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We study an interplay between the orbital degeneracy and the spin-orbit coupling (SOC) giving
rise to spin-orbital entangled states in concentrated systems (cooperative Jahn-Teller (JT) effect).
As a specific example, we analyze the interaction of electrons occupying triply degenerate single-ion
tag levels with trigonal vibrations (the ¢ ® T' problem). A more general problem of the electron—
lattice interaction involving both tetragonal and trigonal vibrations is also considered. It is shown
that the result of such interaction crucially depends on the occupation of ta4 levels leading to either
the suppression or the enhancement of the JT effect by the SOC.
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I. INTRODUCTION

The effects related to spin-orbit coupling (SOC) have
recently become quite topical especially due to their de-
cisive role in the physics of topological insulators and
other topological materials. These effects are also im-
portant in such strongly correlated electron systems as
4d and 5d transition metal compounds. In contrast with
3d compounds, the large SOC characteristic of 4d and
5d transition metal ions can play a dominant role in the
formation of electron structure determining the sequence
and multiplet characteristics of the energy levels. There-
fore, in such systems, we are dealing with the spin-orbit
entangled electron states [I]. This means that the spin
and orbital degrees of freedom become intermixed lead-
ing to a more pronounced contribution of magnetism to
the orbital characteristics.

Indeed, the orbital degeneracy, leading in particular to
the Jahn—Teller (JT) effect, is quite common in many
transition metal compounds. Until recently, it was pre-
dominantly studied in 3d systems containing such well-
known JT ions as Mn®t and Cu?*. Currently, however,
the attention is gradually shifting to the study of 4d and
5d compounds. In this case, the SOC starts to play a
more and more important role. Therefore a question
arises: what is the concerted outcome of the JT effect
and strong SOC? The most natural expectation is that
SOC would suppress the JT effect. Indeed, due to JT dis-
tortions, the orbital degeneracy is lifted, and it becomes
favorable to put an electron at the state with a real wave
function, with a particular quadrupole moment. At the
same time, the SOC rather prefers the states with com-
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plex wave functions. Note here that even the first, rather
old treatment [2] has revealed that in the simplest case of
one electron per site the JT effect is gradually suppressed
with increasing SOC (characterized by the SOC constant
A).
In 3d systems we usually deal with the high-spin state
(satisfying the first Hund’s rule stabilizing the state with
maximum possible spin), in which case we often have
a situation with partially filled e, states (like those in
Mn?**t or Cu?t). However, for e, electrons, the SOC is
in the first approximation quenched. In contrast, for 4d
and 5d systems, we typically have low-spin states with
very often partial filling of triply-degenerate to4 orbitals,
but for these, the SOC is not quenched, and just in this
case, the most realistic for 4d and 5d systems, one should
expect an important role of SOC.

At the same time, in many cases, there still remains
an orbital degeneracy even if the SOC is very strong.
The orbital degeneracy typically manifests itself in the
involvement of the crystal lattice occurring in the form
of vibronic interactions, i.e. those related to the JT effect
[BHT].

Such a strong interplay of electronic and lattice char-
acteristics in the systems with spin-orbit entangled states
should lead to a plethora of novel quantum phenomena,
the analysis of which now seems to be only at the initial
stage. In this connection, let us note some early [2], [8HIZ]
and several recent [13H20] papers but particularly men-
tion an unduly rarely cited paper by K.D. Warren [21].
Using the so-called angular overlap model, Warren was
able to treat limiting situations of small and very large
SOC for all possible occupations of d electrons. It was
shown that this interaction may substantially modify JT
coupling constants. In a recent study a more general sit-
uation of the SOC of arbitrary strength was considered
by a very different approach [22] for E = {Q2, Qs} type
distortions in case of a static JT problem.
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The main results of [22] can be summarized as follow-
ing: Vibronic and spin-orbit coupling interactions can
either enhance or suppress each other depending on a
particular situation, first of all, on the number of elec-
trons per site. For one electron at triply degenerate ta
states, for which the SOC is not quenched, an increase in
SOC gradually suppresses the JT effect, which, however,
remains nonzero even for very strong SOC. For the d?
configuration, the JT effect is also suppressed by SOC.
In the case of d* and d° configurations (with all electrons
in to, states, which is the case for the low-spin states
typical of 4d and 5d systems) the JT effect also vanishes
as the strength of SOC grows. However, in contrast with
the d? case, the JT effect disappears at finite value of
Aer in an almost abrupt way, and it is strictly zero above
Aer- Nevertheless, there may also be an opposite effect:
the SOC may enhance rather than suppress the JT dis-
tortions. This is the situation for the d* configuration,
for which the SOC does not impede but activates the JT
effect, which for this configuration is absent for A = 0.

