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1. Introduction

We study topological spaces that have a w-tree; this notion is equivalent to the notion of a Lusin 7-base,
which was introduced in [1] (see details in Definition 10 and Remark 11). The Sorgenfrey line and the Baire
space N (that is, “w with the product topology) are examples of spaces with a 7m-tree [1]. Every space
that has a m-tree shares many good properties with the Baire space. One reason for this is expressed in
Lemma 13, another two are the following: if a space X has a m-tree, then X can be mapped onto N by a
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continuous one-to-one map [1] and also X can be mapped onto N by a continuous open map [1] (hence X
can be mapped by a continuous open map onto an arbitrary Polish space).

In this paper we prove Theorem 44, which states that if a space X has a m-tree and Y ¢ X is the
complement of a o-compact subset of X, then Y also has a w-tree. This result reflects the following property
of the Baire space: if Y ¢ A/ is the complement of a o-compact subset of A/, then Y is homeomorphic to N/
(this property of A/ can be easily derived from the Alexandrov—Urysohn characterization of the Baire space
and from the characterization of its Polish subspaces — see Theorems 3.11 and 7.7 in [2]).

Theorem 44 is a corollary to Theorem 41, which in combination with Lemma 13 allows to find many
more subspaces Y of a space X with a m-tree such that Y also has a m-tree; for example, a dense Y such
that | X\Y] = 2% (Theorem 44 does not allow to find such Y in the Sorgenfrey line because every o-compact
subset of the Sorgenfrey line is at most countable). In contrast to Theorems 41 and 44, a dense open subspace
Y of a space X that has a 7-tree can be without w-tree even if X is separable metrizable (this result is in
preparation for publication). Both Theorems 41 and 44 are corollaries to Theorem 37, which is the main
technical result of this paper.

2. Notation and terminology

We use standard set-theoretic notation from [3,4], according to which w = the set of natural numbers =
the set of finite ordinals = the first limit ordinal = the first infinite cardinal = Ry, and each ordinal is equal
to the set of smaller ordinals, so that n = {0,...,n—1} for all n € w. We use terminology from [5] when we
work with (topological) spaces. Also we use several less common notations:

Notation 1. The symbol := means “equals by definition”; the symbol :<— is used to show that an expression
on the left side is the abbreviation for expression on the right side;

N zrcy «— xSy and T#y;

S Yorwed p(v,w) > VYowed[vw - p(v,w)];

& Jvrwed p(v,w) «— Jv,w EA[viw and @(v,w)];

& A=lhaBy > A=UxaBx and VAN e A[BynBy=0];
& A=Byu...uB, <« AEUiE{O,“.,TL}Bi'

When we work with sequences, we use the following notation:

Notation 2. Suppose that «, 8 are ordinals, n € w, and s, ¢ are transfinite sequences (that is, s and ¢ are
functions whose domains are ordinals). Then:

% length s := the domain of s;
S (rg,...,rn-1) = the sequence r such that lengthr = n and r(¢) = r; for all i < n;
in particular, () := the empty sequence (= the empty set);
 "A := the set of functions from x to A;
in particular, %4 = {()};
Q& A= Ugen P4;
in particular, <“A is the set of finite sequences in A;
& if s=(sg,...,8n-1), then
sNa) = (s0, ..., 8n-1,0a);
N sl := the restriction of s to x;
in particular, s10 = () for any s;
S note that
sct iff lengths<lengtht and s=t} lengths.
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Also we work with partial orders and we use the following notation:

Notation 3. Suppose that P = (Q,<) is a strict partially ordered set; that is, < is irreflexive and transitive
on Q. Let x,y € @ and A, B € Q. Then:

% nodesP = nodes(Q,<) :=Q

(we use the word node because we intend to work with trees);

T<py = T<Y;

T<pyYy > T<plY Or T =1,

tlpy o zipy and T ipy;

zfp={venodesP:v<pa}, xlp:={venodesP:v>pzx};
zlp={venodesP:v<px}, xlp:={venodesP:v2pa};
Alp=U{vlp:ve A}, Alp:=U{v[p:veA};

(@,y)p=zlp nylp, [z,ylp=zlp N ylp;

[‘T’y)P = xl’P n yTP7 (xay]P = ILP n yTP;

zopy <« z<py and (z,y)p = J;

sonsp(x) := {senodesP : x cp s };

Ais P-cofinal in B :«— A cB and B c Alp;

A is an antichain in P «— VvzweA[v|pw];

Aisachainin P «— VoweA[v<pw or v>pw];

P has bounded chains :«— for each nonempty chain C' in P there is z € nodesP such that C ¢ z1p;
maxP := {m e nodesP : mlp =@}, minP:={menodesP : mip =3 };
for P with the least node,

0p := the least node of P.

o0 0000000000000

When a partially ordered set is a (set-theoretic) tree [4,3], we use the following terminology:

Notation 4. Suppose that T is a tree; that is, 7 is a strict partially ordered set such that for each = € nodesT,
the set x7; is well-ordered by <. Let € nodesT, let o be an ordinal, and let x be a cardinal. Then:

height(z) := the ordinal isomorphic to (z{;, <71);

level () := {v e nodes7 : height(v) = a};

height 7 := the minimal ordinal 3 such that level(3) = @;

Bis a branch in 7 :«— B is a S-maximal chain in T;
branchesT := {B c nodesT : B is a branch in T };

if A< nodesT is an antichain in 7 and x € A| 7, then
rootr(x,A) := the r in A such that z €| ;

T is r-branching :«— VvenodesT \ max7 [ [sonsy(v)|=k |;

o0 0000

/.

T is an a,k-tree  :«— T is isomorphic to the tree (““x,c).

The following example illustrates the usage of the above terminology:

Example 5. Let 7 = (*“A,c), where A is nonempty. Then T is an |A|-branching tree with the least node,
nodes7 =<“A, 07 = (), and maxT = @. Suppose that a,b,c,d € A are different. Then we have:

(c,a,b,a)7 = {(), (c),{c,a),{c,a, b)}, height - ((c,a, b, a)) =4, height (()) =0,
levelr(2) = {(x,y) 1T,y € A}, level7(0) = {()}, level 7 (w) =@, heightT =w,
sons ((c,a)) = {(c,a,2) ;e A}, rooty ((c,b,a,d),{(a), (c,b),{d)}) = (¢,b).
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Also we list here several simple facts about trees, which we use in this paper:

Lemma 6. Suppose that T is a tree. Then:

)
)
) If C is a chain in T, then there is B € branchesT such that C < B.
) If BebranchesT and x € (nodesT ) \ B, then there is b€ B such that x | b.
(e) If BebranchesT and be B~ maxT, then B nsonsr(b) + @.
) If BebranchesT and be B, then bl < B.
) If m e maxT, then ml; is a branch in T.

) If T has bounded chains, then branchesT = {ml,:m e maxT }.

) The following are equivalent:
> T is an w, Rg-tree.
> T has the least node, T is Rg-branching, max7T = &, and height T <w. 0O

3. Foliage trees

Informally, a foliage tree is a tree with a leaf at each node, where by a leaf we mean an arbitrary set.
Here is the formal definition:

Definition 7. A foliage tree is a pair F = (T,1) such that 7 is a (set-theoretic) tree and [ is a function with
domain! = nodesT . For each x € nodesT, the I(z) is called the leaf of F at node x and is denoted by F,. The
tree T is called the skeleton of F and is denoted by skeletonF.

Convention 8. Let F be a foliage tree and let O be an operation or a notion that is defined on trees. Then
we use O(F) as the abbreviation for O(skeletonF'). For example,

2 nodesF := nodes(skeletonF'),

N OF := Osgeleton F,

& F has bounded chains :«— skeletonF has bounded chains,
N X EF Y ¢ T CokeletonF Y-

Notation 9. Let F be a foliage tree, let @ # A € nodesF, and let z € nodesF. Then:

fruitp(A) = N{F, :x € A};

yieldF := U{fruitF(B) :Be branchesF};

fleshF := U{F, : 2 € nodesF};

fleshgp(A) :== U{F, : x € A};

shootg(2) := {fleshF(C’) : C' is a cofinite subset of sonsg(z) };

scopep(p) := {yenodesF : F,3p};

for a space X and a point p in X,

nbhds(p, X) := the family of (not necessarily open) neighbourhoods of p in X;

o0 00000

g

for arbitrary sets v and 9,
>80 > ymrefinesd «— VDed{@} IGey{@} [GcD].

