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As first demonstrated by Tang and Cohen in chiral optics, the asymmetry in the rate of electro-
magnetic energy absorption between left and right enantiomers is determined by an optical chirality
density ﬂ] Here, we demonstrate that this effect can exist in magnetic spin systems. By con-
structing a formal analogy with electrodynamics, we show that in antiferromagnets with broken
chiral symmetry the asymmetry in local spin-wave energy absorption is proportional to a spin-wave
chirality density, which is a direct counterpart of optical zilch. We propose that injection of a pure
spin current into an antiferromagnet may serve as a chiral symmetry breaking mechanism, since its
effect in the spin-wave approximation can be expressed in terms of additional Lifshitz invariants.
We use linear response theory to show that the spin current induces a nonequilibrium spin-wave

chirality density.

Introduction. — Chirality describes mirror image sym-
metry or the lack thereof. E] Circularly polarized light
provides a simple example. It has been known for a long
time that when circularly polarized light interacts with a
chiral molecule, the excitation rate is different for left and
right polarizations, leading to remarkable effects such as
natural optical activity and circular dichroism E] After
Lipkin’s discovery of a chirality conservation law for the
electromagnetic Maxwell’s equations [4], it was realized
that the electromagnetic field can be characterized by
a locally conserving chirality density that is odd under
spatial inversion (P) and even under time reversal (7))
transformations. These symmetry properties are consis-
tent with Barron’s proposal of true chiralit ﬂﬂ] that gen-
eralized the original definition by Kelvin EU]

Tang and Cohen realized that in local light-matter
interactions of structured electromagnetic fields inside
materials with broken chiral symmetry, electromagnetic
chirality determines the asymmetry in the electromag-
netic energy absorption rate @] Later, Bliokh and Nori
demonstrated that chirality density in ﬂ] is directly re-
lated to polarization helicity and energy density ﬂa] Fur-
ther progress in understanding mutual relations between
optical helicity, duality symmetry, and spin angular mo-
mentum of light was developed in Refs. ﬂ?@] These dis-
coveries paved the way for possible practical applications
of chiral electromagnetic fields in optics and plasmonics

|. The purpose of this Letter is to demonstrate that
this effect can be found in some magnetic spin systems.
We consider the example of an antiferromagnetic mate-
rial whose magnetic excitations — know as spin waves —
can display some key properties analogous to optical light

[15).

Spin dynamics in antiferromagnets attracted consider-
able attention recently | from the perspective of
spintronics ]. In this respect, non-centrosymmetric
antiferromagnets are especially interesting. Lack of the

inversion symmetry lifts the degeneracy between left and
right polarized spin waves inside such materials mak-
ing possible the observation of magnonic Nernst effects
@, @] or development of spin-wave field effect transistor
devices ﬂﬁ] Recently, an antiferromagnetic version of a
chiral magnetic effect was proposed ﬂ%] thus establish-
ing a link between antiferromagnets and Weyl semimetals
b

In this Letter, we examine the dynamics of antifer-
romagnetic spin-wave excitations and draw analogy with
electrodynamics. This allows us to generalize the method
of nongeometric symmetries, originally developed for the
free electromagnetic field [39], to antiferromagnetic spin
waves. Using this method, we find a conserving pseu-
doscalar, which is equivalent to Lipkin’s zilch M] in anti-
ferromagnetic materials, and which we propose as a mea-
sure of chirality for spin-wave excitations.

In order to observe spin-wave chirality related effects,
the chiral symmetry inside the material itself must be
broken. One possibility for such symmetry breaking is to
consider antiferromagnets with nonzero Lifshitz invari-
ants M] Another way, proposed in this Letter, is to
inject a pure spin current, which lifts the P-symmetry,
at the same time, keeping the 7-symmetry unbroken. As
we discuss below, the effect of spin current in the linear
regime can be effectively expressed in terms of induced
Lifshitz invariants in the spin-wave energy. We demon-
strate that in such antiferromagnets with spin current
driven chirality, spin wave chirality plays a role similar to
electromagnetic chirality ﬂ] determining the asymmetry
in the spin-wave energy absorption rate with respect to
spin current direction. We also show that on a quantum
level our spin-wave chiralty is proportional to the differ-
ence between left and right polarized magnon numbers,
and propose a linear response theory for the spin-current
induced non-equilibrium magnon chirality density.

