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1. BACKGROUND AND OVERVIEW

A semigroup S is called locally finite (respectively, periodic) if each finitely gen-
erated (respectively, each monogenic) subsemigroup in S is finite. A semigroup
variety is locally finite (respectively, periodic) if so are all its members. Clearly, ev-
ery locally finite variety is periodic but the converse is not true. The issues related
to determining extra properties that distinguish locally finite semigroup varieties
amongst periodic ones form a vast research area known as Burnside type prob-
lems. The reader can find a brief introduction into the main achievements in this
area in [34, Chapter 3]; for the present discussion, it suffices to reproduce here just
one powerful result by Sapir (a part of [33, Theorem P]).

Recall two notions involved in the formulation of Sapir’s result. A variety is
said to be of finite axiomatic rank if for some fixed n > 0, it can be given by a set
of identities involving at most n letters. (For instance, every variety defined by
finitely many identities is of finite axiomatic rank.) A semigroup S is said to be
a nilsemigroup if S has an element 0 such that s0 = 0s = 0 for every s ∈ S and a
power of each element in S is equal to 0.

Proposition 1.1. A periodic semigroup variety V of finite axiomatic rank is locally finite
if (and, obviously, only if ) all groups and all nilsemigroups in V are locally finite. �

It is easy to see that all groups in a periodic semigroup variety V form a semi-
group variety themselves and so do all nilsemigroups in V. Thus, Proposition 1.1
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completely reduces the problem of classifying locally finite semigroup varieties of
finite axiomatic rank to two “opposite” special cases: the case of varieties consist-
ing of periodic groups and the one of varieties consisting of nilsemigroups. (To
emphasize the opposition observe that a periodic group could have been defined
as a semigroup S which has an element 1 such that s1 = 1s = s for every s ∈ S
and a power of each element in S is equal to 1. So, in a sense, nilsemigroups and
periodic groups oppose to each other as 0 and 1.)

Sapir [33] has found a deep and surprisingly elegant algorithmic characteriza-
tion of locally finite varieties of finite axiomatic rank consisting of nilsemigroups.
As for a classification of locally finite varieties of finite axiomatic rank consisting of
periodic groups, this problem contains as a special case the classic Burnside prob-
lem which in the varietal language is nothing but the problem of classifying locally
finite varieties among the Burnside varieties Bn, n = 1, 2, . . . . (Recall that Bn con-
sists of all groups of exponent dividing n.) This famous problem is commonly
considered as being hopelessly difficult since infinite finitely generated groups of
finite exponent belong to most complicated and mysterious objects of combinato-
rial algebra. The existence of such groups had remained unknown for a long time
until it was finally established by Novikov and Adian ([22], see also [1]) for suffi-
ciently large odd exponents and by Ivanov [14] and independently by Lysenok [20]
for sufficiently large even exponents. Following [33], we refer to infinite finitely
generated groups of finite exponent as Novikov–Adian groups in the sequel.

Having the above complication in mind, we intend to explore a natural relax-
ation of the property of being locally finite. First we recall that for a semigroup S,

the notation S1 stands for the least monoid containing S, that is§, S1 := S if S has

an identity element and S1 := S ∪ {1} if S has no identity element; in the latter

case the multiplication in S is extended to S1 in a unique way such that the fresh

symbol 1 becomes the identity element in S1.
The following five equivalence relations can be defined on every semigroup S:

x R y ⇔ xS1 = yS1, i.e., x and y generate the same right ideal;

x L y ⇔ S1x = S1y, i.e., x and y generate the same left ideal;

x J y ⇔ S1xS1 = S1yS1, i.e., x and y generate the same ideal;

x H y ⇔ xS1 = yS1 ∧ S1x = S1y, i.e., H = R ∩L ;
x D y ⇔ (∃z ∈ S) x R z ∧ z L y, i.e., D = RL .

These relations, introduced by Green in 1951, cf. [8], are collectively referred to
as Green’s relations. They play a fundamental role in studying semigroups and,
quoting Howie [13], are “so all-pervading that, on encountering a new semigroup,
almost the first question one asks is ‘What are the Green relations like?’”

Here we use Green’s relations to introduce the following generalizations of local
finiteness. Let K be one of the five Green relations J , D , L , R, H . A semigroup
S is said to be K -finite if it has only finitely many K -classes; otherwise, S is said to
be K -infinite. A semigroup variety V is locally K -finite if each finitely generated
semigroup in V is K -finite.

