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The general reverse diffusion equations are derived and applied to the problem of transition density
estimation of diffusion processes between two fixed states. For this problem we propose density
estimation based on forward—reverse representations and show that this method allows essentially
better results to be achieved than the usual kernel or projection estimation based on forward
representations only.
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1. Introduction

Consider the stochastic differential equation (SDE) in the Itd sense
dX =a(s, X)ds + o(s, X)dW(s), thh=s=<T, (1.1)

where X =X, ..., XD, a=(d",...,a")" are d-dimensional vectors, W = (W',
..., WMT is an m-dimensional standard Wiener process, and o = {07} is a d X m matrix,
m = d. We assume that the d X d matrix b := oo™, b = {b"}, is of full rank and, moreover,
that the uniform ellipticity condition holds: there exists a > 0 such that

H(O(s, x)o (s, x))71|| <qg’! (1.2)

for all (s, x), s € [, T], x € R? and some a > 0. The functions a'(s, x) and ¢ ¥(s, x) are
assumed to satisfy the same regularity conditions as in Bally and Talay (1996b), that is, their
derivatives of any order exist and are bounded. In particular, this implies existence and
uniqueness of the solution X .(s) € R4, Xix(t)y=x,ty <t<s=<T,of (1.1), smoothness of
the transition density p(z, x, s, y) of the Markov process X, and existence of exponential
bounds for the density and its derivatives with respect to ¢ > f, x, y.

The aim of this paper is the construction of a Monte Carlo estimator of the unknown
transition density p(t, x, T, y) for fixed ¢, x, T, y, which improves upon classical kernel or
projection estimators based on realizations of X,,(7) directly.
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Classical Monte Carlo methods allow for effective estimation of functionals of the form
1) = [ptex. 7 p 018y (1.3)

for smooth functions f* not increasing too rapidly. These methods exploit the probabilistic
representation /( /) = E f(X,x(7T)). Let X, be an approximation of the process X, and let

X (,,”X)(T), for n=1,..., N, be independent realizations of X, ,(T). Then, provided the
accuracy of the approximation of X,, by X, is sufficiently good, /( ) may be estimated by
I A
I=5>r(xm)
n=1

with root-N accuracy, that is a statistical error of order N~1/2.

The problem of estimating the transition density of a diffusion process is more involved;
see Bally and Talay (1996a), Hu and Watanabe (1996) and Kohatsu-Higa (1997). For an
approximation X,,, it is natural to expect that its transition density p(¢, x, T, y) is an
approximation of p(t, x, T, y). Indeed, if X, (T, h) is the approximation of X, (T)
obtained via numerical integration by the strong Euler scheme with time step %, then the
density pu(t, x, T, y) converges to p(t, x, T, y) uniformly in y when the step size 4 tends
to zero. More precisely:

p(t,x, T, y)— pu(t, x, T, y) = hC(t, x, T, y) + W*Ry(t, x, T, y), (1.4)
with

K x — yP
‘C(ts X, Ty y)| + |Rh(t, X, T, y)' = (T— t)q exp(_CTi_t 5

where K, ¢, g are some positive constants; see Bally and Talay (1996b). Strictly speaking,
(1.4) is derived in Bally and Talay (1996b) for autonomous systems. However, there is no
doubt that under our assumptions of smoothness, boundedness and uniform ellipticity this
result holds for the non-autonomous case as well.

Further, Hu and Watanabe (1996) and Kohatsu-Higa (1997) show that the quantity

ﬁh(t: X, T, y) = E¢h()?f,x(Tﬂ h) - y)a

with ¢(x) = Quh?)~Y2exp{—|x|*/(2h?)}, converges to p(t,x, T, y) as h — 0. Hu and
Watanabe (1996) used schemes of numerical integration in the strong sense, while Kohatsu-
Higa (1997) applied numerical schemes in a weak sense. Combining this result with the
classical Monte Carlo methods leads to the following estimator of the transition density:

. 1 & =
px T, p) =5 ¢u(Xn =), (15)
n=1

where X, = )TETQ(T, h), n=1, ..., N, are independent realizations of X, (7, h).
More generally, one may estimate the transition density p(¢, x, T, y) from the sample
X,=X (t";)(T ) by using standard methods of nonparametric statistics. For example, the
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kernel (Parzen—Rosenblatt) density estimator with a kernel K and a bandwidth O is given
by

b(t, x, T )—LiK Xu=2), (1.6)
p 9-x> 5y_Nédn:1 6 ) .

see, for example, Devroye and Gyorfi (1985), Silverman (1986) or Scott (1992). Of course, in
reality we have only the approximation X, instead of X, and so we obtain the estimator

5t x, T )—LENZK Xn—y (1.7)
ph sxa sy _Nadn:l 6 . .

Clearly, proposal (1.5) is a special case of estimator (1.7) with kernel K being the standard
normal density and bandwidth 0 equal to the step of numerical integration 4.

The estimation loss f)h(t, x, T, y)— p(t, x, T, y) can be split into an error ﬁh — p due to
numerical approximation of the process X by X and an error p — p due to the kernel
estimation which depends on the sample size N, the bandwidth ¢ and the kernel K. The
loss of the first kind can be reduced considerably by properly selecting a scheme of
numerical integration and choosing a small step 4. The more important loss, however, is
caused by the kernel estimation. It is well known that the quality of density estimation
strongly depends on the bandwidth 6 and the choice of a suitable bandwidth is a delicate
issue (see Devroye and Gyorfi 1985). Even an optimal choice of the bandwidth 6 leads to
quite poor estimation quality, particularly for large dimension d. More specifically, if the
underlying density is known to be twice continuously differentiable then the optimal
bandwidth O is of order N~!/#+9) leading to accuracy of order N—2/¢+9); see Bretagnolle
and Carol-Huber (1979), Scott (1992) or Silverman (1986). For larger d, this would require
a huge sample size N to provide reasonable accuracy of estimation. In the statistical
literature this problem is referred to as the ‘curse of dimensionality’.

In this paper we propose a method of density estimation which is generally root-N
consistent and thus avoids the curse of dimensionality. In Section 2 we consider
probabilistic representations for the functionals 7/( ) in (1.3), which provide different
Monte Carlo methods for the evaluation of /( /). We also show how the variance of the
Monte Carlo estimation can be reduced by the choice of a suitable probabilistic
representation. Then, in Section 3, we introduce the reverse diffusion process in order to
derive probabilistic representations for functionals of the form

I*(g) = Jg(x)p(r, % T, y)dx. (18)

Clearly, the ‘curse of dimensionality’ is not encountered in the estimation of functionals
I( f) in (1.3) using forward representations. Similarly, as we shall see in Section 3, Monte
Carlo estimation of functionals of the form (1.8) via probabilistic representations based on
reverse diffusion can also be carried out with root-N accuracy. These important features
have been utilized in the central theme of this paper, the development of a new method for
estimating the transition density p(z, x, T, y) of a diffusion process which generally allows
for root-N consistent estimation for prespecified values of ¢, x, T and y (we emphasize that
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the problem of estimating p(¢, x, T, y) for fixed ¢, x, T and y is more difficult than the
problem of estimating the integrals I( f), I( f, g) or I*(g)). This method, which is
presented in Section 4, is based on a combination of forward representation (1.3) and
reverse representation (1.8) via the Chapman—Kolmogorov equation and has led to two
different types of estimators called kernel and projection estimators. General properties of
these estimators are studied in Sections 6 and 7. Before that, in Section 5, we demonstrate
the advantages of combining the forward and reverse diffusion for transition density
estimation in a simple one-dimensional example. We show by an explicit analysis of an
Ornstein—Uhlenbeck type process that root-N accuracy can be achieved.

Throughout Sections 5—7 all results are derived with respect to exact solutions of the
respective SDEs. In Section 8 we study in particular the estimation loss due to application
of the strong Euler scheme with discretization step 4 of various kernel estimators and find
that this loss is of order O(4), uniform in the bandwidth o.

