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Level attraction can appear in driven systems where instead of repulsion two modes coalesce
in a region separated by two exceptional points. This behavior was proposed for optomechanical
and optomagnonic systems, and recently observed for dissipative cavity magnon-polaritons. We
demonstrate that such a regime exists in a spin-orbit torque system where a magnetic oscillator is
resonantly coupled to an electron reservoir. An instability mechanism necessary for mode attraction
can be provided by applying an electric field. The field excites interband transitions between spin-
orbit split bands leading to an instability of the magnetic oscillator. Two exceptional points then
appear in the oscillator energy spectrum and the region of instability. We discuss conditions under
which this can occur and estimate the electric field strength necessary for reaching the attraction
region for a spin-orbit torque oscillator with Rashba coupling. A proposal for experimental detection
is made using magnetic susceptibility measurements.

I. INTRODUCTION

In noncentrosymmetric systems, the spin-orbit inter-
action provides mechanisms for spin angular momentum
transfer and generation of spin-orbit torques [1]. Micro-
scopically, this can be traced back to the spin Hall [2] and
inverse spin galvanic effects [3, 4], where an electric field,
can generate either a spin current or a spin polarization.
In this paper we show how resonant spin-orbit torque
devices can reveal aspects common to driven interacting
systems such as mode attraction and exceptional points.

Spin-orbit torques play an important role in spintron-
ics [5–19], with numerous applications including electric
control and magnetization switching [20–22], coherent ex-
citation and amplification of spin waves [23–26], current-
induced collective dynamics of topological spin textures
[27–31], memory and logic devices [32–34], and neuro-
morphic computing [35]. Spin-orbit torque oscillators are
of particular interest for many applications [36–40], in-
cluding damping and antidamping torques [41] and other
nontrivial features in high frequency response [42, 43].

Level attraction can occur at mode energy level cross-
ings of an open system. It requires an instability of one of
the modes, and in contrast to mode hybridization where
two energy levels repel each other, energy levels coalesce
for attraction, which in a certain way is reminiscent of
mode synchronization [44]. The region of mode coales-
cence is bounded by two exceptional points where the
eigenvectors become parallel in Hilbert space [45, 46].
These points are singularities and have been observed in
microwave cavity applications. Their nontrivial topology
may have utility in detecting devices [47–49].

Additionally, mode attraction has been studied in op-
tomechanical circuits [44], cold atoms with negative mass
instability [50], and coupled spin-photon systems [51–56],
and has been experimentally demonstrated for dissipative
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cavity magnon-polaritons [57–60].
In this paper we show that a driven spin-orbit torque

oscillator has a strong interaction regime where ferro-
magnetic resonance can be locked to interband electron
transitions in a material with spin-orbit coupling. The
exceptional points that appear can be electrically con-
trolled. The nontrivial topological structure of the pa-
rameter space near the exceptional points [46] affects
mode selection and is sensitive to damping and coupling
strength.

The instability mechanism needed to reach the attrac-
tive regime is provided by spin accumulations created
by an electric field applied to the electron system in a
manner similar to inverse spin galvanic spin-orbit torques
[5, 6]. We show that in a driven system spin accumula-
tions modify an effective coupling between the resonances
in magnetic and electron subsystems. As a result, the
system near the energy level crossing can be described
by a non-Hermitian Hamiltonian with a complex inter-
action constant.

Mode attraction can be experimentally detected by
measuring magnetic susceptibility of a spin-orbit torque
oscillator in the energy range where the ferromagnetic
resonance of the magnetic oscillator is close to that of
the electron band gap of the material with spin-orbit in-
teraction. For a spin-orbit torque oscillator with Rashba
coupling, we show that if the electric field is above some
critical value, behavior of the susceptibility changes dras-
tically in the region where magnetic and electron reso-
nances strongly interact. Similar response has been re-
ported for spin-orbit torque multi-layers in microwave
waveguides [42]. We also demonstrate that it is possi-
ble to navigate around an exceptional point and explore
its topological structure by sweeping strength and direc-
tion of the electric field. We estimate the critical field
and discuss symmetry conditions required to realize this
behavior in a Rashba system.

