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Abstract: In this paper, we set up a stochastic model for the dynamics of active Rab5 and Rab7
proteins on the surface of endosomes and the acidification process that govern the virus–endosome
fusion and endosomal escape of pH-responsive nanoparticles. We employ a well-known cut-off
switch model for Rab5 to Rab7 conversion dynamics and consider two random terms: white Gaussian
and Poisson noises with zero mean. We derive the governing equations for the joint probability
density function for the endosomal pH, Rab5 and Rab7 proteins. We obtain numerically the marginal
density describing random fluctuations of endosomal pH. We calculate the probability of having a
pH level inside the endosome below a critical threshold and therefore the percentage of viruses and
pH-responsive nanoparticles escaping endosomes. Our results are in good qualitative agreement
with experimental data on viral escape.




Keywords: stochastic ODE’s; virus–endosome fusion; endosomal escape; viruses; pH-responsive
nanoparticles

Citation: Fedotov, S.; Alexandrov, D.;
Starodumov, I.; Korabel, N. Stochastic
Model of Virus–Endosome Fusion

1. Introduction

and Endosomal Escape of

Viruses use diverse processes to enter the host cell: some undergo membrane fusion
and deliver genetic material directly into the cytoplasm; others use an endocytic pathway
by hijacking endosomes and exploit the intracellular transport along microtubules to deliver a viral genome to sites of replication [1,2]. To avoid lysosomal degradation, viruses
must escape from endosomes into the cytoplasm. This escape is mediated by the fusion of
the endosomal and virus membrane that depends on conformational change of the viral
glycoprotein hemagglutinin triggered by lowered pH [3–5]. Therefore, the stochastic residence time of the virus inside endosomes depends on the endosomal acidification process.
A typical cytoplasmic pH is around 7.0, which drops to around pH 6.4 in early endosomes
and further to around pH 5.0 in lysosomes. The maturation of early endosomes (EE) to
late endosomes (LE) is governed by the conversion of Rab5 to Rab7 and is simultaneously
followed by acidification [6,7]. The low internal pH of these membrane-bound vesicles
is sustained by the active ATP-dependent proton pumps on their membranes. These key
proteins on the surface of endosomes are the main factors in the identification of early and
late endosomes, their biogenesis and fusion/fission processes [8]. Rab5 proteins mark early
endosomes, whereas Rab7 proteins are localized to late endosomes and lysosomes.
Various adenovirus-based vectors and lipid nanoparticles (LNPs) have been used as
a platform for gene delivery with the purpose of treating human disorders [9]. However,
their limited ability to perform endosomal escape seriously restricts their use as delivery
vehicles since only a small percentage of genetic material can escape endosomes and enter
the cell’s cytoplasm [10,11]. Currently, lipid nanoparticles represent the most effective tool
for genetic material delivery [12]. After successful endocytosis, the internalized LNPs are
usually trapped in endosomes and advanced to the lysosomes for degradation. Therefore,
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endosomal escape before lysosomal degradation is a crucial process for successful delivery
of site-specific drugs. In recent years, stimuli-responsive nanoparticles triggered by low
pH in endosomes have attracted much attention regarding the problem of targeted drug
delivery [13]. It has been shown that pH-responsive nanoparticles have the potential to facilitate therapeutics delivery by effective escape from endosomes before degradation [14–17].
Therefore, for viruses and lipid nanoparticles, escaping from the endosome and entering
the cytoplasm is the only avenue for replication as lysosomal degradation, which occurs
after endosome maturation, will render the genetic material within these vessels useless.
Several mathematical models have been developed to describe the transition from
early to late endosomes controlled by a mechanism called Rab-conversion. Del Conte-Zerial
et al. [18] set up a variety of models including a ‘cut-off switch’ model to explain a fast initial
growth of Rab5 proteins and their sudden removal during Rab5 to Rab7 conversion. A
system of four nonlinear differential equations describes the dynamics of active and inactive
Rab5 and Rab7 proteins. This nonlinear model is concerned with the kinetics of how Rab5
activates Rab7, which takes over and suppresses Rab5 through a negative feedback loop.
Another interesting development is a mathematical model involving the coupling of the
density of Rab5 on a single endosome and the average number of endosomes inside cells [8].
Zeigerer et al. demonstrated both theoretically and experimentally that Rab5 coordinates
endosomes by regulating their number and size. Using a nonlinear dynamical system for
active/inactive Rab5 proteins, they implemented the impact of fusion and fission events
on Rab5 dynamics in terms of the mean number of endosomes inside the cell. Recently, a
Smoluchowskii-like equation has been suggested [19] to describe the stochastic dynamics
of the number of endosomes inside the cell, as well as the mean/standard deviation of
active Rab5 and Rab7 proteins. Using the relationship between Rab5/Rab7 densities and
endosomal pH, they have analyzed the variability of viral escape times.
The purpose of this paper is to set up a simple stochastic model describing the endosomal escape of viruses and pH-responsive nanoparticles. An illustration of the simplified
endocytic pathway, which we employ, is shown in Figure 1. The main idea is to analyze
the stochastic acidification process and endosomal escape in terms of random dynamics
of Rab5 to Rab7 conversion described by stochastic differential equations. The aim is to
obtain the joint probability density function for the endosomal pH, and the number of Rab5
and Rab7 proteins, and therefore calculate the probability of having a pH level inside an
endosome below a critical threshold. This probability can be interpreted as a percentage of
viruses and pH-responsive nanoparticles escaping endosomes [19].
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Figure 1. A schematic illustration of the endocytic pathway: a virus entering the cell via endocytosis
is transported inside the endocytic vesicle and early endosomes towards intermediate and late
endosomes. The acidification of endosomes and the pH-dependent release of viral genetic material
into the cytoplasm after the late endosome’s membrane rupture are mediated by the conversion of
Rab5/Rab7 proteins on the endosome surface.

