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Abstract: In this paper, we study some basic properties of bicomplex numbers. We introduce two different
types of partial order relations on bicomplex numbers, discuss bicomplex valued metric spaces with respect to
two different partial orders, and compare them. We also define a hyperbolic valued metric space, the density
of natural numbers, the statistical convergence, and the statistical Cauchy property of a sequence of bicomplex
numbers and investigate some properties in a bicomplex metric space and prove that a bicomplex metric space
is complete if and only if two complex metric spaces are complete.
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1. Introduction

The concept of statistical convergence for real numbers was introduced by Fast [6], Buck [2],
and Schoenberg [12] independently. Later, the concept was studied and linked with summability
theory by Salat [11], Fridy [7], Tripathy [17, 19], Rath and Tripathy [8], Tripathy and Sen [18],
Tripathy and Nath [16], and many others.

The concept of bicomplex numbers has been investigated from different aspects by Segre [13],
Wagh [20], Srivastava and Srivastava [15], Sager and Sager [10], Rochon and Shapiro [9],
Beg et al. [3], and Singh [14]. In this paper, we study different types of partial order relations
on bicomplex numbers and discuss the concept of statistical convergence in bicomplex valued met-
ric spaces.

Das et al. [5] and many other researchers discussed the statistical convergence in a metric
space. In this paper, we investigate statistically convergent and statistically Cauchysequences in a
bicomplex valued metric space.

In what follows, C0, C1, and C2 denote the set of real, complex, and bicomplex numbers,
respectively.

2. Definitions and preliminaries

2.1. Bicomplex numbers

The concept of bicomplex numbers was introduced by Segre [13]. A bicomplex number is defined
as

ξ = x1 + i1x2 + i2x3 + i1i2x4,

where x1, x2, x3, x4 ∈ C0 and the independent units i1 and i2 are such that i21 = i22 = −1 and
i1i2 = i2i1. The set of bicomplex numbers C2 is defined as

C2 =
{

ξ : ξ = x1 + i1x2 + i2x3 + i1i2x4, x1, x2, x3, x4 ∈ C0

}

,
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i.e.,

C2 =
{

ξ : ξ = z1 + i2z2, z1, z2 ∈ C1

}

.

There are four idempotent elements in C2, they are 0, 1, e1 = (1 + i1i2)/2, and e2 = (1− i1i2)/2,
two of which, e1 and e2, are nontrivial such that e1 + e2 = 1 and e1e2 = 0.

Every bicomplex number ξ = z1 + i2z2 can be uniquely expressed as the combination of e1
and e2; namely,

ξ = z1 + i2z2 = (z1 − i1z2)e1 + (z1 + i1z2)e2 = µ1e1 + µ2e2,

where µ1 = (z1 − i1z2) and µ2 = (z1 + i1z2).

A bicomplex number ξ = x1 + i1x2 + i2x3 + i1i2x4 is said to be a hyperbolic number if x2 = 0
and x3 = 0. The set of hyperbolic numbers is denoted by H.

The Euclidean norm ‖.‖ on C2 is defined as

‖ξ‖C2
=

√

x21 + x22 + x23 + x24 =
√

|z1|2 + |z2|2 =
√

|µ1|2 + |µ2|2
2

,

where

ξ = x1 + i1x2 + i2x3 + i1i2x4 = z1 + i2z2 = µ1e1 + µ2e2

and

µ1 = z1 − i1z2, µ2 = z1 + i1z2, e1 =
1 + i1i2

2
, e2 =

1− i1i2
2

.

With this norm, C2 is a Banach space, also C2 is a commutative algebra.

The product of two bicomplex numbers satisfies the inequality

‖ξ · η‖C2
≤

√
2‖ξ‖C2

· ‖η‖C2
.

Definition 1.

(i) The i1-conjugate of a bicomplex number ξ = z1 + i2z2 is denoted by ξ∗ and is defined as

ξ∗ = z̄1 + i2z̄2 for all z1, z2 ∈ C1; here z̄1 and z̄2 are the complex conjugates of z1 and z2,
respectively, and i21 = i22 = −1.

(ii) The i2-conjugate of a bicomplex number ξ = z1 + i2z2 is denoted by ξ̄ and is defined as

ξ̄ = z1 − i2z2 for all z1, z2 ∈ C1, where i21 = i22 = −1.

(iii) The i3-conjugate of a bicomplex number ξ = z1 + i2z2 is denoted by ξ
′

and is defined as

ξ
′

= z̄1 − i2z̄2 for all z1, z2 ∈ C1; here z̄1 and z̄2 are the complex conjugates of z1 and z2,
respectively, and i21 = i22 = −1.

2.2. Partial order relation

Definition 2 [1]. The i1-partial order relation �i1 on C1 is defined as follows: for z1, z2 ∈ C1,
z1 �i1 z2 if and only if Re (z1) ≤ Re (z2) and Im (z1) ≤ Im (z2).

