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ON THE TRANSFORM OF A GUIDANCE GAME

Yu. V. Averboukh UDC 517.972; 519.83

ABSTRACT. This paper is devoted to the study of the structure of solutions of the differential guidance
game in the case where the objective set is contained in the position space and is the controllability
set for some control system.
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1. Introduction

This problem is devoted to the study of the structure of solutions of the differential guidance game
in the case where the objective set is contained in the position space and is the controllability set for
some control system. To such a system, we put in correspondence an equivalent problems of guidance
“at moment” for the transformed system. A guidance game is called a problem “at moment” if one
must guide the system to a set in the phase space at the final instant of time.

The structure of a nonlinear guidance game is exhaustively characterized by the theorem on al-
ternative proved by Krasovskii and Subbotin (see [9-11]), which asserts that, under the condition
of information consistency, there exists a saddle point in the class of the corresponding feedback
strategies. If the condition of information consistency does not hold, a saddle point exists in the
class of pairs counterstrategy/strategy (see [10, 11], where the existence of a saddle point in the pairs
strategy/counterstrateqy and mized strategy/mized strategy was established [10, 11]). The form of an
optimal strategy for guidance problems [10, 11] is known: a strategy (in the case where the condition
of information consistency of the counterstrategy does not hold) can be constructed by the method of
extremal shift by some set; this set is the maximal u-stable bridge in the sense of Krasovskii. Thus,
the solution of a guidance game is reduced to the construction of the maximal u-stable bridge. If the
problem is considered in the classes mized strategy/mized strategy or strategy/counterstrategy, then
the corresponding optimal control can be obtained by the method of extremal shift by a maximal
u-stable or u.-stable bridge, respectively (see [10, 11]).

Together with guidance problems, game problems of minimization of functionals are also studied in
the theory of differential games. For such problems, based on the theorem on alternative, Krasovskii
and Subbotin proved the existence of the value function (see [10, 11]).

The specific construction of the set of positional absorption or the value function can be performed
by using the method of program iterations proposed by Chentsov (see [3-5, 14] and also [7, 12, 15]).
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An important case of a set invariant with respect to a control system is a cylinder set; it is invariant
with respect to the identity transformation of the phase space. Guidance problems on the cylinder set
are also called guidance “to moment” problems.

In this paper, the transformation of a problem is performed by a peculiar extension of the control
system. We prove that for the case of an autonomous conflict-controlled system, the problem of
guidance to the maximal invariant set is equivalent to the problem of guidance “at moment” of the
extended system. The equivalence of these problems follows from the fact that iterations constructed
by the method of program iterations for both these problems coincide. The method of transformation
of problems proposed here can be applied to game problems of minimization of the path functional.

2. Basic Definitions and Notation

In this paper, we consider convergence/divergence problems with the set M of autonomous conflict-
controlled systems of the form

i:f(x7u7v)7 ueP? UEQJ (1)

on the time interval [0,9]. Assume that the first player disposing of the control u wants to lead the
system on the set M, M C [0,9] x R™, and the second player disposing of the control v aims to prevent
this.

We assume that f is a continuous, locally Lipschitz (with respect to the phase variable) function
satisfying the condition of the sublinear growth, P C RP, ) C R?, P and () are compact sets, and M
is closed . This differential game is considered in the class counterstrategy/strategy, i.e., we assume
that the first player (who disposes of the control u) exerts its control in the class of counterstrategies
and the second player (who disposes of the control v) exerts its control in the class of pure feedback
strategies (see [10, 11]). We state the strict definitions of counterstrategies, feedback strategies, and
motions for autonomous games, following the definitions introduced in [10, 11] for the general case.