The paper is organized as follows. In Sec. II, we briefly
review mode repulsion and attraction. A model for the
spin-orbit torque oscillator is introduced in Sec. III. In
Sec. IV, we discuss general properties of the magnetic
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susceptibility in an open spin-orbit torque system. These
results are used in Sec. V to explain the level attraction
regime, and are applied to the Rashba spin-orbit torque
oscillator in Sec. VI, where we discuss possibilities for
experimental detection. Concluding remarks are given
in Section VII.

II. LEVEL ATTRACTION AND EXCEPTIONAL
POINTS AT A LEVEL CROSSING OF AN OPEN

SYSTEM

We begin with a description of a physical picture at the
mode energy level crossing of an open system. Suppose
we have a mode described by the ladder operators a and
a† and the frequency Ω. Its interaction with another
mode near the energy level crossing can be described by
a linear Hamiltonian

H` = ~Ωa†a+ ~∆c†c+ ~g(c†a+ a†c), (1)

where c and c† are the ladder operators for the second
mode, ∆ is its frequency, and g describes interaction be-
tween two modes. The spectrum of this interacting sys-
tem is calculated as

ω(±) =
Ω̃ + ∆̃

2
±

√√√√( Ω̃− ∆̃

2

)2

+ g2, (2)

where we included phenomenological mode damping pa-
rameters Γ and γ into the complex frequencies Ω̃ = Ω−iΓ
and ∆̃ = ∆− iγ.

For an isolated system in thermodynamic equilibrium,
g is a real parameter, which ensures that H` is a Hermi-
tian operator, so that Eq. (2) describes usual hybridiza-
tion between two modes shown in Fig. 1 (a) with a gap
proportional to g2. As we show later on the example
of a spin-orbit torque oscillator, level crossing of an open
system can be also effectively described by Eq. (1). How-
ever, the interaction parameter g in this case may become
complex as result of interaction with an environment.

Let us consider a situation where g is complex.
While Re(g2) remains positive, the interation picture at
the level crossing remains qualitatively the same as in
Fig. 1 (a). This situation however changes drastically
if Re(g2) becomes negative. It indicates an instability
developing in the coupled system.

A detailed picture depends also on the imaginary part
of g2. If we can neglect Im(g2), in the region |Ω −∆| <
4|g2| the system enters a regime where ω(+) and ω(−)

coalesce (see Fig. 1 b). Two exceptional points, where
the Hamiltonian in Eq. (1) is not diagonalizable, mark
the boundaries of this region. To realize this scenario,
it is important to tune the dissipation channels so that
Γ ≈ γ [44].

The imaginary part of g2 modifies this behavior, and
attraction may not be fully realized (see Fig. 1 c). Never-
theless, exceptional points still exist, and are determined

Figure 1. Level repulsion and attraction. (a) Typical hy-
bridization picture between energy levels ∆ = 1 and Ω in the
case of g2 > 0. (b) Level attraction picture with Re(g2) < 0

and Im(g2) = 0 when Γ = γ. The energy modes ω(±) coa-
lesce in the region (Ω−∆) < 4g2 bounded by two exceptional
points. (c) Mode attraction is broken when Im(g2) 6= 0. One
exceptional point, which satisfies Eqs. (3), is realized. Dashed

lines show the imaginary parts of ω(±).

from the equation (Ω̃ − ∆̃)2 = −4g2, which is satisfied
for

1

2
(Ω−∆)2 = |g2|+ |Re(g2)|, (3a)

1

2
(Γ− γ)2 = |g2| − |Re(g2)|. (3b)

The second equation here can be interpreted as a balance
of energy dissipation in the system.

In the next sections, we show how this scenario can
be realized for a spin-orbit torque oscillator driven by an
electric field.