Nongeometric symmetries. — We consider dissipative
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magnetization dynamics in a uniaxial antiferromagnet
described by the semiclassical Landau-Lifshitz-Gilbert
equation

M; = yM; x H™ —nM; x M;, (1)

where v is a gyromagnetic ratio, M; denotes the mag-
netization for the ith sublattice (i = 1,2), the effective
fields HS = —§W/SM; are determined by the mag-
netic energy functional W, and 7 is the Gilbert damping
coefficient. The energy dissipation is described by the
Rayleigh dissipation function

fg/d% (Mf +M§), 2)

W =

where 1/~ > 0 [15].
In what follows, we consider a general form of the mag-

netic energy

W = /d37’ |:’LUa + ng . M2 + O;] V.Z\Jz . VMJ:| 5 (3)
where § and «;; are the exchange parameters, and w, =
—(8/2) [(My - n)? + (M3 - n)?] corresponds to the uni-
axial anisotropy energy density, where n is the unit vec-
tor along the anisotropy axis. In what follows, we take
a;; = o for i = j, and ay; = o otherwise. For g > 0,
w, stabilizes uniform antiferromagnetic ordering with
M, = —M, parallel to n [15)].

In the spin-wave approximation, the equations of mo-
tion are linearized by taking M;(t,r) = (—1)""1Mn +
m;(t,7), where M, is the saturation magnetization.
Transforming to the momentum space m;(t,r) =
[ &®pexp(ipr)m;(t,p) and keeping only linear terms in
the complex m = mj+msy and I = M1 — My, We express
the equations of motions in the following form

m = —¢/(p)n x L+ nn x1, @)

l=—cn(p)n x m+nn x m,

where €, (p) = YM,(6+ B+ (a+a/)p?), ei(p) = vMs(B+
(a — a')p?), and p is the spin-wave wave vector.

For symmetry analysis of Eqs. (@), it is convenient to
use an analogue of the Silberstein-Bateman representa-
tion of the Maxwell’s equations HE] For this purpose, we
combine 7 and [ into the six-component vector o(t,p) =
(m(t, p),1(t,p))T. The equation of motion for ¢(t, p) can
be written in the matrix form i0:¢(t, p) = Heo(t, p) with

_ —El(P)(S"n)
%(em@xé-n) 0 ) )

where for the symmetry analysis we omitted the damp-
ing terms. We introduce the spin-1 matrices (Sa)lgV =
—i€apy where €, is the Levi-Civita symbol («, 3,7 =
x,y,z). Although H is not Hermitian, it can be eas-
ily symmetrized by applying the momentum-dependent

variable change ¢ = N ¢, where N' = diag(s;fp, 61_1/2)
, @] After this transformation, the equation of mo-
tion acquires a Schroedinger-like form

i0:¢(t, p) = Hod(t,p), (6)

where the Hermitian matrix Ho is given by the Cartesian
product Ho = —\/emgior ® (5' -m), where o7 is the Pauli
matrix.

Equation (@) has the form similar to the Silberstein-
Bateman representation of the Maxwell’s equations in
dispersive medium @] Transformation to the electro-
dynamics is reached by replacing ¢ with ¢en = (E, B)T,
composed from the electric and magnetic field, and Hg
with Hem = —(y/21) o2 ® (S - p), where £(p) and u(p)
are the permittivity and permeability of the medium.
Notably, Ho and Hen share similar algebraic structure.
The difference between them is related to their transfor-
mation properties under 7 and P symmetries @]

The analogy between spin-wave dynamics and electro-
dynamics allows us to generalize the symmetry analysis
of Maxwell’s equations to antiferromagnetic spin waves.
Similar to electrodynamics @], the equations of motion
(@) are invariant under the eight-dimensional algebra of
nongeometric symmetries @] The basis elements of this
algebra are given by Q1 = ios ® (S' . n)ﬁ, Q=01 ® f,
Q3 =035®(S-n)D, Q4 =ioco @D, Q5 = 00 ® (S - n),
Qs =030D, Oy =0o®1, and Qs = 01®(,§’~n), where
D =2[(S-n.)?—In%]/n? — (S n)%, ni = (n1,n2,0),
Iy = diag(0,0,1), o9 and I denote two- and three-
dimensional unit matrices respectively HE]

Some basis elements have clear interpretation. For ex-
ample, Qg, which is proportional to H = iJ;, represents
the symmetry with respect to taking the time deriva-
tive. Qs plays a role similar to the duality transforma-
tions of the electromagnetic field @, ] It generates
a continuous symmetry transformation m — m cosh 6 +
\/sl/smisinhﬁ and I — [coshf + em/eimsinh @ for
any real parameter 6.

Spin-wave chirality conservation law. — From the
existence of symmetry transformations, we can estab-
lish various conservation laws, which can be conveniently
written in terms of bilinear forms

_ 1!