Definition 10. Let F be a foliage tree, X a space, a an ordinal, and x a cardinal. Then:

% F has nonempty leaves :«— VzenodesF [F, @ |;
% F is nonincreasing :«— Vz,yenodesF [y>rz - F,CF,]|;
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F is splittable :«— Vz,yenodesF [z|py - F.nF,=2];

F is complete :«— nodesF # @ and VB ebranchesF [fruitF(B) + QD ];

F has strict branches :<— nodesF # @ and VB ebranchesF [fruitF(B) is a singleton];
F is locally strict :«<— VaenodesF\ maxF [F, = | scsonsp(a) Fs I;

F isopen in X :«— VzenodesF [F, is an open subset of X ];

F is a foliage o, k-tree :«<— skeletonF is an a,k-tree (see Notation 4);

o0 00000

F is a Baire foliage tree on X :«— F is an open in X locally strict foliage w,R¢-tree with strict
branches and such that Fy,. = X;

F grows into X :«— Vpe X VUenbhds(p, X) 3ze€scopep(p) [ shootr(z) >» {U} ];

F is a m-tree on X :«— F is a Baire foliage tree on X and F grows into X.

g o

Note that leaves of a w-tree on X are closed-and-open in X and that the set of these leaves forms a countable
m-base and pseudo-base for X.

The notion of a 7m-tree is equivalent to the notion of a Lusin w-base, which was introduced in [1]; the
only difference is that a Lusin n-base is a family indexed by nodes of the tree (*“w,c), while a w-tree is a
(<w

foliage tree whose skeleton is isomorphic to (*“w, c). From a topological point of view, there is no difference

between these two notions because of the following remark:
Remark 11. For any space X, the following are equivalent:

> X has a mw-tree.
> X has a Lusin wm-base. O

Recall that the Baire space N is the set “w endowed with the Tychonov product topology, where w
carries the discrete topology. The Baire space has a basis {{p eYw:ixCpl:arew }, which is called [2] the
standard basis for “w. This standard basis can be viewed as a foliage tree:

Notation 12. We denote by S the foliage tree such that

> skeletonS := (*“w, c) and
> S, :={pe“w:xcp} for all z € ““w.

We call this foliage tree the standard foliage tree of “w.
Lemma 13.

(a) S is a w-tree on the Baire space N = (“w,7y).
(b) S is a Baire foliage tree on a space (“w,7) iff T27).
(¢) A space X has a Baire foliage tree  iff
X is homeomorphic to some space (“w,T) such that T2 Ty .
(d) A space X has a w-tree iff
X is homeomorphic to some space (“w,T) such that S is a w-tree on (“w,T).

Proof. Part (a) and the — direction of (b) follow from the fact that {S, : x € ““w} is a basis for the Baire
space. The « direction of (b) follows from (a). The — direction of (¢) is a reformulation of Lemma 3.3
from [1] and the « direction of (¢) follows from (b). The — direction of (d) is a reformulation of Lemma 3.9
from [1], the opposite direction of (d) is trivial. O
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Lemma 14. Suppose that F is a foliage tree. Then:

(a) IfF is nonincreasing, @ + A € B ¢ nodesF, and A is F-cofinal in B, then fruitp(A) = fruitp(B).
(b) If F has the least node and heightF < w, then the following are equivalent:

> F is locally strict;

> F is splittable and fleshF = yieldF. O

4. Hybrid operation

In this paper we build a w-tree for a subspace Y of a space X that already has a m-tree by using the
foliage hybrid operation (see Definition 27 in Section 5). The foliage hybrid operation deals with foliage trees
and we construct it by using another operation — the hybrid operation — which deals with trees. These
two operations are quite complicated, you can look at pictures that illustrate all definitions in [6].

In this section we build the hybrid operation (see Definition 19), prove that the result of the hybrid
operation is always a tree (see Proposition 22), and establish properties of this operation (see Proposition 23).

The hybrid operation modifies a given tree T in two steps: first we cut out several pieces from T, after
that we engraft special trees onto the places of cut out pieces. The special trees that are engrafted onto
T are called grafts, the cut out pieces are called explants, and the parts of grafts that replace explants are
called implants:

Definition 15. Let 7 be a tree. Then a graft for 7 is a tree G such that:

(a) |nodesG|>1;

(b) G has the least node;

(¢) Og € nodesT and maxG < nodesT;
(d) maxg € (Og)hy:

(e) max§ is an antichain in T;

(f) implantG n nodesT = @,

where the set

implantG := nodesG ~ ({0g} U maxg)
is called the implant of G. The set

explant(7,G) = (0g)l+~ (maxG)|r
is called the explant of 7 and G.

Note that maxG may be empty and then (maxG)|+ = @]+ = @. The following example is given to clarify
Definition 15.

Example 16. Suppose that 7 = (““A,c) is a tree from Example 5 and a,b,c,d € A are different. Then
{(a, d), (a,b, c)} < (a)l+ and {(a, d), {a,b, c)} is an antichain in 7. Let IMP be a set disjoint from nodes7 and
let G be a tree such that

> nodesG = {(a),(a, d), {a,b, c)} u IMP,
> (Og = (a), and
> max§ = {(a,d), (a,b,c)}.
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Then G is a graft for T, implantG = IMP, and
explant(7,G) ={se““A: (@) cs}\{se<“A: (a,d) s or {a,b,c)cs}.

We want to engraft onto 7 many grafts at once, so we need to find conditions which guarantee that
different grafts do not conflict with each other (for example, nodes of one graft should not lie in the explant
of another graft).

Definition 17. Let 7 be a tree. Then + is a consistent family of grafts for 7 iff

(a) VG ey [G is a graft for T |;
(b) VD # Ee~ [implantD nimplant€ = @ ];
(c) VD#Eexy

> Op ||7— Og or

> 0p € (max&)|y or

> 0g € (maxD) .

The set

support(7,7) := nodesT \ |_J explant(T,G)

Gey

is called the support of 7 for 7.

Lemma 18. Suppose that v is a consistent family of grafts for a tree T and G € . Then:

(a
(b
(c
(
(e
(f

) nodesG = {0g} U max§ U implantg;

) {0g}umaxGuminT < support(T,7);

) implantG n support(7,~) = @;

) Vsesupport(T,vy) [s >r0g «— s¢€ (maxg)iT];
)

)

[N

Vsesupport(7T,v) Veeexplant(T,G) [s <7 0g «— s<re];
VD+Eevy[0p#0g and maxDnmax&=g]. O

Now we can give a definition of the hybrid operation:

Definition 19. Let v be a consistent family of grafts for a tree 7. Then the hybrid of 7 and v — in symbols,
hybrid(7,v) — is a pair (H,<) such that:

(a) H := support(T,7) u |J implantg
Gey
(note that all these sets are pairwise disjoint by (b) of Definition 17 and (¢) of Lemma 18);

(b) < is a relation on H defined by:
r<y <
(bl) x,y € support(7,7v) and z<ry
or
(b2) 3G e~ such that
> x,y € implantG and
= r<gy
or
(b3) 3G e~ such that



M. Patrakeev / Topology and its Applications 221 (2017) 326-351 333

> gz e support(7,7y) and
> gy eimplantG and
> x <7 0g
or

(b4) 3G e~ such that
> x e implantG and
> y € support(7,~) and
> ye(maxG)ly+ and
> z<g rootT(y, maxg)
or

(b5) 3D #E €+ such that
> r e implantD and
> yeimplant€ and
> 0g € (maxD)|+ and
> 1 <p root7(0g, max D).

We could give a shorter (but less suitable for our aims) definition for the hybrid operation in the following
equivalent way:

Remark 20. Clause (b) of Definition 19 is equivalent to the assertion that < is the transitive closure of
relation

(<7 U gU <g) n (HxH).

Proof. Let < := (<7 U Uge, <g) N (H x H). We have < ¢ < by (a)—(b) of Lemma 21 and < is transitive by
Proposition 22 (we do not use Remark 20 in the proofs of Lemma 21 and Proposition 22).

