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Nonlocal correlations in the vicinity of the α-γ phase transition in iron

within a DMFT plus spin-fermion model approach
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We consider nonlocal correlations in iron in the vicinity of the α-γ phase transition within the spin-
rotationally-invariant dynamical mean-field theory (DMFT) approach, combined with the recently
proposed spin-fermion model of iron. The obtained nonlocal corrections to DMFT yield a decrease of
the Curie temperature of the α phase, leading to an agreement with its experimental value. We show
that the corresponding nonlocal corrections to the energy of the α phase are crucially important to
obtain the proximity of energies of α and γ phases in the vicinity of the iron α-γ transformation.

PACS numbers: 71.27.+a, 75.50.Bb

Introduction. Iron is one of the substances known from
ancient times. Many technologically important applica-
tions of iron and its alloys, such as producing steels, are
dealt with the structural transition between the α phase
with a body-centered cubic (bcc) lattice and the γ phase
with a face-centered cubic (fcc) lattice. In pure iron this
transition occurs in the paramagnetic region at 1185 K
slightly above the Curie temperature of 1043 K. The the-
oretical description of this transition is important from
both, fundamental and practical points of view.

The ground-state properties of α and γ phases were
extensively studied1 by the density functional theory
(DFT) methods, in particular local density approxi-
mation (LDA) and generalized gradient approximation
(GGA); the disordered local moment (DLM) approach2

was applied to simulate the paramagnetic state by ran-
domly distributed magnetic moments. The energies of
various phases were compared and the respective correct
values of magnetic moments at zero temperature were
obtained within these studies1,3,4. The combination of
these methods with the Heisenberg model gave a possi-
bility to treat magnetic correlations (also at finite tem-
perature), and provided an accurate value for the Curie
temperature of bcc Fe 5,6, its thermodynamic proper-
ties7,8, and magnon-phonon coupling9. This combination
also resulted in an accurate value for the alpha-gamma
transition temperature as a function of carbon concen-
tration8.

Despite these successes, the described methods do not
consider important local correlations in iron, and, there-
fore, do not provide a comprehensive view on the α-γ
transition. To treat the effect of local correlations we
apply in the present paper the combination of dynami-
cal mean-field theory (DMFT)10 with density functional
theory (DFT) methods, usually called LDA+DMFT11.
Previous studies by LDA+DMFT allowed one to ob-
tain the correct values of magnetic moments in α and
γ phases12–16, the linear behavior of the temperature de-
pendence of the inverse local13–16 (α,γ phases) and uni-
form magnetic12,17,18 (α phase) susceptibilities, and re-
vealed the non-monotonic temperature dependence of in-

verse the uniform magnetic susceptibility in the γ phase
in a broad temperature range14.

In most of these studies the Curie temperature of the
α phase was found, however, to be substantially overes-
timated. As a result, the description of the magnetiza-
tion12, the temperature of the α-γ transition19, and the
phonon spectra20 was provided in units of the calculated
Curie temperature. The overestimation of the Curie tem-
perature mainly comes from the DMFT part and is due
to using the approximate (density-density) form of the
Coulomb interaction16,17 and neglecting nonlocal corre-
lations in DMFT.

To solve the former problem, we apply in the present
study the spin-rotationally-invariant DMFT approach17.
Although the nonlocal corrections to DMFT can be taken
into account using, e.g., the dynamic vertex approxima-
tion21, the dual fermion approach22, or cluster meth-
ods23, these approaches are too computationally expen-
sive to be applied to real multiorbital compounds at the
moment.

For iron, the nonlocal degrees of freedom can be de-
scribed within the effective Heisenberg model, which was
combined previously with DFT approaches in Refs. 6–
9. However, a derivation of this model from microscopic
principles, and its combination with a treatment of local
correlations within LDA+DMFT was not considered pre-
viously. In the present paper we address the microscopic
derivation of an effective Heisenberg model in the pres-
ence of local moments and calculate the nonlocal correc-
tion to the energy of the α phase near the magnetic phase
transition. We show that this correction is crucially im-
portant to compare the energies of α and γ phases near
the structural phase transition without adjustable pa-
rameters.