2. Stochastic Model for Rab5 to Rab7 Conversion
To describe Rab5 to Rab7 conversion, we employ a cut-off switch model [18] and use
its linearized version [19]. Rink et al. [6] found that the concentration of Rab5 molecules
exhibits very strong fluctuations in single early endosomes. To describe these random
fluctuations, we add the stochastic terms such that the simplified dynamics of active Rab5
and Rab7 proteins can be described by the following stochastic differential equations:
dR5
= −ν55 R5 − ν57 R7 + ν50 N (t) + ξ 5 (t),
dt
dR7
= ν75 R5 − ν77 R7 + ν70 N (t) + ξ 7 (t),
dt

(1)

where R5 (t) and R7 (t) are the number of active Rab5 and Rab7 per endosome, N (t) is the
average number of endosomes in the cell, ξ 5 (t) and ξ 7 (t) are the random noise terms with
zero means. There are six rate constants in the dynamical system (1), and their values
have been estimated in [19]. Specifically, ν75 is the rate of the gradual activation of Rab7
by Rab5, while ν57 gives the rate of inactivation of Rab5 by Rab7; ν55 and ν77 are the rates
of self-inactivation mechanisms of Rab5 and Rab7; ν50 and ν70 describe the rates of Rab5
and Rab7 activation process that depends on the average number of endosomes in cell, N(t)
(see details in [19]).
We introduce the noise terms ξ 5 (t) and ξ 7 (t) because experimental knowledge is yet to
decipher the multitude of mechanisms that are responsible for random endosome evolution
and dynamics of Rab5, Rab7 and pH value within the cell. With the cell being a system in
non-equilibrium, we account for multiple stochastic processes in cells using white Gaussian
and Poisson noises. Moreover, multiple stochastic mechanisms contribute to cell-to-cell
variability in viruses and nanoparticle uptake [20–22], so considering variability in initial
conditions could be another study. In particular, for each early endosome, one can consider
random initial numbers of Rab5 and Rab7 as well as pH value.
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We should emphasize that the linearization of nonlinear equations [18] for Rab5 and
Rab7 facilitates analytical approaches to solutions without sacrificing the qualitative model
behavior. For example, without the noise, Equation (1) can be solved analytically (see the
Appendix A). Incorporating nonlinear kinetic terms may introduce problems such as hyperparameter tuning and greater sensitivity, which make stochastic numerical algorithms
difficult to verify. Exploring these non-linearities and their interaction with noise terms
would be the subject of future studies.
The relaxation equation for the endosomal pH, p H (t), can be written as:
p H (t) − psH ( R5 , R7 )
dp H (t)
,
=−
dt
τH