It remains to show that if < € < and < is a transitive relation on H, then < ¢ <. Suppose (z,y) € <;
this means that one of conditions (b1)—(b5) of Definition 19 holds. For example, if (b3) holds, then z €
support(T,7), y € implantG, x <7 0g, and Og <g y, so 4 Og < y. Then = < 0g < y, whence (z,y) € < by
transitivity. The other cases are similar. O

Lemma 21. Suppose that 7y is a consistent family of grafts for a tree T, H = hybrid(T,7), and G € y. Then:

(a) nodesG < nodesH and
Va,yenodesG [z <ny < z<gy];
(b) support(T,~y) = nodesH N nodes7T and
Vao,yesupport(T,7) [z <uy < z<7yl;
(¢) YhenodesH VieimplantG [h 2y i — h>y0g];
(d) VhenodesH VieimplantG [h<y0g — h<yi];
(e) VhenodesH N implantG Vie implantG [h<y0g < h<yi];
(f) Vh e nodesH \ implantG [h >3 06 < he (maxg)lﬂ];
(8) Vgenodesg [QTH = g1 1 (09)Ty ]
Proof. (a)—(e) are straightforward; (f) follows from (b) of Lemma 21, (d) and (f) of Lemma 18, and (e)
of Definition 15; (g) can be proved by using (a)—(f) of Lemma 21, (d) and (f) of Lemma 18, and (e) of

Definition 15. O

First we show that a result of the hybrid operation is always a tree:
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Proposition 22. Suppose that 7 is a consistent family of grafts for a tree T. Then hybrid(T,~) is a tree.

Proof. Let H := hybrid(7,~). The irreflexivity of <3 is trivial, let us prove that x <3 y <3 z implies x <3 2.
We consider several cases:

(i) z € support(T,~).
(i.1) y € support(T,~).
The case x € support(7T,~) is trivial. If there is D € « such that x € implantD, then z <p
root(y, maxD). Since y <7 z, we have rooty(z, maxD) = rooty(y, maxD), so x <3 2.
(i.2) 3€ev [y € implantE].
The case z € implant& is trivial. If z ¢ implant&, then x <3;0¢ by (e) of Lemma 21 and Og <3 z by
(c) of Lemma 21. Therefore x <3 0g <3 z and we may use (i.1), since Og € support(7,~).
(ii) 3Gevy [z € implantG ].
(ii.1) y € implantg.
The case x € implant@ is trivial. If = ¢ implantG, then using (e) of Lemma 21 twice, we get « <3 z.
(ii.2) y ¢ implantG.
By (e) of Lemma 21, x <¢ y <3, 0g. Since Og € support(T,~), we have x <3 0g by (i), so x <y z by
(d) of Lemma 21.

Now we prove that for each z € nodes#, the set 27, is a chain in H. We must show that x,y € 2{,, implies
x <y y or T >3 y. Again, we consider several cases:

(i) z € support(T,~).
(i.1) y € support(T,~).
(i.1.1) z e support(T, ).
This case is trivial.
(i.1.2) €€y [z € implantD].
By (c) of Lemma 21, Op € 2, so Op € support(7,~) implies y <3 0p or y >3 0p by (i.1.1).
If y <4 Op, then y <y x by (d) of Lemma 21. If y >3 Op, then y € (maxD)|+ by (d)
of Lemma 18. Then rooty(y, maxD) = rooty(z, maxD), so x <p rooty(y, maxD), whence
T <y Y.
(i.2) I€ey [y e implantE].
(i.2.1) z e support(T,~).
This case is the same as (i.1.2).
(i.2.2) 3€ev [« € implantD].
The case D = & is trivial. If D # &, then by (c) of Lemma 21, 0p,0¢ € 2, so
0p < Og or Op >y Og by (i.1.1). By (f) of Lemma 18, Op # Og, so by (d) of Lemma 18
we may assume without loss of generality that Og € (maxD)|+. Since Og <7 z, we have
root7(0g, maxD) = rooty(z, maxD), so x <3 0g, whence x <3 y by transitivity.
(ii) 3Gevy [z € implantG ].
(ii.1) y € implantG or x € implantg.
This case is similar to case (ii.1) from the proof of transitivity.
(ii.2) z,y ¢ implantg.
By (e) of Lemma 21, z,y € (Og)1,,. Then either {z,y} n{0g} # @ or z,y € (0g)T;, and the proof
from (i) for z := 0g works.

It remains to prove that for each z € nodesH and each nonempty A ¢ z{,,, there is a <p-minimal node
in A. We consider several cases:
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(i) z € support(T,~).
Consider a nonempty set

B := (Ansupport(7,7)) u{0g: Gey and AnimplantG + @ }.

We have B ¢ support(7,~), so it follows by (c) of Lemma 21 that B ¢ z1,. Then there is a <7-minimal
node m in B. Note that m € support(T,~).
(i.1) me A.
Let us show that m is a <y-minimal node of A. Suppose x € A and x <3 m.
(i.1.1) z € support(T,~).
In this case x € B and x <7 m, so  =m.
(i.1.2) 3€ev [« € implantD].
By (c) of Lemma 21, 0p <7 m. But Op € B, since x € AnimplantD. This contradicts the
<g-minimality of m in B.
(i.2) m¢ A.
In this case m = Og for some G € v such that A nimplantG # @. Since A is a chain in H, it follows
that AnimplantG is a chain in G. Then it is not hard to prove that there is a <g-minimal node [
in AnimplantG. Let us show that [ is a <-minimal node of A. Suppose z € A and x <3 [.
(i.2.1) z € support(T,~).
Then x <3 [ (since [ € implantG # x), so by (e) of Lemma 21, z <7 Og = m. Since z € A 3 m,
we have x <7 m and x € B. This contradicts the <7-minimality of m in B.
(i.2.2) 3€ev [x € implantD].
We have 0p,0g € B and 0p <y Og by (c) and (e) of Lemma 21. Then Op = Og by the
<y-minimality of Og =m in B, so D =G by (f) of Lemma 18. This implies x € AnimplantG
and x <g [, so x = by the <g-minimality of [ in A nimplantg.
(ii) 3Ge~y [z € implantG ].
By (g) of Lemma 21,

Aczigu(0g)Ty-

If An(0g)7y, # @, then a <3-minimal node of An (0g)7,,, which exists by (i), is a <3-minimal node of A.
Otherwise, A € z{;, and then a <g-minimal node of A is a <-minimal node of A. O

Now we establish several properties of the hybrid operation:

Proposition 23. Suppose that 7y is a consistent family of grafts for a tree T and H = hybrid(T,~).
Then:

(a) For each x € nodesH,

sonsy () =
{sonsT(:r), otherwise (i.e., when x € support(7,v) N {0g : G € fy})
(b) If z,y € nodesH and x |, y, then there are x' € x1,, and y' € y1,, such that
(b1) [mﬂ y' € support(7,v) and 2’ ||~ y'] or
(b2) Elgew[x’, y' € nodesG and z’ ||; y’],
(¢) If T has the least node, then H has the least node, 0z = 07, and Oy € support(T,~).
(d) If maxT =@, then maxH = @.
(e) If T is k-branching and VG € v [ G is k-branching], then H is k-branching.
(f) If height T<w and VG € v [ heightG < w], then heightH < w.

sonsg(z), if xe€{0g}u implantG for some G e€~;
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Proof. (a) Suppose = € nodesH. We consider two cases:
Case 1. 3Ge~ [:c € {0g} u implantg].

First we prove sonsy(x) 2 sonsg(x). If not, then there is s € sonsg(x) \ sonsy (). Then z <y s by (a) of
Lemma 21, so s ¢ sonsy(x) implies there is v € (z,5)%. We have v ¢ (0g)y,, so v € s75 € nodesG by (g) of
Lemma 21, whence v € (z,s)g. This contradicts s € sonsg(x).

Now we prove sonsy(z) € sonsg(z). If not, then there is s € sonsy(x) \ sonsg(x). We consider several
subcases:

(i) x € implantG.
(i.1) s e nodesG.
Then z <g s, so (z, $)g # @, whence (x, s)3 # @ by (a) of Lemma 21. This contradicts s € sonsy/(z).
(i.2) s ¢ nodesG.
Then = <3 s implies © <3 r <3 s for some r € max§G. This contradicts s € sonsy/(x).
(i) = =0g.
(ii.1) s € implantG.
This case is similar to (i.1).
(ii.2) s ¢ implantG.
Then s € sonsy(0g) with (f) of Lemma 21 implies s € max§, so (0g, s)y = @ implies (0g, s)g = @.
This contradicts s ¢ sonsg(0g).