III. THE MODEL FOR A SPIN-ORBIT
TORQUE SYSTEM

Resonant properties of a spin-orbit torque system can
be described by a model [1, 5, 11] where conducting elec-
trons in energy band εp interact with spin magnetic mo-
ment S via an s-d exchange field ∆ in the presence of a
spin-orbit interaction lp

H =
∑
p

εpψ
†
pψp +

∑
p

lp ·ψ†pσψp−∆S ·
∑
p

ψ†pσψp, (4)

where σi (i = x, y, z) are the Pauli matrices, and ψp =

(ψp↑, ψp↓)
T , ψ†p = (ψ†p↑, ψ

†
p↓), are the electron creation

and annihilation operators with momentum p and spin
σ = (↑, ↓).
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We decompose S into a static part S0 and small dy-
namic perturbation δS. By choosing S0 along the z di-
rection (S0 = 1 hereafter), the static part of the Hamil-
tonian is written in the following form

H0 =
∑
p

ψ†p

(
εp −∆′ l

(−)
p

l
(+)
p εp + ∆′

)
ψp, (5)

where ∆′ = ∆− lzp and l
(±)
p = lxp ± ilyp. The energy spec-

trum can be found by transforming to the basis where H0

is diagonal, ψp = Upcp, with the unitary transformation

Up =


l
(−)
p

∆p
− l

(−)
p

∆p

∆p + ∆′√
N (+)

∆p −∆′√
N (−)

 , (6)

where N (±) = 2∆p(∆p ± ∆′). The Hamiltonian in the
new basis is

H0 =
∑
p

(
εpc
†
pcp + ∆pc

†
pσzcp

)
, (7)

which has two energy bands split by the energy gap

∆p =
√
l2p − 2lzp∆ + ∆2 due the exchange and spin-orbit

couplings.
Interaction of the conduction band with the dynamic

magnetization in Eq. (4) is given by

Hi = −∆
∑
p

(
δSxψ

†
pσxψp + δSyψ

†
pσyψp

)
. (8)

We use a linearized Holstein-Primakoff representation
[61] for the dynamic spin components, δSx =

√
1/2(a +

a†) and δSy = i
√

1/2(a − a†), where a and a† satisfy
boson commutation rules. After the unitary transforma-
tion in Eq. (6), the interaction part of the Hamiltonian
becomes

Hi =
∑
p

(
λp · ac†pσcp + λ∗p · c†pσcpa†

)
, (9)

where the complex interaction parameter in the trans-
formed frame is given by

λp =
∆√

2

l
(−)
p

l⊥p

(
∆′

∆p
, i,−

l⊥p
∆p

)
, (10)

where l⊥p = (lxp, l
y
p, 0) and l⊥p = |l⊥p |.

Lastly, we include the Hamiltonian for the magneti-
zation precessing with the the Kittel mode frequency
Ω in a uniform magnetic field applied along the z axis,
Hm = −~ΩSz. Using the representation Sz = 1 − a†a
[61], the complete Hamiltonian is written in the form of
a two-band model interacting with an isolated bosonic
mode

H = ~Ωa†a+
∑
p

(
εpc
†
pcp + ∆pc

†
pσzcp

)
+
∑
p

(
ac†p(λp · σ)cp + c†p(λ∗p · σ)cpa

†) , (11)

where cp = (cp↑, cp↓)
T , c†p = (c†p↑, c

†
p↓), describe destruc-

tion and creation of electrons in the upper (↑) or lower (↓)
band. Notice that λzp term commutes with H0 and cou-
ples the boson mode to the difference in band occupation
numbers.

IV. SUSCEPTIBILITY FOR A DRIVEN
SPIN-ORBIT TORQUE OSCILLATOR

The nature of the dynamic regime of an interacting
magnetic oscillator can be examined by looking at the
magnetic susceptibility. Here, we derive the susceptibility
χ(ω) for the oscillator in Eq. (11) in the presence of spin-
orbit torques produced by the conduction electrons that
are driven externally by applying the field.

The susceptibility χ(ω) is defined as the Fourier trans-
form of a retarded Green’s function [62]

χ(ω) = −i
∫ ∞
0

dteiωt−εt〈[S(−)(t), S(+)(0)]〉, (12)

where the circular components of the spin opera-
tor are S(±) = Sx ± iSy. Here 〈. . .〉 denotes av-
eraging with respect to the density matrix ρ =
exp(−H/kBT )/Tr exp(−H/kBT ) of the system in equi-
librium, and ε→ 0+.

In terms of the model in Eq. (11), this includes calcu-
lating the retarded Green’s function for the boson mode

〈〈a(t), a†(t′)〉〉 = −iθ(t− t′) Tr
{

[a(t), a†(t′)]ρ
}
, (13)

where the operators are in the Heisenberg picture a(t) =
exp(iHt/~)a exp(−iHt/~).