A counterstrategy of the first player is an arbitrary function U : [0,9] X R™ x @ — P measured
with respect to the third argument. A feedback strategy of the second player is an arbitrary function
V :]0,9] x R" — Q. A motion generated by a counterstrategy U (t,z,v) on the interval [t.,t*] and
started at a point z, is defined (following [10, 11]) as the limit of Euler polygonal approximations as
the fineness of the partition tends to zero. The Euler polygonal approximations are constructed as
follows. Let A = {7;}}._, be a partition of the interval [t,,t*] and v(-) be a control of the second player.
On any interval [14x_1,7;), k = 1,7, we define the Euler polygonal approximation as the solution of
the equation

¢

xk[t] = fl'k—l[Tk—l] + / f(a:k[e], U(Tk_l, xk_l[Tk_l], 1)(9)), U(Q))d@, :L’O[TO] £ Tx-
Tk—1
The second player generates his control as follows. Let = = {fj}?’:o be a partition of the interval
[t«,t*]. The control of the second player is constant on the intervals [{;_1,¢;), 7 = 1,m, and is equal
to V(§—1,xj-1), where z;_; is the state of the system at the time instant &;_.

By the theorem on alternative (see [10, Theorem 82.2]), the solution of a convergence/divergence
problem is completely defined by the solvability set (the maximal u-stable bridge) 20. In this case,
the optimal counterstrategy U(t,x,v) is constructed by the rule of extremal shift by 20 (see [10, 11]).

A set is called a u-stable bridge (see [10, 11]) if for any v € @ and any position (¢, x.) € W, there
exist a solution y(-) of the differential inclusion

y(t) € co{f(z,u,v) : u € P}
and an instant £ € [t,, 9] such that y(§) € M[¢] and for all ¢ € [t,,&] the inclusion y(t) € Wt] holds.



If the Isaacs condition (the saddle-point condition in a small game)

e e
s € R migmax(s, f(z,u,v)) = maxmin(s. f (z,u,v))

holds, it suffices to consider a differential game in the class of feedback strategies (see [10, 11]); in this
case, strategies of the first player depend only on the realized position.

Except for conflict-controlled systems, in this paper we also use ordinary control systems. Let A be
a compact set in a finite-dimensional metric space. Consider the control system

&= h(z,b), beA. 2)

For fix b € A, we denote by S, the flow generated by the vector field h(:,b) for time 7 (assume
that 7 € R). Let (tx,x4) € [0,9] x R™ and b(-) : [0,9] — A be a measurable function. A motion of
system (2) generated by the control b(-) is a solution of the equation

aw=m+/ﬁm@w@me

Assume that ¢ is an arbitrary time instant from the interval [0,7]. Denote the motion of the system
starting at the position (t,.) and generated by the control b(-) by y(t,ts, 24, b(-)). Consider the
case where b(+) is a piecewise constant, right-continuous function. Assume that ¢ > ¢,. Since b(-) is
a piecewise constant, right-continuous function, there exist a collection of numbers 71, ..., 7, € [0, 00)
and controls by,...,by € A such that

t=ti+m+...+7%, bE =0b
forée |to+m+ ...+ 71, t*—|—7'1+...—|—7'2-_1+7'i}. In this case,

T (b, i, 4, () = Sg’fbk o...o8ph (m).

This formula is also valid in the case where ¢t < t,; then 7; < 0.

Except for ordinary controls, we consider generalized controls (control measures). Consider the
Borel o-algebra of subsets of [0,9] x A. A generalized control is an arbitrary measure defined on this
o-algebra. We denote the set of all measures by Ra. Let (ty, z4) € [0,9] xR™, n € Rp. Then a motion
starting at the position (t.,x.) and generated by a generalized control y is the solution of the equation

2(t) = 2 + / h(2(€), b) u(d(E, b))
[t ] XA

for ¢t > t, and the solution of the equation

o) =z~ [ h(a@.D)n(deD)
[t,t] XA
for t < t.. We denote this motion by ¢p (-, t«, x4, ). It is known (see [8]) that for any generalized

control p € Ry, there exists a sequence of piecewise constant, right-continuous, measurable functions
such that

xh('vt*7x*7bk(')) :;Soh('vt*vl‘*mu)v k — oo.
Moreover, the set of ordinary controls can be embedded in the space of generalized controls, namely,
for any measurable control b(-), there exists a measure fi.) such that
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for all ¢ € C(]0,9] x A). Note that
xh('7 RES) b()) = Soh('a ERS) Nb())