These results were obtained in Ref. [22] by considering
the JT coupling of ¢2, electrons with doubly degenerate £/
(tetragonal and orthorhombic) distortions — the so called
t ® E/ problem. However, the ¢y, states can be also split
by trigonal distortions — the ¢t ® T' problem and moreover
JT coupling constant for T" vibrations can be as large as
for E phonons [23].

It is both interesting scientifically and important prac-
tically to know how the SOC would affect such trigonal
distortions, which are often present in real situations.
Theoretically it is even more interesting: for very strong
SOC the states of ty, electrons are split into j = 3/2
quartet and j = 1/2 doublet, with j = 3/2 states lying
lower. Such quartet is actually formed by two Kramers
doublets, i.e. the situation in this sense resembles that of
the usual e, states and sometimes indeed these doublets
are regarded as an effective e, orbitals, see, e.g., Ref. [1],
but how far does this analogy go? In particular, e, lev-
els are not split by the trigonal deformation, i.e. there
is no interaction with trigonal T-phonons. However, the
situation with ¢4 electrons in case of strong SOC might
be very different from the e ® E case, just because of a
strong spin-orbit entanglement introduced by SOC. And
indeed, it is known that for d' configuration in the case
of infinitely strong SOC, where we are dealing with the
j = 3/2 quartet, JT coupling to T5 vibrations still sur-
vives [8, [12]. The case of intermediate JT coupling, not
considered in the previous literature, present special in-
terest because real 4d and 5d systems usually belong to
this category. This is what is done in the present paper.
Another question we concentrate on is what the situa-
tion is with the ¢t ® T" problem in case of strong SOC
for other electron configurations - d2, d® etc. In these
cases, besides purely JT electron—phonon interaction, an
electron—electron interaction, especially the Hund’s rule
exchange, play crucial role and can strongly modify the
behavior of a system, in particular the manifestations of
JT effect in those.

Finally, one important comment has to be made. In
Ref. [22] and in the present paper we mainly have in
mind concentrated systems, especially those with 4d and
5d transition metal ions, such as Kitaev magnets con-
taining e.g. Ru?™ (RuClz) or Ir** (LiyIrO3), or double
perovskites like NasBaOsOg or SroCalrOg. Interplay of
strong SOC and JT effect in these systems present an in-
teresting and important problem, both theoretically and
experimentally [17][22] 24H29]. To treat it one has to start
from the case of single transition metal ions, as we do in
the present paper. In treating the single site case some
extra complications can enter the game, such as vibronic
effects connected with treating not only electrons but
also the lattice (nucleus) quantum-mechanically. These
effects can lead to certain modifications, for example
to the well-known Ham’s reduction of different nondi-
agonal matrix elements [30]. In concentrated system
such as those we have in mind, the vibronic effects are
practically always neglected, and the lattice is treated
(quasi)classically, see e.g. [31] [32]. Keeping in mind this
situation and aiming at application to concentrated sys-
tem, we in our calculations do not also take into account
vibronic effects leaving the study of their possible effects
for future.

II. MODEL

The model Hamiltonian used in the present paper in-
cludes three components

H = Hsoc + Hyr + Hy, (1)

where the first, second, and third terms correspond to the
SOC, the JT electron-lattice coupling, and the Hubbard
on-site electron—electron interaction, respectively. The
SOC is taken in a full vector form

Hsoc = *Czia “Sa, (2)

where 1, and 8, are orbital and spin operators of the
ath electron, ( is the SOC constant, and the minus sign
appears because we deal with the t, orbitals with ef-
fective orbital moment I,y = 1 [33]. In the LS cou-
pling scheme (for SOC weaker than the Hund’s rule cou-
pling), one can also write this part of the Hamiltonian as
Hsoc = —A\L - S, where L = D a l.,,S = Yo Sa are the
total orbital and spin moments of a particular configura-
tion, and A = (/285.

The interaction part is written in the standard rota-
tionally invariant form [34]

Ju

N(N —1)
2 2

. . . 5 .
Hy = (U - 3Jg) —2JyS% - TR0+ 571N (3)
where U is the Hubbard repulsion (not important here
since we consider a single site), Jy is the Hund’s rule
intraatomic exchange, and N is the operator for the total

number of electrons.
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Figure 1: Sketch demonstrating distortions of metal-ligand
octahedron by trigonal Q4, @5 and Qs modes.

The JT term includes the elastic energy contribution
and the linear coupling of the electron subsystem with
the corresponding vibrations. In Sec. [[TI} where the t®T
problem is considered, we use the following form of the
JT Hamiltonian

I:IfT = _g((iyiz + lAJy)QAL + (Zmiz + lzlx)QS

~ . 2
+ (il + 10,)Qs) + 37 QI+ Q3 +Q3). (4)

where 4, @5, and Qg are the phonon modes, illustrated
in Fig. (1} with the corresponding coefficients g and B [I1].
For simplicity, in most of numerical calculations, we as-
sume that ¢ = B = 1. Positive Q4, Q5 and Qg in the
combination Q4+ Q5+ Qg would give trigonal distortion
corresponding to the elongation of octahedron in the [111]
direction, see Fig. 2] A more general form the JT term
used in Sec. is presented in Eq. .