Clearly, locally finite varieties are locally K -finite for each Green’s relation K .
On the other hand, it is easy to see (cf. Lemma 2.4 below) that locally K -finite
varieties are periodic. Thus, locally K -finite semigroup varieties occupy an in-
termediate position between locally finite and periodic varieties. The question

§Here and throughout we use expressions like A := B to emphasize that A is defined to be B.
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of precisely locating this position appears to be quite natural within the general
framework of Burnside type problems for semigroup varieties.

An additional a priori motivation for introducing local K -finiteness came from
the observation that, in every group, all Green’s relations coincide with the univer-
sal relation whence all groups are locally K -finite for each K . Therefore, local K -
finiteness of a semigroup variety imposes no restriction on groups in this variety,
and one could anticipate that this generalized local finiteness might “bypass” dif-
ficulties related to Novikov–Adian groups and lead to an “absolute” result rather
than a characterization modulo groups in the flavor of Proposition 1.1. However,
this tempting expectation has not been confirmed a posteriori: on the contrary,
Novikov–Adian groups turn out to be behind our characterizations of locally K -
finite semigroup varieties. Namely, all the characterizations use the language of
“forbidden objects” (when to a given property Θ, say, of semigroup varieties, a cer-
tain list of “forbidden” semigroups is assigned so that a variety V satisfies Θ if and
only if V excludes all members of the list), and for each K ∈ {J , D , L , R, H },
the “forbidden objects” corresponding to the property of being locally K -finite
are produced from Novikov–Adian groups by means of rather transparent con-
structions.

The paper is structured as follows. Section 2 contains the necessary preliminar-
ies. Section 3 introduces four special families of infinite semigroups from which
we later select our “forbidden objects”. In Sections 4 and 5 we provide charac-
terizations of locally K -finite varieties for K ∈ {L , R, H } and, respectively,
K ∈ {J , D}. Section 6 collects several concluding remarks and open questions.

2. PRELIMINARIES

We assume the reader’s familiarity with some basic concepts of semigroup the-
ory that can be found in the early chapters of any general semigroup theory text
such as, e.g., [7, 12]. We also assume the knowledge of some rudiments of the the-
ory of varieties such as the HSP-theorem and the concept of free objects; they all
may be found, e.g., in [5, Chapter II].

2.1. Elementary facts about locally K -finite varieties. The Hasse diagram in Fig-
ure 1 shows inclusions between Green’s relations that hold in every semigroup. It
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FIGURE 1. Inclusions between Green’s relations
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is easy to see that if K1, K2 ∈ {J , D , L , R, H } and K1 ⊆ K2 in every semi-
group, then each K1-finite semigroup is also K2-finite and each locally K1-finite
variety is also locally K2-finite. From this and from the fact that H = R ∩ L by
definition, we immediately deduce the following relations between various ver-
sions of K -finiteness for individual semigroups and for semigroup varieties.

Lemma 2.1. (i) A semigroup is H -finite if and only if it is both R-finite and L -finite.
A variety is locally H -finite if and only if it is both locally R-finite and locally L -finite.

(ii) If a semigroup is either R-finite or L -finite, it is also D-finite. If a variety is either
locally R-finite or locally L -finite, it is also locally D-finite.

(iii) If a semigroup is D-finite, it is also J -finite. If a variety is locally D-finite, it is
also locally J -finite. �

The converse of either of the claims in (ii) is not true (see Example 3.1 in the
next section). As for (iii), the converse of the claim for varieties holds true, see
Corollary 2.1 below. On the level of individual semigroups, D-finiteness is not
equivalent to J -finiteness, even in the finitely generated case. An example of a
finitely generated semigroup which is J -finite while not D-finite can be found
in [36, Example 3.3].

The “right” part of the following observation has been mentioned in the lit-
erature, see, e.g., [32, Section 10, p.400]; its “bilateral” part can be obtained by a
similar argument.

Lemma 2.2. A semigroup is J -finite (R-finite, L -finite) if and only if it has finitely
many ideals (respectively, right ideals, left ideals). �

We need the following folklore characterization of periodic semigroup varieties:

Lemma 2.3. For a semigroup variety V, the following are equivalent:

(i) V is periodic;
(ii) V excludes N, the additive semigroup of positive integers;

(iii) V satisfies an identity of the form xm = xm+k for some m, k > 0. �

Lemma 2.4. For all K ∈ {J , D , L , R, H }, locally K -finite varieties are periodic.