We can simplify the model to see clearly the physics es-
sential to our discussion. We drop the momentum index
in Eq. (11) and consider a two-level system interacting
with a quantum oscillator

H = Ωa†a+
∆

2
sz + a(λ · s) + (λ∗s)a†, (14)

where λ is a complex interaction parameter, and the elec-
tron spin-12 operators are sα = c†σαc. We use ~ = 1 for
convenience and restore it when necessary.

The equation of motion [62] for the bosonic Green’s
function is

i
∂

∂t
〈〈a(t), a†(t′)〉〉 = δ(t− t′) + Ω〈〈a(t), a†(t′)〉〉

+ λ∗ · 〈〈s(t), a†(t′)〉〉, (15)

and is coupled with the equation of motion for the mixed
Green’s function:

i
∂

∂t
〈〈s(t), a†(t′)〉〉 = i∆〈〈[ẑ × s(t)] , a†(t′)〉〉

+ 2i〈〈a(t)[λ× s(t)], a†(t′)〉〉
+ 2i〈〈[λ∗ × s(t)] a†(t), a†(t′)〉〉, (16)
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where ẑ is the unit vector along the z axis.
Decoupling is achieved using the approximation,

〈〈a(t)sγ(t), a†(t′)〉〉 ≈ 〈sγ(t)〉〈〈a(t), a†(t′)〉〉, which treats
〈sγ(t)〉 as an external driving force. This assumption
is reasonable if relaxation time of magnetic dynamics is
much larger that the electron scattering time. Similar sit-
uation occurs for current generated spin transfer torques
in magnetic textures [63].

Using the shorthand notation G(t, t′) = 〈〈a(t), a†(t′)〉〉,
G̃(t, t′) = 〈〈a†(t), a†(t′)〉〉 and F (t, t′) = 〈〈s(t), a†(t′)〉〉, we
rewrite Eqs. (16) as

i
∂Fx
∂t

= −i∆Fy + TxG+ T∗xG̃, (17a)

i
∂Fy
∂t

= i∆Fx + TyG+ T∗yG̃, (17b)

i
∂Fz
∂t

= TzG+ T∗zG̃, (17c)

where we introduce the torque, T = 2i[λ× 〈s(t)〉]. This
torque is exerted by the quantum oscillator on the elec-
tron system. This system of equations should be supple-
mented by the equation of motion for G̃(t, t′). However,

the contribution from G̃(t, t′) can be neglected, since we
are mostly interested in the region close to the resonance
ω ≈ Ω (see Appendix A for details).

In what follows, we consider a stationary regime where
the spin accumulations and, therefore, the torque T
are independent of time. In this situation, G(t, t′) and
F (t, t′) depend on t− t′ and can be Fourier transformed
according toG(ω) =

∫∞
−∞ dt exp(iωt)G(t). The equations

of motion (16) and (17) in the frequency domain give

G(ω) =
1

ω − Ω− Σ(ω)
. (18)

where

Σ(ω) =
1

2

λ∗(+)T(−)

ω −∆
+

1

2

λ∗(−)T(+)

ω + ∆
+
λ∗zTz
ω

, (19)

with λ(±) = λx ± iλy and T(±) = Tx ± iTy.
The self-energy in Eq. (19) has two different contribu-

tions. The first contribution exists for thermodynamic
equilibrium where 〈sx〉 = 〈sy〉 = 0. Equilibrium is given
by

Σeq(ω) =
2〈sz〉

ω2 −∆2

[
iω(λ∗ × λ)z −∆(|λx|2 + |λy|2)

]
,

(20)
where 〈sz〉 = f↑− f↓ with fσ being the population of the
σ = (↑, ↓) energy level.

Close to the resonance ω ≈ ∆, we can approximate
ω + ∆ ≈ 2∆, and Eq. (20) can be written in a simplified
form

Σeq(ω) =
Keq

ω −∆
, (21)

where Keq = 〈sz〉
[
i(λ∗xλy − λ∗yλx)− (|λx|2 + |λy|2)

]
is

manifestly positive because in equilibrium f↑ < f↓.