It has to be stressed that here we consider not a lattice
of JT ions, but a single JT center. Nevertheless, we keep
in mind the situation of concentrated systems.

It has to be noted that the present approach differs
from conventional ones used to treat the JT effect. It
is not perturbative, but it is based on numerically ex-
act solution of the many-electron problem including all
the necessary interactions (electron—lattice, Hund’s rule
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Figure 2: Energy level splitting and distortions in the t @ T’
problem without the SOC in the case of t3, (a) and t3, (b)
configurations.
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Figure 3:  Amplitude of the JT distortion (compression)
defined as Q@ = /Q3? + Q2% + Q2 as a function of the SOC
constant ¢ in the case of d' electronic configuration for dif-
ferent ratios of the g and B parameters. The inset shows

the constant energy surface for A = 0 corresponding to
2

E(Q4,Qs5,Q6) = —1.375, which is close to the absolute en-

ergy minimum E = —%%.

exchange, and SOC) for an arbitrary distortion with sub-
sequent global minimization of the total energy with re-
spect to all possible phonon modes. In this scheme, dif-
ferent specific electronic states correspond to each partic-
ular nuclear configuration, i.e. all vibronic effects, such
as the Ham’s reduction [30, B3], can be included if one
would use this scheme for calculating dynamical prop-
erties of isolated JT impurities as investigated e.g. by
paramagnetic resonance spectroscopy.

III. ¢t® 7T PROBLEM

In this section, we not only study how the SOC affects
the JT effect in the case of the t®T problem, but also pay
attention to the role of intraatomic Hund’s rule exchange.
It is assumed here that the t245 — e, crystal-field splitting,
10Dg, is very large (always larger than the SOC constant
A).

A. d' configuration

The situation in the case of d' configuration without
SOC is well documented, and the JT effect results in
the trigonal compression, i.e. distortion along one of
four possible vectors: [-1,—1,-1], [-1,1,1], [1,—1,1],
or [1,1,—1] in the Qg4,Q5,Q¢ space. This leads to the
level splitting such that the a4 orbital turns out to be
lower than eg and a single electron occupies this aq4 or-
bital, see Fig. a). These four minima are clearly seen
in the inset of Fig. where the constant energy sur-



Evolution of the energy isosurface E(Qu,Qs,Qs)
as a function of the SOC constant X in the case of d* configu-
rations. a) A = 0 b) A = 5g%/B ¢) A = 50g%/B. To calculate

Figure 4:

the isosurface the Hamiltonian is rewritten in a spherical
coordinates Q4 = rsinfcos ¢, Qs = rsinfsinp, Qs = rcosf
and then it is minimized in r for each (0, ¢) point.

face E(Q4, @5, Q) corresponding to 99% of global energy

minimum F = f%% is presented. In the (Q4, @5, Qs)
space, these minima are located along four [111] direc-
tions with the total tetrahedral symmetry. These minima
would be located at other ends of these [111] axes for the

opposite sign of the coupling constant g in Hamiltonian

The account taken of the SOC results in the gradual
suppression of the JT distortions as shown in Fig. 3] In
agreement with previous studies the system retains trigo-
nal minima in the presence of not very strong SOC|2, [10].
However, one might see that the SOC tends to stabi-
lize an electron at very different orbitals (as compared to
those favorable with respect to the JT effect) and this re-
sults in the suppression of the amplitude of the distortion
and JT coupling constant as was noted in [2I]. However,
the SOC cannot lift the degeneracy completely — we still
have an electron at the doubly degenerate (without tak-
ing into account the Kramers degeneracy) j = 3/2 sub-
shell. Therefore, the JT effect will never be suppressed
completely.

The results of these calculations also answer the ques-
tion formulated in the Introduction: : To which extent
does the ground-state quartet 7 = 3/2 (two Kramers dou-
blets), reached for strong SOC, resembles the e, quartet
(also two Kramers doublets) for the usual d electrons in
cubic crystal field without SOC? We remind that for the
usual d electrons with one electron (as, e.g., in Mn3") or
one hole (as in Cu®") at e, levels, the JT effect leading
to the lifting of this degeneracy exists for tetragonal and
orthorhombic distortions but not for trigonal ones. In
our case, however, for one electron at the j = 3/2 quar-
tet, not only tetragonal [22] but also trigonal distortions
lead to the JT effect, see Fig. Thus we see that the
j = 3/2 quartet is in this sense not equivalent to the
usual e, case. A different character of the corresponding
wave functions in this case, with the strong spin-orbit
entanglement, leads to different characteristics of the JT
effect for strong SOC. The study of the coupling to trig-
onal modes (the ¢t ® T' problem) thus allows us to reveal
the role of spin-orbit entanglement for the JT effect.