Case 2. x € support(T,v) N {0g : G € v}.

First we prove sonsy(z) S sonst(x). If not, then there is s € sonsy(x) \ sonsy(x). We consider two
subcases:

(i) s ¢ support(T,~).
Then there is € €« such that s € implant€. Then x <3 0g <3 s by (e) of Lemma 21, so x <3 0g <% s by
Case 2. This contradicts s € sonsy(x).

(ii) s € support(T,7).
Then z < 75, so s ¢ sons7(z) implies there is v € (x,s)7. Since (x, $)3 = @, we have v ¢ support(T,7), so
there is € € v such that v € explant(7T,&). Then x <7 0g <7 v <7 s by (e) of Lemma 18, so x <3 0g <3 s,
whence x <3;0g <3 s by Case 2. This contradicts s € sonsy(z).

Now we prove sonsy(z) 2 sons7(z). If not, then there is s € sons7(x) \ sonsy(z). Again, there are two
subcases:

(i) s ¢ support(T,~).
Then there is £ € y such that s € explant(7, ). Then 2 <7 0g <7 s by (e) of Lemma 18, so <7 0g <7 8
by Case 2. This contradicts s € sons(x).

(ii) s e support(T,).
Then z <y s, S0 s ¢ sonsy(x) implies there is v € (x,s)y. Since (z,s)7 = @, we have v ¢ support(T,~),
so there is € € y such that v € implant€. Then x <3 0g <y v <y s by (e) of Lemma 21, so 2 <7 Og <7 s,
whence x <7 0g <7 s by Case 2. This contradicts s € sonsy(z).

(b) Suppose x,y € nodesH and x [,;, y. We consider several cases:

(i) =,y € support(7,7).
Then by (b) of Lemma 21, 2’ := x and y’ := y satisfy (bl) of Proposition 23.
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(i) [{z,y} nsupport(T,y)| = 1.

We may assume without loss of generality that x € support(7,v) and y ¢ support(7T,v). Then there is

G €~y such that y € implantG.

(ii.1) 2 |l Og.
Then z' := z and y’ := Og satisfy (b1l) of Proposition 23.

(ii.2) <3 0g.
Then x < y, which contradicts x ||, y.

(ii.3) = >3 0g.
Then by (f) of Lemma 21, € (maxG)ly. Let 7 := rooty (x, maxG). We have r || y (else r >g ,
which contradicts x ||, y), so &’ == and ¥y’ := y satisfy (b2) of Proposition 23.

(iii) @,y ¢ support(T,~).

Then there are D, & € v such that z € implantD and y € implant€&.

(ifi.1) D=¢.
Then by (a) of Lemma 21, 2’ := x and 3y’ := y satisfy (b2) of Proposition 23.

(ili.2) D # & and Op |y Oc¢.
Then 2z’ := 0p and y’ := Og satisfy (bl) of Proposition 23.

(iii.3) D# & and Op %’H O¢.
Then by (c) of Definition 17 we may assume without loss of generality that Og € (maxD)| . We
have z |, 0¢ — otherwise = <3 0Og, which contradicts ||, y, or x >3 0g, which contradicts Og €
(maxD)|r. Let us consider z; := z and y; := 0g. Then x4 |, y1 and |{x1,y1} N support (7, 'y)| =1,
so by (ii) there are corresponding z € z1l;, and y] € y11,,. Then 2’ := 2 € 2], and y' := yj e yly
satisfy (b1) or (b2) of Proposition 23.

(c) Suppose T has the least node. Then 0 € support(7,v) by (b) of Lemma 18, therefore 0+ is the least
node of H by (b) and (d) of Lemma 21.

(d) Suppose maxT = @. Let x € nodesH. If € support(T,7) \ {Og : G € v}, then sonsy(x) # @ by (a)
of Proposition 23 and by (a) of Lemma 6, hence x ¢ maxH. If z € {Og} U implantG for some G € ~, then
x ¢ maxG by (a) of Lemma 18, so z ¢ maxH by (a) of Lemma 21.

(e) Suppose T is k-branching and for each G € v, the G is k-branching. Then H is x-branching by (a) of
Proposition 23 and by (a) of Lemma 6.

(f) Suppose height 7T < w and for each G € v, we have heightG < w. It is enough to prove that for each
x € nodesH, the xf,, is finite.

If x € support(7,v), then xf,, nsupport(7,v) € 7, so x7, N support(7T,v) is finite. Suppose G € ~. If
xf, nimplantG # @, then Og € xf,, by (c) of Lemma 21, so Og € 27-. Then = € (maxG)| 7 by (d) of Lemma 18,
so xf,, NimplantG ¢ (rootT(x, maxg))Tg by (b4) of Definition 19. This means that xf,, nimplantG is finite,
since vfg is finite for every v € nodesG. So it is enough to show that the set {G € v : 0g € 27} is finite. Since
x{; is finite, the (f) of Lemma 18 implies that this is indeed the case.

If x € implantG for some G € v, then xf,, = 2{; U (0g)f;, by (g) of Lemma 21. Since Og € support(7,7), the
(0g)7,, is finite by the above, therefore x7, is finite. O

Finally we establish two properties of branches in hybrid (7,~):

Lemma 24. Suppose that v is a consistent family of grafts for a tree T and B is a branch in hybrid(T,~).
Then:

(a) If G e~ and BnnodesG # @, then B nnodesG is a branch in G.
(b) If every graft in v has bounded chains, then B nsupport(T,~y) is hybrid(T,~)-cofinal in B.
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Proof. Let H := hybrid(T,~).
(a) Suppose that G €y, B is a branch in H, and z € Cg := BnnodesG. We must prove that Cg is a branch
in G. We consider two cases:

Case 1. Jye B~ ((Og)THU nodesg).

By (f) of Lemma 6, x1,, € B, so Og € B. Then since B is a chain in H and y ¢ (0g)f,,u{0g }, we have y >4, 0g.
Then y € (maxG)]y by (f) of Lemma 21. Let r := rooty (y, maxG). We have y € B, so by (f) of Lemma 6
yly € B, hence 71, € B. Now 715 € nodesG and by (a) of Lemma 21, r{; € 71y, so 7lg € B nnodesG = Cg.
Further, g is branch in G by (g) of Lemma 6, r{; € Cg, and Cg is a chain in G, therefore Cg is a branch
in G.

Case 2. B ¢ (0g)7,;u nodesg.

Since Cg is a chain in G, then by (c) of Lemma 6 there is Bg € branchesG such that Cg ¢ Bg. Now (0g)7y,
and Bg are chains in H and Bg ¢ nodesG ¢ (0g)l,,, therefore (0g)f,, U Bg is a chain in H. Furthermore, B is
a branch in H, by Case 2

B c (0g)y U (B nnodesG) = (0g)f,, U Cg < (0g)Ty, U Bg,

and (0g)fy U Bg is a chain in H, so

B = (0g)f3 v Cg = (0g)Ty, L Bg.

Then Cg = Bg because (0g)f,, N Cg =@ and (0g)7, N Bg = @, so Cg is a branch in G.

(b) Suppose that every G € v has bounded chains and B € branches. Let 2 € B and C := Bnsupport(T,7).
We must prove that x € C Ty. If « € support(7,~), then z € C, so x € C'Ty. If x ¢ support(T,~), then there is
G € v such that = € implantG. We have BnnodesG # &, so by (a), Bg := BnnodesG is a branch in G. Now, by
(h) of Lemma 6, there is m € max§ such that Bg = m[g. Then x € Bg = m]; € ml,, and m € support(7,7),
whence meC,soxeCTy. O

5. Foliage hybrid operation

In this section we construct the foliage hybrid operation and establish its properties — see Definition 27
and Proposition 29. The foliage hybrid operation modifies a given foliage tree F with the help of a family ¢ of
special foliage trees, which we call foliage grafts. This operation deals with nonincreasing foliage trees and it
acts as follows. At first, applying the hybrid operation (see Section 4) to skeletonF and {skeletonG : G € ¢},
we obtain a tree. After that we define leaves at nodes of this tree by using leaves of F and leaves of foliage
grafts G, G € .

