolfram Mathematica soft- and
ware.
ria(v1,21.7)
Set 1. _ o . 2/3
. 3 V=T=g1 [ar+72 + V-1=g1\/a+7; coth(i \/q2+10(80+g)>
G0=—\/_—,H0=—\/q2+r§,1<0=0. V2 V2
24/-1— == s
&1 1+gl
At F#1, Hy#0, K, =0. or
1
wiy (y1.21.1) = 1/3° / 2
(Boe3w/q2+r§g_ 1 > ( [) V-l-giy/a+1
T w ,zp,f) =|-———
VIV e 1s 2 7
and
1/3

1
riy (vhz1) = - V-T-g\/& +r§tanh (%,/qz +r§ (B +g)>

2/3°
1+ RS L S—
( g])( 0€ ﬁmm \/5
At F # 1, Gy #0, \/H} —4GoK, < 0. and
V-1-gi\/a+15 ris (v1.2101)
V2

wip (y1z1.1) = Vaard V=181 @+ tanh (3 \/ar+72 (By+) ) o
V2 V2
173 - l+g ’
\/_1—_g”/—q2—rgtan<%‘/—q2—r§(30+g)> 1
- , At F#1,Gy#0, \/H?> —4G,K, = 0.
\/5 0
1/3
and V-l-g \/q2+T§ V2y=T=g
e e
ria (v1.21,1) V2 0F¢
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or
2/3
_Vlmsiyartg i aasn
V2 3(By+¢)
LZp,t) == ’
rie (¥1-21.1) 1+g;
At F#1, Hy=0, K, =0.
1/3
3]/3 ﬂ
V-1-g;
wyg (y121,1) = - o6
or
2/3
32/3( ( Bote
V-1-g1
ri7 (J’hzl’t) =" ’

2153 (1+g)

Set 2.

Gy =

1 /
-———  Hy= q2+12,K0=0-
ViV T g '

At F#1, Hy#0, Ky =0.
1

Wy | (Yp Z1, t) =

1/3°
Boe—3\/qz+T§'§ PR S
V2y g\t

and
1

(1+g1) <Boe_3mg_

At F#1, Gy #0, \/HZ —4GK, < 0.
Vg4 + 72
2

o (v1.21.1) = =

2/3°
1
\/im\/qwg)

Z5%) (J’lszl’t) =\ 7

7

\/_1—_g1‘/_q2—rgtan <%\/—¢12_TS (BO+g)>

V2

and

raa (y1:21:1)

(- Ve Vv (3 veeg ) >2/3
2 ﬁ

7

5

l+g1
or

Wy 3 (J’lszl’t) =

V-l-giva +T§
V2

V-T-g\/-a —rgcot <% -0 —Tg (Bo +g)>
+

V2

and

ra3 (1, 211)

( ARTR e A T cot<3V“””3(BO+g))>2/3
- \/E \/i

>

l+g]
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At F#1,Gy #0, Jmm
\/—1—81\/‘12"'75
2

Wy 4 (y],Zl,T) =\ =

7

V=T=g1\/a + 72 coth <%\/q2+13 (Bo+€)>
+
V2

and

raa (Vs 211)

< Ve | Ve on( v e e) )2/3
2 V2

B

l+g1
or

wys (y1,21,1) =

V-l-giya+ Tg
V2

T e (3 ()

V2

and

rys5 (J’bzl’t)

( i ey /qz+T§ m\/q2+rgtanh(% \/—42—7(2)(30‘*“?)) >2/3
2 - V2

>

1+g1

At F #1, Gy #0, \/H —4GoK, = 0.

1
V-l-gi\Ja+15 N \/5\/—1 - &
V2 3(By+¢)

/3

Wy 6 (J’ls Z1s I) =

or

<m, [ar+22 N \/Em)z/s
V2

3(By+¢)

e ()’1’Zl’t) ="

B

l+g]
At F#1, Hy=0, K,=0.
1/3
3173 Bote
V18
w7 (y1.21.1) = YV

or

2/3
32/3( [ Bote !
V-1=g1

ra7 (yl’zl’t):_ 21/3 (1+g1)

Set 3.