In Section 9 we compare the computational complexity of the forward—reverse estimators
with pure forward estimators and give some numerical results for the example in Section 5.
We conclude that, in general, for the problem of estimating the transition density between
two particular states the forward—reverse estimator outperforms the usual estimator based on
forward diffusion only.

2. Probabilistic representations based on forward diffusion

In this section we present a general probabilistic representation and the corresponding
Monte Carlo estimator for a functional of the form (1.3). We also show that the variance of
the Monte Carlo method can be reduced by choosing a proper representation.

For a given function f, the function

u(t, ) = E (X 1x(T)) = Jp(r, x T, /() dy @.1)

is the solution of the Cauchy problem for the parabolic equation
1
Zb”(r 181+Za(t x)al: . uw(T, x) = f().

Via the probabilistic representation (2.1), u(¢, x) may be computed by Monte Carlo
simulation using weak methods for numerical integration of SDE (1.1). Let X be an
approximation of the process X in (1.1), obtained by some numerical integration scheme.
With X {")(T) being independent realizations of X, (T), the value u(t, x) can be estimated by

= %nf:lf(xﬁj“;(n). 2.2)

Moreover, by taking a random initial value X(#) = &, where the random variable & has a
density g, we obtain a probabilistic representation for integrals of the form
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I(f. g)= “g(x)p(r, % T, »)f () dxdy, 23)

The estimation error |# — u| of the estimator # in (2.2) is due to the Monte Carlo method
and to the numerical integration of SDE (1.1). The second error can be reduced by
selecting a suitable method and step of numerical integration. The first one, the Monte
Carlo error, is of order {N~!var f(X, (T)}/? ~ {N~'var f(X,(T))}'/?> and can, in
general, be reduced by using variance reduction methods. Variance reduction methods can
be derived from the following generalized probabilistic representation for u(?, x):

u(t, x) = E[ f(X ()X (T) + X, o(T)], (2.4)
where X, ,(s), X;x(s), X;x(s), s = 1, is the solution of the system of SDEs given by

dX = (a(s, X) —o(s, X)h(s, X))ds + o(s, X)dW(s), X(1) = x,
dX = n'(s, X)X dW (s), X(t) =1, 2.5)
dX = FT(s, X)X dW(s), X(t) = 0.

In (2.5), X and X are scalars, and h(t, x) = (h'(¢, x), ..., h™(t, x))T € R™ and F(t, x) =
(F'(t,x), ..., F™(t, x))' € R™ are vector functions satisfying some regularity conditions
(for example, they are sufficiently smooth and have bounded derivatives). The usual
probabilistic representation (2.1) is a particular case of (2.4)—(2.5) with 2 =0, F = 0; see,
for example, Dynkin (1965). The representation for 4 # 0, F = 0 follows from Girsanov’s
theorem and then we obtain (2.4) since EX = 0.

Consider the random variable # := f(X,(T)X,(T) + X, (7). While the mathematical
expectation E# does not depend on 4 and F, the variance vary = E5? — (E#)? does. The
Monte Carlo error in the estimation of (2.4) is of order /N~!vary and so by reduction of
the variance varz the Monte Carlo error may be reduced. Two variance reduction methods
are well known: the method of importance sampling where F =0 (see Milstein 1995;
Newton 1994; Wagner 1988), and the method of control variates where 4 = 0 (see Newton
1994). For both methods it is shown that for a sufficiently smooth function f the variance
can be reduced to zero. A more general statement by Milstein and Schoenmakers (2002) is
given in Theorem 2.1 below. Introduce the process

77(5) = u(s, Xt,x(s))Xt,x(S) + Xt,x(s)a tss=<T.
Clearly 7(2) = u(t, x) and 9(T) = f(X (D)X 1:(T) + X1x(T).

Theorem 2.1. Let h and F be such that for any x € R? there is a solution to the system (2.5)
on the interval [t, T]. Then the variance varn(T) is equal to

T m d 2
vary(T) = EJ X)) (Z o % + uh’ + Ff> ds (2.6)
! =1 \i=1 X

provided that the mathematical expectation in (2.6) exists.
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In particular, if h and F satisfy
d

0 . :
Za”l+uh-’+F"=0, j=1,..., m,
~ Ox!

then varn(T) = 0 and 3(s) is deterministic and independent of s € [t, T1].

Proof. The 1t6 formula implies

m d
d(s) = X (L) ds + X () D <§ ol —S”‘ +uld + Fj> dwi(s),
- X!
J=1

i=1

and then by Lu = 0 we have

X m d
n(s) = n(t) + J X x(s") (Zo"f% + ul’ + Ff> dwi(s").

J=1 \\i=1

Hence, (2.6) follows and the last assertion is obvious. O

Remark 2.1. Clearly, h and F in Theorem 2.1 cannot be constructed without knowing u(s, x).
Nevertheless, the theorem claims a general possibility of variance reduction by proper choice
of the functions 4/ and F/, j=1, ..., m.

3. Representations relying on reverse diffusion

In the previous section a broad class of probabilistic representations for the integral
functionals I( f) = [ f(»)p(t, x, T, y)dy, and more generally for the functionals /( f, g) =
|| gx)p(t, y, T, y) f(y) dxdy, is described. Another approach is based on the so-called
reverse diffusion and was introduced by Thomson (1987) (see also Kurbanmuradov et al.
1999; 2001). In this section we derive the reverse diffusion system in a more transparent
and more rigorous way. The method of reverse diffusion provides a probabilistic
representation (hence a Monte Carlo method) for functionals of the form

1"(9) = [e(p(s. x. 7. yyx G.1)
where g is a given function. This representation may easily be extended to the functionals

I( f, g) from (2.3).
For a given function g and fixed ¢ we define

u(s, y) = Jg(x’)p(t, x', s, y)ydx', s>t

and consider the Fokker—Planck equation (forward Kolmogorov equation) for p(¢, x, s, y),
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8p o2 5
Bs ZZayayJ (b7(s. Y)p) = Zal(a(s »)p)-

Then, multiplying this equation by g(x) and integrating with respect to x yields the following
Cauchy problem for the function v(s, y):

I~ P N
— i B ;
2 Zl dyidy (b7(s, y)v) ;Byi(a (s, y)v), s>t
1L,]= i=
u(t, y) = &)
We introduce the reversed time variable s = 7'+ ¢ — s and define

05, ) = (T +t—35, ),

@S, y)=d(T+1-35y),

(s, y) = BT + 1 — 3§, y).

Clearly, v(T, y) = v(¢t, y) and

c’)s 228 Dy ¢ (575, o) - Z (@'s, o) =0, §<T,

(T, y)=uv(t, y) = g(»). (3.2)

Since b7 = b/ and so b¥ = b/, the partial differential equation in (3.2) may be written in the
form (with s instead of s)

. 1
ib— 8” Z b(s, 1)

2

S St s =0 <t 6

where

d_opij d 2 7 ij

; obY ; o bY
a'(s, y) = - —a', c(s, y) = 3.4
Y = oy’ =7, Z ay’(“)yf )

We thus obtain a Cauchy problem in reverse time and may state the following result.

Theorem 3.1. *(g) has a probabilistic representation

I*(g) = (T, y) = 0(t, ) = E[g(Y, (T)V, (D], (3-5)

where the vector process Y, ,(s) € RY and the scalar process Y, ,(s) solve the stochastic
system

dY = a(s, Y)ds + 6 (s, Y)dW(s), Y(t) =y,
dy = c(s, Y)Yds, ) =1,

with 6(s, v) = o(T + t — s, y) and W being an m-dimensional standard Wiener process.