The problem of the solution of a differential game can be reduced to a sequence of control problems
by the method of program iterations proposed by A. G. Chentsov. We define the operator of program
absorption (see [6, 14]), which acts in the space of closed sets by keeping in this set all positions
from which the first player knowing the constant control of the antagonist can lead the system to

the objective set such that the motion does not leave the given set. Consider the conflict-controlled
system (1). For any v € @), we define the control system

folz,u) = f(z,u,v).
The image of the closed set E C [0,9] x R™ is the set

Ap(E) = {(t*,x*) €E:YoeQueR(P) IKet,9]:

25, (& teswer 1) € MIEN & (5, (b 2e, ) € B V€ [12,6)) },
where E[t] is the section of the set E:
E[t] & {z: (t,z) € E}.
Consider the sequence
Wo2[0,0] x R", Wy, = Ap(Wi_1) VkeN.

Chentsov proved that the solvability set of the guidance problem can be represented in the form

o0
W= (") W
k=0
We also note that the condition of the u-stability can be stated by using the operator of program
absorption: a set W is a u-stable bridge if A(W) = W.

3. Statement of the Main Result

Consider the convergence/divergence problem for a conflict-controlled system of the form (1) with
the objective set M. Introduce the notation F' = M[]. We assume that M is the controllability set
with the objective set M* = {9} x F with respect to some control system g(z,w), w € €

M = {(t,a:) €09 xR": Jr, e FIueR(N): z= gpg(t,ﬂ,m*,,u)};

here ) is a compact set in a finite-dimensional arithmetic space.

To construct an equivalent game “at moment,” we broaden opportunities of the first player who
creates the control u by introducing two additional controls: v that takes values 0 or 1, and w that
takes values in the set 2. Consider the conflict-controlled system

= f"(x,v,u,w,v), ze€R" ve{0l}, uveP, we, veQ, (3)
on the interval [0, ¥], where
* f(m,u,v), I/:O,
f($7V7U7W7U):V'f($7u7v)+(1_y)'g(t7w): o
g(r,w), v=1

In the new system (3), the first player disposes of the controls v, u, and w whereas the second player,
as in system (1), disposes of the control v.
For system (3), we consider the problem of guidance to the set M* £ {9} x F.



Similar methods of transformation of systems were considered earlier in the class of program controls
for transforming problems of guidance to a cylindrical set (see [1, 13]).
Introduce the following notation:

P*={0,1} x P x §;

if h = f, and u € P, then we denote S} , by F,; if h = f; and u* = (v,u,w) € P*, then we denote
Shur by Fui . Introduce the notation 7
Gr = S -

Let (ty,zs) € [0,9] x R™, ¢t € [0,9]; if h = f, and p € Rp, then we denote ¢y (t,ts, zs, 1) by
d(t,ty, Ty, p,v). Similarly, in the case where h = f) and p € Rp+, we denote ¢(t,t., ., 1) by
¢*(t, ts, Tx, 1, v). The operator of program absorption for the initial problem is denoted by A, and for
the transformed problem, by A*. Elements of the sequence constructed by the method of program
iterations for the initial system are denoted by Wy, k € Ng; elements of the sequence constructed
by the method of program iterations for the transformed problem are denoted by W}, k € Ny. The
solvability sets for the initial and transformed problems are denoted by 20 and 20, respectively.

Theorem. Let M be the controllability set with the objective set M* = {0} x F for a control system
g(x,w). If forallue P,V eQ, weQ, and 7',7" > 0, the flows ]-"J:v and G commute, i.e.,
Fiwo 90 =95 o Fiw (4)

then the following assertions hold:

(1) Wy =Wy for all k € N;

(2) the problem of guidance of system (1) to the cylindrical set [0,9]x F is equivalent to the problem

of guidance of system (3) to the set {9} x F;
(3) if system (1) satisfies the Isaacs condition, then system (3) also satisfies the Isaacs condition.

