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This paper deals with a theoretical study of the effect
of chain-like aggregates on magnetic hyperthermia
in systems of single-domain ferromagnetic particles
immobilized in a non-magnetic medium. We assume
that the particles form linear chain-like aggregates and
the characteristic time of the Néel remagnetization is
much longer than the time of medium heating (time of
process observation). This is applicable to magnetite
particles when the particle diameter exceeds 20–
25 nm. Our results show that the appearance of the
chains significantly decreases the intensity of heat
production.

This article is part of the theme issue
‘Heterogeneous materials: metastable and
non-ergodic internal structures’.

1. Introduction
Magnetic hyperthermia is a very promising method
for curing cancer diseases [1,2]. The main idea behind
this approach is in embedding magnetic nanoparticles
in the tumour area and heating the particles (and the
tumour cells) by an alternating magnetic field. Numerous
investigations show that in the temperature range
42–50°C the tumour cells die, whereas the healthy cells
survive [3–7]. This is the key point of the therapeutic
effect.

There are two main physical mechanisms of heat
production. The first one is induced by the rotation of
the particles, under the action of the field, in the carrier
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medium and energy dissipation because of the effects of the medium viscosity. The second one
relies on the dissipation effects of the internal remagnetization of particles. The viscous (very often
called Brownian) mechanism is typical for relatively large ferromagnetic particles suspended in a
liquid medium (see details in [8,9]). The second, internal, mechanism is typical for small particles
in liquids or for any particles immobilized in a rigid medium.

Being embedded in a biological environment, magnetic nanoparticles, as a rule, are tightly
bound to the surrounding tissues [10,11]. Thus, the case of immobilized particles and the heat
production due to their internal remagnetization is the most interesting from the viewpoint of the
biomedical application of magnetic hyperthermia.

The majority of known theoretical studies of this phenomenon deal with the simplest systems
of non-interacting particles, remagnetized according to the Néel mechanism (see, for example,
[8,12,13]). Recently, the effect of the magnetic interparticle interaction on the heat production
due to this mechanism of remagnetization has been studied [14]. It was shown that the heat
production is most efficient when the particle axis of easy magnetization is parallel to the direction
of the oscillating field; magnetic interaction between the particles enhances the heat production.

Let us discuss and summarize the main features of Néel remagnetization. The energy of a
single uniaxial ferromagnetic particle can be represented [15] as follows:

U = −μ0Msvp(m · H) + Ua, Ua = −Kvp(m · n)2.

Here, μ0 is the vacuum magnetic permeability; Ms is the saturated magnetization of the particle
material; vp is the particle volume; m is the unit vector aligned along the magnetic moment of the
particle; H is the field acting on the particle; K is the parameter of the particle magnetic anisotropy;
and n is the unit vector directed along the particle axis of easy magnetization. The second term
on the right of this expression is the energy of the particle interaction with the field H; Ua is the
energy of the particle internal magnetic anisotropy.

The energy Ua has two minima, corresponding to the parallel and antiparallel orientations of
the vectors n and m. At low fields, when the inequality μ0MsH<K holds, the transition between
these potential wells is possible only because of the thermal fluctuations of the vector m; the
characteristic time τN of this transition (Néel time of the particle moment relaxation) is [16]

τN = τ0 exp
(

Kvp

kTo

)
, τ0 ∼ 10−9 s.

Here, kTo is the absolute temperature in energetic units.
Typically, magnetite particles are used in medical applications of magnetic hyperthermia. First,

because they are not toxic; secondly, they are relatively cheap; and, next, they have magnetic
moments sufficient to provide a link with the magnetic fields easily achievable in the laboratory
and clinical conditions. It was concluded in [17–19] that particles with a diameter in the range
25–30 nm are most efficient for these applications.

By using K ≈ 14 kJ m−3 [9] for the magnetite particles, one obtains τN ∼ 2.7 × 103 − 3 × 1012 s
for particles with a diameter in the range 25–30 nm. These values of τN exceed the typical time
of the real hyperthermia process, which usually is about half an hour. Thus, the estimates of the
thermal effect, based on the concept of the Néel remagnetization, cannot be used when the heating
is provided by particles of this size.