(3.6)
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It is natural to call (3.6) the reverse system of (1.1). The probabilistic rf:presentation
(3.5)—(3.6) for the integral (3.1) leads naturally to the Monte Carlo estimator v for v(T, y),

. 1
b= 7)Y 3.7
7 2 £(TD) 3, (3.7)
where (¥ (,";), (m)) m=1,..., M, are independent realizations of the process (¥, ,, ;)

that approximates the process (Y ty» Vi,y) from (3.6).
Similarly to (2.4)—(2.5), the representation (3.5)—(3.6) may be extended to

(T, y) = E[(Yi(T)Yep(T) + Y1, (D], (3.8)
where Y, y(s) Viy(s), Y, ,(s), s = t, solve the following system of SDEs:

= (als, Y) — 6(s, Y)h(s, Y))ds + 6 (s, Y)dW(s), Y(t)=y,
dy =c(s, Y)Yds + hT(s Y)Y AW(s), Y(t) =1, 3.9)
dY = FT(s, )Y AW (), Y(t) = 0.

In (3.9), Y and Y are scalars and A(z, x) € R” and F(z, x) € R” are arbitrary vector
functions which satisfy some regularity conditions.

Remark 3.1. If system (1.1) is autonomous, then b7, a', o', ,and ¢ depend on y only,
b¥(y) = b¥(y), a'(y) = a'(y), and so & (y) can be taken equal to o ().

Remark 3.2. By constructing the reverse system of reverse system (3.6), we obtain the
original system (1.1) accompanied by a scalar equation with coefficient —c. By then taking
the reverse of this system we obtain (3.6) again.

Remark 3.3. 1f the original stochastic system (1.1) is linear, then the system (3.6) is linear as
well and ¢ depends on ¢ only.

Remark 3.4. variance reduction methods discussed in Section 2 may be applied to the reverse
system as well. In particular, for the reverse system a theorem analogue to Theorem 2.1
applies.

4. Transition density estimation based on forward-reverse
representations

In this section we present estimators for the target probability density p(z, x, T, y), which
utilize both the forward and the reverse diffusion system. More specifically, we give two
different Monte Carlo estimators for p(¢, x, T, y) based on forward—reverse representations:
a forward—reverse kernel estimator and a forward—reverse projection estimator. A detailed
analysis of the performance of these estimators is postponed to Sections 6 and 7.

We start with a heuristic discussion. Let #* be an internal point of the interval [, T]. By
the Kolmogorov—Chapman equation for the transition density we have
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p(t,x, T, y)= Jp(t, x, 5, X p(*, x', T, y)dx'. (4.1)

By applying Theorem 3.1 with g(x') = p(t, x, t*, x"), it follows that this equation has a
probabilistic representation

p(t,x, T, ) =E p(t, x, t*, Yo (T) Vi (T). 4.2)

Since in general the density function x’ — p(t, x, t*, x") is also unknown, we cannot apply
the Monte Carlo estimator D in (3.7) to representation (4.2) directly. However, the key idea is
now to estimate this density function from a sample of independent realizations of X on the
interval [z, r*] by standard methods of nonparametric statistics and then to replace the
unknown density function in the right-hand side of (4.2) by its estimator, say x' —
p(t, x, t*, x'). This idea suggests the following procedure. Generate by numerical integration
of the forward system (1.1) and the reverse system (3.6) (or (3.9)) independent samples
)7(,”;)0*), n=1,..., N, and (Y(IT,)y(T), i(,;"fy(r)), m=1,..., M, respectively (in general,
different step sizes may be used for X and Y). Let p(t, x, t*, x') be, for instance, the kernel
estimator of p(#, x, t*, x") from (1.7), that is,

. 1 & (x00) -
= * n — E K 1,x )
p(t9 x’ t b x ) Néd n:I ( 5

Thus, replacing p by this kernel estimator in the right-hand side of reverse representation
(4.2) yields a representation which may be estimated by

. 11 I (XA -7,
Blt, x, T,y)=ﬂWZZK< s |Ym. @)

m=1 n=1

The estimator (4.3) will be called a forward—reverse kernel estimator.

We will show that the above heuristic idea does work and leads to estimators which have
superior properties in comparison with the usual density estimators based on pure forward
or pure reverse representations. Of course, the kernel estimation of p(t, x, £*, x') in the first
step will as usual be crude for a particular x'. But, due to a good overall property of kernel
estimators — the fact that any kernel estimator is a density — the impact of these pointwise
errors will be reduced in the second step, the estimation of (4.2). In fact, by the Chapman—
Kolmogorov equation (4.1) the estimation of the density at one point is done via the
estimation of a functional of the form (4.2). It can be seen that the latter estimation
problem has smaller degree of ill-posedness, and therefore the accuracy achievable for a
given amount of computational effort will be improved.

Now we proceed with a formal description which essentially utilizes the next general
result naturally extending Theorem 3.1.
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Theorem 4.1. For a bivariate function f we have
I = |t pe v Topp ey

= BLS(X0a(t), Yir (D) Vi ((T)], (4.4)

where X .(s) obeys the forward equation (1.1) and (Y ,(s), Vi ,(5)), s = t*, is the solution
of the reverse system (3.6).

Proof. Conditioning on X, (¢*) and applying Theorem 3.1 with g(-) = f(x', -) for every x’
yields

E (f(Xx(£), Yir (1)) Yir (T))

E (f(X0x(7), Yo (1)) Vi (D)X 12(17))

Jp(t, x, 15, x") <Jf(x’, Vo, ¥, T, y) dy’) dx

O

Let X (,';)(t ), n=1,..., N, be a sample of independent realizations of an approxima-
tion X of X, obtained by numerlcal integration of (1.1) on the interval [z, *]. Similarly, let
(Y (m) AT )y“”’ (7)), m=1,..., M, be independent realizations of a numerical solution of

(3. 6) on the 1nterval [, T ] Then the representation (4.4) leads to the following Monte
Carlo estimator for J( f):

. N M
J:ﬁzzjf( X0, T 00) YT, (4.5)

n=1 m=1

Formally, J( f) — p(t, x, T, y) as f — Ogiag (in the distribution sense), where Ogiao(x’, »")
:=0o(x" — »") and Oy is the Dirac function concentrated at zero. So, in the attempt to
estimate the density p(¢, x, T, y), two families of functions f naturally arise. Let us take
functions f of the form

B x! _ !
G ) = frae's ) =0 "K(Ty),
where 6~ 9K(u/d) converge to Og(u) (in the distribution sense) as O | 0. Then the

corresponding expression for J coincides with the forward—reverse kernel estimator p in
(4.3). As an alternative, consider functions f of the form

L
SO = L6 3) = i )pu(y"),
(=1

where {@;, £ =1} is a total orthonormal system in the function space L,(R?) and L is a
natural number. It is known that f,; — Odiag (in the distribution sense) as L — oo. This
leads to the forward—reverse projection estimator,
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5 = L Shuhy (”) (m) (m) L PN
Ppr NZZZ(P ( < (1 )> ( (T)) A1) = g arye, (4.6)
/ -1

with

B Py v P 1K S, S,
6=y 2 o (T). 7= 372 e(TED)TED,

The general properties of the forward—reverse kernel estimator are studied in Section 6
and the forward—reverse projection estimator is studied in Section 7. As mentioned
previously, by properly selecting a numerical integration scheme and step size #,
approximate solutions of systems of SDEs can be simulated sufficiently close to exact
solutions. Therefore, in Sections 6 and 7 the analysis is carried out with respect to exact
solutions X, ,(s) and (Y ,(s), Vs ,(s)). For the impact of their approximations X (s) and
(Y, ,(s), Vi ,(s)) obtained by the Euler scheme on the estimation accuracy, we refer to
Section 8.

Remark 4.1. If we take t* = T in (4.3) we obtain the usual forward kernel estimator (1.6)
agaln Indeed, for r* = T we have ¥ (Tmz(T ) = y and y(T"f;(T ) = 1 for any m. Similarly, taking
t* =t in (4.3) leads to the pure reverse estimator,

— v\
p(t, x, T, y) = MMZ (x ( )> V(). 4.7)

It should be noted that the pure forward estimator gives for fixed x and one simulation
sample of X an estimation of the density p(t, x, T, y) for all y. On the other hand, the pure
reverse estimator gives for fixed y and one simulation of the reverse system a density
estimation for all x. In contrast, the proposed forward—reverse estimators require for each
pair (x, y) a simulation of both the forward and the reverse process. However, as we will see,
these estimators have superior convergence properties.