Ca 3

/ Bpo' (t,p)pQad(t, p), (7)

where p = (N"1TAN ™1 is the measure that takes into
account non-Hermitian character of H @]

Since the rotation symmetry with respect to n-
direction is unbroken, we can introduce spin-wave chi-
rality conservation, associated with conservation of the
operator p, Qs in Eq. (), where p,, = p - n is the spin-
wave momentum component along n. The explicit form
of this conservation law in the momentum space is given



by
Cx = %/dgp [Em(p)ﬁl*
(8)

This relation is an analog of the Lipkin’s zilch M] The
corresponding real space spin-wave chirality density can
be written as
py(t,r) = % (l’ -V,m 4 m - an) : (9)
where V,, = n - V. In this case, the total chirality is ob-
tained by taking the volume integral C\, = [ d®rp, (¢, 7).
In order to clarify the physical meaning of the spin-
wave chirality in Eqgs. (8 [), we rewrite these equations
in terms of magnon operators. By applying the Holstein-
Primakoff transformation ﬂﬁ] for sublattice magnetiza-
tionsM(Jr) v2Mga, M(f) V2Mat, M7 = M,—ata
and M (+) _ = V2T, M( ) = VMLb, Mi = —M,+b'b,
where a and b are bosomc operators, combined with the
Bogolyubov’s rotation ap, = arp cosh 6 — aL sinh 0, and
b, = ak_,cosh® — ay,sinh6 with fanh 6 — (em —
)/(sm + & + 2,/eme), the total magnon Hamiltonian
can be written in terms of left (L) and right (R) polarized
magnon number operators

- 1
H= 3 pr (aipaLp + aLpaRp) , (10)
P

where the energy dispersion wp = \/&;/(p)em(p) is dou-
bly degenerated with respect to polarization directions
ﬂﬁ] In terms of arp and agrp, Cy is determined by the
difference in numbers of L- and R-polarized magnons

Cy,=2 anwp (a}:paLp - a}L{paRp) . (11)
P

Similar expression for optical helicity and Lipkin’s zilch
1“% %m@ of the hoton numbers is known for a long time

K Y

Chiral symmetry breaking. — At this point, we have
established a chirality conservation law for spin waves
in antiferromagnets. We now discuss consequences and
potential for observation and application.

We note that (' is odd under both transformations,
P and exchange of sublattices my <> mgy (M). There-
fore, to observe spin-wave chirality related effects, these
symmetries should be broken inside the material. To
break the inversion symmetry, we may try to exploit the
Doppler shift of spin waves, which is formally reached by
replacement 0y — J; — v, - V in the equations of motion,
where v, is the velocity of the moving frame M] This ef-
fect was observed in ferromagnetic metals under applied
spin-polarized current [55], and was proposed for antifer-
romagnets [20]. However, pure Doppler shift does not lift
the degeneracy between L- and R-polarized modes @],
and, therefore, cannot induce chirality (see Fig. [Th).

(P x ) +2(p)l” - (P x D)

+vs
<—H4”"71<W» M1

~Z\

Figure 1. (color online) a) Schematic picture of the Doppler
shift for spin waves with the energy dispersion w = ¢sp. Both
L- and R-polarized magnon modes shift in the same direction.
b) Antiparallel Doppler shifts for L- and R-modes lift the de-
generacy with respect to polarization. ¢) Magnetizations M,
and M> boosted in the opposite directions by spin current in-
jection along m; d) Possible experimental realization: charge
current J. is converted into pure spin current .Js in the mate-
rial with large 6su (Pt) and injected into the antiferromagnet
(AF) across the interface.

To create chirality, we propose to realize two different
Doppler shifts for L- and R-polarized magnons in the op-
posite directions, as schematically shown in Fig[Ib, which
also breaks M-symmetry. Below, we consider how this
situation can be experimentally realized. Here, we only
note that, formally, this can be achieved by two antipar-
allel Galilean boosts for M7 and M, sublattice magne-
tizations (see Fig[Ik), which correspond to the transfor-
mation 0y — 0 F vsV, in Eq. (dl), where upper (lower)
sign is for My (M3), and we take v, parallel to n.

Applying the transformation d; — 9, F vsV, to the
energy absorption rate in Eq. (2)), we find that for spin-
waves traveling in such medium, W splits into symmetric
and asymmetric parts under P and M. The latter part
is proportional to the spin-wave chirality

. 2nvs / 3
W, = d’r
= (n

2nvg

. Vnml — mg . Van) = CX'

(12)
This result is the magnetic counterpart of the effect first
demonstrated in optics by Tang and Cohen @]

FEzxperimental realization. — How experimentally real-
ize the antiparallel Galilean boosts for M7 and Ms? For
this purpose, we invoke the spin-transfer torque (STT)
mechanism [32].