Definition 3. Let ξ1, ξ2 ∈ C2, ξ1 = z1 + i2z2 and ξ2 = z∗1 + i2z
∗
2 . The i2-partial order relation

�i2 on C2 is defined as follows: ξ1 �i2 ξ2 if and only if z1 �i1 z∗1 and z2 �i1 z∗2 , i.e., ξ �i2 η if one

of the following conditions is satisfied :
(i) z1 = z∗1 and z2 = z∗2 ;
(ii) z1 ≺i1 z∗1 and z2 = z∗2 ;
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(iii) z1 = z∗1 and z2 ≺i1 z∗2 ;
(iv) z1 ≺i1 z∗1 and z2 ≺i1 z

∗
2 .

In particular, we write ξ �i2 η if ξ �i2 η and ξ 6= η, i.e., if one of (ii), (iii), and (iv) is

satisfied, and we write ξ ≺i2 η if only (iv) is satisfied.

For every two bicomplex numbers ξ, η ∈ C2, we can verify the following :
(1) ξ �i2 η =⇒ ‖ξ‖C2

≤ ‖η‖C2
,

(2) ‖ξ + η‖C2
≤ ‖ξ‖C2

+ ‖η‖C2
.

Definition 4. Let ξ1, ξ2 ∈ C2, where

ξ1 = z1 + i2z2 = µ1e1 + µ2e2 and ξ2 = z∗1 + i2z
∗
2 = µ∗

1e1 + µ∗
2e2.

The Id-partial order relation �iId on C2 is defined as follows: ξ1 �iId ξ2 if and only if µ1 �i1 µ∗
1

and µ2 �i1 µ∗
2 on C1, i.e., ξ �iId η if one of the following conditions is satisfied :

(i) µ1 = µ∗
1 and µ2 = µ∗

2;
(ii) µ1 ≺i1 µ

∗
1 and µ2 = µ∗

2;
(iii) µ1 = µ∗

1 and z2 ≺i1 z∗2 ;
(iv) µ1 ≺i1 z

∗
1 and µ2 ≺i1 µ

∗
2.

In particular, we write ξ �iId η if ξ �iId η and ξ 6= η, i.e., one of (ii), (iii), and (iv) is satisfied,
and we write ξ ≺iId η if only (iv) is satisfied.

For every two bicomplex numbers ξ, η ∈ C2, we can verify the following :

ξ �iId η =⇒ ‖ξ‖C2
≤ ‖η‖C2

.

Remark 1. For ξ, η ∈ C2, the relation ξ ≺i2 η does not guarantee that ξ ≺iId η. Similarly,
ξ ≺iId η does not guarantee that ξ ≺i2 η.

2.3. Bicomplex valued metric space

Choi et al. [4] defined a bicomplex valued metric space as follows.

Definition 5 [4]. A function d : X × X → C2 is a bicomplex valued metric on X ⊆ C2 with

respect to the i2-partial order if it has the following properties for all x, y, z ∈ X:
(i) 0 �i2 d(x, y);
(ii) d(x, y) = 0 if and only if x = y;
(iii) d(x, y) = d(y, x);
(iv) d(x, y) �i2 d(x, z) + d(z, y).

The pair (X, d) is called a bicomplex valued metric space with respect to the i2-partial order. It

is denoted by (X, di2).

Definition 6. A function d : X × X → C2 is a bicomplex valued metric on X ⊆ C2 with

respect to the iId-partial order if it has the following properties for all x, y, z ∈ X:
(i) 0 �iId d(x, y);
(ii) d(x, y) = 0;
(iii) d(x, y) = d(y, x);
(iv) d(x, y) �iId d(x, z) + d(z, y).

The pair (X, d) is called a bicomplex valued metric space with respect to the iId-partial order.
It is denoted by (X, diId).
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Definition 7. A function dH : X×X → H is a hyperbolic valued (D-valued) metric on X ⊆ C2

with respect to the i2-partial order (the iId-partial order) if it has the following properties for all

x, y, z ∈ X, respectively :
(i) 0 �i2 (�iId) d

H(x, y);
(ii) dH(x, y) = 0 if and only if x = y;
(iii) dH(x, y) = dH(y, x);
(iv) dH(x, y) �i2 (�iId) d

H(x, z) + dH(z, y).
The pair (X, dH) is called a bicomplex valued metric space with respect to the i2-partial order

(the iId-partial order). The metric space (X, dH) with respect to the i2-partial order is denoted

by (X, dHi2), and the metric space (X, dH) with respect to the iId-partial order is denoted by (X, dHiId).

2.4. Statistical convergence of a sequences of bicomplex numbers

The concept of statistical convergence depends on the notion of the natural density of the set
of natural numbers.

Definition 8. A subset E of N is said to have natural density δ(E) if

δ(E) = lim
n→∞

1

n

n
∑

k=1

χE(k),

where χE is the characteristic function on E.