Out of thermodynamic equilibrium, a transverse spin
accumulations 〈sx〉 and 〈sy〉 can appear. The self-
energy then acquires an additional contribution Σ(ω) =
Σeq(ω)+δΣ(ω) from the torques T(±). In this decoupling
scheme, δΣ(ω) is the second order term, which mixes λz
with interband spin transitions. In the region ω ≈ ∆,
this additional contribution can be approximated as

δΣ(ω) =
λzλ

∗
(+)〈δs

(−)〉
ω −∆

, (22)

where 〈δs(−)〉 = 〈sx〉 − i〈sy〉. We note that in contrast
to δΣ, interband interactions λx and λy fully determine
coupling to the oscillator mode in Σeq.

According to Eqs. (21) and (22), the magnetic suscep-
tibility that describes interaction between resonances in
the electron and magnetic subsystems is written in the
following form

χ(ω) = 2

[
ω − Ω + iΓ− K

ω −∆ + iγ

]−1
, (23)

where K = Keq +δK, and δK is determined by Eq. (22).
Here, we included Γ and γ, which now have a meaning of
phenomenological relaxation parameters for the magnetic
and electron channels respectively.

Equations (21) and (22) show that in an open system
the parameter K that describes interaction between two
resonances is generally complex as a result of external
driving. Interaction of two modes near the energy level
crossing in this situation can be described by a linear
non-Hermitian Hamiltonian in Eq. (1) with a complex

coupling g =
√
K.

V. MODE ATTRACTION IN A SPIN-ORBIT
TORQUE SYSTEM DRIVEN BY ELECTRIC

FIELD

We apply our general results from Sec. IV to the model
of the spin-orbit torque system in Eq. 11. Using Eqs. (21)
and (22), and restoring the momentum index, we find the
following expression for the self-energy of the magnetic
oscillator

Σ(ω) = −1

2

∑
p

∆2

ω − 2∆p

[(
1 +

∆′

∆p

)2

〈szp〉

+
l⊥p
∆p

(
1 +

∆′

∆p

)
〈δs(−)p 〉

]
, (24)

where 〈δsαp〉 = 〈c†pσαcp〉 for α = x, y can be inter-
preted as an average rate of interband electron transi-
tions between εpσ = εp±∆p bands, where upper (lower)
sign is for σ =↑ (σ =↓), while 〈szp〉 = fp↑ − fp↓ de-
notes the difference in band occupation numbers with
fpσ = {exp [(εpσ − µ)/kBT ] + 1}−1 being the Fermi-
Dirac distribution with the temperature T and chemical
potential µ.



5

We note that the self-energy in Eq. (24) has a form of
the self-energy of the Fano-Anderson model [64], Σ(ω) =∑

p g
2
p/(ω − 2∆p) with complex coupling gp. General

analysis of this model is beyond the scope of this paper
and will be studied elsewhere. For the rest of discussion,
we use the strong exchange interaction approximation,
∆� lp [5]. In this regime, the energy splitting between
two bands is independent of the momentum, ∆p ≈ ∆, so
that the susceptibility of the spin-orbit torque oscillator
is given by Eq. (23) with

K = −2∆2
∑
p

(
〈szp〉+

lp
2∆
〈δs(−)p 〉

)
. (25)

In this equation, 〈δs(−)p 〉 = 〈δsxp〉 − i〈δsyp〉 can be inter-
preted as the transverse electron spin accumulation in
the local frame [65].

Spin accumulations can be induced, for example, via
the inverse spin galvanic effect [3, 4]. Since spin-orbit
interaction mixes spin and orbital degrees of freedom, a
static electric field is able to induce spin accumulations
in systems with broken inversion symmetry that, in turn,
can exert a torque on a magneic oscillator [1].

We estimate these spin accumulations using a linear
response approach in Appendix B. In the limit where the
band splitting ∆ is much greater than broadening due to
impurity scattering, these spin accumulations are given
by

〈δsxp〉 =
e(fp↑ − fp↓)

2∆2lp

[
lp ×

∂lp
∂pα

]
z

Eα, (26a)

〈δsyp〉 =
e(fp↑ − fp↓)

2∆2lp

(
lp ·

∂lp
∂pα

)
Eα, (26b)

whereE is the electric field strength, and e is the electron
charge. In the transformed frame, these quantities play
different roles: 〈δsyp〉 contributes ImK and is involved
mostly into the energy dissipation balance, see Eq. (3b),
while 〈δsxp〉 can be interpreted as a renormalization of the
coupling constant between two resonances. Equations
(26a) show that to create 〈δsxp〉, the spin-orbit field lp
should have at least two components.