Let us turn first to the LDA+DMFT part. We per-
formed DFT calculations using the full-potential lin-
earized augmented plane-wave method implemented in
the ELK code supplemented by the Wannier func-
tion projection procedure (Exciting-plus code24). The
Perdew-Burke-Ernzerhof form25 of GGA was considered.
The calculations were carried out with the experimental
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lattice constant a = 2.91 Å for the α phase in the vicin-
ity of the α-γ transition26. The lattice constant for the
γ phase was set to keep the experimental volume of the
unit cell for the α phase. The integration in the reciprocal
space was performed using an 18×18×18 k-point mesh.
The convergence threshold for the total energy was set
to 10−6 Ry. From the converged DFT results we con-
structed effective Hamiltonians in the basis of Wannier
functions, which were built as a projection of the original
Kohn-Sham states to site-centered localized functions as
described in Ref. 27, considering spd states. This differ-
entiates the present approach from that of Ref. 19, where
only sd states were taken into account. The difference of
DFT total energies obtained in our non-magnetic calcu-
lations for α and γ phases is 0.280 eV/at in agreement
with previous DFT studies19,28,29 resulting in values from
0.24 to 0.3 eV/at.
The effect of local correlations is considered within the

DMFT approach of Ref. 17, applied to the Hamiltonian

ĤDMFT = ĤWF
DFT + ĤCoul − ĤDC, (1)

where ĤWF
DFT is the effective Hamiltonian in the basis of

Wannier functions constructed for states near the Fermi
level, ĤCoul is the on-site Coulomb interaction Hamilto-
nian, and ĤDC is the double-counting correction. This
correction was considered in the fully localized limit and
had the form ĤDC = Ū(nd

DMFT − 1/2), where nd
DMFT is

the number of d electrons in DMFT, and Ū is the av-
erage Coulomb interaction in the d shell. We choose
the on-site Coulomb and Hund interaction parameters
U ≡ F 0 = 4 eV and JS ≡ (F 2 + F 4)/14 = 0.9 eV, where
F 0, F 2, and F 4 are the Slater integrals as obtained
in Ref. 30 by the constrained density functional theory
(cDFT) in the basis of spd Wannier functions.
From the uniform magnetic susceptibility of the

α phase, we extracted the effective local mo-
ment µ2

eff,α = 2.7µ2
B and the Curie temperature

Tα,DMFT
C = 1400 K in agreement with a previous

study17. As in this study, we expect that the Curie tem-
perature is weakly dependent on Hubbard U and is more
sensitive to the Hund’s coupling. The DMFT results for
the energies are shown in Fig. 1. One can see that the
energy of the α phase strongly increases with decreasing
temperature. Looking at the partial contributions from
kinetic and potential energies, one can see that the
increase of the energy of the α phase with decreasing T
is due to the strong increase of the kinetic energy, while
the potential energy expectedly decreases, reflecting the
increase of instantaneous magnetic moment 〈S2

i,α〉 (Ref.
14). Although the energy of the γ phase also increases
with decreasing T , it saturates in the temperature
range 1000 − 1500 K. Moreover, inspection of kinetic
and potential energies shows the opposite tendencies to
those in the α phase: the mentioned increase of total
energy upon cooling is provided by a strong increase
of the potential energy, and a weaker decrease of the
kinetic energy. The increase of potential energy reflects
a decrease of instantaneous moment 〈S2

i,γ〉 (Ref. 14),

1000 1500 2000 2500 3000
T, K

-0.04

0

0.04

0.08

E
, 
eV

E

E

T
С

DMFT

E pot

E kin

E pot

E kin

FIG. 1: (Color online) Temperature dependence of total (solid
lines), kinetic (dashed lines), and Coulomb (dot-dashed lines)
energies per atom obtained by LDA+DMFT for the α (red
curves, circles), and the γ (blue curves, triangles) phases of
iron. The potential and kinetic energies of the α(γ) phase are
shifted by ±Eα(γ),kin(T = 2900K) for better view.

and, compared to the opposite tendency of the α phase,
provides a mechanism of stabilization of the α phase
at low T . However, this mechanism is not the only
contribution, and at the level of DMFT the γ phase is
”protected” by the respective decrease in kinetic energy
in the γ phase and its increase in the α phase.
Non-local corrections. To calculate the nonlocal correc-

tions to the Curie temperature and the energy of the α
phase, we treat the effect of local moments on the energy
within the spin-fermion model of Ref. 15, supplemented
by a soft spin constraint,

S =
∑

ii′,νnσll′

c†ilσ(iνn)
[

iνnδii′δll′ +Hii′

ll′ − Σll′(iνn)
]

× ci′l′σ(iνn) +
1

2

∑

i,ωn

χ−1
S (iωn)Si(iωn)Si(−iωn)

+ 2JK
∑

i,ωn

Si(iωn)si(−iωn) +
1

4

∑

i,ωn,ω′

n

λ(iωn) (2)

×
{

[Si(iωn)Si(−iωn + iω′
n)]