Definition 9. For two sequences (xk) and (yk), we say that xk = yk for almost all k if

δ
(

{k ∈ N : xk 6= yk}
)

= 0.

Definition 10. A sequence of bicomplex number (ξk) is said to be statistically convergent to

ξ ∈ C2 with respect to the Euclidean norm on C2 if, for all ε > 0,

δ
(

{k ∈ N : ‖ξk − ξ‖C2
≥ ε}

)

= 0.

We use the notation stat-lim ξk = ξ.

3. Statistically convergent and statistically Cauchy sequences

in a bicomplex valued metric space with respect to the i2-partial order

Definition 11. Let (X, di2) be a bicomplex valued metric space, and let (ξk) be a sequence

in (X, di2). The sequence (ξk) is said to be statistically convergent to ξ ∈ X if, for all 0 ≺i2 ε ∈ C2,

δ
(

{k : d(ξk, ξ) �i2 ε}
)

= 0.

We use the notation stat-lim ξk = ξ.

Definition 12. Let (X, di2) be a bicomplex valued metric space, and let (ξk) be a sequence

in (X, di2). We say that (ξk) is a statistically Cauchy sequence if, for all 0 ≺i2 ε ∈ X,

δ
(

{k : d(ξk, ξm) �i2 ε}
)

= 0.

Definition 13. Let (X, dh) be a D-valued metric space, and let (ξk) be a sequence in (X, dh).
The sequence (ξk) is said to be statistically convergent to ξ ∈ X if, for all 0 ≺i2 ε ∈ D,

δ
(

{k : dh(ξk, ξ) �i2 ε}
)

= 0.
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4. Main results

Lemma 1. If a sequence (ξk) is statistically convergent in a bicomplex valued metric space

(X, di2), then (d(ξk, ξ)) is statistically convergent to 0 with respect to Euclidean norm on C2.

P r o o f. Since (ξk) is statistically convergent in a bicomplex valued metric space (X, di2), for
all ε ≻i2 0, we have

δ
(

{k : d(ξk, ξ) �i2 ε}
)

= 0 =⇒ δ
(

{k : ‖d(ξk, ξ)‖C2
≥ ‖ε‖C2

}
)

= 0

=⇒ δ
(

{k : ‖d(ξk, ξ)‖C2
≥ ε′}

)

= 0,

where ε′ = ‖ε‖C2
> 0. Thus, the sequences of bicomplex numbers (d(ξk, ξ)) is statistically conver-

gent to 0 with respect to the Euclidean norm on C2, and hence stat-lim d(ξk, ξ) = 0. �

Lemma 2. Let (X, di2) be a bicomplex valued metric space, then the inequality

d(ξ1, η1)− d(ξ2, η2) �i2 d(ξ1, ξ2) + d(η1, η2)

holds for all ξ1, ξ2, η1, η2 ∈ C2.

P r o o f. By the triangle inequality, we have

d(ξ1, η1) �i2 d(ξ1, ξ2) + d(ξ2, η2) + d(η2, η1) =⇒ d(ξ1, η1)− d(ξ2, η2) �i2 d(ξ1, ξ2) + d(η2, η1)

=⇒ d(ξ1, η1)− d(ξ2, η2) �i2 d(ξ1, ξ2) + d(η1, η2).

�

Theorem 1. Let (X, di2) be a bi-complex valued metric space, and if the sequences (ξk) and

(ηk) are statistically convergent to ξ and η, respectively, in (X, di2). Then the sequence (d(ξk, ηk))
is statistically convergent to d(ξ, η) with respect to Euclidean norm in C2.

P r o o f.

{k : d(ξk, ηk)− d(ξ, η) �i2 ε} ⊆ {k : d(ξk, ξ) �i2 ε} ∪ {k : d(ηk, y) �i2 ε}
=⇒ δ({k : d(ξk, ηk)− d(ξ, η) �i2 ε}) ≤ δ({k : d(ξk, ξ) �i2 ε}) + δ({k : d(ηk, η) �i2 ε})

=⇒ δ({k : d(ξk, ηk)− d(ξ, η) �i2 ε}) = 0

=⇒ δ({k : ‖d(ξk, ηk)− d(ξ, η)‖C2
≥ ‖ε‖C2

}) = 0.

�

Let us formulate the following theorem without proof.

Theorem 2. Let (X, di2) be a bicomplex valued metric space, and let ξ, η ∈ X. If (ξk) is a

sequence in X statistically convergent to ξ and statistically convergent to η, then ξ = η.

Lemma 3. Consider a bicomplex valued metric space (X, di2) on C2. Suppose that

d(ξk, ξ) = d1(ξk, ξ) + i1d2(ξk, ξ) + i2d3(ξk, ξ) + i1i2d4(ξk, ξ).