In this work, we consider the heat production in a system of ferromagnetic particles whose
time of the Néel remagnetization is much more than the real time of the process of tissue heating.
Simple estimates show that the energy of magnetic interaction between magnetite particles with
a diameter in the range 20–30 nm is significantly more than the thermal energy of the human
body. Therefore, after particle injection, under the action of magnetic forces, they can form various
heterogeneous structures, detected in ferrofluids—linear chains, branched and dense clusters, etc.
It should be noted that the question of the effect of the magnetic interaction between the particles
on the produced thermal effect is disputed in the literature. An increase of energy adsorption
has been detected in [20,21]; a decrease in [22,23]; and a non-monotonic dependence of the heat
production on the interaction in [24]. It appears that this effect is very sensitive to the morphology
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of particle spatial disposition. In this work, we study theoretically the effect of linear chains on
the hyperthermia in a system of nanoparticles.

2. Magnetic hyperthermia
The intensity W of heat production (the heat production per unit time in unit volume of the
system) can be determined on the basis of the general relation of thermodynamics of magnetizable
media [15] (see also [8]):

W = −μ0

T
Φ

∫T

0
Mz(t)

dH
dt

dt. (2.1)

Here, Φ is the volume concentration of the particles, T is the time, much longer than the period
of the alternating field; and Mz is the magnetization of an arbitrary particle in the direction of
the field H in the sample. We will use a coordinate system with the axis Oz in the H direction
and suppose that the field alternates as H = H0 cosΩt, where H0 and Ω are the amplitude and
angular frequency of the field, respectively.

It will be convenient to use the following dimensionless variables:

τ = t
t0

, ω=Ωt0, h0 = H0

Ms
, (2.2)

where Ms is the saturated magnetization of the particle and t0 = 1/μ0γMs ≈ 9 × 10−10 s;
β = 2K/μ0M2

s ≈ 0.11. The numerical values of t0 and β are estimated for the magnetite particles;
γ is the gyroscopic ratio.

By using the dimensionless variables (2.2) and H = H0 cosΩt, one can represent (2.1) as
follows:

W =μ0Φ
M2

s
t0

w,

w = − 1
Θ

∫Θ
0

mz
dh
dτ

dτ = ωh0

Θ

∫Θ
0

mz sinωτ dτ ,

mz = Mz

Ms
, Θ = T

t0
.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

(2.3)

Here, w is the dimensionless intensity of heat release per particle.
Thus, to determine the intensity W of the heat production, one needs to find the time-

dependent component mz(t) of the unit vector m of a particle and to calculate the integral (2.3).

3. Single particle
Let us start solving this problem with the approximation of non-interacting particles.

Estimates show that the Zeeman energy μ0MsvpH of a magnetite particle with diameter
d ∼ 20 nm exceeds the thermal energy kTo if the field H is more than 2 kA m−1. The typical strength
of the magnetic fields used in medical applications lies in the range 2–15 kA m−1 (see, for example,
[17,23]). Thus, for the particles with diameter d ≥ 20 nm, in the first approximation, one can neglect
the thermal fluctuations of the direction of the particle magnetic moment.

Neglecting here and below thermal fluctuations of the unit vector m, we will describe
its dynamics by using the classical Landau–Lifshitz equation [25] (see also [26,27]). In the
dimensionless variables (2.2), this equation reads as follows:

dm
dτ

= −[m × heff] − λ[m × [m × heff]],

heff = h0 cosωτ + βn(m · n).

⎫⎪⎬
⎪⎭ (3.1)

Here, heff is the effective field acting on the particle; the first term h0 cosωτ is the dimensionless
alternating field in the sample; the term βn(m · n) is a dimensionless field of the particle magnetic
anisotropy; λ is a dimensionless dissipation parameter.
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Figure 1. Sketch of the particle placed in the linearly polarized field H.

We will use the Cartesian coordinate system with the axis Oz aligned along the direction of the
field H, and axis Ox aligned in the plane formed by the vectors H and n (see figure 1).

It will be convenient also to introduce the spherical coordinate system for the vector m as
follows:

mx = sin θ sinϕ, my = sin θ sinϕ, mz = cos θ . (3.2)

Here, θ and ϕ are the polar and azimuthal angles, respectively.
In this spherical coordinate system, the vector equation (3.1) can be written as follows:

dθ
dτ

= −heff
x sinϕ + λ(heff

x cos θ cosϕ − heff
z sin θ ),

sinϕ
dϕ
dτ

= −(heff
x cos θ cosϕ − heff

z sin θ ) − λheff
x sinϕ,

heff
z = h0 cosωτ + βnz(nz cos θ + nx sin θ cosϕ),

heff
x = βnx(nz cos θ + nx sin θ cosϕ).

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(3.3)

Equations (3.3) present a system of nonlinear differential equations with respect to the angles θ
and ϕ. In the general case, this system can be solved only numerically.