Note that in the case where f(-,u,v) and ¢(-,w) are smooth vector fields, condition (4) can be
expressed through the commutator of vector fields [, |:

[f(',u,v),g(-,w)] =0 VYue Pv Vv € Q7 Yw € Q.
In particular, if the objective set has the form of a cylinder M = [0,9] x F' (such a problem is called a

problem of guidance to the set F' “up to a moment” ), the choice of g(x,w) = 0 as an auxiliary control
system reduces the guidance problem to the problem with the objective set {#} x F' (the problem of
guidance to the set F' “at moment”). This problem was considered in [2, 13].

4. Properties of the Operator of Program Absorption

Let E C [0,9] x R™. We say that E does not increase by sections with respect to a control system
g(z,w), w e Q, if for all (t.,x), t € [0,t.], and o € Rq the inclusion

0g(t,ts, xs,0) € Elt]
holds.

Lemma 1. If a closed set E C [0,9] X R™ is such that M C E and E does not increase by sections
with respect to a control system g(z,w), w € Q, then the set A*(FE) also possesses these properties.

Proof. First, we prove that E does not increase by sections with respect to the control system g(z,w),
w e Q. Let (ts,x.) € A*(E), t € [0,1,], and 0 € Rq. We prove that

gt e, 20, 0) € (A™(E))[L].



Since (t,z4) € A*(F) C E, we have
(T, oq (T, t*,x*,a)) €E Vreltt. (5)

For any v € @, there exists a measure p € Rp+ such that

O (& tus T 1, v) € MIE]
for some € € [t,, V], and for all 7 € [t,,¢], the inclusion
O (T, tu, Ty p1,v) € E7]

holds.
There exists a measure ¢ € Rp= such that

Bt w)5(d(t, v, w,u)) = / B(t, w)o(d(t,w))
[0,9]x P* [0,9]xQ
for all ¢ € C([0,9] x Q).

We denote by fi a measure such that

vltaaldta) = [ wastea) < [ v ))
[t,9]x P* [t,t+]x P* [t+, 9] x P*
Introduce the notation = = ¢g4(t,t, x4, 0). Note that
909(7—7 t*7$*70-) = 909(7_7tvj70-) = qb*(Tvt)jv&v,U) = QS*(T,t,i',M,U).
Equation (5) and this chain of equalities imply that
¢* (1,1, 2, i, v) € E[r] (6)
and
Ty = gog(t*,t,j,a) = ¢* (T,t,a?,u,v).
This implies that
O (T b, Ty 1, 0) = @7 (T, s, Ty I, 0) = Q7 (7,8, 2, i, 0).
Since (ts,z«) € A*(E), we conclude that

¢* (&1, 2, i, v) € M[E]
and
¢*(1,t,z, f1,v) € E[T]
for all 7 € [t4,&]. These inclusions and inclusion (6) imply that (¢,%) € A*(E).
Now we prove that M C A*(E). Indeed, if M C FE, then the definition of the operator of program
absorption implies that M C A*(E). I

Now let w*(+) : [0,9] — P* be a piecewise constant control constructed for the second system. Let
te, & € 10,9], t. < & The semi-interval [t &) is the union of semi-intervals [§;_1,&;), i = 1,k, such
that on any semi-interval the control u*(-) is constant and is equal to u;. Introduce the notation
T =S fz — gi—l- We have

up = (vi, ug, wi), v; €{0,1}, wu; € P, w; €.
Introduce the sets
J={i:vy=1}={r,....n}, J'={i:y; =0}
Let éo = 14, éz = fj + 7, and

5 = grl- (7)



We define a piecewise constant control
u(-) : [te, &) = P
as follows: R R
u(t) =ury, e |G &), (8)
Now let t € [t,,&]. Either there exists j such that ¢ € [{ 1,&]) or t = £. In the first case, we set