Changing the sign of ReK drives the system toward
instability. Since spin accumulations are proportional to
fp↑ − fp↓, the main contribution in Eq. (25) comes from
the Fermi surface. To reach the instability regime, the
following condition should be satisfied on the Fermi sur-
face

1 +
eEα
∆3

[
lp ×

∂lp
∂pα

]
z

< 0. (27)

The z component of the axial vector lp×∂(lp/∂pα)Eα in
this expression can be interpreted as an effective field act-
ing on the electron spin that competes with the exchange
field ∆ [66].

In order to reach the mode attraction regime, we need
special symmetry conditions. First, since the second term
in Eq. (27) is odd in p, we need the original band to be

Figure 2. Schematic picture of a magnetic oscillator S(t) cou-
pled to the material (Pt) with Rashba spin-orbit interaction
α
~ (p × ẑ) · σ via s-d exchange coupling. (a) In equilibrium,
S(t) precesses around the quantization z axis, which coin-
cides with the direction of the magnetization of conduction
electrons 〈s〉. (b) Applying electric field E in noncentrosym-
metric material creates a transverse spin accumulation 〈δs〉
that modifies dynamics of the magnetic oscillator.

noncentrosymmetric, εp 6= ε−p, in order to preserve the
contributions from Eqs. (26) after the summation over
the Brillouin zone. Second, when 〈δsyp〉 � 〈δsxp〉, level
attraction can occur, as shown in Fig. 1 (b). We show
how this can occur for a spin-orbit torque oscillator with
Rashba coupling in the next section.

VI. REALIZATION FOR A SPIN-ORBIT
TORQUE OSCILLATOR WITH RASHBA

COUPLING

A physical system where our approach can be used is
the spin-orbit torque oscillator with Rashba type of spin-
orbit interaction. In two spatial dimensions, the Rashba
model is described by the Hamiltonian in Eq. (4) with

lp =
α

~
(p× ẑ), (28)

where p = (px, py, 0) and α is the Rashba spin-orbit
coupling [67]. Schematically, this setup is illustrated in
Fig. 2. The spin accumulations in Eqs. (26) are reduced
to

〈δsxp〉 =
eα

~
(fp↑ − fp↓)

E · (ẑ × p)

2p∆2
, (29a)

〈δsyp〉 =
eα

~
(fp↑ − fp↓)

(E · p)

2p∆2
. (29b)

We note that for the Rashba model 〈δsxp〉 is proportional
to α(p×E)z, which may be interpreted as the z compo-
nent of the relativistic magnetic field in the coordinate
frame of the moving electrons. Interestingly, when this
field is strong enough to satisfy Eq. (27), system behavior
becomes similar the two-oscillator model with negative-
energy modes [44].
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Figure 3. Real parts of ω(+) and ω(−) for the spin-orbit
torque oscillator with the Rashba spin-orbit interaction on
the (Ex, Ey) plane. The branch cut, which is determined
by Eq. (3b), terminates at the exceptional point given by
Eq. (3a). A closed loop around the exceptional point is shown
by the red line.

The electric field in Eqs. (29) couples to different com-
ponents of the momentum. For example, if we apply the
field along the y axis, 〈δsyp〉 becomes proportional to py,
while 〈δsxp〉 is determined by px. This can be used to
manipulate relative contributions to real and imaginary
parts of K by rotating the system along the z axis.