To get some analytical results, we will restrict ourselves to the case of relatively weak fields,
when the inequality μ0MsH0<K holds. By using here the values of K and Ms for the magnetite
particles, we come to the restriction for the field amplitude H0< 20 kA m−1. Note that the typical
strengths of the fields used in medical applications of magnetic hyperthermia are in the region of
15 kA m−1, i.e. the inequality H0< 20 kA m−1 is satisfied.

By using the dimensionless variables (2.2), the inequality μ0MsH0<K can be rewritten
as h0<β. Let us suppose that the strong inequality h0 �β holds. In the absence of the applied
magnetic field (h0 = 0), the vector m must be aligned along the vector n of the particle axis of
easy magnetization. This means that without the field the equality θ =ψ must hold. Here, θ is the
angle between the vectors n and H; nx = sinψ , nz = cosψ (see figure 1).

Because of the strong inequality h0 �β, the field-induced deviation of the vector m from the
axis n of easy magnetization must be small. In other words, one can put θ =ψ + ε, |ε|�ψ . At the
same time, because of the particle interaction with the applied field, the deviation of the vector m
from the plane (H, n) also must be small. Therefore, the inequality |ϕ| � 1 must hold.

In the linear approximation with respect to h0, ε and ϕ, the system (3.3) reads as follows:

dε
dτ

+ ελβ + ϕβ sinψ = −λ sinψ hω,

dϕ
dt

sinψ + ϕλβ sinψ − εβ = sinψ hω,

hω = h0 cosωτ .

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

(3.4)
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By using θ =ψ + ε and mz = cos(ψ + ε) ≈ cosψ − ε sinψ in the second relation (3.3), one obtains

w = −ωh0

Θ
sinψ

∫Θ
0
ε(τ ) sinωτ dτ . (3.5)

As usual, it is convenient to present the oscillating field hω in the complex form hω = h0 exp(iωt)
instead of the form hω = h0 cosωt. Solution of equation (3.7) now can be presented as follows:

ε= (χ ′ + iχ ′′)h0 exp(iωτ ) sinψ , (3.6)

where χ ′ and χ ′′ are relative real and imaginary parts of the particle dynamic susceptibility,
respectively, estimated neglecting the interparticle interaction. Obviously, only the imaginary
susceptibility χ ′′ affects the dimensionless intensity w of the heat production inside the particle.

The direct calculations give the following:

χ ′′ = λω
β2(1 + λ2) + ω2

[β2(1 + λ2) − ω2]2 + 4(βλω)2
. (3.7)

Substituting (3.7) into (3.6) and (3.5), assuming that the dimensionless time Θ of the loss energy
averaging is much longer than the dimensionless period 2π/ω of the alternating field, one obtains
the following:

w1 = ωh2
0

2
χ ′′sin2ψ = λ

ω2h2
0

2
sin2ψ

β2(1 + λ2) + ω2

[β2(1 + λ2) − ω2]2 + 4(βλω)2
. (3.8)

The subscript 1 here means that the dimensionless intensity w of the heat production refers to a
single particle.

Let f (ψ) be normalized to the unit function of distribution over the vector n orientations:
∫π

0
f (ψ) sinψ dψ = 1.

Independently of the internal morphology of particle disposition, the dimensionless intensity of
the thermal effect per particle is

〈w〉 =
∫π

0
w(ψ) f (ψ) sinψ dψ . (3.9)

The average dimensional intensity of this effect per unit volume of the composite, instead of
(3.3), must be calculated as follows:

W =μ0Φ
M2

s
t0

〈w〉. (3.10)

Suppose that the orientation of the axis n is completely chaotic, i.e. f (ψ) = 1/2. In this case for the
system with single particles, one obtains the following:

〈w1〉 = λ
ω2h2

0
3

β2(1 + λ2) + ω2

[β2(1 + λ2) − ω2]2 + 4(βλω)2
. (3.11)

However, the particles can be injected into the tumour region under the action of a permanent
applied field, which creates a parallel orientation of the particle axis n. In this situation, the
mean magnitude 〈w〉 coincides with the w given in (3.9). Obviously, the maximal heat production
corresponds to the perpendicular orientation of the axis n with respect to the oscillating field H
(ψ =π/2). It is interesting to note that the results of [14], obtained under the assumption that
the mechanism of heat production corresponds to the thermally activated Néel reorientation of
the moment m through a barrier of energy Ua, demonstrate that the thermal effect is maximal
when ψ = 0, i.e. when the oscillating field is parallel to the particle axis of easy magnetization.
We have noted that the Néel mechanism of energy dissipation must be typical for the smallest
nanoparticles, whereas the discussed mechanism of remagnetization inside the potential well is
for the relatively larger ones. Therefore, for particles of different sizes, from the viewpoint of heat
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Figure 2. Two-particle chain.

release, different orientations of the vector n of the axis of easy magnetization, with respect to the
heating field H, are most efficient.