We consider pure spin current injected into the an-



tiferromagnet along the n-direction (see Fig. [[ld). The
existence of spin current means that a portion of sy-
electrons is flowing into the positive direction with the
velocity vs, while an equal amount of s|-electrons drifts
in the opposite directions with —wv,. If the entire an-
tiferromagnet is in the exchange dominant regime ﬂﬁ],
intersublattice electron dynamics can be neglected and
st (sy) electrons couple only to the My (Ms) sublat-
tice. In this case, these two sorts of electrons are able
to produce an adiabatic STT onto M; and M5 point-
ing in the opposite directions via the Zhang-Li mech-
anism ﬂﬁ] In particular, sy-electron flow produces
the torque T; = M;72M; x My x (vs - V)M acting
on M, while at the same time s -electrons produce
Ty = —M;72M>y x My x (vs- V) My acting on My, where
vs = upjs/(eMy) is proportional to the spin current den-
sity Js (in electric units).

The spin current can be either injected from the metal
with large spin-Hall angle 0sp (= 0.1 in Pt), or created
inside metallic antiferromagnet with intrinsic spin-Hall
effect (e.g. Osm =~ 0.06 in PtMn ﬂﬂ]) To estimate vy, we
take js = Osuje with j. = 1012 A/m? being the charge
current density previously used to observe STT effects in
ferromagnets ,@] For Ogi = 0.1, and M, = 3.5 x 10°
A/m, we obtain vs = 33 m/s. We use this value below.

The effect of T; and F5 on the spin-wave spectrum
is equivalent the Doppler shifts of L- and R-polarized
modes in the opposite directions, as schematically shown
in Figlb ﬂﬂ] Spin current injection lifts the degeneracy
with respect to helicity and turns the antiferromagnet
into chiral material with magnonic optical activity and
circular dichroism. The characteristic length scale of the
dichroism in a typical antiferromagnetic insulator with
linearly dispersing spin waves wyp = c,p can be estimated
as lcp = ¢2/(nusw) ~ 5 mm, where we take the spin-
wave velocity ¢ = 10 km/s, n = 1074, and frequency
w/2m =1 THz.

In the spin-wave approximation, the effect of adiabatic
STT can be effectively described by the following Lifshitz
invariants in the spin-wave energy

Hpy = %/dST[ml (Vn xmi) +mz - (Vy, x ma)].

(13)
In the lattice-model language, this expression corre-
sponds to the monoaxial Dzyaloshinskii-Moriya (DM) in-
teraction between the next nearest neighboring sites with
effective strength Deg = h2yv,/(Mga*), which can be es-
timated as hvs/a ~ 0.5 K for j. = 102 A/m?, where a
is the lattice constant. This situation partly resembles
spin-current-induced DM in ferromagnets with Rashba
coupling [59]. Recently, next-nearest-neighboring DM in-
teractions attracted attention in view of the magnonic
Nernst effect in antiferromagnets [34, [35).

Linear response. — The amount of spin-wave chirality
induced by the spin-current, can be estimated using the

linear response theory. For this purpose, we treat Hpu
as a perturbation to the magnon Hamiltonian in Eq. (I0J).
The spin-wave chirality density can be calculated using
the Kubo formula [60]

(py) = —i / ; av'e=* =0 (), Hou(@)] ), (14)

where the average is taken with the equilibrium density
matrix po = exp(—H/kgT), s — 07, and the operators
Py and I:IDM are obtained from Egs. and (I3) by the
Holstein-Primakoff transformation @?D

Straightforward calculations show that the total spin
current induced chirality at the temperature T is ob-
tained as follows [47]

=203 S22 en(p) +alp),  (15)

where n, = (exp(wp/kpT) — 1)71 is the equilibrium
magnon distribution. For linearly dispersing magnons,
this expression can be integrated explicitly, providing
Cy = 4mvshQex (kpT)*/(45¢2), where Qex = YM6 is
the exchange frequency.