In fact, we see that for the d' configuration, the sit-

Figure 5: Cuts of the “Mexican globe” along the ¢ = 45°
meridian in the case of d' configurations at the SOC con-
stant A = 0 (a), A = 5¢°/B (b) and A = 50¢*/B (c).
Q = (Qa + Qs5)/v2 is a normalized distortion along the
¢ = 45° meridian.

uation for trigonal distortions is actually similar to that
for tetragonal ones [22]: the strong SOC reduces JT dis-
tortions but not completely. Similarly to the t ® E case,
for the strong SOC, different trigonal distortions (elonga-
tion and compression along different [111] axes) become
equivalent, so that any linear combination thereof has
the same energy, which is the situation of the “Mexican
hat” (continuous manifold of degenerate states, which
for the e ® F problem indeed has a form of a “Mexican
hat”, see, e.g., Refs. [4, Bl [7]). Thus, in this case for
very strong SOC, we also have the manifold of degener-
ate states, forming “Mexican hat”, but in the 4D space,
see Appendix[A] The fact that in the limit of A — oo the
JT effect for the case of one electron at the j = 3/2 quar-
tet (in the Bethe notation, the T's quartet) leads to the
continuum of degenerate states (1D manifold, the trough
in the Mexican hat in the ¢ ® F problem, 2D manifold
— the “Mexican globe” for the t ® T' case) is well-known
in the JT literature [8, 1T, 12]. We demonstrated how
this state is reached with increasing A, i.e., how the en-
ergy surface evolves from that of A = 0 to the limiting
solution of the Mexican hat in the t ® E or the Mexican
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Figure 6: Corrugation energy decorrug as a function of the
SOC constant A in the case of d! configurations. d€corrug 1S
the absolute difference of the energy minimum and a saddle
point.
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Figure 7:  Amplitude of the JT distortion defined as Q =
V@2 + Q% 4 Q% as a function of the SOC constant A in the

case of d* and d* electronic configurations for g = B = 1.

globe for the t ® T' case for infinite SOC.

Analysis of the energy surface of the t ® T problem is
quite difficult compared to that for the t ® F and e ® F
problems, since E(Qq4, @5, Q¢) is a 4D function. The en-
ergy isosurfaces E(Qq4,@5,Qs) = const can be plotted
(e.g., see Fig. |4) but they are difficult to compare with
the Mexican hats in the t ® E and e ® E problems. How-
ever, one can decrease dimensionality of E(Qq4, @5, Q¢)
if we make some cut of the “Mexican globe” by com-
bining two phonon modes (e.g. Q4 and @5) into one
Q = (Q4+Qs5)/v2 (where 1/4/2 is normalization factor).
It corresponds to cutting the “globe” by the correspond-
ing meridian. Then we can plot the energy surfaces of
the trigonal and tetragonal modes.

The cuts of the “Mexican globe” along the ¢ = 45°
meridian at the various values of the SOC constant A
are shown in Fig. Two global minima of the energy
cut corresponds to the [-1, —1,—1] and [1, 1, —1] minima
in the Q4, @5, Qs space. Other minima of the Mexican
globe (Fig. |4) can be obtained if the cut is made along
other directions. The last (local) minimum is in fact a
saddle point in the Q4, @5, Q¢ space; its energy is equal to
the energy of the saddle point between the global minima.
The energy difference between the global minima and the

saddle point (with the local minima) becomes smaller
with increasing SOC (see Fig. [6). Thus the cut of the
Mexican globe turns into the well-known Mexican hat at
A> Ejr (Fig. )

The cuts in Fig. |5| are generally similar to the Mexi-
can hats of the t ® E and e ® E problems. Both such
“hats” have conical points at (0,0). The cuts have three
minima in Fig. a) and Fig. b); however, whereas in
the t® E and e ® E problems all three minima are equal,
here, in this cross-section, we get two global and one local
minima. Also we obtain the continuous set of minimum
points in Fig. (c) Except for the presence of the local
minimum, the evolution of the cuts of Mexican globe in
the t®T problem and the Mexican hat of the ¢t ® E prob-
lem as the function of A very similar. Note that in the
e ® FE problem the Mexican hat gets corrugated due to
higher order JT coupling. Here, however, we get some
corrugation already for the linear JT coupling but for fi-
nite SOC; so, instead of the continuous set of minimum
points, only four minima exist for finite \.

B. d? configuration

In the case of d? electronic configuration, one needs to
take into account the intraatomic exchange interaction,
Jr. Here, we assume that the energy gain due to the JT
distortions is always smaller than Jg, but the strength
of the SOC, A, can be larger or smaller than the Hund’s
rule energy Jy and g2?/2B.