Suppose that we deal with a noncentrosymmetric band
εp 6= ε−p, in a situation where there is a mirror symmetry
with respect to py → −py. In this case, the contribution
from py vanishes, and the effective interaction between
two resonance in Eq. (25) is estimated as follows

K = −∆3
∑
p

(fp↑ − fp↓)
(

1− eα2Epx exp(iβ)

~∆3

)
, (30)

where β denote the angle between the electric field and y
axis. In a situation where ∆ is much less than the Fermi
energy εF , we can estimate ReK ≈ g(εF )S−10 (∆3 −
eξα2pFE~−1), where g(εF ) is the density of states at the
Fermi level, pF denotes the Fermi momentum, and ξ . 1
and the dimensionless geometric factor that comes from
the integration over the Fermi surface and reflect non-
centrosymmetry of the band εp. To reach the attractive
regime, we need the electric field strength to be above the
critical value, which makes ReK = 0 at the threshold.
This field is estimated as

Ec =
∆3

eα2kF
, (31)

where kF is the Fermi momentum.
For the electric field applied along the y-direction (β =

0), the contribution from 〈syp〉 vanishes, and K is purely
real. In contrast, applying the electric field along the
mirror plane (β = π/2) will remove the contribution from
〈δsxp〉. Therefore, by changing the direction of the electric
field and its strength, we can in principle satisfy both
Eqs. (3) and thus reach the exceptional point. We plot
the real parts of ω(±) on the (Ex, Ey) plane in Fig. 3.
This surface has a branch cut determined by Eq. (3b). By

Figure 4. Magnetic susceptibility for the Rashba spin orbit
torque oscillator (arbitrary units). Solid (dashed) line shows
the imaginary (real) part of χ(ω). (a) Two absorption peaks
for E < Ec. (b) Resonance and anti-resonance in the case of
E > Ec and weak interaction |Ω−∆| & |ReK|. (c) Strongly
interacting case for E > Ec and |Ω−∆| . |ReK|.

manipulating Ex and Ey it is possible to trace a closed
loop around the exceptional point. For example, starting
from the lower branch and then going through the branch
cut, we would have ω(−) → ω(+) → ω(+) → ω(−) [45, 46],
as shown in Fig. 3.

This opens a possible way for an electric-field switch-
ing of the oscillator regime. Suppose that at E = 0 we
have two hybridized modes with the frequencies ω(±) ≈
Ω±

√
(δ/2)2 +Keq where δ = Ω−∆ is the mode detun-

ing parameter, and Keq is a positive mode hybridization.

Starting for example with the lower mode ω(−) and slowly
varying the electric field above Ec, we can go trough the
branch cut (see Fig. 3), and after that decrease the elec-
tric field back to E = 0. As a result, the systems will
oscillate with the frequency ω(+), which is normally sep-
arated from our initial mode ω(−) by the energy gap of
order

√
Keq.

For experimental observation, we need ∆ withing the
same range as the frequency of the ferromagnetic reso-
nance Ω. In typical spin-orbit torque materials [5], α ≈
10−12 eV/m, and kF ≈ 109 m−1, so that αkF /∆ . 1.
This allows to estimate the minimal electric field strength
as ∆kF /e ≈ 104 V/cm.

Experimentally, mode attraction can be identified by
measuring susceptibility of the magnetic oscillator in the
electric field. Below the critical field, one has usual
behavior of Imχ(ω) showing two absorption peaks, as
schematically demonstrated in Fig. 4 (a). In contrast,
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when E > Ec, the second resonance associated with elec-
tron transitions changes its sign, see Fig. 4 (b). The
behavior of Imχ(ω) becomes particularly interesting in
the region |Ω − ∆| . |ReK| where the two resonances
strongly interact. In this situation, Imχ(ω) shows a sign
change, while Reχ(ω) has a peak (Fig. 4 c). Interest-
ingly, similar behavior of a response coefficient has been
observed for a spin orbit torque system in a microwave
waveguide [42].

VII. CONCLUSIONS

Mode attraction can be observed in a Rashba spin-
orbit torque system driven by an electric field. In non-
centrosymmertic materials, the electric field couples to
orbital motion of conduction electrons and thus creates
an effective magnetic field, which renormalizes the in-
teraction between electron and magnetic subsystems. In
the case when the field strength is above the critical value
Ec, the interaction between electron and magnetic reso-
nances near the energy level crossing can be effectively
described by a non-Hermitian Hamiltonian with a com-
plex coupling constant. The real and imaginary parts of
these constant can be separately controlled by different
component of the electric field, when special symmetry
conditions are met. This allows to realize an exceptional
point in the energy spectrum of a driven dissipative spin-
orbit torque system, and explore its topological structure
by manipulating the electric field. This opens a way for
electric-field selection and switching of a magnetic oscil-
lator frequency.