The sequence (ξk) is statistically convergent (statistically Cauchy) in (X, di2) if and only if (xk) is
statistically convergent (statistically Cauchy) in the real valued metric spaces (X, dj), j = 1, 2, 3, 4.
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Lemma 4. Consider a bicomplex valued metric space (X, di2) on X. Suppose that

d(ξk, ξ) = d1(ξk, ξ) + i1d2(ξk, ξ) + i2d3(ξk, ξ) + i1i2d4(ξk, ξ).

Then A sequence (ξk), where

ξk = x1 + i1x2 + i2x3 + i1i2x4, x1, x2, x3, x4 ∈ C0,

is statistically convergent (statistically Cauchy) in (X, di2) if and only if (xj) is statistically con-

vergent (statistically Cauchy) in the real valued metric spaces (C2, dj), j = 1, 2, 3, 4.

Lemma 5. Consider a D-valued metric space (X, dHi2) on X. Suppose that

dH(ξk, ξ) = dH1 (ξk, ξ)e1 + dH2 (ξk, ξ)e2.

Then (X, dH1 ) and (X, dH2 ) are real valued metric spaces. A sequence (ξk) is statistically convergent

(statistically Cauchy) in (X, dH) with respect to the i2-partial order if and only if (ξk) is statistically
convergent (statistically Cauchy) in the real valued metric spaces (X, dHj ), j = 1, 2.

Lemma 6. Consider a D-valued metric space (H, dHi2) on H. Suppose that

dH(ξk, ξ) = dH1 (ξk, ξ)e1 + dH2 (ξk, ξ)e2.

Then (C2, d
H
1 ) and (C2, d

H
2 ) are real valued metric spaces. A sequence (ξk) ∈ H, where

ξk = µ1ke1 + µ2ke2,

is statistically convergent (statistically Cauchy) in (H, dH) with respect to the i2-partial order if

and only if (µjk) is statistically convergent (statistically Cauchy) in the real valued metric spaces

(C2, d
H
j ), j = 1, 2.

Theorem 3. If (ξk) and (ηk) are statistically convergent in a bicomplex valued metric space

(X, di2) and if

‖d1(ξk, ηk)‖ ≤ ‖d(ξk, ηk)‖
for all k ∈ N, then (d1(ξk, ηk)) is also statistically convergent with respect to the Euclidean norm

in C2.

P r o o f. Using Lemma 2, for all ε ≻i2 0 and k,m ≥ n0, we obtain

{k : d1(ξk, ηk)− d1(ξm, ηm) �i2 ε} ⊆ {k : d1(ξk, ξm) �i2 ε} ∪ {k : d1(ηk, ηm) �i2 ε}
=⇒ {k : ‖d1(ξk, ηk)− d1(ξm, ηm)‖C2

≥ ‖ε‖C2
}

≤ {k : ‖d1(ξk, ξm)‖C2
≥ ‖ε‖C2

} ∪ {k : ‖d1(ηk, ηm)‖C2
≥ ‖ε‖C2

}
=⇒ δ({k : ‖d1(ξk, ηk)− d1(ξm, ηm)‖C2

≥ ‖ε‖C2
})

≤ {k : ‖d(ξk, ξm)‖C2
≥ ‖ε‖C2

} ∪ {k : ‖d(ηk, ηm)‖C2
≥ ‖ε‖C2

}
=⇒ δ({k : ‖d1(ξk, ηk)− d1(ξm, ηm)‖C2

≥ ‖ε‖C2
}) = 0.

Thus, (d1(ξk, ηk)) is a Cauchy sequence of bicomplex numbers and, hence, (d1(ξk, ηk)) is statistically
convergent with respect to the Euclidean norm. �

Lemma 7. δ
(

{k : d(ξk, ξ) �i2 ε}
)

= 0 implies that δ
(

{k : d(ξk, ξm) �i2 ε}
)

= 0.
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P r o o f.

δ
(

{k : d(ξk, ξ) �i2 ε}
)

= 0 =⇒ δ
(

{k : d(ξk, ξ) ≺i2 ε/2}
)

= 1 =⇒ δ
(

{k : d(ξm, ξ) ≺i2 ε/2}
)

= 1.

We have

{k : d(ξk, ξ) ≺i2 ε/2} ⊆ {k : d(ξk, ξm) ≺i2 ε} =⇒ δ
(

{k : d(ξk, ξm) ≺i2 ε}
)

= 1

=⇒ δ
(

{k : d(ξk, ξm) �i2 ε}
)

= 0.

�

Remark 2. The converse is generally not true. To justify this, consider the following example.

Example 1. Let
X = (0, 1 + i1 + i2 + i1i2]

with the metric
d(ξ, η) = (1 + i1 + i2)‖ξ − η‖C2

for all ξ, η ∈ X.
Consider a sequence (ξk) in X defined as

ξk =











(1 + i1 + i2 + i1i2)

k
for k = i2, i ∈ N;

(1 + i1 + i2 + i1i2)

k2
otherwise.