Having two electrons in the absence of the SOC, we
gain more energy by elongating the metal-ligand octahe-
dron in [111] direction and by putting two electrons with
parallel spins onto e orbitals, as shown in Fig. [2(b).
This results in the trigonal elongation along one of four
possible [111] directions discussed above (in solids, the
exchange interaction or electron—phonon coupling could
choose one of these directions). The SOC in turn fa-
vors the occupation of very different orbitals. These are
j = 3/2 spin-orbitals, see Eq. in Appendix

Therefore, by increasing the strength of SOC, we re-
duce the maximum possible energy gain (and the distor-
tion as a result) due to the vibronic coupling, see the
upper panel of Fig.[7] This is exactly what is observed in
our numerical calculations — the JT distortion amplitude
decreases with .

Moreover, formally as A — oo, the JT distortions
asymptotically vanish. This is in contrast with the situ-
ation with d* configuration. One can easily understand
this by noting that also at very strong SOC, the intra-
atomic exchange makes two electrons to occupy j3 /2 and
Ji2> OF jZg,5 and jZ, 5, orbitals (to have maximal spin
projections, see Eq. ) However, the distortions in-
duced by such occupation compensate each other exactly:

Using Egs. and , it can be readily shown that e.g.

J3 /o gives Qg/ﬁ = —%%, while jF , results in Ql/TQ = %%.

These results were obtained taking into consideration
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Figure 8: Amplitude of the JT distortion defined as Q =

V@2 + Q% 4+ Q% as a function of the SOC constant A in the

case of d* electronic configuration for g = B = 1.

only the t5, manifold, assuming that the cubic crystal
field leading to splitting (10Dgq) of ta, and e, levels is
the largest parameter in the system. Admixture of e,
states in case of finite 10Dg can bring about some mod-
ifications, largely of numerical character. This problem,
especially important for d? configuration, will be consid-
ered separately.

C. d® configuration

In the case of three electrons and zero SOC, we fill
three to4 levels by electrons, which have the same spin
projection due to the strong intraatomic Hund’s rule ex-
change. Such a state does not exhibit any orbital degen-
eracy and therefore it is inactive for the JT effect.

The SOC acts against the Hund’s rule exchange and
redistributes electrons in such a way as to make them
occupy j = 3/2 states. This results in orbital degener-
acy (three electrons at the fourfold degenerate j = 3/2
states) and activates the JT effect as was pointed out by
Warren [21]. The distortion amplitude as a function of
SOC A\ is shown in Fig.[7] One might expect that, simi-
larly to the ¢t ® E problem [22], here one would also have
the Mexican hat geometry of the adiabatic potential en-
ergy surface in the formal limit of A — oco. Indeed, as
in the case of the d' configuration, we have here a single
“JT active” particle at the j3,5 levels, but it is a hole in
the case of d°.

It is interesting to study the effect of intra-atomic ex-
change on JT distortions. First, one may see in Fig. [7]
that it is ratio A\/Jg, which plays a crucial role. A half
maximum possible JT distortion is achieved at A/Jg ~
0.7 — 1. On the other hand, indeed the Hund’s rule and
SOC favor very different occupations of the spin-orbitals
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Figure 9: Amplitude of the JT distortion defined as Q =

VQ3 + Q2 + Q2 as a function of the SOC constant A in the

case of d° configuration. This function is the same for different
2

g and B, if XA is measured in the units of % and @ is measured

in the units of £. Insets demonstrate the constant energy

surfaces E(Q4, @5, Qs) = Eiso, which are close to the global
energy minima, at A = 0 < . (left) and A = 1.2 > A (right).

by electrons: eigenfunctions of spin-orbit operator
are obviously not optimum from the viewpoint of
intra-atomic exchange, which favors having as many as
possible electrons with the same spin projection. There-
fore, by increasing Jg, we suppress the JT distortions
induced by the SOC, see Fig.[7]

D. d* and d° configurations

These two configurations demonstrate very similar be-
havior in the case of the t ® E problem [22]. For T vibra-
tions, this result remains the same. The corresponding
plots of distortion amplitude are summarized in Figs.
and

The case of d® configuration without SOC can be de-
scribed in terms of one hole at ¢y, levels, so it can be
derived from the d' case by replacing g with —g. Then,
the points characterizing absolute energy minima are of
the opposite signs as compared to the d' case: [1,1,1],
1,-1,-1], [-1,1,-1], or [-1,-1,1] in Q4Q5Qs space
(Fig. [0] left inset). The M Lg octahedron is elongated in
one of these directions, and we put five electrons at the
crystal-field levels of Fig. b). This is the typical situa-
tion for such ions as Ir** and Ru®*, important, e.g., for
the Kitaev materials.