To characterize the asymmetry created by the spin
current, we propose to normalize the induced chirality
in Eq. (I5) on the total contribution to C) from the
magnons with positive chirality at the thermal equilib-
rium Cy =37 wppn<a£paLp + a};fpaRﬂ). Without
spin current, this amount of chirality is compensated by
exactly the same number of magnons with negative chi-
rality providing Cy, = 0. Therefore, we can introduce
a dimensionless parameter g = C/C, that can be in-
terpreted as an amount of degeneracy lifted by the spin
current. For magnons with linear dispersion, we can es-
timate this quantity as [47]

Vs M dox

= k—
g Cgs kBT’

(16)

where k ~ 0.69. In a typical antiferromagnetic insulator
with ¢; = 10 kmm/s, and Qe /27 = 10 THz, we estimate
g ~ 0.3% at room temperatures for j. = 102 A /m?.

Summary. — The symmetry analysis for spin-wave dy-
namics in antiferromagnets has been developed by draw-
ing an analogy with the Maxwell’s equations. The con-
servation law for the spin-wave chirality has been estab-
lished. This quantity, which is determined by the differ-
ence in numbers of left- and right-polarized magnons, is
directly related to the Lipkin’s zilch in electrodynamics
[4]. In this respect, we would like to mention Refs. [6, [7]
relevant to recent discussions of magnon spin current
@, 31, B35, @] We also note that our symmetry ap-
proach has a potential extension to coupled magneto-
optical excitations in antiferromagnets ﬂd])

Pure spin current in antiferromagnets can lift the de-
generacy with respect to polarization. In this situa-
tion, spin-wave chirality determines the asymmetry in



the spin-wave energy absorption rate, similar to its twin
optical effect ﬂ] The efficiency of the spin current is
determined by the ratio vs/cs, which can reach 1073 for
current densities j. = 1011-10'2 A/m?. Such current
densities were previously used to observe the Doppler
shift of spin waves in ferromagnets @] The experiments
can be probed in thin-film interfaces of antiferromagnetic
insulator /non-magnetic metal (for example, spin current
generated by the spin-Hall effect across Pt/NiO interface
was used in Ref. [62]), or in metallic antiferromagnets
with intrinsic spin-Hall effect [57, [63].
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Invariance algebra

In order to construct the invariance algebra of nongeometric symmetries for spin-dynamics, we diagonalize H in
the equation of motion

Zatgg(tap) = %Oﬂg(t,p), HO = —VEmEl01 & (S ' n)a (1)
by a unitary transformation U = Uy ® Uy that combines rotation in the tree-dimensional space

ning + ing ning — ing

n
\/inj_. \/§nJﬁ !
UA . NaN3 — 1M1 MN2M3 + 1N n (2)
- - 2 9
V2n) V2n,
ny ni
= N3

V2 V2

where n; = (n? + n2)"/2, which diagonalizes (S - m), with the SU(2) rotation in the sublattice pseudo-space U =
(00 +i02)/V/2, leading to the diagonal form

7:[ = UTHOU =V Em(p)El(p)O'g ® A = diag(—wp, Wp, Oa Wp, —Wp, 0)5 (3)

where A = diag(—1,1,0). Similar to the free electromagnetic field @], this form suggests the existence of the eight-
dimensional Lie algebra of local symmetry transformations in the momentums space, Q4(p) (A =1,...8), which map
a solution ¢(t,p) of the equations of motion () into another solution ¢'(t,p) = Qad(t,p). These transformations
can be derived using a method developed in Refs. @, @]

We can briefly summarize this method as follows. We have to find all the matrices Q4(p) commutative with H,.
The problem is alleviated in the local frame (]3 = (NU)"1¢p. In the local frame, it is straight forward to verify (see
e. g. Ref. @]) that all transformations, which preserve the conditions 7-m = -1 = 0, and commute with Ho, have
the following eight-parametric form

1 0 0 0 g5 0

0 g2 0 ga 0 O

~ 0O 0 0 0 0 O
— 4
QA 0 442 0 qa4 0 O ( )

gs1 0 0 0 g¢55 0

0o 0 0 0 0 0

The basic elements in the linear space of Q4 can be chosen as follows. First, we identify the four-parametric
commutative subalgebra of diagonal matrices

Q22—03®f\2, Q5=00®A, Q7200®A2, Og = —03 @ A. (5)
Second, it is easy to see that all the non-diagonal matrices can be parametrized in a similar way
Ql :i02®AD, Qg =01 ®AD, Q4 =01 ®A2D, Qs :i02®A2D, (6)

where o denotes 2 X 2 unit matrix, o; (i = 1,2,3) are the Pauli matrices, and

010

D=[100]. (7)
000

The algebraic structure of Q4 (A=1,...,8) becomes clear if we notice that the matrices D, iAD, and —A form the

Clifford algebra isomorphic to that of 1, 02, and o3. The resulting eight-dimensional algebra of Q4 is isomorphic to
U@2) 2 U(?2) [39).