Then, we observe that (ξk) is a statistically Cauchy sequence but is not statistically convergent
in X.

Lemma 8. Let (X, di2) be a complete bicomplex valued metric space, and let (ξk) be a sequence

in X. Then the following properties are equivalent :
(i) (ξk) is statistically convergent ;
(ii) (ξk) is a statistically Cauchy sequence.

Theorem 4. Assume that (ξk) is a sequence in a bicomplex valued metric space (X, di2) and

δ
(

{k :

k
∑

i=1

d(ξi, ξi+1

)

�i2 ε}) = 0.

Then (ξk) is a statistically Cauchy sequence in (X, di2).

P r o o f. We have

δ
(

{k :

k
∑

i=1

d(ξi, ξi+1) �i2 ε}
)

= 0

=⇒ δ
(

{k :

k
∑

i=1

dj(ξi, ξi+1) ≥ εj}
)

= 0, j = 1, 2, 3, 4

=⇒ δ
(

{k : dj(ξk, ξk+1) ≥ εj}
)

= 0, j = 1, 2, 3, 4.

Thus, (ξk) is a statistically Cauchy sequence in the real valued metric spaces (X, dj), j = 1, 2, 3, 4.
Hence, (ξk) is a statistically Cauchy sequence in the bicomplex valued metric space (X, di2). �
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Theorem 5. Let (ξk), where
ξk = z1k + i2z2k,

be a sequence of bicomplex numbers in the bicomplex valued metric space (X, di2). Then the following

properties are equivalent :

(i) (ξk) statistically converges to a point ξ = z1 + i2z2 ∈ X;

(ii) (z1k) and (z2k) statistically converge to z1 and z2, respectively ;

(iii) there are sequences (z1k) and (z2k) such that z1k = z′1k and z2k = z′2k for almost all k and

(z′1k) and (z′2k) converge to z1 and z2, respectively ;

(iv) there is a bicomplex sequence convergent to ξ + i2ξ̄, where ξ̄ is the i2-conjugate of ξ;

(v) there are a statistically dense subsequence (z1ki) of (z1k) and a statistically dense subsequence

(z2ki) of (z2k) such that (z1ki) and (z2ki) are convergent ;

(vi) there are a statistically dense subsequence (z1ki) of (z1k) and a statistically dense subsequence

(z2ki) of (z2k) such that (z1ki) and (z2ki) are statistically convergent.

P r o o f. (i) =⇒ (ii) The sequence (ξk) is statistically convergent to ξ. Then for every

0 ≺ ε = ε1 + i2ε2 ∈ C2,

we have

δ
(

{k : di2(ξk, ξ) �i2 ε}
)

= lim
n→∞

1

n

∣

∣ {k : di2(ξk, ξ) �i2 ε}
∣

∣ = 0.

There are two following cases.
Case 1. Consider

di2(ξk, ξ) = |z1k − z1|+ i2|z2k − z2|
or

di2(ξk, ξ) = d1(z1k, z1) + i2d1(z2k, z1),

where
d1(zk, z) = |zk − z|,

corresponds to a real valued metric space on C1 with the property

{

k : di2(ξk, ξ) �i2 ε
}

=
{

k : |z1k − z1|+ i2|z2k − z2| �i2 (ε1 + i2ε2)
}

.

We have
δ
(

{k : |z1k − z1| ≥ |ε1|}
)

≤ δ
(

{k : di2(ξk, ξ) �i2 ε}
)

= 0,

which implies
δ
(

{k : |z1k − z1| ≥ |ε|}
)

= 0.

Similarly,
δ
(

{k : |z2k − z2| ≥ |ε|}
)

= 0.

Hence, (z1n) and (z2n) are statistically convergent in real valued metric spaces on C1.

Case 2. Consider
di2(ξk, ξ) = (a1 + i2a2)‖ξk − ξ‖C2

,

where
0 ≺ a1, a2 ∈ C1(i1),
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or
di2(ξk, ξ) = a1‖ξk − ξ‖C2

+ i2a2‖ξk − ξ‖C2

or
di2(ξk, ξ) = a1d1(ξk, ξ) + i2a2d1(ξk, ξ),

where
d1(ξk, ξ) = ‖ξk − ξ‖C2

,

defines a real valued metric space on C2. Then, (ξk) is statistically convergent in real valued metric
space on C2.

We have

‖ξk − ξ‖C2
=

√

(z1k − z1)2 + (z2k − z2)2 = d22(z1k, z1) + d22(z2k, z2),

and
|z1k − z1| ≤

√

(z1k − z1)2 + (z2k − z2)2,

which implies that
{k : |z1k − z1| ≥ ε} ⊆ {k : d1(ξk, ξ) ≥ ε} .