2 − δω′

n
,0〈|Si(iωn)|

2〉2
}

,

where i, l are site and orbital indices, H = HWF
DFT,

Σll′ are the DMFT self-energies, Si corresponds to the
spin of the local-moment degrees of freedom, si =
∑

lσσ′ c
†
ilσσσσ′cilσ′ to the spin of itinerant degrees of

freedom, and σ are the Pauli matrices. The first and
second lines in Eq. (2) describe the propagation of
itinerant electrons and the dynamics of the local mo-
ments, the third line corresponds to their interaction
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via Hund exchange JK ≃ (5/7)JS in Kanamori pa-
rameterization, and the fourth line adds a spin con-
straint on the local moments, which restricts the size
of the moment. This model can be considered as a
simplified version of the multiorbital model, studied by
LDA+DMFT, where the major effect of correlations –
formation of the local moments – is incorporated in the
local variables S. The bare local moment propagator
χ−1
S (iωn) = 4µ2

Bχ
−1
loc(iωn) + (JK/µB)

2χirr was obtained
in Ref. 15; χloc(iωn) is the dynamic local susceptibil-
ity and χirr ≈ 2µ2

B/eV is the static local two-particle
irreducible susceptibility in the α phase. Decoupling the
four-spin interaction in the soft constraint part in Eq. (2)
within bosonic mean-field theory (which implies neglect-
ing critical fluctuations near Tα

C ), we obtain:

S =
1

2

∑

i,ωn

{

[χ−1
S (iωn) + Λ(T, iωn)]Si(iωn)Si(−iωn) (3)

− Λ(T, iωn)〈|Si(iωn)|
2〉
}

+ 2JK
∑

i,ωn

Si(iωn)si(−iωn)

+
∑

ii′,νnσll′

c†ilσ(iνn)
[

iνnδii′δll′ +Hii′

ll′ − Σll′(iνn)
]

ci′l′σ(iνn),

where Λ(T, iωn) = λ(iωn)〈|Si(iωn)|
2〉. In the second order

in JK we find the corresponding effective model for spin
degrees of freedom (cf. Ref. 15)

Seff =
1

2

∑

q,ωn

[

χ−1(q, iωn)Sq(iωn)S−q(−iωn)

−Λ(T, iωn)〈|Sq(iωn)|
2〉
]

, (4)

where

χ−1(q, iωn) = 4µ2
Bχ

−1
loc(iωn) + Λ(T, iωn)− Jq, (5)

Jq = (JK/µB)
2(χirr

q
− χirr) is the exchange interaction,

χirr
q

is the static two-particle irreducible susceptibility,
which can be calculated as a bubble, constructed from
itinerant Green functions15. The determination of the
function Λ(T, iωn) is a rather complicated problem, since
it requires knowledge of the 〈S2〉2 interaction potential
in Eq. (2). We fix its static component by the equality
of the obtained static part of the on-site spin correlation
function to that, obtained in DMFT µ2

eff,α = 3Tχloc(0);
the latter is found to be almost temperature independent
(contrary to the instantaneous moment 〈S2

i 〉) in a broad
temperature range14. The corresponding condition reads

3T
∑

q

1

λ0 − Jq
=

µ2
eff,α

4µ2
B

, (6)

where λ0 = 4µ2
Bχ

−1
loc(0) + Λ(T, 0). The equation (6) is

analogous to the one, obtained in the (static) spherical
approximation to the classical Heisenberg model

HHeis = −
1

2

∑

ij

JijSiSj . (7)

Indeed, this model, treated in the spherical approxima-
tion, yields the action

S =
1

2

∑

q

(λ0 − Jq)|Sq|
2 −

λ0

2
〈S2

i 〉Heis (8)

and the corresponding condition, Eq. (6), with µ2
eff,α =

4µ2
B〈S

2
i 〉Heis. Equation (8) is also essentially equivalent

to the static limit of Eq. (4) up to the local contribution,
which does not depend on Sq.
The Curie temperature is determined by vanishing of

the gap of the paramagnon spectrum, and in the same
static approximation reads:

3Tα
C

∑

q

1

J0 − Jq
=

µ2
eff,α

4µ2
B

. (9)

In the following we assume the nearest-neighbor approxi-
mation Jq = 8J cos(qx/2) cos(qy/2) cos(qz/2), as justified
in Refs. 15,29. The exchange integral J can be extracted
from the Curie temperature without nonlocal corrections
(i.e. in DMFT, cf. Refs. 14,15),

Tα,DMFT
C =

J0
3

µ2
eff,α

4µ2
B

. (10)