Remark 4.2. In general, it is possible to apply variance reduction methods to the estimator J
in (4.5), based on the extended representations (2.4)—(2.5) and (3.8)—(3.9).

5. Explicit analysis of the forward—reverse kernel estimator in
a one-dimensional example

We consider an example of a one-dimensional diffusion for which all characteristics of the
forward—reverse kernel estimator introduced in Section 4 can be derived analytically. For
constant a, b, the one-dimensional diffusion is given by the SDE

dX = aXdt+ bdW (),  X(0) =, (5.1)

which, for a < 0, is known as the Ornstein—Uhlenbeck process. By (3.6), the reverse system
belonging to (5.1) is given by
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dY = —aYds+ bdW(s), Y(£) =y, s> t, (5.2)

dV = —aYds, Y1)=1. (5.3)

Both systems (5.1) and (5.2) can be solved explicitly. Their solutions are given by

X(t) =e“ (x + the‘"‘ dW(u))
0
and

Y(s) = e 90 ( y+ bJ gdu=1 dW(u)),

t

V(s) = e,

respectively. It follows that

t 2at

—1
EX(f)=e“x, varX(f)= bzeZ“’J ey = p2 S a’(1)
0

and, since the probability density of a Gaussian process is determined by its expectation and
variance process, we have X(f) ~ N(e“x, 6%(t)). The transition density of X is thus given

by

_@ Ox 2 2)2) . (5.4)

1
t, X, 8,2) = ————— X
px( ) V210 (s — 1) p< 20%(s — 1)

Similarly, for the reverse process Y we have Y(s) ~ N (e %=1y, e24=0g2(s — f)), and so

1 (e—a(s—t)y _ 2)2
t’ 2 b = -
pY( Y, s Z) \/Zrcefza(“’)az(s — t) exp ( 26—2a(57f)0-2(s _ [)

is the transition density of Y.

We now consider the forward—reverse estimator (4.3) for the transition density (5.4),
where we take t =0 and 0 < ¢* < T. For the sake of simplicity, we do not deal with
variance reduction, that is to say, we take 2 =0 and F = 0. It follows that

o—a(T—1*) M N

pX(On X, T’ J/)MSN,M ::WZZKYIWM (55)

m=1 n=1
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where

*
K = K(é—'eaf* <x+ bJ e-“”dW<">(u)>
0
* r * ~
o 67167‘1(1"7[ )<y+ bJ ea(uft )dW(m)(u))>

t

= KO ' x—e Ty 4 o(FYUM — e T Dg(T — Hy7™)),  (5.6)

with U™ and V(" being independent standard normally random variables. Note that, in
general, 0 in (5.5) and (5.6) may be chosen dependent on both N and M, so 0 = Oy, in
fact.

By choosing the Gaussian kernel

K(z) = exp(—z°/2), (5.7)

1
V21
it is possible to derive explicit expressions for the first and second moment of &y 5 in (5.5).
In particular, for the expected value we have

_ 1 (ex — yy?
= V2r(02e24 =) 1 62(T)) =P <_ 2(92e2a(T—1%) 02(T))> G

and for the variance it follows that

- N-M+1 4
var (Ey,m) = 2AMN(B + o (T)) <P <_ m)

M—1 4
- 2AMN /B + 0T — t*)\/B +20%(T) — o X(T — t*) P <_ B+20%T)—oXT — t*)>
N N—1
20MN+/B + 0(T) — 0T — t*)\/B + o X(T) + o X(T — t*)

A e—a(T—1%) Y
X — ————. (59
eXp< B+oXT)+oXT - t*)) +2nMN(§\/B+202(T) exP( B+202(T)> 59

with the abbreviations 4 := (e*x — y)?, B := %e*7~")_ Since in Sections 6 the forward—
reverse kernel estimator will be analysed quite generally, here we confine ourselves to a brief
sketch of the derivation of (5.8) and (5.9). It is convenient to use the following standard
lemma, which we state without proof.
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Lemma 5.1. Let U be a standard normal random variable and let the kernel K be given by
(5.7). Then

exp(—p?/(2 + 24?))
V2r(l + ¢

In (5.5) the K,, are identically distributed and so (5.8) follows straightforwardly by
application of Lemma 5.1. The variance expression can be derived as follows. We consider
the second moment

EK(p+qU)=

e-2a(T—ry M N M N

EE%V,M M2N262 ZZ Z ZEKann m' (510)

m=1 n=1 m'=1 n'=1

and split the sum into four parts: n# n' and m# m'; n=n" and m # m'; n# n' and
m=m'; n=n" and m = m'. Then, to each part we apply Lemma 5.1 with appropriate
substitutes for p and ¢. After collecting the results, (5.9) follows by var(&y )=
E&\ v — (E&wm)

Clearly, as in Remark 4.1, substituting * =7 and ¢* =0 in (5.5) yields the pure
forward estimator and pure reverse estimator, respectively. In this example the forward
estimator is given by

1 & 1 & T
= —_— _ —_—— a —_ (i’l) -1
Ey: Né;:lK”' Né,,Ele((e x—y+o(DHUMS ™

and a similar expression holds for the reverse estimator. The bias and variance of these
estimators may be derived analogously, but also follow from (5.8) and (5.9) by setting t* = T
or t* =0.

We now compare the bias and variance of the forward—reverse estimator with the pure
forward estimator. By (5.8) we have for the forward—reverse estimator, that is, (5.5) with
0<r<T,

exp(—(e*'x — y)*/20*(T))

\/2no2(T)

E&ym = (14 cg0? + O(6%) = px(0, x, T, y)(1 + O(S%)),

(5.11)

where ¢ is a constant not equal to zero. Hence, for a kernel given by (5.7) the bias is of
order O(6%). Obviously, the same is true for the forward estimator.
For the variance of the forward estimator we have
exp (—(e”x — p)*/(0* +20%(T))) 1 exp(—(e“"x — y)*/(6* + 0*(T)))
02 +20%(T) 2nN 02+ oX(T) ’
(5.12)

which follows by substituting t* = T in (5.9) so that M drops out. Comparison of (5.9) with
(5.12) then leads to the following interesting conclusion.

1
var(sy) =5

Conclusions 5.1. We consider the case M = N and denote the forward—reverse estimator for
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px(0, x, T, y) by &y as well. The width 6 will thus be chosen in relation to N, hence
0 = Oy. We observe that

E(SN - PX(O, X, T’ y))2 = Var(SN) + (E SN - pX(Oa X, T’ y))29 (513)

where ey = \/ E(y — px(0, x, T, y))* is usually referred to as the accuracy of the
estimation. From (5.11), (5.12) and (5.13) it is clear that for the forward estimator €y | O
when N — oo, if and only if 6y — 0 and NOy — oo. By (5.11) and (5.12) we have for the
forward estimator

e = (L—i—czé;‘v)(l-i—o(l)), NOy — oo and Oy | O, (5.14)
Noy

for some positive constants c¢;, c,. It thus follows that the best achievable accuracy rate for
the forward estimator is ey ~ N2/, which is attained by taking oy ~ N/,

We next consider the forward—reverse estimator which is obtained for 0 < * < T. From
(5.11), (5.9), and (5.13) it follows by similar arguments that

dy d
& = (ﬁl + Nz—éN + d3aj‘v>(1 +o(1)), N?*Sy — oo and Oy | 0, (5.15)

for some positive constants d;, d, and d3. So from (5.15) we conclude that by using the
forward—reverse estimator the accuracy rate is improved to ey ~ N~!/2 and this rate may be
achieved by oy ~ N7 for any p € [1, 1]

Remark 5.1. 1t is easy to check that for the reverse estimator we have the same accuracy
(5.14) and so the same conclusions apply.