Hence, (z1k) is statistically convergent in a related real valued metric space. Similarly, (z2k) is
statistically convergent in a real valued metric space.

(ii) =⇒ (iii) The sequences (z1k) and (z2k) statistically converge to z1 and z2, respectively.
Then, for every 0 < ε ∈ C0, we have

δ
(

{k : d(z1k, z1) ≥ ε}
)

= lim
n→∞

1

n

∣

∣ {k : d(z1k, z1) ≥ ε}
∣

∣ = 0

and

δ
(

{k : d(z2k, z2) ≥ ε}
)

= lim
n→∞

1

n

∣

∣ {k : d(z2k, z2) ≥ ε}
∣

∣ = 0.

Choose an increasing sequence of natural numbers (nk) such that, for all n > nk,

1

n

∣

∣

∣

{

k : d(z1k, z) ≥
1

2k

}
∣

∣

∣
<

1

2k
.

Define a sequence of complex numbers (w1k) such that

w1k =











z1k if k ≤ n1;

z1k if d(z1k, z) ≥
1

2k
;

z1 otherwise.

The sequence (w1k) is convergent.
Now we have

{k : z1k = w1k} ⊇ {k : di1(z1k, z1) ≺i1 ε}.
Therefore, z1k = w1k for almost all k. Similarly, z2k = w2k for almost all k.

(iii) =⇒ (iv) The sequences (z1k) and (z2k) converge to z1 and z2, respectively. Then the
bicomplex sequence (ξk) = (z1k + i2z2k) converges to ξ = z1 + i2z2 and the bicomplex sequence
(ζk) = (z2k + i2z1k) converges to z2 + i2z1, i.e., to i2ξ̄. Hence, there exists a bicomplex sequence
(ηk) = (ξk + ζk) converging to ξ + i2ξ̄.

(iv) =⇒ (v) Consider a bicomplex sequence (ηk) converging to

ξ + i2ξ̄ = (z1 + z2) + i2(z1 + z2).
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Let
ηk = z′1k + i2z

′
2k.

There exist
(

z′′1k
)

and
(

z′′2k
)

such that

z′1k = z1k + z′′1k and z′2k = z2k + z′′2k,

and as (z1k) and (z2k) are convergent we have

lim
k→∞

z′′1k = z2 and lim
k→∞

z′′2k = z1.

Let
M1 =

{

k : di1
(

z′′1k, z2
)

�i1 ε
}

and M2 =
{

k : di1
(

z′′2k, z1
)

�i1 ε
}

.

Let
K1 = N−M1 =

{

ki : ki < ki+1

}

and K2 = N−M2 =
{

k′i : k
′
i < k′i+1

}

.

Then δ(K1) = 1 and δ(K2) = 1. Thus, we have

lim
i→∞

z1ki = z1 and lim
i→∞

z2ki = z2.

(v) =⇒ (vi) A subsequence (z1ki) of the sequence (z1k) is convergent, hence, it is statistically
convergent. Similarly, (z2ki) is statistically convergent.

(vi) =⇒ (i) Let there exist

K1 =
{

ki : ki < ki+1

}

⊂ N and K2 =
{

k′i : k
′
i < k′i+1

}

⊂ N

such that
lim
i→∞

z1ki = z1 and lim
i→∞

z2ki = z2.

Then, for all
0 ≺i2 ε = ε1 + i2ε2 ∈ C2,

we have

{

k : di2(ξk, ξ) �i2 ε
}

⊆
{

k : di1(z1k) �i1 ε1
}

∪
{

k : di1(z2k) �i1 ε2
}

⊆ Kc
1 ∪

{

k ∈ K1 : di1(z1k, z1) �i1 ε1
}

∪Kc
2 ∪

{

k ∈ K2 : di1(z2k, z2) �i1 ε2
}

.

Therefore, (ξk) is statistically convergent. �

5. Statistically convergent and statistically Cauchy sequences

in a bicomplex valued metric space with respect to the iId-partial order

Definition 14. Let (X, diId) be a bicomplex valued metric space, and let (ξk) be a sequence

in (X, d). The sequence (ξk) is said to be statistically convergent to ξ ∈ X if, for all 0 ≺iId ε ∈ C2,

δ
(

{k : d(ξk, ξ) �iId ε}
)

= 0.

We use the notation stat-lim ξk = ξ.

Definition 15. Let (X, diId) be a bicomplex valued metric space, and let (ξk) be a sequence

in (X, diId). We say that (ξk) is a statistically Cauchy sequence if, for all 0 ≺iId ε ∈ C2,

δ
(

{k : d(ξk, ξm) �iId ε}
)

= 0.
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Example 2. Consider a metric d : C2 × C2 → C2 on C2 defined as

d(ξ, η) =
[

(5 + 8i1)e1 + (7 + 2i1)e2
]

‖ξ − η‖C2
∀ ξ, η ∈ C2.