Transforming back to the original basis Q4 = U Q AU T, we obtain the basic set

9 :ag®(§ n)D Q=0®I, (8)
Q3 =03 (S n)D, Qi=02® D, 9)
Q5:UO®( n), Qs=030D (10)
Qr=00®1, Qs =01® (S n), (11)

where D = UADU}; =2[(S-mny)?— Izn2]/n% — (S -n)% ny = (n1,n2,0), and I3 = diag(0,0,1). B
All the matrices Qa (A =1,...8) commute with o, and transform a solution of the equations of motion ¢(t, p),
into another solution ¢(t,p) — &' (t,p) = Qad(t, p).

Spin-wave chirality quantization

We now derive a quantum expression for the spin-wave chirality. For this purpose, we apply Holstein-Primakoff
transformation to the sublattice magnetizations ﬂﬁ, Li_l']

M, ):\/2M a(t,r), M (t,r)=2Mual(t,r), Mi(t,r)= M, —al(t,r)a(t,r), (12)
MSP (t,7) = VMt 7), M7t r) = 2Mb(t, ), ME(t,r) = —M, + b (¢, 7)b(t, 7), (13)

where Mi(i) = M,+iM, (i =1,2), and a(t, r) and b(¢, ) denote boson operators, which satisfy standard commutation
relations

[a(t,r),a’(t, 7] =6(r — '), [a(t,r),a(t,r)] = [a(t,7),al(t,r")] =0, (15)
[b(t,r), bl (t,7")] = 6(r — '), [b(t,7),b(t, )] = [b(t,7),b (t,7')] =0, (16)
[a(t,r),bT(t,7")] = [a(t,7),b(t,7")] = 0, (17)

By applying the Fourier transformation
a(t,r) \/_ Z Py, b(t,T) \/_ Z PThy, (18)

where V' is the total volume of the system, we can express the total energy

Q5

5 VM- VMj) : (19)

W:/d3r(wa+gM1-M2+

in terms the Hamiltonian

—_

= Z { Em + €1) +bhbp) + (Em — 1) (apb— + anT—P)} (20)

[\

The diagonal form of the Hamiltonian is reached by the Bogolyubov’s transformation
ap = UpQlp — vpﬁip, bT_p = —vpap + upﬁT_p, (21)
with real parameters

Em — &l

m T+ 2\/Em .
c ol Emel , vp =sinhf =
[(Em +e + 2‘/€m51)2 —(em — 51)2} [(Em +e+ 2./5m€l)2 —(em — 51)2

that satisfy the identity u% - vf, = 1, which warrants standard commutation rules for boson operators ay(t) and fp(t).

In terms of new operators, the Hamiltonian is given by

up = coshf = . (22)

1
2

N

H= % pr (aI,ozp + ﬂ;ﬂp) , (23)
p



where wp = \/em(p)e1(p).
In order to derive a quantum expression for the spin-wave chirality, we start with the following expression

Cy = Mt /d?’r (g - Vymy — 1y - Vyms), (24)

and apply the following expansion to the local magnetizations

m(t,r) =4/ ]\és Z (uap(t)eip'r + u*a;f,(t)e_ip"”) , (25)

ma(t,r) =4/ A‘{S Z (B*bp(t)e™ + ub;f,(t)e*ip”“) , (26)

where p = (1,—14,0)/v2 (u* = (1,4,0)/+/2) denotes the polarization vector with the helicity —1 (41). Using this
expansion, we obtain

Co =i o (ahap — apal+ 1 b~ bopdl ). (27)
p

By applying the Bogolyubov’s transformation in Eq. 1), the diagonal form is reached
Cyo =i v (ahop — abip — B8 + By (28)
P

By solving the elementary equations of motions for the boson operators &(t) = i[a, H] and 8(t) = i[8, H] with H
given by Eq. [23]), we obtain

G =23 puwp (N;P - N},m) : (29)

where N,(,L) = ajap and N,(,R) = f3}Bp. Note that the magnon number operator N,(,L) (N,(,R)) corresponds to the
magnon mode with left (right) helicity (see e.g. [34]).