’Y(t) = grj—l +t- é"l"jfl;

in the second case we set y(t) £ £.
Introduce the notation

Jl={ieJ" & <y{t)} ={s1,...,5m}.
Lemma 2. There exists a piecewise constant control
w(-) +[0,9] = Q,

we have

] w
K (1), tes ey (),0) = 2 (YD), £, X (b by u(),0), w()).

such that for all t € [t,

Proof. We have
x* (V(t),t*,w*,u*(-),v) = }_*:/(t)_&'jﬂ o...0oF i o...oF " (xy).

ug; v uy,v uj,v
Therefore,
£y ()€1t £T] .
‘Fu* v -
T
J
We have
*T’L
f f;’iiv
for i € J' and
*T T
P— ngl

for i € J".
Since the flows .7-"7 and QT commute, we obtain

T t_é:?"_ T
X (Y(O),tor e ()0) = Gl o0 GLY 0 Fu 7 o0 FILL (),

which proves the lemma. [ ]

Lemma 3. Let E not increase by sections with respect to the control system g(z,w), w € Q and let
M C E. Then A(E) = A*(E).
Proof. First, we prove the inclusion A(E) C A*(E). Let (t«,z«) € A(E); this means that for all v € @
there exist u € Rp and £ € [ts, 9] such that

(€, tus Tuy p1,v) € MIE], Bt ts, Tay p1,v) € Et]

for all t € [t,&]. Since M is the controllability set with the objective set {9} x F' for the control
system g(z,w), there exists a measure o € Rq such that

gog(t,f,¢(§,t*,x*,u,v),a,v) EM[t]7 te [6719]
By the Riesz theorem, there exist measures i € Rp~ and 6 € Rp« such that

/wu /1[)tu d(t, v, 1, w))

[0,9]x P [0,9]x P*



for all ¢ € C([0,9] x P) and

[ vttt = [ utws )

[0,9]x2 [0,9]x P*

for ¢ € C([0,9] x Q).
We denote by f € Rp+« a measure such that for any function ¢ € C([0,9] x P*), the following
relations hold:

/ Y(t, v, u,w)B(d(t, v, u,w)) = / Y(t, v, u,w)i(d(t, v, u,w)),

[0,€] x P* [0,6]x P*
/ Y(t, v, u,w)B(d(t, v, u,w)) = / Y(t,v,u,w)a(d(t, v, u,w)).
[€,9]x P* [€,9]x P*

‘We have
% o ¢(t7t*7m*7uﬂv)ﬂaav)7 te [t*7€]7
P b o) = {sog<t,»s,¢<g,t*,az*,u,v>,a,v>, e )

Since M[t] C E[t] M[J] = F, we conclude that
(0, 0%(0, t, 24, B,0) € {U} X F'
and for all ¢ € [t,, V] the inclusion
¢*(t, ty, x4, B,v) € Et]
holds.
Now we prove the opposite inclusion.

Let (t4,xs) € A*(F) and C > 0 be a number such that for all t1, to € [0,9], t2 < t1, 2/, 2" € G,
and o € Rq, the inequality

/l”

Hspg (t27 t1, :1:,7 O') — Py (t27 t1, mlla U) H < CH.T/ -
holds, where G is the set of positions reachable from the segment [0,%] x {z.} by the control system

&= f*(x,v,u,w,v), v € {0,1}, u e P,w e Q, v e Q.
The inclusion (¢, z.) € A*(E) means that for any v € @, there exists a measure 5 € Rp- such that

¢* (9, te, x4, By0) € F
and
O(t, ts, x4, B,0) € EJt]

for all t € [ti,]. There exists a sequence of piecewise constant controls for the transformed system
{CY() 152y, €¥(¢) : [ts, V] — P*, such that

a b

€ sup

te[t*,v)]

x* (t,t*,x*,ga('),v) — ¢*(t,t*,x*,ﬁ,v)H -0, «a— oo.

Consider the sequence of controls u® constructed by rule (8), and moments £ defined by (7). For any
a, the functions v*(-) are defined.

There exists a subsequence {oy} such that {*% — &, peor — p. We assume that {aj} coincides
with the sequence {a}.