(2)

where psH ( R5 , R7 ) is the steady endosomal pH, τH is the relaxation constant. The relationship between the level of active Rab5/Rab7 proteins and psH (t) can be approximated
by [5]:
R7 ( t )
psH ( R5 , R7 ) = peH + ( plH − peH )
.
(3)
R5 ( t ) + R7 ( t )
In Equation (3), the constants peH and plH give the endosomal pH in early endosomes and
late endosomes/lysosomes correspondingly.
In this paper, we consider two cases for the random noise terms ξ i (t):
(1) the white Gaussian noise with zero mean
ξ i (t) =

p

2Di

dWi (t)
,
dt

i = 5, 7,

(4)

where W5 (t) and W7 (t) are independent standard Wiener processes and Di are diffusion
coefficients;
(2) the white Poisson noise with zero mean:
ni ( t )

ξ i (t) =

∑

ξ k δ ( t − t k ),

i = 5, 7,

(5)

k =1

where ni (t) is the Poisson process with the rate λi . The random amplitudes ξ k are distributed with the density f i ( x ) with zero mean. One of the reasons why we employ Poisson
noise is that it is more biologically relevant as it generates jumps in values of Rab5 and
Rab7. These jumps emulate the fusion and fission of endosomes, which create discontinuous jumps in the number of Rab5 and Rab7. In what follows we will show that, for
Poisson noise, the tails of the pH probability density are longer than those predicted for
the Gaussian noise. It has been also observed [23] that Rab5-positive early endosomes
carrying viruses mature either through progressive appearance of Rab7 proteins (55%) or
by jumps in Rab7 involving fusion with Rab7-positive late endosome (45%). In ref. [19],
the Smoluchowskii equation has been employed to describe the stochastic fusion/fission
dynamics of endosomes inside cells. Although this formulation is theoretically attractive,
the model’s non-linearities make it difficult to analyze and so we propose Poisson noise as
a simpler method to model stochastic endosome fusion/fission, which leads to jumps in
internal pH, and the number of Rab5 and Rab7.
We introduce the joint probability density function ρ( p H , R5 , R7 , t) for the endosomal
pH and the random Rab5 and Rab7 proteins. It follows from Equations (1)–(5) that it obeys
the governing equation


p H − psH
∂ρ
∂
∂
=
ρ +
[(ν55 R5 + ν57 R7 − ν50 N (t))ρ]
∂t
∂p H
τH
∂R5
(6)
∂
+
[(−ν75 R5 + ν77 R7 − ν70 N (t))ρ] + L5 ρ + L7 ρ.
∂R7
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Here, the operators Li ρ have the following forms:
(1) for the white Gaussian noise [24]
L i ρ = Di

∂2 ρ
;
∂R2i

i = 5, 7

(7)

(2) for the white Poisson noise [24]
L5 ρ = λ5
L7 ρ = λ7

Z ∞
0

Z ∞
0

ρ( p H , R5 − x, R7 , t) f 5 ( x )dx − λ5 ρ,
(8)
ρ( p H , R5 , R7 − x, t) f 7 ( x )dx − λ7 ρ.

The average number of endosomes N (t) obeys the equation [8]
dN (t)
= λ + k f is N (t) − k f us N 2 (t),
dt

(9)

where k f is and k f us are endosome fission and fusion rates, λ is positive constant describing
the production of endosomes with dimensions of number of endosomes per unit time. An
exact solution of Equation (9) with zero initial condition (N (0) = 0) reads as
N (t) =

k f is
γ(t) − 1
b + x0 2bk f us t
+
b, γ(t) =
e
2k f us
γ(t) + 1
b − x0

(10)

k f is
1 q 2
k f is + 4k f us λ, x0 = −
.
2k f us
2k f us

(11)

with
b=

From (10) one can obtain the steady-state solution
Ns =

k f is
+ b.
2k f us

(12)