1 /
Gy=———— Hy=- q2+1§,K0:0.
\/5\/—1—&’1

At F#1, Hy#0, Ky =0.
1

w3 | (YIv Z1s t) =

1/3°
2
Boe3\/qz+‘l'0§ + +2
V2y=T=gr\/ar+3]
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and 3
V-1 —g|\/q2+rgtanh<§\/q2+r§ (B0+g)>

1
31 (v1-21,1) = = 73 + 72 ,
1+ ByeVerrs o L
( gl)< 0 ﬁmm .
an

At F # 1, Gy #0, \/H} —4GoK, < 0. rys (1 2101)
mm qu2+‘r tdnh(%\/q2+r (Bo+g)>
V-l-gi\/a+7; 72

wsy (v1,21,1) = | ————— =_

1/3

1+g1

1/3 At F#1, Gy #0, \/H} —4GyK, = 0.
,/_1—gn/—q2—'r§tan<%‘/—q2—r§ (B0+g)>
+ \/5 ’ \/—1—81\/42+T§ B \/5\/—1—g1

ws e (¥1,21,1) =
3,6(1 1 ) \/5 3(Bo+g)

1/3

and
or
r3n (y1.21.1) mm e 2/3
“1-g, q2+.,5 —1-g1\/—ar -7, lan(% —q-7 (Bo+g)) V2 3(Bo+¢)

1+g; At F#1, Hy=0, K, =0.
or 1/3
31/3( — By+¢
V-l-g
\/—l—g”/q2+rg w3 7 (Y1,Z1J)=T,
w ,z,t) = ————
33 (J’1 1 ) or
2/3
32/3( — By+¢
2 VIma

) \/_1—_g1 /_qz_Tgcot <%‘/—q2 —Tg (BU+G)> r3q (YI,ZlJ) Z—W,
\/E Set 4.

1 / 2
and Gy = sHy=1/g,+75,Ky=0.
\/5\/—1 — &

r3z (v1.21.1) AtF#1, Hy#0, Ky = 0.
( V-1-g \/qz+rg _ V-l-g1y/ —qz—fg COI(%\/ —42—1'5(30‘*"?)) >2/3 W, (yl z, t) —
_ V2 V2 ’ ( By Ve

1

1+g

At F#1, Gy #0, \/H} = 4GyK, > 0. and

6,1 (ylvzh

V-T-gi\Jar+7 (1+g) (Boe a¥ige

W34 (ylvzl’l) = \/5

1/3°
i
V2y=T=gi\/ar+3} >

2/3”
1
V2= /a3 >
At F #1, Gy #0, \/H} — 4Gy K, < 0. (See Box V).
1/3

V-l-¢g, /,,ZHgmth(% /42+T§(Bo+g)> At F #1, Gy # 0, \/HZ — 4Gy K, > 0. (See Box VD).
- NG ; At F # 1, Gy # 0, \/Hy —4GoK, = 0.

\/—l—gl\/f12+fg \/5\/—1——g1
V2 © 3(Be+o)

1/3

and

wes (v1-21,1) =| =

34 (yl’zlvt>

( Ve Tavars cmh(g Vg (Bore) ) or i,

V2 <_ VaVate iy a >
- 1+g ’ s O 2t) = = V2 3(By+e) ’
or ' 1+g;

At F# 1, Hy=0, Ky =0.