6. Accuracy analysis of the forward-reverse kernel estimator
in general

In this section we study the properties of the kernel estimator (4.3) for the transition density
p=p(t,x, T, y) in general. However, here and in Section 7 we will disregard the
discretization bias caused by numerical integration of SDEs and will only concentrate on
the loss due to the particular structure of the new estimators. We thus assume in this section
and the next that all random variables involved are due to exact solutions of the respective
SDEs.

Let 7(u) be the density of the random variable X, (¢*), that is, r(u) = p(t, x, t*, u).
Similarly, let g(u) be the density of Y, ,(I) and further denote by u(u) the conditional
mean of Vs (T) given Yy (T) = u. By the following lemma we may reformulate the
representation for p in (4.2) and J( f) in (4.4).
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Lemma 6.1.

p= jr(u)u(u)q(u) du, 6.1)

I = ||l orwauo) dud. 62)
Proof. Equality (6.1) follows from (4.2) by
p=Er(Ys (7)Y (T) =E [r(Yp ((T)E (Vo (DY (T))]

=Er(Yp (D) u¥p (T)) = Jr(u)u(u)q(u) du, (6.3)
and (6.2) follows from (4.4) in a similar way. U

For a kernel function K(z) in RY and a bandwidth S, we put f(u, v)=
Sfxo(u, v) := 0"K((u — v)/0) and thus have, by Lemma 6.1,

I e = | [ 1K ("5 2) gy duav,

which formally converges to the target density p in (6.1) as 6 | 0. Following Section 4, this
leads to the Monte Carlo kernel estimator

IR B 9D 9P 4

P= 6dMN n=1 m=1 " 6 a MN n=1 m=1 " .
with

Xn - Ym
an = 6_dymK<7>a
0

where X, := X(t,';)(t*) eRY n=1,..., N, may be regarded as an independent and
identically distributed (i.i.d.) sample from the distribution with density r», the sequence
Y, = Y(,T)y(T) €RY, m=1,..., M, as an i.i.d. sample from the distribution with density ¢,
and the weights ), = yﬁ;’”y(r ), m=1, ..., M, may be seen as independent samples from a

distribution conditional on Y,,, with conditional mean u(y) given Y,, = u. We derive some
properties of this estimator below.

Lemma 6.2. We have
Ep=ps:= er(u + 0v)q(w)u(u)K(v)dudv = Jré(u)/l(u) du,

with
Mu) = q(u)pu(u)
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and
ro(u) := 6’dJr(U)K(6’1(U — u))dv = Jr(u + Ov)K(v) dv.

Moreover, if the kernel K satisfies [ K(u)du =1, K(u) =0, K(u) = K(—u) for all u € R,
and K(u) =0 for |u| > 1, then the bias |p — E p| satisfies

lp—Ep|l=|p— ps| < Ck|r"||0? (6.5)

with Cx =% [[vPK@)dv - [Au)du and ||r"| = sup, ||F"(v)||, where |r"(v)|| is the
Euclidean norm of the matrix r"(v) = {9*r/ov'0v’}.

Proof. Since all Z,, are iid., by (44) we have Ep=J(fxs)=EZ,, for every
n=1,...,Nand m=1, ..., M. Hence, by Lemma 6.1,

EZ,, = 5*d”r(u)q(u)y(u)1<(6*1(u —v))dudv

= er(u + ov)g(w)u(u)K(v) dudo = py.

For the second assertion it is sufficient to note that the properties [K(v)dv =1,
[K(v)vdv =0, and K(v) =0 for |v| > 1 imply

re(u) — r(u) = Jr(u + 0v)K(v)dv — r(u) = J[r(u + 0v) — r(u) — 6UTr’(u)] K(v)dv
= J %620Tr"(u + O(v)ov)v K(v) dv

=301 loP K)o
where |6(v)| <1, and so
7o = 21 = [Irs(u0 = r0lau du = €7 200 .
O

Remark 6.1. The order of the bias |ps_,| can be improved by using higher-order kernels
K. We say that K is of order f if fu{’ u{;’ K(u)du = 0 for all non-negative integers
Jis -+ ja satisfying 0 < j; + ... + j; < f. Similarly to the proof of Lemma 6.2, one can
show that the application of a kernel K of order f satisfying [ K(u)du =1, K(u) =0 for
lu| = 1 leads to a bias with | ps — p| < COP*!, where C is a constant depending on 7, ¢ and K.

Concerning the variance var p = E(p — Ep)* of the estimator (6.4) we obtain the next
result.
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Lemma 6.3. It holds

M — N—1
var p _—é “Bs + Nz Jr(u)/l () du + N—MJ 73 (u)po()q(u) du
(6.6)
CN+M-1 o,
v P
where
By = Jra,z(u)ﬂz(u)q(u) du
with

Ao(u) = 5*dJ1(v)K(a*1(v —u))dv = J/l(u + 0v)K(v) dv,

roo(u) = 6’dJr(v)K2 (67 (v—w)dv = Jr(u + 0v)K%(v) dv,

w(v) =E QY = v).

Proof. Since Z,, and Z, , are independent if both n # n' and m # m’, it follows that

N M 2
M?*N*var p =E (Z (Zm — p5)> (6.7)
n=1 m=1
N M N M
:ZZE(Znnz_pO)2+ZZ (E anan’ —P?s)

—_

n=1 m= n=1

3
I

L m'#£m

N M
+2 2. > (B ZmZin = P}
n=1 n'#n m=1

Note that for m # m' we have

E Zun Zow = 87| [ K (07 0 = 0) K(6 = 01) 0120 dw o
_ 67dJJK(5*1(u — 1)) H(W)As()A(v) du dv

= Jr(u)if;(u) du
and, similarly, for n # n' it follows that

EZmZwm= Jrg(u)ﬂz(u)q(u) du.



Transition density estimation for stochastic differential equations 299

Further,
EZ2, =0 Y EY2K* (07 (Xu— Yn))

=0 E(K* (07 (X0 = Y))E (V5| V0))
_ é*ZdJJKZ (571(u _ v)) r(u)q(v)uz(v) du dv

_ (Ydjuz(U)Q(U)"a,z(U) dv

and so we obtain

0 9Bs—p} M-1 ) N -1
var p = N7 o 4 Nl (Jr(u)/lé(u) du — pf;) + N (Jr%(u)m(u) q(u)du — p%),
from which the assertion follows. O

Let us define
B = JKz(u) du - Jr(u),uz(u) q(u)du. (6.8)
By the Taylor expansion
r(u + Ov) = r(u) + o0 ' (u) + %620Tr”(u + O(v)ov)v,

one can show in a way similar to the proof of Lemma 6.1 that
|Bs — B| = 0(6%), o1]0.

In the same way, we obtain

Jr(u)/lg(u) du — Jr(u)lz(u) du| = 0(6%), 010,
[ 3ust gt du — [P gt ) = 0@, o 1o,
Further, introduce the constant D given by
D:= Jr(u)ﬂ.z(u) du + Jrz(u)uz(u) g(u)du — 2 p%. (6.9)

Then, from Lemmas 6.1 and 6.3 the next lemma follows.

Lemma 6.4. For N = M we have

D 6B
arp - NN

5—d+2 52 1
< —t—=+—=]. 1
C( 2 +N+N2> (6.10)
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In particular, if 6 =: Oy depends on N such that 57\7de1 =o(l)and 6y = o(l) as N — oo,
then

. D) o(1)
varp — —| =—-, N — o0.
N N
Now, by combining Lemmas 6.2 and 6.4, we have the following theorem.

Theorem 6.1. Let N = M and 6 = Oy depend on N.
(a) If d <4 and Oy is such that

1 4
——=o0(l) and OyN = o(1), N — oo,
No4,

then the estimate p (see (4.3) or (6.4)) of the transition density p = p(t,x, T, y)
satisfies
D o(l)

E(p—p) =(ps—pf +varp=r+==, N oc. (6.11)

Hence, a root-N accuracy rate is achieved (we recall that \/E(p — p)* is the
accuracy of the estimator). In this case the variance is of order N~' and the squared
bias is o(N7Y).
(b) If d =4 and Oy = CN~V/* where C is a positive constant, then the accuracy rate is
again N~'/% but now both the squared bias and the variance are of order N—'.
(¢) If d>4 and Oy = CNY+D then the accuracy rate is N~/ and both the
squared bias and the variance are of the same order N~—8/¢4+).