Definition 25. Let F' be a nonincreasing foliage tree. Then a foliage graft for F is a foliage tree G such that:

(a) G is nonincreasing;
(b) skeletonG is a graft for skeletonF
(hence Og € nodesF and max G ¢ nodesF);
(C) GOG = FOG;
(d) VmemaxG [G,=F,,].
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The set
cut(F, G) := Fo, ~ Gog
is called the cut from F by G.
Definition 26. Let F be a nonincreasing foliage tree. Then ¢ is a consistent family of foliage grafts for F iff

(a) VG € ¢ [G is a foliage graft for F ];
(b) VD % E € ¢ [ skeletonD # skeletonE ;
(c) {skeletonG: G € @} is a consistent family of grafts for skeletonF.

The set

loss(F, ) := | J cut(F,G)
Gep

is called the loss of F on ¢.
Now we define the foliage hybrid operation:

Definition 27. Let ¢ be a consistent family of foliage grafts for a nonincreasing foliage tree F. Then the
foliage hybrid of F and ¢ — in symbols, fol.hybr(F, ) — is a foliage tree H such that:

(a) skeletonH := hybrid(skeletonF, {skeletonG : G € });
G\ loss(F,p), if xeimplantG for some G € ;

b) H, :=
(b) {Fm\ loss(F, ), otherwise (i.e., when z € support (F, go)),

support(F, ¢) = support(skeletonF, {skeletonG: G ¢ go})

Note that the hybrid of skeletonF and {skeletonG: G € ¢} is a tree by Proposition 22, so a foliage hybrid
is indeed a foliage tree.

Lemma 28. Suppose that ¢ is a consistent family of foliage grafts for a nonincreasing foliage tree ¥ and
H = fol.hybr(F, ). Then:

(a) VG € YzenodesG [H, = G, \ loss(F, ¢) |.
(b) For any set A if VG € ¢ [Ag Goe or AnFy, :Q], then Anloss(F,¢)=@. O

Now we establish several properties of the foliage hybrid operation:

Proposition 29. Suppose that o is a consistent family of foliage grafts for a nonincreasing foliage tree F and
H = fol.hybr(F, ). Then:

(a) H is nonincreasing.
(b) If F and each G € ¢ are splittable, then H is splittable.
(¢) If F and each G € ¢ are locally strict, then H is locally strict.
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(d) If F is complete (has strict branches) and splittable, and each G € ¢ has bounded chains, then H is
complete (has strict branches).
(e) If F and each G € ¢ are open in a space X, then H is open in the subspace X \ loss(F,¢) of X.

Proof. (a) We must prove that the foliage tree H is nonincreasing. Suppose x,y € nodesH and z <z y. Then
one of conditions (b1)—(b5) of Definition 19 holds. For example, if (b4) holds, then there is G € ¢ such that

x € implantG, vy esupport(F,p), and x<g 7 :=rootp(y, maxG) <g y.

Then G; 2 G, and F, 2 F, because G and F are nonincreasing by Definition 25. Then H, 2 H, by (a) of
Lemma 28 and H, 2 H, by (b) of Definition 27, so H, 2 H,. The other cases are similar.

(b) Suppose F and each G € ¢ are splittable; we must prove that H is also splittable. By (a), H is
nonincreasing. Let x,y € nodesH and z |l y. Then by (b) of Proposition 23, there are 2’ € 21y and 3’ € Y1y
such that

either z',y" € support(F, ) and 2’ ||z v (1)
or 3G e p[ 2,y € nodesG and 2’ ||g ¥’ ]. (2)

If (1) holds, then H, ¢ H,s ¢ F,» and H, ¢ H,, ¢ F,s since H is nonincreasing and by (b) of Definition 27,
and F,nFy = @ because F is splittable, so H, n H, = @. If (2) holds, then H,/ ¢ G, and H, ¢ G, by (a)
of Lemma 28, and G n Gy = @ since G is splittable, so H, n H, = @ again.

(c) Suppose that F and each G € ¢ are locally strict; we must prove that H is also locally strict. Let
x € nodesH \ max H. Then sonsg(z) + @ by (a) of Lemma 6. We consider two cases:

Case 1. 3G e o[z € {0g} U implantG |.
By (a) of Proposition 23 we have sonsg(z) = sonsg(z) # &, so € nodesG \ maxG. Then

G,= || G

sesonsg(x)

since G is locally strict, hence

G, loss(F,9) = || (Gsnloss(F,)).

sesonspy(z)

Since x € nodesG and sonsg(z) = sonsg(x) € nodesG, then by (a) of Lemma 28 we have

H,= || H,.

sesonsy(z)
Case 2. x € support(F, ) \ {0g : G € p}.

By (a) of Proposition 23 we have sonsg(z) = sonsg(x) # @, so x € nodesF \ maxF. Then

F,= [| F

sesonsg(z)

since F is locally strict, whence

F,loss(F,) = || (Fsloss(F,¢)).

sesonsy(z)
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Since sonsg(x) = sonsg(x) € nodesF and sonsg(z) € nodesH, we have
sonsg(z) € nodesF nnodesH = support(F, ¢)
by (b) of Lemma 21. Also we have x € support(F, ), so by (b) of Definition 27 we get

H,= || H,.

sesonsy(z)

(d) First, suppose that F is complete and splittable, and each G € ¢ has bounded chains. We must
prove that H is complete. Since F is complete, we have nodesF # &, so nodesH # & because either ¢ = &
and nodesH = nodesF or Og € nodesH for some G € . Suppose that By € branchesH and C := Bg n
support(F, ). Then it follows by (b) of Lemma 24 that C' is H-cofinal in By, and then C # @ since By # @.
By (a), H is nonincreasing, so by (a) of Lemma 14 we have

fruitH(BH) = fruitH(C'). (3)
Since C' ¢ support(F, ), then by (b) of Definition 27 we get

fruitg(C) = N (FI\ Ioss(F,<p)) = fruitp(C) \ loss(F, ). (4)
zeC

Further, since C is a chain in H and C ¢ support(F, ), we see by (b) of Lemma 21 that C' is a chain in F.
Then by (c) of Lemma 6 there is By € branchesF such that C ¢ By, so we have

fruitp(C) 2 fruitp(Br) + @
because F is complete. It follows that
fruitgg(By) 2 fruitp(Br)\loss(F, ) and  fruitp(Br) # @,
so it is enough to prove
fruitp(Br) N loss(F, ) = @.
Then, by (b) of Lemma 28, it is enough to show that for each G € ¢,
either fruitp(Br) € Gog or fruitp(Br) N Fog = 3. (5)
To show it we consider two cases:
Case 1. 0g € By.

First let us prove that Og € By. If not, then by (d) of Lemma 6 there is b € By such that b ||y Og. Since
C is H-cofinal in By, there is ¢ € C such that ¢ >u b, so ¢ ||y Oc by (b) of Lemma 6. Both ¢ and Og lie in
support(F, ¢), so we have ¢ ||p Og, but this contradicts ¢ € C' ¢ Bp30g.

Now Og € Bu. Then by (a) of Lemma 24, BignnodesG € branchesG, so by (h) of Lemma 6, BgnnodesG =
mlg for some m € maxG. Since max G ¢ support(F, ), we have m € By n support(F, ) = C By, that is,
m € Bp. Then

fruitF(BF) cF, =G, ¢ GOG

by (d) of Definition 25 and because G is nonincreasing, so (5) satisfies.
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Case 2. 0g ¢ BF.

Then by (d) of Lemma 6, there is b € Bp such that b ||p Og. Since F is splittable, we have F, nFo, = @.
Then since b € Br, we have fruitp(Br) € Fy, so (5) satisfies again.

Now suppose that F is splittable and has strict branches, and each G € ¢ has bounded chains. We
must prove that H has strict branches; suppose it does not. Since F is complete, we already know that
H is also complete, so there is By € branchesH such that |fruitg(Bg)| > 1. Let C and B be as above.
It follows by (3) and (4) that |fruitg(C)| > 1, and |fruitp(Br)| = 1 since F has strict branches, so we
have fruitg(C) # fruitp(Br). Then, using (a) of Lemma 14, we see that C' is not F-cofinal in B because
@ # C ¢ B ¢ nodesF. Further, since C' € By, Bp is a chain in F, and C is not F-cofinal in By, it is not
hard to show that there is € Bg such that C < 7. Now we consider two cases:

Case 1. x € support(F, ).