Consider a sequence (ξk) in C2 defined as

ξk =

{

1 + i1 + i2 + i1i2 for k = i2, i ∈ N;
1/2022 otherwise.

Then we observe that (ξk) is statistically convergent in the metric space (C2, diId).

Lemma 9. Consider a bicomplex valued metric space (X, diId) on X. Suppose that

d(ξk, ξ) = d′1(ξk, ξ)e1 + d′2(ξk, ξ)e2.

Then (X, d′1) and (X, d′1) are complex valued metric spaces. A sequence (ξk) is statistically conver-

gent (statistically Cauchy) in (X, diId) if and only if (ξk) is a statistically convergent (statistically
Cauchy) sequence in the complex valued metric spaces (X, d′j), j = 1, 2.

Lemma 10. Consider a bicomplex valued metric space (X, diId) on X. Suppose that

d(ξk, ξ) = d′1(ξk, ξ)e1 + d′2(ξk, ξ)e2.

Then (X, d′1) and (X, d′1) are complex valued metric spaces. A sequence (ξk), where

ξk = µ1ke1 + µ2ke2,

is a statistically convergent (statistically Cauchy) sequence in (X, diId) if and only if (µjk) are

statistically convergent (statistically Cauchy) sequences in the complex valued metric spaces (X, d′j),
j = 1, 2.

We formulate the following theorem without proof.

Theorem 6. Let (ξk), where

ξk = µ1ke1 + µ2ke2,

be a sequence of bicomplex numbers in the bicomplex valued metric space (X, diId). Then the

following statements are equivalent :

(i) (ξk) statistically converges to a point ξ = µ1e1 + µ2e2 ∈ X;

(ii) (µ1k) and (µ2k) statistically converge to µ1 and µ2, respectively ;

(iii) there are sequences (µ1k) and (µ2k) such that µ1k = µ′
1k and µ2k = µ′

2k for almost all k, and
(µ′

kn) and (µ′
2k) converge to µ1 and µ2, respectively ;

(iv) there is a bicomplex sequence converging to µ1 + µ2 − (i2 − 1)(µ1e2 + µ2e1);

(v) there are a statistically dense subsequence (µ1ki) of (µ1k) and a statistically dense subsequence

(µ2ki) of (µ2k) such that (µ1ki) and (µ2ki) are convergent ;

(vi) there are a statistically dense subsequence (µ1ki) of (µ1k) and a statistically dense subsequence

(µ2ki) of (µ2k) such that (µ1ki) and (µ2ki) are statistically convergent.
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Theorem 7. (X, diId) is complete if and only if (X, d′) and (X, d′′) are complete metric spaces

in C1, where

d(ξ, η) = d′(ξ, η)e1 + d′′(ξ, η))e2.

P r o o f. Let (X, diId) be a complete metric space, and let ξ = (ξk) be a Cauchy sequence
in (X, d′). Therefore, for all 0 ≺i2 ε′ ∈ C1, there exists k0 ∈ N such that

d′(ξk, ξm) ≺i1 ε′ ∀k,m ≥ k0.

Consider

d(ξk, ξm) = d′(ξk, ξm)e1 + 0 · e2 ∈ C2 and ε = ε′e1 + 0 · e2 ∈ C2.

Then

d(ξk, ξm) = d′(ξk, ξm)e1 + 0 · e2 ≺iId e1ε+ 0 · e2.
This implies that (ξk) is a Cauchy sequence in (X, diId). Therefore, by the completeness of (X, diId),
there exists ξ in (X, diId) such that ξk → ξ as n → ∞ in (X, diId). We need to show that
ξk → ξ′ as n → ∞ in (X, d′) and x′′ = 0.

Now, ξk → ξ as n → ∞ in (X, diId), therefore, there exists a natural number k such that

d(ξk, ξ) ≺iId ε for all n > k

=⇒ d′(ξk, ξ)e1 + 0 · e2 ≺iId ε′e1 + 0 · e2 for all n > k

=⇒ d′(ξk, ξ) ≺i1 ε′ for all n > k.

Similarly, d′′(ξk, ξ) ≺i1 ε′ for all n > k. Hence, (X, d′) and (X, d′′) are complete metric spaces
in C1.

Conversely, let (X, d′) and (X, d′′) be complete metric spaces in C(i1).

Let (ξk) be a Cauchy sequence in (X, diId). Therefore, for ε ≻iId 0, there exists k0 ∈ N such
that ∀m,k ≥ k0

diId(ξk, ξm) ≺iId ε =⇒ d′(ξk, ξm)e1 + d′′(ξk, ξm)e2 ≺iId ε′e1 + ε′′e2

=⇒ d′(ξk, ξm) ≺i1 ε
′ and d′′(ξk, ξm) ≺i1 ε′′.

Therefore, (ξk) is a Cauchy sequence in (X, d′) and (X, d′′).