3. Endosomal Escape
In this section, we consider the problem of virus escape from the endosome triggered
by low pH. To deliver genetic materials to cytoplasm, viruses developed a sophisticated
mechanism for escape from endosomes and avoid degradation in lysosomes. For the
most endocytosed viruses, a major factor for their endosomal escape is the strong pH
dependence of the viral fusion with endosome membrane. This dependence greatly varies
among viruses [4]: those with high (pH around 6) pH dependencies such as SFV 41, VSV 42,
fuse in early endosomes, whereas those with lower pH dependencies (pH around 5), such
as influenza viruses, fuse in late endosomes. A detailed model of escape from endosomes
involving conformational change of the viral glycoprotein hemagglutinin induced by
low pH was developed in [5]. In recent work [19], the authors suggested a brilliant idea
that random fluctuations of Rab5 and Rab7 proteins could explain the variability of pHdriven endosomal escape. They assumed that the fluctuations of endosomal pH can be
described by a normal distribution: pH (t) ∼ N [ pH (t), σpH (t)]. It allows the calculation
of the probability of having a pH level below a critical threshold. This probability can be
interpreted as the normalized number of viral escape events [19].
Here, we assume that low pH is sufficient to trigger endosomal escape of the viruses
and pH-responsive nanoparticles. The random fluctuations of endosomal pH is described
by the marginal density
ρ( p H , t) =

Z Z

ρ( p H , R5 , R7 , t)dR5 dR7 .

(13)
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This function gives the probability of virus-carrying endosomes having a given p H . It
is difficult to calculate this density analytically; therefore, in what follows we present the
results of our Monte Carlo simulations of endosomal pH density, ρ( p H , t). The values of
parameters which were used in our numerical simulations are given in Table 1, based on
ref. [19].
Table 1. Parameters used in numerical simulations.
Parameter

Value

Units

Parameter

Value

Units

k f is
k f us
ν50
ν57
ν77
ν75

4.54
0.0032
1.3 × 10−5
0.0040
0.0013
0.0032

s−1
s−1
s−1
s−1
s−1
s−1

ν55
ν70
λ
peH
plH
τH

0.0062
1.2 × 10−6
0.4389
6
4.5
0.01

s−1
s−1
s−1
s

4. Numerical Simulations and Results
Numerical simulations of (1) were performed in Wolfram Mathematica. The built-in
tools for the Itô stochastic differential equations were used to numerically solve the system
of Equation (1) with the white Gaussian noise. To simulate the white Poisson noise (5),
random jump times were chosen using a random generator with Poisson distribution.
We used uniform density functions f i ( x ) (i = 5, 7) (see the discussion after Equation (5))
for the random amplitudes ξ k , f i ( x ) = 1/(2Ai ) on [− Ai , Ai ]. The system of stochastic
differential Equation (1) was solved using the NDSolve function. The results of numerical
simulations are shown in Figures 2–4 for different parameters of noise (see figures captions).
Histograms (Figure 3) were plotted based on 300 sample paths.
To make a comparative analysis of the effects of different noises on the distribution
of pH inside endosomes, we assume that the diffusive coefficients of Gaussian noise Di
are equal to diffusion
coefficients of Poisson noise λi < xi2 > /2 that is Di = λi < xi2 > /2,
R 2
2
where xi = x f i ( x )dx. In particular, for uniform density we have < xi2 >= A2i /3 and
therefore Di = λi A2i /6.
The stochastic time evolution of R5 (t) and R7 (t) shows the initial faster growth of
Rab5 compared to Rab7 (Figure 2). At later times, Rab7 takes over and suppresses Rab5.
As a result of random fluctuations of Rab5 and Rab7, endosomes are characterized by
distributions of pH values. We compare the distributions of pH values calculated at
different times (see Figure 3). These distributions are broad, which supports the variability
of experimentally observed pH values. However, we find that for Poisson noise, the
distribution tails are longer, which produces more dispersed pH values compared to
Gaussian noise at all times. For times t < 400 s, this gives more endosomes with small pH
values compared to Gaussian noise.
In Figure 4 we compare the time dependence of the fraction of endosomes R(t) with
pH < 5.2 and the time behavior of the average <pH>. For times t < 400 s, R(t) for Poisson
noise is greater than R(t) for Gaussian noise. At t ' 500 s, R(t) approaches ' 0.9–0.95 for
Poisson noise and Gaussian noise. We found that compared to Gaussian noise, Poisson
noise produces more heterogeneous times of viruses pH-triggered escape out of endosomes
especially at small time (t < 400 s). This is in qualitative agreement with the experimental
observation of the variability of escape times of Dengue virus. Therefore, we suggest
that Poisson noise is more realistic for stochastic modeling of virus–endosome fusion and
endosomal escape.
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Figure 2. Results of numerical integration of Equations (1) and (9) for Poisson noise with uniform
1
density f i ( x ) = 2A
on [− Ai , Ai ], i = 5, 7, A5 = A7 = 0.01, λ5 = λ7 = 1 (top panel) and Gaussian
i
noise with D5 = D7 = 16 · 10−5 (bottom panel). The dashed lines represent the solutions without
the noise.