Using this, we find Tα
C < Tα,DMFT

C and Λ(Tα
C , 0) =

3(2µB/µeff,α)
2(Tα,DMFT

C − Tα
C ) > 0. The corresponding
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FIG. 2: (Color online) Temperature dependence of total en-
ergies per atom of α (upper, red curve, circles) and γ (blue
curve, triangles) phases obtained by LDA+DMFT, and the
energy of the α phase with the nonlocal correction (middle,
magenta curve). Inset shows the nonlocal correction to the
energy of the α phase, ∆Eα = Eα −EDMFT

α , calculated from
Eq. (11).
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nonlocal contribution to the energy of the α phase is ob-
tained from the Eq. (4) in the static approximation or
from Eq. (8),

Eα = EDMFT
α −

3T

2

∑

q

Jq
λ0 − Jq

= EDMFT
α −

Λ(T, 0)

2

µ2
eff,α

4µ2
B

. (11)

Since 0 < Λ(T, 0) < Λ(Tα
C , 0) at T > Tα

C , the obtained
correction is negative, decreasing the energy; the decrease
is maximal at Tα

C .
In principle, the same calculation could be applied to

obtain the nonlocal correction to the energy of the γ
phase. However, since the corresponding Neel temper-
ature is much lower, than Tα

C (see, e.g., Ref. 14), and
pronounced corrections are obtained only in the vicinity
of the magnetic transition temperature, we do not expect
a substantial correction in that case.
Using Eq. (10) we find J0 = 0.20 eV, which is close

to the estimates of Refs. 29 and 15. The corresponding
Curie temperature with account of nonlocal correlations
Tα
C = 1005 K is in a good agreement with the experi-

mental data. The resulting temperature dependence of
the energy of the α phase is shown in Fig. 2, together
with the energies of α and γ phases, obtained in DMFT.
One can see, that the obtained nonlocal correction to
the energy of the α phase compensates the increase of
its kinetic energy upon cooling and makes the energies
of α and γ phases very close in the vicinity of the α-γ
transition. This demonstrates from one side, that the
non–local corrections are crucially important for the de-
scription of this transition, and from the other side, the
proposed methods are capable of describing adequately
the effect of nonlocal correlations. The description of
the alpha-gamma transition can be further improved by,
e.g., using a more advanced rotationally-invariant quan-
tum impurity solver than in our study (see, e.g., Ref.
16). Another improvement can be made by considering
free energies. However, at the moment such calculations
are too computationally expensive and beyond the scope
of the present paper.
We note that our results considerably differ from those

of Leonov et al.19, where the α-γ transition was captured

by LDA+DMFT with density-density interaction in units
of the overestimated Curie temperature (1600 K). Aside
from using the rotationally-invariant interaction and con-
sidering the absolute temperature dependencies, there
are some computational details that differ in our study.
In particular, (i) we use the all-electron full-potential
LAPW method implemented in the ELK code result-
ing in a difference of DFT total energies of 0.280 eV,
while Leonov et al. used the pseudopotential Quantum
ESPRESSO package leading to 0.244 eV. (ii) We use the
spd Wannier function basis, while only sd states were in-
cluded by Leonov et al. (iii) We use Hubbard U = 4 eV,
while a much smaller value U = 1.8 eV was employed by
Leonov et al.

Within the above-mentioned methods we found the en-
ergy of the γ phase to be at least 0.044 eV below the α
phase in the paramagnetic region for the density-density
interaction, yielding a Curie temperature∼2150 K, which
is larger than the 1600 K value obtained by Leonov et al.

and is close to 1900 K obtained by Lichtenstein et al.12

Previous LDA+DMFT studies of iron indicated that the
Curie temperature is weakly dependent on Hubbard U
(Ref. 30). Therefore we expect that this discrepancy is
mainly due to different Wanner function basis. This is
supported by the fact that the DMFT calculations by
Lichtenstein et al. were performed with 3d, 4s, and 4p
states included in the basis set (not Wannier functions).
Since the total energy is a subtle quantity, we suppose
that the discrepancy between our and Leonov et al. re-
sults can be further influenced by the above mentioned
computational differences (i)-(iii), but consider our cal-
culation to be more accurate in these respects. To shed
light on this point, further studies are required.

In conclusion, we have presented a method to eval-
uate the nonlocal correction to the Curie temperature
and energy, obtained in DMFT in the presence of local
moments by deriving the spherical approximation results
for the effective Heisenberg model from the spin-fermion
model. We have shown that the obtained results yield
the energies of α and γ phases, which are very close in
the vicinity of the α-γ transition, which is necessary to
describe the structural phase transition in iron.

The work was supported by the grant of the Russian
Science Foundation (project no. 14-22-00004).
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