Antiferromagnetic spin waves in the presence of a pure spin current

We consider an antiferromagnet under the exchange-dominant approximation @], where we can neglect intersub-
lattice electron dynamics. In this ase, spin-majority (spin-minority) electrons couple only to M; (Mz) sublattice.
Taking into account that spin-wave dynamics takes place at much longer wave length than that of the electrons, the
spin-transfer torque that the electrons exert onto the ith sublattice magnetization can be written in the Zhang-Li
form [56]

1 €
WMZ X (Mz X (’US . V)MZ) — Ms

S

Ti = — Mz X (’US . V).Z\JZ (30)

where the first (second) term is the (non)adiabatic torque, vy = up jgi) /(eMy) with jéi) being the spin-polarized
electron current coupled with the ith sublattice, and £ < 1 is a dimensionless parameter |28, @ We imply that a
pure electronic spin current is pumped into the antiferromagnet along the magnetic ordering direction n . This means

that the spin-polarized current ng) of spin-up electrons is flowing in the positive direction exerting the torque %7,

while the current jg“ =— jg) of spin-down electrons is flowing in the negative direction producing ¥y = —%;.
The equations of motion for sublattice magnetizations in the presence of the spin torques take the following form
Ml = ’yMl X Hleﬁ + 77M1 X M1 — %Ml X (Ml X Van) — f\ZSMl X Van, (31)
M2 = vyM> X HQEH + nMs X M2 + %MQ X (M2 X VnMg) + £vs M, x V,,Ms, (32)

S S
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where we use V,, = (n - V). By linearizing these equations and rewriting them in terms of m and ! in momentum
space, we obtain

m —n(n x1) = —(p)(n x 1) —ippvsn x (n x 1) — ip,vs(n x m), (33)
[—n(n x 1) = —e,(p)(n x M) — ipyvsn x (0 x M) — i€puvs(n x 1), (34)
where p, = (n - p).

Note that in the linear approximation, the adiabatic spin transfer torque contribution to the equations of motion
is equivalent to the existence of the following Lifshitz invariants in the energy density

wWpM = % (m1 . (Vn X m1) + mo - (Vn X mg)), (35)

where the parameter D corresponds to vg/(yMs).
Rewriting Eqs. (3] B4) in the matrix form and resolving them with respect to the time derivatives, we obtain

. <m> 1 (inam + (1= E)pavs(S - n) —puva(l+nE) — (S - ")> <m) : (36)

[) " 1402 \—pavs(L+1€) — em(S - m) iner +i(n — Epavs(S-n) ) \ 1

>

where we replaced (S n)? = I, since n-m = n-1 = 0. The matrix on the right hand side has the following nontrivial
eigenvalues

A= —i(n — Epnvs + Z.377(6”1 +e)— \/smsl - %Q(Em —e1)?2+ (1 +n8)?p2v2 — (1 + né)prvs(em + €1), (37)
Ao = —i(n — E)ppvs + Z%7(6771 +e) + \/smsl - %Q(Em — )2+ (1 +78)2p2v2 — (1 4+ n)prvs(em + &), (38)
A3 =i(n — E)pnvs + ig(sm +e)— \/smsl - UZQ(sm —e)2 4+ (1 +n8)2p2v2 + (1 4+ né)prvs(em + €1), (39)
A =i(n — &)pnvs + ig(sm +e1) + \/smsl - %Q(e:m — &) + (1 +n&)?p2v2 + (1 4+ n&)pnvs(em + €1). (40)

In order to clarify the physical meaning of these eigenmodes, let us make the following approximations. (i) We
neglect nonadiabatic spin transfer torque (£ = 0) and keep only leading order terms in n; (ii) we take the wave vector
along n, p = p,(iii) we approximate ¢, ~ yMs§ and g, = YM,(a — o')p?. In this case, for p > ps the system

accommodates two circularly polarized and linearly dispersing eigenmodes with the frequencies

wéﬂ =in(As — pvs) + ¢s[p — ps, 1)
WI(J_) = ZT](AS +p'l}s) + Cslp +p5|’ (42)

where ¢s = \/72M26(a — /)2 + v2 is the spin-wave velocity, Ay = yM;6/2 is the symmetric part of the spin-wave
damping, and ps = YMvsd/(2¢2).

Equations I} E2)) demonstrate that the effect of a pure spin current on spin-wave propagation is twofold. First,
the spin current lifts the degeneracy between of left and right polarized spin waves, which is given by the real parts of

wgi). This effect is analogous to optical activity of electromagnetic waves propagating in gyrotropic medium. Second,
it lifts the degeneracy in the damping of these waves that can be found from the imaginary parts of wgi), which can

be considered as a circular dichroism of spin waves. The characteristic length scale of the dichroism can be estimated
as lop = ¢/ (vsp) = ¢/ (nusw).