Since (X, d′) and (X, d′′) are complete, there exist k′0, k
′′
0 ∈ N such that

d′(ξk, ξ) ≺i1 ε′ for all k > k′0 and d′′(ξk, ξ) ≺i1 ε
′′ for all k > k′′0 .

Now, for all k > k1 = max{k′0, k′′0},

d(ξk, ξ) = d′(ξk, ξ)e1 + d′′(ξk, ξ)e2 ≺iId ε′e1 + ε′′e2

=⇒ d(ξk, ξ) ≺iId ε, where ε = ε′e1 + ε′′e2 ∈ C2.

Hence, (X, diId) is a complete metric space. �

We formulate the following theorem without proof.

Theorem 8. Let (C2, diId) be a bicomplex valued metric space. Then the class b∗∞ of all bounded

statistically convergent sequences of bicomplex numbers over C2 is complete.

Theorem 9. The metric spaces (X, di2) and (X, diId) are not comparable.
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P r o o f. Consider a metric d : X ×X → C2 on X defined as

d(ξ, η) = (5 + 6i1 + 7i2 + i1i2)‖ξ − η‖C2
∀ ξ, η ∈ X.

Then, all properties of metric space with respect to the i2-partial order holds and hence (X, di2) is
a metric space. Now we have

d(ξ, η) =
(

5 + 6i1 + 7i2 + i1i2
)

‖ξ − η‖C2

=
[

(−2 + 5i1)e1 + (12 + 7i1)e2
]

‖ξ − η‖C2
∀ ξ, η ∈ X.

Then the property d(ξ, η) ≻ 0 with respect to the Id-partial order does not hold. Therefore,
(X, diId) is not a metric space.

Next, consider a metric d : X ×X → C2 on X defined as

d(ξ, η) =
[

(5 + 8i1)e1 + (7 + 2i1)e2
]

‖ξ − η‖C2
∀ ξ, η ∈ X.

Then all properties of metric space with respect to the Id-partial order hold and hence (X, diId) is
a metric space. Now we have

d(ξ, η) =
[

(5 + 8i1)e1 + (7 + 2i1)e2
]

‖ξ − η‖C2

= (6 + 5i1 − 3i2 − i1i2)‖ξ − η‖C2
∀ ξ, η ∈ X.

Then the property d(ξ, η) ≻ 0 with respect to the i2-partial order does not hold. Therefore, (X, di2)
is not a metric space. �

6. Complete bicomplex metric space

Definition 16. A bicomplex valued metric space on C2 is said to be a complete bicomplex

metric space if every Cauchy sequence of bicomplex numbers in C2 converges to a point in C2.

Theorem 10. Let (C2, di2) be a bicomplex valued metric space. Then the class b∗∞ of all

bounded statistically convergent sequences of bicomplex numbers over C2 is complete.

P r o o f. Let (ξk) be a Cauchy sequence of bicomplex numbers in b∗∞. For a given 0 ≺i2 ε ∈ C2,
there exists n0 ∈ N such that

sup
k

d(ξmk , ηnk ) ≺i2 ε ∀ m,n ≥ n0.

Then, for every fixed value of k,

d(ξmk , ηnk ) ≺i2

ε

3
for all m,n ≥ n0. (6.1)

Then (ξjk) is a bicomplex Cauchy sequence in (C2, di2). Since (C2, di2) is a complete bicomplex
metric space, (ξik) converges to ξ ∈ C2 for all k ∈ N.

Let
lim
k→∞

ξmk = ξ.

Let (ξjk) statistically converge to ηm ∈ X for all j. Then

δ
({

k ∈ N : d(ξjk, η
j) ≺i2

ε

3

})

= 1.
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Let

Aj =
{

k ∈ N : d(ξjk, η
j) ≺i2

ε

3

}

. (6.2)

Let n0 be chosen such that for k ∈ Aj ∩Ar for all j, r ≥ n0. Now,

d(ηj , ηr) ≺i2 d(ξ
j
k, ξ

r
k) + d(ξrk, η

r) + d(ξjk, η
j)

=⇒ d(ηj , ηr) ≺i2

ε

3
+

ε

3
+

ε

3
[using (6.1) and (6.2)]

=⇒ d(ηj , ηr) ≺i2 ε.

Hence, (ηj) is a Cauchy sequence in (C2, di2), which is complete. Let

lim
j→∞

ηj = η.

Now,

d(ξk, η) ≺i2 d(ξjk, ξk) + d(ηj , η) + d(ξjk, η
j) ≺i2 ε,

as δ(Aj) = 1 implies that,

δ
(

{k : d(ξk, η) ≺i2 ε}
)

= 1.

Hence, b∗∞ is a complete bicomplex metric space. This completes the proof. �

7. Conclusion

In this paper, we have studied the statistical convergence in bicomplex valued metric spaces.
This is the first paper on this topic and is expected to attract researchers for further investigations
and applications.
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