Then z{g N support(F,¢) € x%y. We have C ¢ z{ and C ¢ support(F,¢), so C € xy. Then CTy < zfy,
so By € zfyg because C is H-cofinal in By, whence By ¢ zlg. This contradicts By € branchesH, since 1y
is a chain in H.

Case 2. x ¢ support(F, p).

We have z € nodesF  support(F,¢), so by definition of support(F,y) there is G € ¢ such that x €
explant(F, G). Then (e) of Lemma 18 implies

xfg N support(F, ¢) € (0g)lg,

so C ¢ (0g)Tg- Since Og € support(F, ¢), we have

(0c)Tg N support(F, ¢) € (0c)T,

whence C' ¢ (0g)ly. This implies CTg € (0Og)hg, so Bu € (0g)ly because C' is H-cofinal in By. Then
By = (0g)ly, since By is a branch in H and (Og)ly is a chain in H. Thus we have Og € Bg. Now (a)
of Lemma 24 with (h) of Lemma 6 implies that By N nodesG = mlg for some m € maxG. Then, since
max G ¢ support(F, ), we have m € By nsupport(F, p) = C. Som € C and m >g Og by (d) of Definition 15.
This contradicts C' < (0g)g-

(e) Suppose that F and each G € ¢ are open in a space X. Then H is open in the subspace X \ loss(F, ¢)
of X by (b) of Definition 27. O

6. Application of the foliage hybrid operation
We will apply the foliage hybrid operation to a m-tree F of a space X in such a way that the fol.hybr (F, ¢)
will be a 7-tree on a subspace Y of X. To carry out this construction we need to answer (that is, to find

some sufficient conditions) the following questions:

(i) When the fol.hybr(F, ) is a Baire foliage tree on Y'?
(ii) When the fol.hybr(F, ¢) grows into Y?

The answer to question (i) is given in the following lemma:
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Lemma 30. Suppose that F is a Baire foliage tree on a space X and ¢ is a consistent family of foliage
grafts for F such that every G in @ is Rg-branching, locally strict, open in X, has bounded chains, and has
height G < w. Then the fol.hybr(F, ) is a Baire foliage tree on X ~ loss(F, ).

Proof. Let H := fol.hybr(F, ). It follows from (c)—(f) of Proposition 23 and (i) of Lemma 6 that H is a
foliage w, Rqp-tree and Oy = Op, so Ho,, = Fo, \loss(F, ) = X \loss(F, ). By (b) of Lemma 14, F is splittable,
and then H is open in X \loss(F, ), locally strict, and has strict branches by (¢)—(e) of Proposition 29. O

The answer to question (ii) is given in Lemma 32, and this answer raises another question: When the
fol.hybr (F, ) shoots into F? The answer to this question is given in Lemma 34.

Definition 31. Let H and F be foliage trees. Then
% H shoots into F :«— VpefleshH Vyescopep(p) 3 € scopeg(p) [shootH(x) >> shootF(y)].

Lemma 32. Suppose that a foliage tree H shoots into a foliage tree F and F grows into a space X. Then H
grows into the subspace X N fleshH of X.

Proof. Let Y := XnfleshH, pe Y, and U e nbhds(p,Y). Then there is V € nbhds(p, X) such that U =V nY,
and there is y € scopeg(p) such that shootg(y) > {V'} because F grows into X. Since H shoots into F, there
is z € scopey(p) with the property shootg () > shootr(y). It follows that there is G € shootgy(z) \ {@} such
that G ¢ V. Since G ¢ fleshH, then G VnfleshH< XnflesshH=Y,s0 G<SV nY=U. Therefore we have
found x € scopeg(p) such that shooty(z) » {U}. O

Definition 33. Let F be a nonincreasing foliage tree and let G be a foliage graft for F. Then G preserves
shoots of F iff

> for each p € fleshG and for each y € scopep(p) N ({0c} U explant(F, G))
> there is x € scopeg(p) N ({OG} U impIantG) such that
v shootg(z) > shootr(y).

Lemma 34. Suppose that
> F is a nonincreasing foliage tree,
> o is a consistent family of foliage grafts for F,
> the foliage hybrid of F and @ has nonempty leaves, and
> each G € ¢ preserves shoots of F.
Then the foliage hybrid of F and ¢ shoots into F'.
Proof. Let H := fol.hybr(F, ), pefleshH, and y e scopeg(p). We consider two cases:
Case 1. y € support(F, ) N {0g : G € ¢}.

By (a) of Proposition 23 we have sonsg(y) = sonsg(y), so

sonsg(y) € nodesF nnodesH = support(F, ¢)

by (b) of Lemma 21. Then by (b) of Definition 27 we have
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H, = F,\loss(F,¢) and Vsesonsu(y) [H, = Filoss(F, ¢)].

Further, p € F, and pefleshH, so p ¢ loss(F, ¢), whence p € H,, that is, y € scopey(p). Now, for z := y and
for each s € sonsg(x) = sonsp(y) = sonsg(y), we have @ + H, ¢ F,. This implies shootg (x) > shootr(y).

Case 2. 3G e p [y € {0g} U explant(F, G)]

The foliage tree F is nonincreasing, p € F,, and y >r Og, so p € Fo,. We have pefleshH, so p ¢ loss(F, ¢),
hence p € Fy, implies p € Go,. Then p € flesshG and

y € scopep(p) N ({0} U explant(F, G)),
so, since G preserves shoots F, there is
x € scopeg(p) N ({OG} U impIantG)

such that shootg(x) > shootg(y). Again, by (a) of Proposition 23 we have sonsg(z) = sonsg(z), so sonsg(x) €
nodesG. Then by (a) of Lemma 28 we have

H, =G, \loss(F,p) and Vs e sonsp(z) [H, = Gy loss(F, ¢)].
We have p € G, and p ¢ loss(F, ), so p € H,, that is, x € scopeg(p). Now, for each s € sonsg(z) = sonsg(z),

we have @ #+ Hy ¢ Gg. This implies shootg(z) > shootg(x), so shootg(x) > shootg(y) because > is
transitive. O

7. Main construction

In this section we prove Theorem 37, which can be viewed as the main technical result of this paper.
This theorem is a statement about the Baire space N and the standard foliage tree of “w, which we denote
by S — see Notation 12. The connection between A/ with S on the one hand and a space X with a m-tree
on the other hand is explained by Lemma 13.

Notation 35. Let A € “w and = € ““w. Recall that S, = {p € “w: x S p}. Then

N Ais m-dense at x  «— Vye“w [y 2 — |{n €w: Sy my C A}| = NQ];
% A is 7-dense in the Baire space  «— Vye “w[[{new: Sy, < A} =ro].

Remark 36.

(a) If K is a compact subset of N, then “w \ K is an open 7-dense subset of \.
(b) If a set D is m-dense in N, then D is dense in N. O

Theorem 37. Suppose that Y = N,ew, Un, where each U, is an open w-dense subset of the Baire space. Then
there is a Baire foliage tree on'Y that shoots into the standard foliage tree of “w (see Definitions 10, 12, 31,

and 35).

Question 38. Does Theorem 37 remain true if we replace “m-dense” by “dense”?
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We will build this Baire foliage tree on Y which shoots into S by applying the foliage hybrid operation
to S and ¢, where ¢ is a consistent family of foliage grafts for S. We construct the family ¢ in the proof
of Theorem 37, see below. The construction of a single foliage graft G (that will be a member of ¢) is
described in the following lemma:

Lemma 39. Suppose that v € ““w and O c S is open in the Baire space and is w-dense at v. Then there is
a foliage tree G such that

)
) height G < w,
) G is Ro-branching,
) G has bounded chains,
) G is locally strict,
ab) G is open in the Baire space,
)
)
)
)
)

a7) G is a foliage graft for S,
a8) G preserves shoots of S,
a9) implantG # @,
(a10) cut(S,G) =S\ 0, and
(al1) O =l.emaxa Sz-

In the proof of Lemma 39 (see below) we verify clause (a8), which says that G preserves shoots of S. We
do this by using the following lemma:

Lemma 40. Suppose that A, B are foliage trees with nonempty leaves, x € nodesA , and y € nodesB. Assume
that |sonsA(x)| > Rg and that there is finite F' such that

Vs esonsa(z)\ F [s e sonsg(y) and A, c B, ]
Then shoota(z) > shootg(y). O
Proof of Lemma 39. Let
Q:={zev]|g:S,c0}, A:=v|]g\Q, and MAX:=min(£,<g).
Then we have

bl) veA and |A]=Ry;

(b1)
(b2) A=(ATs)n(vlg);

(b3) MAX is an antichain in S;
(b4) MAX|g = ;

(b5) O = [.emax Sz-

For each x € A, define
Ay = An(zlg) and £ := sonsg(z)n Q.