Linear response theory

We consider the emergence of spin-wave chirality density p, (r) as a response to spin current flow. The total magnon
Hamiltonian in the presence of the spin-current becomes H; = H + Hpy, where H is given by Eq. (Z3) and Hpm
takes into account the effect of adiabatic spin-transfer torques in Esq. (33 B4

Hpy = %/dsﬂ)s(r) [my-(V, xmi)+mg-(V, Xxmy). (43)
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Note that we have explicitly broken the translational symmetry by assuming r-dependence in vs to carry out all the
calculations at finite momentum g, taking ¢ — 0 limit at the end.
By applying the Holstein-Primakoff transformation, we obtain

2 dn
Hpm = Z ( nt ?) s(a) [b;Jrqb aiﬂrqal’} : (44)
Pq
Under the Bogolyubov’s transformations in Eqgs. (1)), this expression is transformed into

2 dn
Hpy = — Z ( n + ?) vs(q) [(Uerq“p + Up+qUp) (aLJrqap + ﬁipﬁ—p—q)
Pq

— (Up1qUp + Vpiqlip) (alﬂrqﬁip + apﬁ—p—q)} - (45)

The linear response spin-wave chirality density created by spin-current is given by the Kubo formula @]

) =i [ a0 [yt @), 50" (46)

— 00

where (... ) means the average with equilibrium density matrix po = exp(fﬁ /kpT), and the chirality density operator
Py (t,q) = exp(Ht)py(q) exp(—Ht) is defined as

1 o .
Pr(q) = 3 /d3re—w"° (l -Vam + 1 - an) = /d%—zq"’ (M - Vomy — mao - V,ms)
— Z ’Lpn (d;fqap — dp_;_qa; + i)tpfqb—P — b_p_;,_qbl;)

Z Wp+q + wWp)Pn + ¢nwp] (Up+qlip — Vp1qUp) (a;f,aerq + ﬁT—p—qﬁ—P)
P

=" [@pra = wp)Pn — Gap] (pravp — Uprqtp) (b8, + aprafp). (47)

The straightforward calculation in Eq. (46]) with Eqs. (@5 E1) gives the following answer

L (L R G(R
(on (@) = bunl) Sy g | Fetel =) | V) — ()
P\ 23(1 - pa Wptq — Wp + 18 Wptq — Wp — 18
B
+ v Z{ + } (48)
- Wk+q + wp +18  Wgyq +wp — 1S
where
Ap.q = (2Pn + ¢n) [(Wpt+q + Wp)Pn + ¢nwp) (U;%Jrqu - ufﬂrquf}) ) (49)
Bp.q = (2pn + ¢n) [(Wp+q — Wp)Pn — Gnwp) (ui-i-qv;% - v;%-i—q“?)) . (50)
Taking the real part in Eq. (@8) with s — 0%, and noting that in thermodynamic equilibrium (N,(,L)> (N, (R)) = Np,
where np = [exp(wp/kpT) — 1] is the magnon Bose-Einstein distribution function, we obtain
(rx(@)) = A(@)vs(q), (51)

where the susceptibility is defined as

M@= (Ap,q(nmq —"p) . _ DBpg ) _ (52)

P Wp+q — Wp Wptq + Wp

In the ¢ — 0 limit, Ap g0 = p2lem(P) + e1(p)] and Bp g0 = 0, and we obtain
a0 = =2 Y GeErtlen(r) + <o) (53

which gives

—2v, Z pn Em + El(p)]a (54)
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Asymmetry factor

To define the asymmetry factor, we normalize current induced C, in Eq. (B4) on the total chirality of magnons
with negative chirality at the thermodynamic equillibrium, which is defined as a sum chirality of R-polarized magnons
moving in the positive direction with respect to the rotation axis n and chirality of L-polarized magnons moving in
the negative direction

Z prn Z wppn Z wppn NR + _QprlpnlnPa (55)

Pn<0 Pn>0 Pn>0

where (...) means the thermodynamic average.
For magnons with linear dispersion wp, = ¢sp, we can estimate C, and C_ by replacing the summation in Eqgs. (54]
BH) by integration in the infinite limits

Vshfex [ 2O AT2ughQex 4
3n2c3 /0 dww*— = ————(kgT)", (56)

an.
=-2 s —L n |Em = -
v §aw,,p em(p) +1(p)] o S

Y Ik = ~ (kpT)? /Ooo drat _ 172Tg£ ) (oY 57)

2m2ct e? —1

where Q¢ = YM,6 is the exchange frequency. Therefore, the asymmetry factor is calculated as

& _ Ty B Qex ~ 0. 69& AQex
C_  135¢(5)cs kgT ~ ¢s kT’

g9==