\/—1——&\/42‘“'2 13
I 31/3<_ Bo+¢ >/

\/E V-1-g

We7 (v1:21:1) = — s

wss (y1.21,1) =

10
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1/3
1/_1—81\/42""[ \/_1 81\/ 42— 7 tan(%,/_ —T (BO+g)>
We o yl’zls ’
V2
and
Vs Varg | VTEY 0 T‘mn(;,/—_,h 2@0+9)
V2
Ten (yl,zl,t)z— ¥ ,
or
1/3
,/_l—gn/2+r \/—l—gl\/ =T cot(%—,/_ -7 (Bo+§)>
We 3 yl’zla \/5 ’
and
( \/ﬂ\/@ﬂ'g mv*qz T CO[(%Q/—qZ 2 (Bg+c))>
T
res (Vi z1:1) = = v ’
Box V.
1/3
A/=1= 81\/(12+r V- l—gl\/—q2+r coth(%,/qz.H- (Bo+g)>
We 4 y1>zl’ \/E ,
and
quzﬂﬁ V-I-g; D+ coth(% ‘72+T§(Bo+g)) 2/3
_ S Va . YV
’6,4()’|szlsf)=— v ’
or
1/3
,/_1—gn/q2+r \/ 1—81\/‘12+T tanh(%,/qzq.f (BO+€)>
We,5 J’1,11, ,
V2
and
( m\/qz-#ﬂrg quzﬂ- t‘mh(%‘/qz.;.f (BO+€))>
G
res (v, z1.1) == o ’

Box VI.

or

req (yi,21.1) = =

Graphical representation

A graphical explanation of the FCCMS is provided in this section. By
illustrating the two- and three-dimensional figures and contour plots,
we analyse the determined travelling wave solutions. Understanding
the actual physical representations of solutions are best accomplished

11

through visual representation. Here, we investigate how different frac-
tional derivative might affect the behaviour of figures. Thus, altering
the parameter values modifies the graph’s appearance. A variety of
wave profiles can be attained by assigning different, specific values
to the parameters. The suggested method provides various new ac-
curate travelling wave solutions, including solutions for hyperbolic,
trigonometric, and rational functions. The MAEM and RBM were used
to acquire several soliton solutions, including kink, periodic, M-shaped,
W-shaped, bright soliton, dark soliton, and singular soliton solution.
These solutions are obtained using MAEM. Fig. 1, represents the soliton
shape of the solution of w, (y;.z,,t) for the parameters 7, = 0.1,
a=1,b =01¢ =18 =1,z=1, 0y =1, « = 1 at different
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M-TD

(h)

Fig. 1. Analytical solutions are (a): w,; (y,,z,,t): 7,=01,a =1,b=01,¢=1,8 =1,2z=1, wy =1, a =1. (b): contour plot. (¢): 2D line graph at = 1. (d): comparison of
fractional derivatives. (e): ry, (y),2;,1): @y =1, b, =0.1, ¢, =1, g =1, z=1, a = 1. (f): contour plot. (g): 2D line graph at ¢ = 1. (h): comparison of fractional derivatives.

values of fractional parameter a = 1, a = %, a = % Represents the
soliton shape of the solution of r; (y;,z,,7) for the parameters a; =1,
by =01,¢,=1,g =1,z=1, a =1 at different values of fractional
parameter a = 1, a = %, a = % Fig. 2, represents the soliton shape
of the solution of w, (y;,z;,t) for the parameters 7y = 0.09, a; = 1,

12

by =01,¢,=1,g =01,z=1,w, =1, a = 1 at different values of

fractional parameter a = 1, a = %, a= % Represents the soliton shape

of the solution of r,; (y,zy,) for the parameters a; = 1, b, = 0.01,

¢; =009, g, =1, z=1, a = 1 at different values of fractional parameter

1 3

a=1,a =3, a=3. Fig. 3, represents the soliton shape of the solution
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Fig. 2. Analytical solutions are (a): w,, (yl,zl,t): 70 =009, a =1,b =01, ¢, =1, g =01, z=1, wy =1, a = 1. (b): corresponding 2D line graph at 1 = 1. (¢): contour

plot. (d): comparison of fractional derivatives. (e): ry; (y;,2;.1): a; = 1, b, = 0.01,
(h): comparison of fractional derivatives.

of wy (y;,z;.t) for the parameters 7, = 0.09, a; = 0.9, b; = 0.091,
¢ = 091, g = 0089, z = 1, w, 1 at different values of
fractional parameter « = 1, « = 5, a = % Represents the soliton
shape of the solution of ry; (y,.z,.t) for the parameters a; = 1.0012,
b, =0.15,¢, =1, g =-2, z=1, a = 1 at different values of fractional
parameter a = 1, a = %, a % Fig. 4, represents the soliton shape
of the solution of ws; (y;,z,,t) for the parametersz, = 0.09, a; = 0.9,