As X increases, the JT distortions decrease and near
the critical value A. abruptly disappear (Fig. E[) The
absence of distortions at large A values can be explained
in the jj coupling scheme, which is relevant in this case.
In this scheme, a single hole occupies the upper Kramers
doublet j = %, which does not have any orbital degener-
acy, so the JT effect does not work in this situation.

The same picture also explains similar behavior for the
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d* configuration, Fig. @ in the jj scheme, four electrons
completely fill four j = 3/2 states leading to the nonde-
generate and nonmagnetic J = 0 state .

IV. FULL t® (T + F) PROBLEM

Typically, for the description of specific materials it
is enough to treat the coupling of electrons with E or
T vibrations. Nevertheless, for completeness, below we
consider the general t ® (T'+ E) problem, which includes
both tetragonal (Q2, @3) and trigonal (Q4, @5, Qg) dis-
placements. In this situation, the JT term is written in
the following form

., B, B
HF = ZH(Q3+Q3) + 5 (QF + Q5 + QF)
1

- a(FE-Be+ (E-1)a) 6

+ (0ad, +1,1)Q0)-

Here, B, and g (B; and g¢;) are constants corresponding
to FE (T) distortions.

The solution of Eq. is well known for the case of
zero SOC, ¢ = 0. There are three types of extremum
points: three correspond to tetragonal minima with Q4 =
Q5 = Q¢ = 0, four are trigonal minima with Qs = Q3 =
0, and six are orthorhombic points [9]. The difference
between the energies E¢ = —2¢2 /9B, (the coupling to F
modes) and E! = —2¢2/3B; (T modes) is crucial for the
t®(T+E) problem. If B¢ < E?, the tetragonal extremum
points are absolute minima and the others are saddle
points. Conversely, if E%, < ESp, then the trigonal
points correspond to global minima, and again the others

are saddle points. Orthorhombic points always remain to
be saddle points.

The E¢ = E! case is more complicated. All types of
extrema become minimum points. Moreover, there is a
continuous subset of minima. For a special case B, = By
and g. = g:/v/3 (the so-called ¢t ® D problem) all minima
obey the relationship Q3 + Q% + Q% + Q2 + Q% = Q% =
g? /3By, so they can be parameterized as

Q> = —V3Qq sin? 0 cos 24,

Qs —Qo(3cos’ 6 — 1),

Qs = —V3Qq sin 20 sin ¢, (6)
Qs = —V3Qqsin 26 cos ¢,

Qs = —V3Qq sin? fsin 2¢.

Let us consider how the situation changes with the
account taken of the SOC. First, if we compare the results
of the t ® T and t ® E problems, one can notice that all
modes have similar dependence on .

Therefore, one might expect that the ground state en-
ergies of the t ® F and t ® T problems have the same
dependence on A. Direct numerical calculations of E°
with B; = g; = 0 and E! with B, = g, = 0 (using
Eq. (5))) show that this is indeed the case (see Fig. [10).
If E¢ is equal (larger or less than) E* at A = 0, then E° is
equal (larger or less than) E? at any A. Consequently, all
conclusions derived for the ¢ ® (T'+ E) problem without
SOC remain the same in the case of nonzero SOC.

Moreover, parametrization @ can also be used for the
case of B, = By, ge = gt/\/g, but now all modes (in-
cluding Qo) become functions of A, which are similar to
the @ function (Fig.|3). Direct calculations with the JT
term described by Eq. with substitution from Eq. @
for some values of A show that the ground state energy
of the system is the same for any 6 and ¢. Thus, SOC
does not destroy the continuous set of minimum points
in the t ® D problem.

The A — oo case is considered separately. We use the
same algorithm as described in Appendix [A] but with
an additional step. Exact expression for the total energy
is rather cumbersome, but one can expand this into the
Laurent series at A — oo and take the leading terms (\!
and \°). After these transformations, the ground energy
takes the form

A Be B
E(Q2,Q3,Q4,Q5, Qo) = =5 + 5 (Q3 + Q) + 5 (Qi+
1
Q3+ QR) — 5/92(Q3 + Q3) + 3973 + Q2 + QR).
(7)
If we take B, = By = B and g. = ¢:/V3 = g, Eq.(7)
becomes E = BY., Q? — 19\/> Q% — 3. Now we can
again use Eq. (6) and obtain E = 5BQ2/2 — %g@o -3
The last expression has the minimum at QF = ¢*/45B2.
This is the “Mexican hat” again, but in the 6D space.
Consider the case E¢ # E!. Now Eq. depends
on two sums: the sum of E; modes Q3 + Q3 and the




sum of Ty, modes QF + Q% + Q3. One can transform
E, modes to cylindrical coordinates and 75, modes to
spherical coordinates

Q2 = Qcsing,

Q3 = Qccosg,

Qs = @Q;sinfcoso (8)
Qs = @Q:sinfsin ¢,

Q¢ = Qcosb.