Proof. Clearly, (6.5) and (6.10) imply (6.11). The conditions 6;,dN" =o(l) and Né‘]‘v
= o0(1) can be fulfilled simultanecously only when d < 4. In this case one may take,
for instance, Oy = N~'/?log!/YN yielding c‘};,dN’l =1/logN = o(l) and Né‘;\, =
N'=#410g*“N = o(1). By (6.5) the squared bias is then of order O(é‘,‘v) =
O(N~*41og"?N) = o(N~') for d < 4. The statements for d =4 and d > 4 follow in a
similar way. U

Remark 6.2. We conclude that, by combining forward and reverse diffusion, it is possible to
achieve an estimation accuracy of rate N~'/2 for d < 4. Moreover, for d > 4 an accuracy
rate of root-N may also be achieved by applying a higher-order kernel K.

In Section 9 we will see that with the proposed choice of the bandwidth
ON = N""41og/¥ N for d <3 and Oy = N9 for d =4, the kernel estimator p
can be computed at a cost of order Nlog N operations.

Remark 6.3. For the pure forward estimator (1.6) and pure reverse estimator (1.6) it is not
difficult to show that
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e =E(p— p) = (Nc(;d + cQa‘}v>(1 + o(1)), Oy | 0and No% — 0o,  (6.12)
N

where ¢; and ¢, are positive constants. So the best achievable accuracy rate for the forward
estimator is ey = O(N~¥“9), which is obtained by a bandwidth choice dy = N~/¢+d,
Clearly, this rate is lower than the accuracy rate of the forward—reverse estimator which is
basically root-N.

Remark 6.4. In applications it is important to choose the intermediate time * properly. In
this respect we note that D in (6.9) only depends on the choice of #* and, in particular, it is
not difficult to show that D — oo as £* | tor t* T T. So, by Lemma 6.4, in the case N = M
and d < 4 we should select a ¢* for which this constant is not too big. In practice, however, a
suitable +* is best found by just comparing for different choices the performance of the
estimator for relatively small sample sizes. For d = 4 and N = M the constant B in (6.8) is
also involved but similar conclusions can be drawn.

7. The forward—reverse projection estimator

In this section we discuss statistical properties of the projection estimator pP" from (4.6) for
the transition density p(¢, x, T, y). First we sketch the main idea.

Let {@u(x), £ =1,2, ...} be a total orthonormal system in the Hilbert space L,(R“). For
example, in the case d =1 one could take

1 >
= Hue "/ 1=0,1,...
(/7/+1(u) zll'ﬁ /(u)e > s Ly >
where H;(u) are the Hermite polynomials. In the d-dimensional case it is possible to

construct a similar basis by using Hermite functions as well. Consider formally for r(u) =
p(t, x, t*, u) (see Section 6) and h(u) := p(t*, u, T, y) the Fourier expansions

r(u) = Zf; ape(u), h(u) = éf; Vepe(u),
with 7 7
oy = Jr(u)(p(j(u) du, Ve 1= Jh(u)(p/(u) du.
By (2.1), (3.1), and (3.5) it follows that

ar = EpuX, (1Y), (7.1)

ve = E@u(Yr () (T)Vp (1), (7.2)

respectively. Since by the Chapman—Kolmogorov equation (4.1) the transition density p =
p(t, x, T, y) may be written as a scalar product p = [ r(u)h(u)du, we thus formally obtain
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p=>_ am (7.3)
=1

Therefore, it is natural to consider the estimator

P = i acyr, (7.4)
=1
where L is a natural number and
1 < 1 &
by = N; QX Y=o ijl (Y)Y (7.5)

are estimators for the Fourier coefficients ay, y,, respectively. For the definition of X,, Y,
and ), see Section 6. Note that (7.4)—(7.5) coincide with the projection estimator
introduced in (4.6).

We now study the accuracy of the projection estimator. In the subsequent analysis we
assume that the originating diffusion coefficients ¢ and o in (1.1) are sufficiently good in
the analytical sense such that, in particular, the functions y' — p(t, x, £*, y') and
y' — p(t*, y', T, y) are square integrable. Hence, we assume that the Fourier expansions
used in this section are valid in Ly(R?). The notation introduced in Section 6 is retained
below. We have the following lemma.

Lemma 7.1. For every { = 1,
Bay = ar = [ty du
vardy = N ' var (X)) = N ! (J(p?(u)r(u) du — a?) =: N’lam.
Similarly,
Epe = v = Jw(u)ﬂ(u)q(u) du,
vary, = M 'var VoY) = M (Jﬂz(u)@f(u)qw) du — Vf) = My,

where uy(u) :=E (3| Y, = u).

Proof. The first part is obvious and the second part follows by a conditioning argument
similar to (6.3) in the proof of Lemma 6.1. UJ
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Since the &, and the 9, are independent, it follows by Lemma 7.1 that
L L
=B =)
=1 =1
So, by (7.3) and the Cauchy—Schwarz inequality, we obtain the next lemma for the bias
E pP" — p of the estimator pr'.

Lemma 7.2.
s o0 2 o0 oo
(Ep” —p)= Z aye | = Z a Z vi-
(=L+1 -

By the following result we may estimate the variance of pP'. For convenience, we restrict
ourselves to the case N = M.

Lemma 7.3. Let (L + 1)> < N and the Fourier coefficients o, and vy, satisfy the conditions

Sal=Ce Yl =ciy (7.6)
=1 =1
m?x arr < Chyq, max Vo S Cay. (7.7)

Then we have
Nvar p" < C,

with C depending on Cyq, Cy 4 and Cy,, Cy, only.

Proof. Let us write

L L L L L
D= e =) (@ —a)Pe—y)+ Yy alFe— )+ Yy (@ —ady
=1 =1 =1

=1 =1
=5L+0L+1

The Cauchy—Schwarz inequality implies that
L 2 L L
E(I =E (Z ag(ye - W)) < E (Z el Y el (e — W)2>
=1 =1 =1

L
= Cl,a Z |a5‘E(}A}Z - yf)z < CiaCZJ’Nil’
/=1
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and similarly

2
L
E(l3)* =E <Z ye(oy — OL@)) = C%,VCZ’QN_].

(=1

The Cauchy—Schwarz inequality and independence of the &, and the §, imply that

L 2 L L
E(1,)’ =E (Z(d/ —a)(e — Vz)) <EY (@ —a)EY (i —7)
= = =1

< CruCop(L+ 1P’ N2 < Cyy Gy N

Hence,
~pr 2 2 c
var p" = E(Iy + L+ 1y = (VED) + VELY + VELY) <+
with C :=3(C},Cay + C7,Cau+ CruCoy). O
Application of Lemmas 7.2 and 7.3 yields the following theorem.
Theorem 7.1. Let the Fourier coefficients o, and 'y, satisfy the condition
a2?Pld < 2, vl < c (7.8)
(=1 (=1

with 8> d/2, and let condition (1.7) hold. Let L = Ly satisfy L% /N = o(1) and NL;Wd
=0(1), as N — oo. Then, for the accuracy of the estimator p* with N = M, we have

E(p" — p)P< N

Proof. Clearly,

Z aj < (L+ )P gl < o121,
(=L+1 (=L+1

Similarly, Y%, v; < C, L2/ and so

Next,

L 2 L L
(St} =Saeeysen <o = ae,

=1 =1 =1

with Cp = S_f07%/4 < oo. Similarly
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L 2
<Z|W|> < GGy,

=1

and thus condition (7.6) holds with C,, = CaC[l/ 2 and Ciy= C},Cllg/ 2 Now the assertion
follows from Lemma 7.3. O