=1, a
1

13

¢, =009, g =1, z=1, a = 1. (f): corresponding 2D line graph at r = 1. (g): contour plot.

by = 0.091, ¢, = 0.091, g, = 0.089, z = 1, w, = 0.09, « = 1 at different
values of fractional parameter a = 1, « % Represents the
soliton shape of the solution of r5, (y,.z;,t) for the parameters a; = 0.9,
by = 0.03, ¢; = 0061, g, =021,z =1, a 1 at different values
of fractional parameter « 1, a = %, a = % These solutions are
obtained using RBM. Fig. 5, represents the soliton shape of the solution

of wy; (y1,z,1) for the parameters 7, = 0.1, gy = 1, g, = 1, z = 1,

1
==
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Fig. 3. Solitary wave solutions are (a): w,; (y,.2.1): 79 =0.09, a, =0.9, b; = 0.091, ¢; =091, g, =0.089, z=1, @, = 1, « = 1. (b): contour plot. (c): corresponding 2D line graph at
t = 1. (d): comparison of fractional derivatives. (e): ry, (y,,zl,r): a; =1.0012, b, =0.15, ¢, =1, g, = -2, z=1, a = 1. (f): contour plot. (g): corresponding 2D line graph at t = 1.

(h): comparison of fractional derivatives.

wy =1, By = 09, a = 1 at different values of fractional parameter
a=1a = %, a = % Represents the soliton shape of the solution
of ri; (y.2,,1) for the parameters 7y = 2.87, g, = 154, q, = 13,
z =1, wy = 4.66, By = 0.003, a = 1, at different values of fractional

parameter a = 1, a = %, a = % Fig. 6, represents the soliton shape

14

a = 1 at different values of fractional parameter a = 1, a = 5, a = =.
Represents the soliton shape of the solution of r, 5 ()’1521,5 for the
parameters 7, = —0.09345, g, = —-1.012, g, = 0.0913, z = 1, wy = 2.9,

of the solution of w,s (y,,z,1) for the parameters 7, = —0.009875,
g = —0.006, g, = -0.0987, z = 1, @, = —0.09875, B, = —0.97344,

1 3
2
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© ®
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a=1/2
02 a=3/2 0.2 €SP
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~10 -5 5 10 n o -5 5 10 n
(g (h)

Fig. 4. Solitary wave solutions are (a): ws, (y,,zl,r): 75 = 0.09, a; = 0.9, b, =0.091, ¢, =0.091, g, =0.089, z =1, w, = 0.09, « = 1. (b): contour plot. (¢): 2D line graph at r = 1.
(d): comparison of fractional derivatives. (e): rs, (¥,,z,,1): a, = 0.9, b; = 0.03, ¢, =0.061, g, =021, z=1, « = 1. (f): contour plot. (g): 2D line graph at ¢ = 1. (h): comparison of

fractional derivatives.

By, = 0.05, « = 1 at different values of fractional parameter a = 1,
a=1ia= % Fig. 7, represents the soliton shape of the solution of

2

ws, (y1.2;,1) for the parameters 7, = 0.0039, g; = 0.0093, g, = —0.0004,
1 at different values of fractional

z=1,w = 00001, By = 1.9, a =

parameter ¢ = 1, a =
solution of r3, (y,z.t) for the parameters 7, = —0.039, g, = —0.0093,
g, = —0.009, z = 1, wy = —0.0001, B, = 8.5, a = 1 at different values of

%, a = 3. Represents the soliton shape of the

3

fractional parameter a = 1, a = %, a = 3. Fig. 8, represents the soliton
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()

Fig. 5. Exact solutions are (a): w,, (yl,z],t): 7,=01,¢g=1¢=1,z=1,0w,=1, By=0.9, a =1. (b): contour plot. (c): corresponding 2D line graph at ¢ = 1. (d): comparison of
fractional derivatives. (e): r| (yl,zl,r): 70 =2.87, g =154, g, =13, z=1, 0, =4.66, By = 0.003, a = 1. (f): contour plot. (g): corresponding 2D line graph at 7 = 1. (h): comparison

of fractional derivatives.