In [23], the typical timescale for virus escape has been described as follows. Within a
few seconds post-binding, the virus progresses towards an intermediate endosome that
matures into a Rab7-positive late endosome. At 508 s post-infection the virus escapes this
organelle. This agrees with our simulation results of the fraction of endosomes R(t) with
pH < 5.2 which at 500 s approach 1.
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Figure 3. Histograms for ρ( p H , t) (Equation (13)) after numerical integration of Equations (1), (2)
and (9) for Poisson (left panels) and Gaussian (right panels) noises with the parameters presented in
Figure 2. Rows show the distribution of pH values calculated at different times t = 100 s, t = 300 s,
and t = 500 s. Dashed lines show the mean values.
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Figure 4. Results of numerical integration of Equations (1), (2) and (9) for Poisson (red lines) and
Gaussian (brown lines) noises with the parameters presented in Figure 2. Here we show the time
dependence of the fraction of endosomes R(t) with pH< 5.2 and the time behavior of the average <pH>.
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5. Discussion
We have presented the stochastic model for the random dynamics of active Rab5 and
Rab7 proteins on the surface of endosomes together with endosomal acidification process.
The fluctuating low pH triggers the random virus–endosome fusion that determines the
delivery of viral genome into the cytoplasm. The same random acidification process
governs endosomal escape of pH-responsive nanoparticles. We have employed the socalled “cut-off switch” model [18,19] for Rab5 to Rab7 conversion and consider two sources
of randomness separately: white Gaussian noise and white Poisson noise both with zero
mean. We have obtained the governing equations for the joint probability density function
for the endosomal pH, Rab5 and Rab7 proteins. We have calculated the marginal density
of endosomal pH, ρ( p H , t), the probability of having a pH level inside endosome below a
critical threshold, and therefore the percentage of viruses and pH-responsive nanoparticles
escaping endosomes. The outcome of our simplified mathematical model qualitatively
supports well-known experimental data of great variability of endosomal escape times. For
example, the majority (80%) of Dengue virus escape from Rab7-positive late endosomes
without Rab5 proteins, 15% of the viruses leave Rab5/Rab7 intermediate endosomes, and
5% of the viruses escape from Rab5-positive early endosomes without Rab7 [23]. The
typical timescale for virus escape agrees well with the timescale found in simulations when
the fraction of endosomes with pH < 5.2 approach 1.
Our results can be extended in several ways. For example, one can take into account
multiplicative noises that might lead to noise-induced transitions [25] for a nonlinear cutoff switch model [18]. It would be interesting to take into account the stochastic anomalous
intracellular transport of viruses and nanoparticles along microtubules to the perinuclear
region [26–29]. Certainly, the anomalous endosomal movements have implications on
their fusion and fission inside cells and therefore Rab5 to Rab7 conversion. We are planning
to consider the impact of the anomalous dynamics in the future work. It is also interesting
to consider structural changes in the microtubule network induced by invading viruses [30]
as well as the topology of microtubular network [31]. Our model opens new avenues for
the quantitative analysis of the endosomal escape of a virus-mimicking pH-responsive
nanoparticle for anti-tumor therapeutics delivery [32–35].
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Appendix A
Here we present an exact analytical solution for the levels of Rab5 and Rab7 proteins
without the noise (see Equation (1))
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R5 ( t ) =
1
R7 ( t ) =
α1 − α2
where

α1,2

Zt

1
ν75




dR7
− ν70 N (t) + ν77 R7 (t) ,
dt
(A1)

g(τ )[exp(α1 (t − τ )) − exp(α2 (t − τ ))]dτ,

0

dN (t)
g(t) = (ν70 ν55 + ν75 ν50 ) N (t) + ν70
,
dt
p
−α ± α2 − 4β
, β = ν57 ν75 + ν55 ν77 , α = ν77 + ν55 ,
=
2

and R5 (0) = R7 (0) = 0.
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