Remark 7.1. In Theorem 7.1, f plays the role of a smoothness parameter. Indeed, for a
functional basis such as the Hermite bases, condition (7.8) is fulfilled if the functions
x' — p(t, x, t*, x')and x’ — p(¢*, x', T, y) have sc;uare-integrable derivatives up to order .
For 8 = 2, the conditions L% /N = o(1) and N L;\;‘ﬁ 4= o(1) can be fulfilled simultaneously
only if d < 4, so we then have a similar situation to that for the kernel estimator in Section
6. In general, if (7.8) holds for 8 > d/2, one may take Ly = (Nlog N)¥/“f) in Theorem 7.1,
faldi 2 —1+d/(2 dje —4p/d ~1
thus yielding L3 /N = N~'*9/CH1og/CAN = o(1) and NL,"'* =log”'N = o(1).
However, with respect to sufficiently regular basis functions (such as Hermite basis
functions) condition (7.8) is fulfilled for any 8 > d/2 when the densities p(t, x, t*, x") and
p(t*, x', T, y) have square-integrable derivatives up to any order. So, according to Theorem
7.1, one could take Ly = O(NT) for any 0 < 7 < 1/2 to get the desired root-N consistency.
If, moreover, the coefficients a; and 7y, decrease exponentially fast so that Z[age"g < 0o and
Zéy[e”[ < oo for some positive ¢ (which corresponds to the case of analytical densities
p(t, x, t*, x") and p(t*, x’, T, y)), then even Ly = O(log N) Fourier coefficients provide a
negligible estimation bias (see Pinsker 1980), thus leading to root-N consistency again.
Generally it is clear that properly choosing Ly is essential for reducing the numerical
complexity of the procedure (see Section 9).

Remark 7.2. The conditions of Theorem 7.1 are given in terms of the Fourier coefficients ay
and y,. We do not investigate in a rigorous way how these conditions can be transformed into
conditions on the coefficients of the original diffusion model (1.1) and the chosen
orthonormal basis. Note, however, that in the case of, for example, the Hermite basis, both
(7.7) and (7.8) follow from standard regularity conditions. For instance, when the coefficients
of (1.1) are smooth and bounded, their derivatives are smooth and bounded, and the matrix
o (s, x)o (s, x) is of full rank for all s, x.

8. Estimation loss caused by numerical integration of SDEs

In this section we analyse the estimation loss of the kernel estimators due to application of
the Euler scheme. Let X : =X, (r*, h) and (Y, Y):= (Y (T, h), Y« (T, h)) be an
approximation of X, (t*) and (Y, ,(T), Vi ,(T)), obtained by applying the Euler scheme
to the systems (1.1) and (3.6), respectively. Let 7(u) be the density of the random variable
X, so #(u) = pu(t, x, t*, u). Further, let g(u) be the density of ¥ and denote by i(u) the
conditional mean of ) given Y = u. Instead of (6.4) we now consider the estimator
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(8.1)
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with X,, n=1,..., N, and (¥, V,) m=1,..., M, being independent realizations of X
and (Y, ))), respectively. We thus have

Ep=EZu = a*d”f(u)q(u)ﬂ(u)K(a”(u — ) dudv

—

Jf(u + ov)g(w)i(u)K (v) du dv

— | i du. (32)
where
Fo(u) :== Jf(u + O0v)K(v) dv.
From the result due to Bally and Talay (1996b) (see (1.4)) we obtain
|75 (u) — rs(u)| < Kh, (8.3)
uniform in # and 0 for some positive constant K. Hence, for some K; > 0,
[Ep— Jr,g(u)q_(u)ﬂ(u) du| < K h. (8.4)
uniform in O. Further, we have
| it du = e ryy. (8.5)

It is not difficult to show that rs(u) has derivatives which are uniformly bounded with respect
to 0. Therefore, since the Euler scheme has weak order 1, we have, for some K, > 0,

[Ers(Y)Y —E p| < Kah, (8.6)
uniform in 6. Combining (8.4)—(8.6) yields
[Ep—Ep| < Ksh, (8.7)

uniform in ¢ for some K3 > 0, and then by Lemma 6.2 we obtain the following result.

Lemma 8.1. The estimation loss |E p — p| satisfies

|E p — p| < K40 + Ksh,
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for some positive constants Ky, Ks independent of 6 and h.

We now proceed with estimation of var p. For var p we obtain an expression similar to
(6.6) by replacing ps in (6.6) with ps:=E p and throughout Lemma 6.3 the quantities
T, rs, 152, 45 M2, A, A5, By by their corresponding analogues 7, 7s, Fs2, G, 2, A, As, By
defined with respect to the random variables X and (Y, ). Analogously to the proof of
(8.7), it follows that, for some positive constants C, Cy,

|Bs — Bs| < Ch mdjﬁmmwmmw—ﬁﬁwmwmmusah

uniform in d. From our boundedness assumptions in Section 1, it follows that c(s, y) in (3.6)
is bounded (see (3.4)). As a consequence, Vs« ,(T) is bounded and so there exists a constant
C, > 0 such that, for every 4 and u,

@(w)| = [E Qe (DY e (T) = u)| < Ca.

Therefore,

|s(u)] = Uq(u + ov)i(u + Sv)K(v)dv

< C3ch(u + ov)K(v)dv (8.8)

for some C3 > 0 and all u, A, 0.

By Bally and Talay (1996b) again, G(u)— q(u) = O(h) uniform in u; hence, As(u) is
uniformly bounded with respect to u, # and J, and so ff(u)/lg(u) du is uniformly bounded
with respect to 4 and 0. Now, from Lemma 6.3 and the above arguments the following
result is obvious.

Lemma 8.2. There exist positive constants C4 and Cs, not depending on h and O, such that
for N =M,
Cy Cs

Varﬁ$w+ﬁ.

(8.9)

It should be noted that Lemma 6.4 is more refined than Lemma 8.2 in the sense that it
gives some kind of expansion of var p. Nevertheless, it is clear that Lemmas 8.1 and 8.2
are sufficient to obtain the following main theorem.

Theorem 8.1. for M = N and positive constants D, Dy, D,, D; we have

D, D;

E(p — p)* < DO* + D\ h? =.
(p—p) + Db g Ty

(8.10)

Let us take 0 = Oy as in Theorem 6.1. Then it is clear from Theorem 6.1 that for d < 4
and h = O(N~'/?) the accuracy of the estimator p is O(N~'/?), and for d >4 and
h = O(N~*G+dy the accuracy of p is O(N~*“+d) Hence by properly choosing #
dependent on N the accuracy rates for p and p coincide.
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Remark 8.1. For the pure forward estimator (1.7) (and the pure reverse estimator
corresponding to (4.7)) similar (but simpler) arguments give

Ds

E(p — p)> < Dyh* + DsO* + ——
(p—Dp) 4n” + Ds +Nad’

(8.11)
for positive constants Dy, Ds, Dg. For comparison see also Remark 6.3.

Remark 8.2. The assertions of this section are derived only for the Euler method in the strong
sense since we essentially use the results of Bally and Talay (1996b). Most likely they remain
true in the context of methods of numerical integration in a weak sense. However, this
requires additional investigation.

Remark 8.3. Without proof we note that for the projection estimators similar conclusions can
be drawn with respect to the estimation loss due to application of the Euler scheme.

9. Implementation of the forward—reverse estimators

In the previous sections we have shown that both the forward—reverse kernel and projection
estimator have superior convergence properties compared with the classical Parzen—
Rosenblatt estimator. However, while the implementation of the classical estimator is rather
straightforward, one has to be more careful when implementing the forward—reverse
estimation algorithms. This especially concerns the evaluation of the double sum in (4.3) for
the kernel estimation. Indeed, straightforward computation would require MN kernel
evaluations, which would be prohibitive, for example, when M = N = 10°. Fortunately, by
using kernels with small support, in some sense, we can get around this difficulty as
outlined below.