shape of the solution of w, (y;.z,,t) for the parameters 75 = 0.1,
g, =0.0006, ¢, =1,z=1,wy =1, By = 1.9, a = 1 at different values
of fractional parameter « = 1, a = %, a = % Represents the soliton
shape of the solution of ry (y;,z,,t) for the parameters z, = 0.001,

g = 0.006, ¢ = 13,z =1, wy = 2, By = 3, a = 1 at different

16

values of fractional parameter « = 1, a = %, a =

%. Also, we see that
numerous variations of soliton shapes appear in the results. To attain
the solitay wave solutions, different types of fractional derivatives such
as B-D, M-TD, C-D are used. The effects of fractional derivative are

shown in figures. Through the MEAM and RBM, several general soliton
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Fig. 6. Analytical solutions are (a): w,s (y;,2,1): 7 = —0.009875, g, = —0.006, g, = —0.0987, z = 1, @, = —0.09875, B, = —0.97344, a = 1. (b): contour plot. (c): 2D line graph at
t = 1. (d): comparison of fractional derivatives. (e): r,s (yl,z,,r): 7y = —0.09345, g, = -1.012, g, = 0.0913, z =1, w, = 2.9, B, = 0.05, « = 1. (f): contour plot. (g): 2D line graph at

t = 1. (h): comparison of fractional derivatives.

solutions to the FCCMS has been found. The MEAM can give the W-
shaped, singular periodic, and dark solitons, and the RBM can give
the kink-shaped, periodic, bell-shaped, and anti-bell-shaped solitons. To
represent the unique dynamic waves in properties of nonlinear three-
dimensional diagrams, the obtained results are extrapolated by setting
the parameters involved.

17

Conclusion

In this paper, we have examined the FCCMS using the MAEM, the
RBM and the travelling wave transformation to build a useful and more
generalized soliton solution. These methods have a major advantage
over other ways in that it offers more general and precise solutions
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Fig. 7. Exact solutions are (a): ws, (yl,zl,t): 75 = 0.0039, g; = 0.0093, ¢, = —0.0004, z = 1, w, = 0.0001, B, = 1.9, a = 1. (b): contour plot. (¢): corresponding 2D line graph at r = 1.
(d): comparison of fractional derivatives. (e): r3, (y,,z,,t): 7, = —0.039, g, = —0.0093, g, = —0.009, z =1, w, = —0.0001, B, =8.5, a = 1. (f): contour plot. (g): corresponding 2D line

graph at t = 1. (h): comparison of fractional derivatives.

in a consistent way. For the given model, we have several soliton
solutions that include a range of parameters. The obtained solutions
have distinct and stable structural characteristics. We have developed
a number of novel solutions, such as the kink, periodic, M-waved, W-
shaped, bright soliton, dark soliton, and singular soliton solution. To

18

attain the solitay wave solutions, different types of fractional deriva-
tives such as B-D, M-TD, C-D are used. A graphical illustration of
various ways is demonstrated to distinguish the characteristics of «
by using Mathematica software to generate 2D and 3D surface plots
and contour plot displays in particular finite fields. In order for the
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fractional derivatives. (e): ry; (yl,zl,t): 7, = 0.001, g, =0.006, ¢, =13, z=1, wy =2, By =3, a = 1. (f): contour plot. (g): 2D line graph at r = 1. (h): comparison of fractional

derivatives.

solutions obtained in this work to be more relevant in the study of
fractional nonlinear dynamics of waves and optics, we demand that
they be unique. The study made it evident that some of the reported
soliton solutions are novel and had not before been reported. In order
to investigate the range of stability and applicability, the method could
be applied to various types of fractional differential systems, which is
the anticipation of further study. Future research on the FCCMS may

19

explore the fractional impacts on the solutions of the governing system
using the Atangana-Baleanu derivative and other recently proposed
definitions of fractional derivatives. This study illustrates the efficiency,
simplicity, and rationality of MAEM and RBM techniques, which can
be used in the future to determine optical soliton solutions of various
fractional equations in optics, engineering, and quantum physics.
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