Then

B. B 1 A
E(Qe, Q:) = 7Q2+§Q§—§\/92Q£+73gm—5. (9)

This energy equation is a 3D one, so it can be eas-
ily treated analytically. Using the first derivatives, we
obtain stationary points (0, 4g;/v3B;) (with EY, =
—g?/18B;) and (£g./3Be, 0) (with ES; = —g2/6B.)
in (Q.,Q:) coordinates. Then, we calculate the Hes-
sians and find that the point (0, +g;/v/3B;) is the ab-
solute minimum if 3¢?B; > ¢2/B. (or E%p < ES;),
and the point (£g./3Be, 0) is the absolute minimum if
397 B: < g2/ Be (or ESy < Ebrp).

Hence, in the A — oo limit, we have three “Mexican
hats”: the first is 4D with only T, modes (Q% + Q2 +
QE = Q7 = ¢g?/3B;) for EY7 < ES;. The second 3D
hat includes only E, modes Q3 + Q3 = Q% = ¢2/9B?
for E9, < EY%. Finally, the last “Mexican hat” is a 6D
in Ty, and Ey, modes space that was considered at the
beginning of this section.

Here we have considered the static ¢t ® (T' + E) prob-
lem of the linear JT coupling at arbitrary SOC strength.
Previously, the dynamical properties for the strong JT
coupling [9] and coexistence of tetragonal, orthorhombic
and trigonal distortions for the quadratic JT interaction
[10] was studied for this problem. However, the SOC was
treated only for special cases, such as g-value [9] and 3T
term [10].

V. CONCLUSIONS

In this paper, we analyzed an interplay between SOC
and vibronic interactions in ions with partially occupied
tag levels. A special emphasis was put on the t @1 prob-
lem, i.e. on the interactions of ¢z, electrons with trigonal
vibrational modes @4, @5, and Q¢ of a metal-ligand oc-
tahedron.

In the case of the d' configuration, an increase in the
SOC leads to a gradual decay (but not vanishing) of the
characteristic JT distortions. At a strong SOC, we obtain
a 4D analog of the “Mexican hat” adiabatic potential en-
ergy surface with the potential for concomitant quantum
effects.

For the d? configuration, the SOC also suppresses the
JT distortions. However, in contrast with the d' case,
these distortions can vanish due to such additional fac-
tor as the Hund’s rule intraatomic exchange, Jy. Quite

an unusual situation arises for the d® configuration, for
which in the absence of SOC, owing to the strong Hund’s
rule exchange, three electrons with parallel spins occupy
three ta4 levels, thus removing orbital degeneracy. The
SOC redistributes such electrons favoring the occupation
of the j = 3/2 state. That is why, the orbital degeneracy
is restored, and the JT effect begins to work, i.e. in this
case the SOC does not suppress but activates JT effect.

The d* and d® cases turn out to be quite similar in
their behavior. In both cases, the JT distortions abruptly
vanish at a sufficiently strong SOC since the latter favors
the formation of the j = 1/2 doublet for the d* and
a singlet J = 0 state for d® configurations, which do
not exhibit the orbital degeneracy, thus removing the JT
effect.

The results, in a nutshell, are that the qualitative be-
havior of JT effect for trigonal distortions (the t®T prob-
lem) for the strong SOC coupling is qualitatively similar
to that for coupling to tetragonal distortions (the ¢t ® E
problem) considered earlier [22]. This agrees with previ-
ous results, where limiting situations of a very large and
small SOC were considered [2I]. In particular, the JT
effect for trigonal distortions can survive even for very
strong SOC, when we can describe the situation by the
j = 3/2 quartet. In this sense, the situation in such
a limit is not identical to the actual e, case with two
Kramers doublets. The more complicated nature of the
SOC-stabilized states with strong entanglement of spins
and orbitals, changes the situation drastically and makes
it quite nontrivial.

An interesting conclusion is that the very strong SOC
leads to a continuous degeneracy of the ground states
(”Mexican hat”, in this case ”Mexican globe”). In con-
trast with the usual situation without SOC, where this
continuous degeneracy is lifted by higher-order effects,
here it is destroyed already for linear JT coupling but for
finite SOC. This can lead to interesting effects in partic-
ular in the dynamics of such systems.