We have v*(£%) = ¥ for all @ € N. Lemma 2 implies that for some control w®(-) we have

x* (Q97t*7$*7 Ca(')7v) = Zyg (07£7X(£7t*7$*7ua(')72})7wa('))7



which is equivalent to the equality
X(&,t*,x*,ua('),’u) = xg(ga v, x*(ﬂ,t*,x*,(a(-),v), wa('))‘
Thus,
Hx(§a7t*,x*,ua(.),v) —g;g<§, 9, ¢* (19 t*,m*,ﬁ, , >H
S ng<€a7 197 X*(Q97t*7m*7ga(')7v)7 wﬂ()) _xg<§7 197 ¢*(19,t*,m*,,8,v), wa()>H S CEa-
Since M is the controllability set in {¢#} x F' for the control system g(z,w), w € €, we have
(5047 $g(£a,19,¢*(Q9,t*,3j‘*,ﬁ,v),wa('))) € M.

Therefore,

(67 X(f, Ty Ty Wy U)) e M.
Now let t € [t,&]. For sufficiently large o we have t < £* and

¢ (Y (1), ts, 24, B,v) € Ely(1)].

Lemma 2 also implies that for some control w(-)

x(t,t*,w*,uo‘(-),v) :a:g(t, ~(t), x*(va(t),t*,w*,g‘a(-),v), w())

From this we conclude that
[t u(),0) = (8 720, 6 (1(0). b, B,0), ()|

<

w91 1), X (5 (1), a0, (), 0), ()

< Ce*.

g (2 (0), & (D) e B,0), ()

Since E does not increase by sections with respect to the control system g(z,w), w € €,

¢" (Y (1)t x4, B,v) € By (1)), wg(t, (), ¢ (Y1), b s By), w(-)) € E[t].
This implies that
B(t, ts, Toy 1, v) € Et].
Since v € @ is arbitrary, (t«,z.) € A(EF). Thus, we have proved that A*(E) C A(FE). ||
Proof of the theorem. Proof of item 1 immediately follows from Lemmas 1 and 3 since M C [0, 9] x R™
and [0, 9] x R™ does not increase by sections with respect to g(x,w), w € Q.

Item 2 follows from item 1 and the representation of the solvability set.
Item 3 is proved directly. Obviously,

max min S a:'I/U/CUU < min max (S r. UV, U, W, V)).
veQ (v,u,w) EP*< )> T (vu,w)EP* U€Q< ( » Uy U, W, )>

Prove the inverse inequality. Denote by (u.,v.) the saddle point in the small game for the initial
system. Let

*
= 1 .
L s S0, 0) = gl (s £ L)

In particular, this implies that

rgleagrunelg(s fx,u,0)) —gggglg(s fl@,u,v)) < min (s, gz,w)).



In this case

(v,u,w)eP* veEQ

min _ max (s, f*(z,v,u,w,v)) = zréilgrglezgd f(z,u,v))

s,fmuv*>

(
(s, gla.w)) | =
)

= min <s, f(xv,u,w U*> max min <8, f*(:z:,l/,u,w,v)>.

—Igleaglglem@ f(z,u,v)) = mln
:min{gg}g@ flz,u,vy) >, mln

(v,u,w)eP* veQ (v,uw)EP*

Now let

in max (s, f"(z,v,u,w,v)) = min max (s, f*(z,0,u,w,v)) =min (s, g(x,w)).

(u,uI,I:};)EP* vEQX< f ( )> u€PweN 065{< f ( )> w€Q< Q( w)>
Then

min (s, g(z,w)) = mm{glélg(& g(z,w)), gg}g&g(s fz,u v)>}

= mi i , g(x,w)), min(s, f(z,u,v. = min s, flz,v,u,w,vy)) <

mln{g?gsrll@ 9( )> u€P< f( )>} (V7u,w)EP*< f( )>

< min S T,V U,W,V)).
_?E%(V,U,W)EP*< ) f( ) By Wy Wy )>

The theorem is proved. [ ]
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