Then
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(cl) Vee Az e A, and |Az| =R ];
(c2) Ve e A[Q; € MAX and Q.| =% ];
(€3) MAX = Ugea Qs
Now for each z € A and all d € A;, we can find infinite sets Q, 4 € 2, in such a way that

Vo e A Q= Ugea, Q|- (6)

Put
IMP := {nodeé cxeAandle {0,...,[(93)}}

where

I(x) := lengthz — lengthv
and node, are different new nodes for the skeleton of the foliage tree G such that IMP n nodesS = @. Put

NOD := {v} U MAX U IMP

(we intend to have nodesG = NOD, O = v, maxG = MAX, and implantG = IMP).
For z € ““w and [ € {0, ..., lengthx}, define

z_; = x| ((lengthz) - 1)

— that is, z_; = (Z0, ..., T(lengthz)-1-1) € wllengthe)=1 "3 =z, and if = € v]g, then T_yy = v. Using (b2) we
have

(d1) VxeAVle{0,...7l(x)}[x,leA and mEALl];
(d2) {(:U_l,x):xeAandle{O,...,l(x)}}:{(z,d):zeAand deAz}.

Now we build a tree (NOD, <), which will be a skeleton for the foliage tree G. First we define a relation
< on the set NOD as the relation that satisfies exactly the following:

> for each x € A,

v < node!® < nodel®@! « ... <« nodel < node’;
> for each v € A and each [ € {O7 .. .,l(x)},

nodelI < zforall zeQ, , ..

Note that the last clause is correct by (d1). Then let relation < be the transitive closure of relation <. That
is, for each a,b e NOD,

a<b 1 dnewIzp,...,2,11ENOD [a=2p< 21 < ... < 241 =b].
Let 7 := (NOD, <). Then it is not hard to show the following:

(el) sonsy(node) =Q, , . for all z € A;
sons7(nodel) = Q, , , U {nodei_l} for all z € A and L€ {1,...,1(z)};
sonst(v) = {node;(x) txwe A}.
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(e2) Vz e A[v c7 node!® cr node!®@~t c ... cr nodel = node? ];
in particular, v =7 nodel™ = node? .
(e3) maxT = MAX.
Indeed, using (d2), (¢3), and (6), we get

max7T = U{Qw_l,z:xeAand le{O,...,l(x)}} = U{Qz,d : ze A and deAz} = MAX.

(ed) T is an Rg-branching tree with the least node and 07 = v.

(e5) T has bounded chains and height7 < w.
To prove (eb) it is enough to show that each chain in 7 is finite. If C' is a chain in T, then by (c) of
Lemma 6, there is B € branches7 such that C ¢ B, and it follows using (e) of Lemma 6 that there
exists some s in B nsonsy(07). Then s = nodei(x) for some z € A, so |B| <l(z) + 3.

(e6) T is a graft for S and implant7 = IMP.

(e7) explant(S,7T) = A\ {v}.
Indeed, using (b4), we have

explant(S,7) = (01)lgN (maxT)ls = vig N\ MAX|g =
(vls™ (W} 2 0 = (Vg @)~ () = A~ (o).

Now we build a foliage tree G with skeletonG =T as follows:

G, =8, for all z € MAX;

Grogeo = U {SZ 1z € QLO7$} for all x € A;

Grodel = Gpodet1 U U{S::2€Q,, o} forallzeAand le{l,...,I(z)} (by recursion on [);
G, = U{Gnodei(’”) txe A}.

Y VVYY

Then (el), (c3), (6), and disjointness of the union from (b5) imply that G is locally strict. Also it is not
hard to show that G is nonincreasing, Og = v, height G < w, G is Ryp-branching, G has bounded chains,
G is open in the Baire space, G is a foliage graft for S, implantG # @, and O = | |,emaxa S2- To prove that
cut(S, G) = Sy O we must show that Gog = O. Since G is nonincreasing, we have Gy = fleshG, so using
(b) of Lemma 14, (h) of Lemma 6, and (b5) we have

G = fleshG = yieldG = U{fruitg(B) : B € branchesG } =
U{ fruita(z1g) : z e maxG } = U{G. : z e maxG} = U{S. : z e MAX} = O.

It remains to prove that G preserves shoots of S. Suppose
pefleshG =Go,=0, ye{0c}uexplant(S,G)=A, and S,3p.
We must find x € {v} U IMP such that G, 5 p and shootg(z) > shootg(y). Note that G has nonempty

leaves and |sonsg(z)| 2 ®g for all z € {v} U IMP since G is Ro-branching and {v} u IMP ¢ nodesG \ max G.
Lemma 40 says that if there is finite F' such that

Vs e sonsg(z) \ F [s e sonsg(y) and G; ¢ S, ],

then shootg(z) > shootg(y). If x € IMP, then by (el), (¢3), and (6) there is finite L such that sonsg(z) ~ L ¢
MAX;, so for all s € sonsg(z) \ L we have Gg = S;.
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Summarizing the above reasoning we come to the following. Suppose y € A and p € OnS,. Then to finish
the proof it is enough to find x € IMP and finite F' such that

G;>p and sonsg(x)\ F C sonsg(y). (7)
Since p € O, then by (b5) there is 2 € MAX such that p e S;. Then S; NS, # &, so either y >g z or y <g 2

since S is splittable. If y >g 2, then by (b4) y € Q, which contradicts y € A, so y <g 2. Let w := 2_1. Then we
have

v <g Yy <s weg 2 e MAX = min(Q,<g) € Q,

which implies w € A and 2 € Q,,. Then it follows by (6) that there is d € A,, such that z € Q,, 4. Now we
have

v<sy<sw<sgdeA, éEQw,d, and p € S;.
Let [ := lengthd — lengthy and m := lengthd - lengthw. Then d_; =y, d_,, = w, and 0 < m <1 <I(d), so we may

consider nodes nodel; and node’}’ in IMP. Then z := node!; satisfies condition (7). Indeed, node’, < node;
by (e2) and G is nonincreasing, so

G; = Gnodefi 2 Gnode;" 2 U{Sz tZ € Qd,m,d} = U{Sz tZ € Qw,d} 28:3p
Finally, by (el) there is finite F' such that
sonsg(x) \ F = sonsG(nodeld) NF =Q4,a=Q4 ¢ Q, ¢ sonss(y). O

Proof of Theorem 37. Let v € <““w and n € w. Put O := U, n S, and assume that O # S,. Then there
is a foliage tree G that satisfies conditions (al)—(all) of Lemma 39. Let us denote this foliage tree G by
G(v,n). Using this notation, we construct sequences (Z,)new, (¢¥n)new, and (M,),eq-13u0 by recursion on
n as follows:

(f1) M_;:={0s};

(f2) Zp ={xeMp_1:U,NnS,; #S;};
(£3) n = {G(z,n) 1z € Zs};

(f4) Mn = (Mp-1NZp) U Ugey, maxG.

For each n € w, we will prove the following:

{OG Ge wn}

M is an antichain in S;

(g1) Z
(82)
(g3) (My)ls NUicn Zi = @;
(g4) Uscn ¥i is a consistent family of foliage grafts for S;
(g5) UyeM S mz<n
(g6) U{CUt(S G) Ge Uz<n qpl} =%w N mz<n

Let us first show that (gl)—(g6) yield the conclusion of the theorem. Put ¢ := Upe,, ¥n, so (g4) implies
that ¢ is a consistent family of foliage grafts for S. Then H := fol.hybr (S, ) satisfies the requirements of the
theorem. Indeed, (g6) implies that loss(S, ) = “w \Npew Un, so it follows from Lemma 30, (a) of Lemma 13,
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and (a2)—(a6) that H is a Baire foliage tree on Y. Then H has nonempty leaves, therefore H shoots into S
by (a8) and Lemma 34.