4. Effect of the chain-like aggregates
In this section, we will consider the two simplest chains, consisting of two and three particles.
This restriction will allow us to use mathematically strict analytical approaches and to avoid
any intuitive constructions. At the same time, the results will allow us to make some general
conclusions on the effect of the chains as well as their size on the produced thermal effect.

(a) Two-particle chain
Let us consider a chain cluster consisting of two particles. We will take into account that the
clusters (chains) appear only because of the strong magnetic interparticle interaction; the most
favourable orientation of the particle axis of easy magnetization is parallel to the axis linking the
centres of the particles (the chain axis). We will assume that the particle axis of easy magnetization
is aligned along the chain axis.

We introduce the Cartesian coordinate system with the axis Oz directed along the oscillating
field H and axis Ox in the plane formed by the field H and the chain axis. This model situation
is illustrated in figure 2. We neglect the thermal fluctuations of the vector m, as in the previous
section.

Taking into account the dipole–dipole interaction between the particles, instead of equation
(3.1), now we obtain the system of equations:

dmi

dτ
= −[mi × heff

i ] − λ[mi × [mi × heff
i ]],

heff
i = h0 cosωτ + βni(mi · ni) + hd

i ,

hd
i = κ

3(mj · r)r − mjr2

r5 ,

i, j = 1, 2, i 	= j, r = R
d

, κ = 1
24

.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(4.1)

Here, the subscripts i,j mark the particles illustrated in figure 2; R is the radius vector, linking the
particles centres; hd

i is the dimensionless field of the dipole–dipole interaction of the ith particle
with the jth one; the magnitude of the multiplier κ directly follows from the well-known formula
for the dimensional field of the dipole–dipole interaction. Under the assumption of the dense
contact between the particles, the equality r = 1 holds.

We will again suppose that the strong inequality h0 �β is fulfilled. In this case, we can present
the unit vectors of the magnetic moments directions as mi = ni + δmi where |δmi| � 1, and rewrite
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(3.10) in a form linear with respect to |δmi|. The equality δm1 = δm2 follows from the chain
symmetry.

Taking into account the last equality, one can transform equations (3.10) to a system of two
linear differential equations with respect to the angles, which describe deviations of the vectors
m from n (the subscripts 1,2 of the particles number are omitted now).

Let us present the Cartesian components of vector m in the form (3.2) and put θ =ψ + ε,
|ε| �ψ . Here, ψ again is the angle of deviation of the chain axis from the field H (see figure 2).

Because of the reasons discussed in the previous section, the angle ϕ also must be small. Taking
that into account, in the linear approximation with respect to ε and ϕ, equations (4.1) can be
written as follows:

dε
dτ

+ εAε − ϕAϕ sinψ = λhω sinψ ,

dϕ
dτ

sinψ + ϕBϕ sinψ + εBε = hω sinψ ,

Aε = λ

[
β + 3

24
(sin2ψ − cos2ψ)

]
,

Aϕ = β + 1
24

(3 sin2ψ − 1),

Bε = β + 3
24

(sin2ψ − cos2ψ),

Bϕ = λβ + d3

24r5 [λ(3 sin2ψ − 1)].

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(4.2)

We again present the solution of the system (3.11) as follows:

ε(ψ) = (X′ + iX′′)h0 exp(iωτ ) sinψ , (4.3)

where X′ and X′′ are the relative real and imaginary parts of the particle dynamic susceptibility,
respectively, estimated in the frames of the pair interaction between the particles. They coincide
with the susceptibilities χ ′ and χ ′′, defined in (3.6), of the single particle, if one formally puts
κ = 0.

Note that only the imaginary part X′′ is needed to determine the dimensionless intensity w
of the heat production. This part can be easily obtained from equation (14.2); however, it has a
cumbersome form, which is why we omit it here.

Repeating the considerations (3.5)–(3.8), one obtains the following expressions for the
dimensional intensity of the heat production by a particle in the chain:

w2 = ωh2
0

2
X′′ sin2 ψ . (4.4)

The subscription 2 means here that this intensity w refers to the particles in the two-particle chain.
The heat production by the chain, of course, is 2w2.