Similar behavior may be expected in spin-transfer
torque systems. However, detailed analysis of this topic
is beyond the scope of this paper and requires a separate
investigation.
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Appendix A: Equation of motion for G̃(t, t′)

Equations (15) and (17) should be supplemented by

the equation of motion for G̃(t, t′):

i
∂G̃

∂t
= −ΩG̃− λ · F . (A1)

Solving this equation together with Eqs (15) and (17) in
the ω-domain gives

[ω − Ω− Σ(ω)]G(ω)−A∗(ω)G̃(ω) = 1, (A2)

[ω + Ω + Σ∗(ω)] G̃(ω) +A(ω)G(ω) = 0, (A3)

where we also introduce

A(ω) =
1

2

λ(+)T(−)

ω −∆
+

1

2

λ(−)T(+)

ω + ∆
+
λzTz
ω

. (A4)

The solution for G(ω) is as follows

G(ω) =
ω + Ω + Σ∗(ω)

(ω − Ω− Σ(ω))(ω + Ω + Σ∗(ω)) + |A(ω)|2
,

(A5)
which near ω ≈ Ω can be approximated by Eq. (18).

Appendix B: Spin accumulations in the linear
response regime

We outline calculation of the transverse spin accumu-
lations 〈sαp〉 (α = x, y). For this purpose, we consider the
linear response of the electron system with the Hamilto-
nian in Eq. (5) to the static electric field E. In the frame
where H0 is diagonal, spin accumulations are given by
the following Kubo formula [64]

〈sαp〉 =

∫ 0

−∞
dtest

∫ β

0

dτ Tr
[
ρ0J

β(t− iτ)sαp
]
Eβ , (B1)

where β = (kBT )−1, s→ 0+, J is the electric current op-
erator in the Heisenberg picture, and ρ0 denotes density
matrix for the noninteracting system.

For the Hamiltonian in Eq. (5), the current operator
is given by the expression

Jα =
∑
p

∂εp
∂pα

ψ†pψp +
∑
p

∂lp
∂pα

· ψ†pσψp, (B2)

which contains interband matrix elements proportional
to the spin-orbit coupling. In the diagonal frame, the
matrix elements of the current can be found using the
following transformation rules for the Pauli matrices

U†σxU = −
lxp
l⊥p

∆′

∆p
σx −

lyp
l⊥p
σy +

lxp
∆p

σz, (B3)

U†σyU = −
lyp
l⊥p

∆′

∆p
σx +

lxp
l⊥p
σy +

lyp
∆p

σz, (B4)

U†σzU = −
l⊥p
∆p

σx −
∆′

∆p
σz. (B5)

In the transformed frame, only off-diagonal matrix ele-
ments of the current operator, Jα =

∑
p c
†
pσ(J αp )σσ′cpσ′ ,

contribute to the transverse spin accumulations in
Eq. (B1). With the help of Eqs. (B3)–(B5), the off-
diagonal matrix elements of the current are given by

J αp = −∆′

∆p

1

l⊥p

(
l⊥p ·

∂l⊥p
∂pα

)
σx

+
1

l⊥p

(
l⊥p ×

∂l⊥p
∂pα

)
z

σy −
l⊥p
∆p

∂lzp
∂pα

σx. (B6)
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After little algebra, we find the following expression for
the spin accumulations from Eq. (B1)

〈sαp〉 = iEβ
∑
σσ′

fpσ − fpσ′

εpσ − εpσ′

(J βp )σσ′(σα)σ′σ

εpσ − εpσ′ − is
. (B7)

Taking s→ 0 limit, we find the following expressions for
the transverse spin accumulations

〈sxp〉 = −2(fp↑ − fp↓)
(εp↑ − εp↓)2

Im(J αp )↑↓Eα, (B8)

〈syp〉 = −2(fp↑ − fp↓)
(εp↑ − εp↓)2

Re(J αp )↑↓Eα, (B9)

which together with Eq. (B6) gives Eqs. (26) in the limit
∆p ≈ ∆ and lzp = 0.
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R. P. Campion, V. Novák, K. Olejńık, F. Maccherozzi,
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