It remains to prove that (gl)—(g6) hold for all n € w. Condition (gl) easily follows from definitions of
Zy and ¢y if © € Z,, then x = Og(z,n) by (al), so Z, = {O0g(zn) T € Zn} = {Og : G € 9, }. Conditions
(g2)—(g6) will be proved by induction. Using (al)—(all), and (d)—(e) of Definition 15, it is not hard to show
that (g2)—(g6) are satisfied when n = 0. Assume as induction hypothesis that (g2)—(g6) hold for all n < k.
We must prove that (g2)—(g6) hold for n =k + 1.

(g2) We prove that M. is an antichain in S. Suppose v # w € My,1. We consider several cases:

(i) v,w e My.
Then v ||s w by the induction hypothesis.
(ii) v,w € M1 N Mp.

It follows by (f4) that there are D, E € 941 such that v € maxD and w € maxE.

(ii.1) Op # Og.
We have Op,0g € Zx+1 S My, by (gl) and (f2), so Op ||s Og by the induction hypothesis. Then
v ||s w by using (b) of Lemma 6 twice.

(ii.2) Op = Og.
It follows from (f3) and (al) that D = G(Op, &k + 1) = G(0Og, k + 1) = E, so we have v, w € maxD.
Consequently v ||s w by (a7) and (e) of Definition 15.

(iti) [{v,w}nM;|=1.

We may assume without lost of generality that v € Myq N~ My and w € Mg, N M. Again, as in (ii),

there is D € 91,1 such that v € maxD, and then v >g Op and Op € Zx,1 S M.

(iii.1) Op # w.
We have v >g Op and Op ||s w the induction hypothesis (because Op,w € My), so v ||s w by (b)
of Lemma, 6.

(iii.2) Op = w.
We have w € My,1 and w = Op € Zj41, so it follows from (f4) that there is F € 4541 such that
w € maxF. Consequently, w >s O and Op € Zp,q1. This contradicts the induction hypothesis
because w,0p € Zp,1 € M.

(g3) We must prove that (Mpgs1)ls N Uscps1 Zi = D. Suppose on the contrary that there is some z €
(Mp41)ls N Uicre1 Zi- Since by (g2) with n = k+1 (which is already proved), My, is an antichain in S, then
we may consider

ro= r00t5($,Mk+1) € My = (Mk\ Z;ﬁ_l) U U max G.
Gepir

(i) 3G € Ygy1[r € maxG].
Then = 2>g r >s Og € Zk11 C My, therefore x € (My)lg, so x € Ui Z; by (g3) with n = &k, and hence
x € Zpy1 € My. Now we have z >g Og and x,0g € My, which contradicts (g2) with n = k.

(ii) € My~ Zpsr.
Then we have = g 1 € My, therefore as in (i) we get © € (Mg)ls, © ¢ Uik Zi, and x € Zy1 © My. Also
we have x # r because r ¢ Zy,1, consequently x >g r and z,r € My, which again contradicts (g2) with
n=k.

(g4) We must prove that U;crr1 % is a consistent family of foliage grafts for S. Every G € U;cpe1 ¥ is
a foliage graft for S by (a7). Suppose D # E € U;cp+1 - We may assume that implantD nimplantE = @
by construction, and then skeletonD # skeletonE because implants of D and E are nonempty by (a9). It
remains to check clause (c) of Definition 17. We consider several cases:
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(i) D,E € Uick ¢i-
Then (c) of Definition 17 is satisfied by the induction hypothesis.

(ii) D7E € wk+1-
Then by (£3) D = G(z,k+1) and E = G(y, k +1) for some z # y € Z,1, so it follows by using (£2), (g1),
and (al) that

My 2 Zks1 2 0p = Og(aks1) = T # Y = Og(yk+1) = OE € Ziks1 © M.

Consequently, Op ||s O by (g2) with n = k.
(iii) [{D,E} npi|=1.

Suppose without lost of generality that D € U, ¥; and E € ¢gy1. Then by (gl) Op € Uk Z; and

Ok € Zp+1 € My, € (My)ls, so it follows by using (g3) with n = k that Op # Og. If Op ||s Og, then clause

(c) of Definition 17 holds. It remains to consider the following two cases:

(iii.1) Op >s Og.
We have Op € Ui¢r Z; and Op >s O € Zg+1 € My, so Op € (My)ls. This contradicts (g3) with
n=k.

(iii.2) OE >s OD.
Now, D € U<k % and U<k ¥; is a consistent family of foliage grafts for S by the induction
hypothesis. Further, Og € Zx+1 € M}y, and it is not hard to show that

My c{0s}uU{maxG: G € Uscr ¥ }

by induction on k. Then it follows from (b) of Lemma 18 that Og € support(S, U;<x ¥;). Further-
more, (d) of Lemma 18 says that Og € support(S, U< ¥i) plus Og >s Op imply Og € (maxD)]|g,
so (c) of Definition 17 holds.

(g5) We must prove that Uyens, ,, Sy = Nick+1 Ui Put B = Uyerrnz,,, Sy- Then (£2) implies
B=U{Uk+1ﬂsy1y€Mk\Zk+1}. (8)
Now, using (f4), (£3), (all), (8), and (gh) with n = k, we have

USy = BulU{Sy:yeUgep,,maxG} = BU | J{Sy:y€Usez,,, max G(z, k+1)} =
yeMpi1

Bu U(U{Sy:yemaxG(x,k‘+1)}) = BU J(Uis1nS,) =

T€Zk+1 T€Zk+1

U (Uks1nSs) = Uks1 0 USe = Uksr n (Ui = (Ui

xEMk aceMk i<k i<k+1
(g6) We must prove that U{cut(S,G): G € Uscrr1 ¥i} = “w N Nicks1 Ui Put A := Ny, Ui, so that the
induction hypothesis asserts
U{cut(S,G) : G € Usep thi} = “w ~ A. (9)

Then using (9), (3), (al0), (2), and (g5) with n = k, we have

U{cut(S,G): G e Uicgs1 i} = (“wNA) u Jeut(S,G) = (*w~A) u [Jeut(S,G(z,k+1)) u @ =
Gerir €41

(“wNA) U J(SeN (Uki1nSy)) u U@ = (“wNA) U [ (SeNUks1) U U (SoNUkir) =

x€lpi1 reMpNZg 11 re€lpi1 xeMpNZy 11
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(“wnA) U U (S Uiin) = (ws A) U ((US2) S Uset) =

xeMp, xreMy,
(ww\A) (@] (A\Uk+1) = “w\ (Aﬂ Uk+1) = w(JJ\ﬂKkJrl U;. O

8. Main results

In this section we prove theorems that allow to construct m-trees for subspaces of a space that already
has a m-tree. Recall that S is the standard foliage tree of “w, see Notation 12.

Theorem 41. Suppose that S is a w-tree on a space (“w, 7). Let Y = Nypew Un, where each U, is an open
n-dense’ subset of the Baire space (“w,Ty). Then'Y as a subspace of (“w,T) has a T-tree.

Using Lemma 13, we can apply this theorem not only to a space of the form (“w,7), but to an arbitrary
space with a m-tree.

Question 42. Does Theorem 41 remain true if we replace “m-dense” by “dense”?

Proof of Theorem 41. Let p(7) and p(7y) be topologies on Y inherited from 7 and 7 respectively. Theorem 37
asserts that there is a Baire foliage tree H on (Y, p(TN)) that shoots into S. Then H is a Baire foliage tree
on (Y,p(r)) because p(r) 2 p(ry) by (b) Lemma 13, and H grows into (Y,p(T)) by Lemma 32 because
flesh H = Y. Therefore H is a 7-tree on (Y, p(7)). O

Remark 43. The construction of a m-tree in the proof of Theorem 41 does not depend on topology 7.

Theorem 44. Suppose that a space X has a m-tree and Y = X N\ F, where F is a o-compact subset of X.
Then'Y also has a m-tree.

Corollary 45. Suppose that a space X has a w-tree and Y = X N\ C, where C is at most countable. Then Y
also has a m-tree. O

Proof of Theorem 44. Let F' = U, K, where each K, is a compact subset of X. By (d) of Lemma 13, there
is a homeomorphism f from X onto a space (“w, 7) such that S is a w-tree on (“w, 7). Also it follows from (b)
of Lemma 13 that each f(K,) is a compact subset of the Baire space (“w, 7y ). Then every U, := “w~ f(K,)
is an open m-dense subset of the Baire space by Remark 36, so the subspace “w \ Upew, F(Kn) = MNpew Un of
(“w, 7) has a m-tree by Theorem 41. O
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