(b) Three-particle chain
Here, we will consider a three-particle chain. For the reasons discussed in the previous section,
we will suppose that the axes of easy magnetization of all particles of the chain are parallel and
the particles contact as ‘head to tail’. This model situation is illustrated in figure 3.

We will number the central particle of the chains by 0, the upper and lower particles by
1 and −1, respectively. For the magnetic moments of each particle, we can write down the
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Figure 3. Sketch of the three-particle chain.

Landau–Lifshitz equations:

dmi

dτ
= −[mi × heff

i ] − λ[mi × [mi × heff
i ]],

heff
i = h0 cosωτ + βni(mi · ni) + hd

i ,

hd
i = κ

[
3(mj · rij)rij − mjr2

ij

r5
il

+ 3(ml · ril)ril − mlr2
il

r5
il

]
,

i, j, l = 0, ±1, i 	= j 	= l, rij = Rij

d
, ril = Ril

d
, κ = 1

24
.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(4.5)

Here, Rij and Ril are vectors linking the centre of the ith particle with the centres of the jth and
lth ones, respectively. As earlier, we introduce the angle εl of deviation of the unit vector ml from
the chain axis (i.e. from the axis of easy magnetization of the particles in the chain), as well as
the angle ϕi of the vector deviation from the plane x,z. For the reasons discussed above, we put
εl �ψ , |ϕl| � 1.

Equations (4.5) can be presented in linear form with respect to the angles εl, ϕl and the angles
εi can be written down similar to (4.3) as follows:

εl(ψ) = (X′
l + iX′′

l )h0 exp(iωτ ) sinψ , l = 0, ±1. (4.6)

Because all considerations practically resemble those used in the derivation of equations (4.2)
for the two-particle chain, we omit details. Note that the symmetry of the problem dictates the
equalities ε−1 = ε1, ϕ−1 =ϕ1 and X−1 = X1.

The dimensionless intensity of heat production per particle in the chain can be calculated
similarly to relations (3.8) and (4.4) as follows:

w3 = ωh2
0

2
2X′′

l + X′′
0

3
sin2ψ . (4.7)

Here, we take into account that because of symmetry X−1 = X1.
Results of calculations of the dimensionless intensities w1, w2 and w3 are shown in figure 4.

The results demonstrate that for relatively small frequencies (the left part of figure 4), the heat
production by the chains is less than that produced by the single particles; the chain is longer,
the thermal effect is weaker. For relatively high frequencies (right part of figure 4), the situation
is opposite—the chains enhance the effect. The peaks in the right part of figure 4 reflect the effect
of the ferromagnetic resonance in the particle. This peak moves toward higher frequencies when
the chain length increases.

The dimensionless frequency, corresponding to this resonance for the single particle, is
ωr ≈ 0.1. By using equation (2.2), we obtain the corresponding dimensional resonance frequency
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Figure 4. Results of calculations of the relative heat production w′
1,2,3 = 2/h20w1,2,3 per particle versus the dimensionless

frequencyω for two intervals of the dimensionless frequencyωwhen sinψ = 1. Figures near curves: 1—approximation (3.8)
of the single-particle chain; 2 and 3—approximations of the two-particle (equation (4.4)) and three-particle (equation (4.7))
chains, respectively.

Ωr ≈ 108 s−1. This is significantly more than the maximal frequency of the field in the
hyperthermia experiments. Therefore, one can conclude that, in the range of frequencies used
in the experiments, the appearance of the chains reduces the thermal effect.

5. Conclusion
We have studied the effect of chain-like aggregates on the magnetic hyperthermia produced
by particles immobilized in a surrounding medium. We took into account that the chains can
be formed by relatively large particles, whose characteristic time of Néel relaxation through
the potential barrier of the particle magnetic anisotropy is much longer than the time of the
hyperthermia observation. Estimates show that, for magnetite particles, this is true when the
particle diameter is more than 20–25 nm. Analysis shows that, for a relatively small frequency
of the applied field, the appearance of the chains weakens the thermal effect; in the range of
high frequencies, it enhances it. In the range of the field frequencies used in the hyperthermia
experiments, the presence of the chains reduces the thermal effect. These results must be taken
into account in the interpretation of the experiments and organization of the clinical usage of
magnetotherapy.

It should be noted that, in real systems, the chains must obey some law of distribution over
a number of particles in the chains. The approach suggested in this paper can be used if the
distribution function is known. However, the determination of this function presents a separate
problem, which is beyond the scope of the paper.
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