9.1. Implementation of the kernel estimator and its numerical
complexity

We assume here that the kernel K(x) used in (4.3) has a small support contained in
|X|max < /2 for some a >0, where |X|pa := maxj<;<4|x'|. This assumption is easily
satisfied in practice. For instance, for the Gaussian kernel, K(x) = (2m) %% exp (—|x[?/2),
which, strictly speaking, has unbounded support, in practice K(x) is negligible if for some
i, |l <i<d, |x;/] > 6 and so we could take for this kernel a = 12. Then, due to the small
support of K, the following Monte Carlo algorithm for the forward—reverse kernel
estimator is possible. For simplicity, we take ¢t =0, t* = T/2 and assume N = M. For
both forward and reverse trajectory simulation we use the Euler scheme with time
discretization step & = T/(2L), with 2L being the total number of steps between 0 and T.

e Simulate N trajectories on the interval [0, /], with end points {X)(£*):
n=1,..., N}, at a cost of O(NLd) elementary computations.
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e Simulate N reverse trajectories on the interval [¢*, T], with end-points
{(Y"(T), Y"(T)) : m=1, ..., N} at a cost of O(NLd) elementary computations.
e Search, for each m, the subsample

(XU k=1, ) = (XY@ cn=1,..., N}
N {x: |x = YT max < Oy}

The size [,, of this intersection is, on average, approximately N 651\, X {density of X(t*)
at Y™ (T)}. This search procedure can be done at a cost of order O(Nlog N); see, for
instance, Greengard and Strain (1991) where this is proved in the context of the Gauss
transform.

e Finally, evaluate (4.3) by

N 1,
L. DD KO XU = YU (D)),

2 sd
N 5N m=1 k=1

at an estimated cost of O(N20%).

For the study of complexity we use the results in Section 6. We distinguish between
d<4 and d=4. For 1 <d<4 we achieve root-N accuracy by choosing dy =
(N/log N)"'/_ In practice, the number of discretization steps 2L (typically 100—1000) is
much smaller than the Monte Carlo number N, which is typically 10°—10°. Therefore, as
we see from the above algorithm, with 0y = (N/log N)~'/¢ simulation of the forward—
reverse estimator incurs a total cost of O(NlogN). Hence, the aggregated costs for
achieving ey ~ 1 /\/N amount to O(Nlog N) which comes down to a complexity
ckem  |loge|/e?. For d =4 we achieve an accuracy rate ey ~ N 4@+ by taking
Oy = N2 again at a cost of O(Nlog N). So the complexity C*™ is of order
O(|log e|/e*+D/) For comparison we now consider the classical estimator. It is well known
(see also Remark 6.3) that for N trajectories the optimal bandwidth choice is
Oy ~ N-VE+D  which yields an accuracy of ey ~ N-2/4+d) The costs of the classical
estimator amounts to O(N) and thus its complexity C®* is of order O(1/e“+?9/?). By
comparing the complexities C, and Cglass it is clear that the forward—reverse kernel
estimator is superior to the classical Parzen—Rosenblatt kernel estimator for any d.

9.2. Complexity of the projection estimator

From its construction in Section 7 it is clear that the evaluation of the projection estimator
(4.6) incurs a cost of order O(LyN) elementary computations. Just as for the kernel
estimator, we now consider the complexity of the projection estimator. In Remark 7.1 we
saw that if condition (7.8) is fulfilled for a smoothness 3 with > d/2, we may choose
Ly = (Nlog N)¥/@P_ which yields a complexity CP®i(g) of order O(log?/“P)|e|/e>+4/CH),
If, moreover, the Fourier coefficients a, and y, decrease exponentially, then (see Remark
7.1) we achieve root-N accuracy by taking Ly =log N and so we obtain a complexity of
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order CP™(g) = |loge|/e? for any d. Obviously, compared to the classical estimator, the
projection estimator has in any case a better order of complexity.

Remark 9.1. For transparency, the complexity comparison of the different estimators above is
done with respect to exact solutions of the respective SDEs. Of course when Euler
approximations are used, the discretization step /4 must also tend to zero when the required
accuracy ¢ tends to zero. However, it is easy to see that with respect to approximate Euler
scheme solutions the same conclusions also can be drawn.

9.3. Numerical experiments

We have implemented the classical and forward—reverse kernel estimator for the one-
dimensional example of Section 5. We fix a = —1, b =1 and choose fixed initial data
t=0, x=1, T=1, y=0, for which p = 0.518831.

Let us aim to approximate the ‘true’ value p = 0.518 831 using both the forward—reverse
estimator (FRE) and the classical forward estimator (FE). Throughout this experiment we
choose t* = 0.5, and M = N for the FRE and the FE is simply obtained by taking r* = 1.
For the bandwidth we take oY = N~'5 and O = N~!, yielding variances o2
~ C;N~** and O%pp ~ CoN 71, respectively. It is clear that opg may be estimated directly
from the density estimation since the classical estimator is proportional to a double sum of
N independent random variables. As the FRE is proportional to a double sum of generally
dependent random variables it is, of course, strictly not correct to estimate its deviation in
the same way by just treating these random variables as independent. However, the result of
such an (in fact) incorrect estimation, denoted below by o*, turns out to be roughly
proportional to the correct deviation opgg. To show this we estimate opgrg for
N =102, 10, 10%, respectively, by running 50 FRE simulations for each value of N and
then compute the ratios x := oprg/0* (see Table 1). The SDEs are simulated by the Euler
scheme with time step At = 0.01.

So, in general applications we recommend this procedure for determination of the ratio x
which may be carried out with relatively low sample sizes and allows for simple estimation
of the variance o3y.. If, for instance, we define the Monte Carlo simulation error to be two
standard deviations, the Monte Carlo error of the FRE may be approximated by 2xo*.

In this paper we have not addressed the time discretization error due to the numerical
scheme used for the simulation of the SDEs. In fact, this is conceptually the same as

Table 1. ‘True’ Oprg, 0* and k =
opre/0* for different N

N OFRE o * K

102 0.068  0.050 1.4
10 0.021 0015 14
10 0.007 0005 14
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Table 2. Estimation of target density p by FRE and FE; ‘“True’ p = 0.518 831

Computation Computation
N  FRE  20me OfgeN time (5) FE 20p  ORN*S time (5)
104 0522 0.031  2.40 2 0.524  0.036  0.51 2
105 0519  0.010 250 20 0.515 0.016  0.64 18
105 0.5194 0.0031 2.45 203 0.5164 0.0064 0.65 183
107 0.5193  0.0010 2.50 2085 0.5171  0.0026 0.68 1854

assuming that we have at our disposal a weak numerical scheme of sufficiently high order.
We note that if a relatively high accuracy is required in practice, the Euler scheme turns out
to be inefficient, as it involves a high number of time steps, yielding, in combination with a
high number of paths, a huge complexity. Fortunately, in most cases it will be sufficient to
use a weak second-order scheme, such as the method of Talay and Tubaro (1990). The
application of this method comes down to Richardson extrapolation of the results obtained
by the Euler method for time steps 2A¢ and At, respectively. However, we have to take into
account that the deviation of this extrapolation, and therefore the Monte Carlo error, is NG
times as high. In the experiments below we compare the FRE with the classical one for
different sample sizes. For both estimators FRE and FE we use the weak order O((At)?)
method of Talay and Tubaro with time discretization steps A¢ = 0.02 and At = 0.01. From
Table 2 it is obvious that for larger N the FRE gives a higher Monte Carlo error than the
pure FE, while the computational effort involved in the FRE is only a little bit larger. For
example, the FRE gives for N = 10° almost the same Monte Carlo error as the FE for
N = 107. Moreover, due to the choice dy = N~! in the FRE, the bias of the FRE is
O(N~2) and so negligible with respect to its deviation being O(N~'/2). Unlike the FRE,
with the usual choice &y = N~1/%, the bias of the FE is of the same order as its deviation
and so its overall error is even larger than its Monte Carlo error displayed in Table 2.
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