It is worthwhile to note that features of local distor-
tions of the ligand octahedra in 4d and 5d transition
metal compounds have become a subject of many recent
studies. These are e.g. local point symmetry breaking
in BagNaOsOg seen by local methods such as NMR [35],
while diffraction does not detect any deviations from the
cubic symmetry [36] or noncubic crystal-field seen by
the resonant inelastic x-ray scattering in various iridates
expected to be in undistorted octachedra in the limit
of large SOC [37H39]. One might also mention unex-
pected elongation of the octahedra in BapSmMoOyg [40],
BayNdMoOg [41], SraMgReOg [42], Sr2LiOsOg [43], and
KoTaClg [17], which sometimes is accompanied by even
further lowering of the symmetry and thus might in-
volve T modes. The coupling to the trigonal vibrations
should be especially relevant for systems containing cor-
responding transition metal ions with face-sharing oc-
tahedra — such as, for example, systems of the type of
BagTMRuyOg or BagTMIryOg, with TM =Na, Ca, Y,
Ce etc. Detailed study of these materials is an impor-



tant, but at the same time complicated problem, since
there are many other factors affecting lattice distortions
in addition to the conventional JT effect such as purely
steric factors defined by the Goldschmidt tolerance fac-
tor, or possible high-order multipolar orderings [20), 44].
Thus, we see that even a single-site problem involving
the SOC provides a real cornucopia of interesting new
physics. Taking into consideration the interactions be-
tween JT sites in a lattice results in an interplay among
orbital, spin, and lattice degrees of freedom. It has been
shown on example of the F distortions that the spin-orbit
and vibronic interactions also compete in this case as well
and, e.g., for d' configuration suppression of the JT dis-
tortions by the SOC also occurs [22]. taking into account
the interactions of the JT ion with the lattice may bring
even a richer physical content. Indeed, these are not sim-
ple electronic orbitals, but spin-orbitals, which are now
coupled with lattice distortions and therefore one might
expect other novel, e.g. magneto-elastic, effects in this
case, but details depend on a particular occupation of d
orbitals, lattice connectivity and of course the strength of
the SOC. We believe that the results of this work should
create a good basis for a further study of these effects.
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Appendix A: Goldstone modes for d' in the case of
A — 00

In this Appendix, we will show analytically that the
adiabatic potential energy surface for electronic configu-
ration d! in the limit of A — oo is similar to the “Mexican
hat” in the space of 4D (Q4, @5, Qg, E), where E is the
energy.

For the sake of simplicity, we first perform the deriva-
tion for the t® E problem, which was considered in detail
in Ref. [22]. In this case, instead of Q4, @5, and Qg one
has only two phonon modes, @2 and (3. As the first
step, we transform full Hamiltonian (3) of Ref. [22] in-
cluding both SOC and JT terms to the basis, which is
diagonal in the space of ji /5 and j3 /5 states. In the limit
of A — oo, the splitting j; /o and j3/2 becomes infinitely
large and one can work only with 4 x 4 Hamiltonian for
Ja/2 states. Its diagonalization gives the spectrum with
the lowest in energy eigenvalue

Q2 Qs) =5 — /@ + @3+ S (@3 + @) (A1)

There are two types of extrema — the first one at (Q2 =
0,Qs = 0) is absolutely unstable and the second one
corresponding to the absolute minimum is parametrized
by the equation

4 g?

QR+ Q=55

9 B2 (A2)

This is nothing else, but the equation describing the
trough of the “Mexican hat”. We see that the ground
state of our problem is highly degenerate and it is de-
scribed by the rotation in the QQ2Q3 space, i.e. by the
Goldstone mode.

Now, one can repeat the same calculations for the tQT
problem. Then, we obtain

A
B(QuQ5Q0) = —5 -

Fl@rar Q).

Q3 + Q%+ Q2
(A3)

i.e. the same quadratic form characteristic for the Gold-
stone modes, which again gives equation for the trough
of the “Mexican hat”, but now in the 4D space

2

dg
Q3+Q§+Q§:§§. (A4)

Appendix B: Wave functions

If one considers a metal-ligand octahedron with the
axes directed to the metal-ligand bonds, then the trigonal
orbitals are

1

larg) = —= (Jey) + |22) + [y2), (B1)

%

leg) = +

: (lzy) + e+27/3 2) 4+ €727/3y2) B2)

V3

However, if z axis is chosen along the trigonal [1,1, 1] di-
rection, they can be written in a more suitable form [45]:

larg) = [32% —1%), (B3)
650} = ——ley) + —=ly2)
e ——z —|yz),
g,1 \/6 Y \/gy
2, 4 1
ery) = —lz° — + —|zz). B4
g72> \/él Y > \/§| > ( )
Then, one may construct [* = +1 states from the e
orbitals
151) = \62,1 + ie§,2>a (B5)
while |I§) = |a1g)-
Finally the j = 3/2 wave-functions are:
|j3/27j§/2> = |ZT7T>7
|j3/2>ji3/2> = |ZZ—17\L>a
. -z 2 z 1 z
|j$/27]1/2> = §|ZO7T>+%“1’~L>
. -z 2 z 1 z
l73/2:0%1/2) = §|l07¢> + ﬁ\l_l,ﬂ (B6)
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