Proof. If two integers n, m ∈ N are J -related in N, then clearly n = m. Thus, N is
J -infinite. Since N is generated by the number 1, locally J -finite varieties must
exclude N, and by Lemma 2.3, they are periodic. By Lemma 2.1 so are also locally
K -finite varieties for all K ∈ {D , L , R, H }. �

Combining Lemma 2.4 with the classic fact that D = J in every periodic semi-
group (see, e.g., [17]), we obtain

Corollary 2.1. A variety is locally D-finite if and only if it is locally J -finite. �

The following fact also is an easy consequence of semigroup folklore but, since
it plays an important role in this paper, we include its proof for the sake of com-
pleteness.

Lemma 2.5. If K ∈ {J , D , L , R, H } and V is a locally K -finite variety, then
nilsemigroups in V are locally finite.

Proof. Let S be a nilsemigroup and let x, y ∈ S are J -related. This means that

x = syt and y = uxv for some s, t, u, v ∈ S1. Then x = suxvt, and repeatedly
substituting suxvt for x in the right hand side of the latter equality, we see that
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x = (su)nx(vt)n for every n > 0. If x 6= y, then either su ∈ S or vt ∈ S, and since
S is a nilsemigroup, a power of each element in S is equal to 0. Thus, for n large
enough, either (su)n = 0 or (vt)n = 0, and in any case we have x = 0 and then
also y = 0, a contradiction. Hence, J -related elements of a nilsemigroup must
be equal, and therefore, every infinite nilsemigroup is J -infinite. From this and
Lemma 2.1, we obtain that finitely generated nilsemigroups in V are finite. �

We say that a semigroup S is a locally finite extension of its ideal J if the Rees
quotient S/J is locally finite and denote by E(S) the set of all idempotents of S.

Lemma 2.6. If K ∈ {J , D , L , R, H } and V is a locally K -finite variety, then every
semigroup S ∈ V is a locally finite extension of any of its ideals containing E(S).

Proof. By Lemma 2.4 S is periodic whence each element in S has an idempotent
power. Hence the Rees quotient of S over any ideal containing E(S) is a nilsemi-
group which must be locally finite by Lemma 2.5. �

Combining Lemmas 2.4 and 2.5 with Proposition 1.1, we immediately obtain

Corollary 2.2. Let K ∈ {J , D , L , R, H } and let V be a variety of finite axiomatic
rank that contains no Novikov–Adian groups. The variety V is locally K -finite if and
only if it is locally finite. �

In view of Corollary 2.2 our quest for locally K -finite varieties should concen-
trate on varieties that contain Novikov–Adian groups.

2.2. A property of Novikov–Adian groups. We will need the following property
of semigroup varieties containing a Novikov–Adian group.

Lemma 2.7. If a variety V contains a Novikov–Adian group, then V contains also a
Novikov–Adian group G such that some infinite finitely generated subgroup H of G and

some y ∈ G satisfy H ∩ y−1Hy = {1}.

Proof. Let G0 ∈ V be a Novikov–Adian group with generators g1, . . . , gn. Denote
by F the group freely generated by the elements x0, x1, . . . , xn in the variety gener-
ated by G0. Let H0 be the subgroup of F generated by x1, . . . , xn. Since the group
G0 is the image of H0 under the homomorphism that extends the map xi 7→ gi, i =

1, . . . , n, the subgroup H0 is infinite. Consider the subgroup K := H0 ∩ x−1
0 H0x0.

If h = h(x1, . . . , xn) is an arbitrary element in K, then h can be also represented as

h = x−1
0 h′x0 for a suitable element h′ = h′(x1, . . . , xn) ∈ H0. For every f ∈ F, the

map that fixes each free generator xi, i = 1, . . . , n, and sends x0 to f extends to an

endomorphism of F. Applying this endomorphism to the equality h = x−1
0 h′x0,

we conclude that h = f−1h′ f whence f h = h′ f . In particular, if we choose the
identity element of F to play the role of f , we conclude that h = h′. Therefore,
f h = h f for every f ∈ F which means that h belongs to the center of F. Thus, the
subgroup K lies in the center of F; in particular, K is Abelian and normal in F. Then
the subgroup H := H0/K of the quotient group G := F/K is infinite and finitely
generated. (Indeed, assuming that H is finite, we would derive from Schmidt’s
classic theorem [31, p.429] that H0 is finite as a finitely generated extension of the
subgroup K, which is locally finite as an Abelian periodic group, by a finite group.)

Clearly, if we let y := x0K, we get H ∩ y−1Hy = {1}. Since the group F lies in the
variety V, so does its quotient G. �
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2.3. Three 3-element semigroups. The following semigroups defined on the set
{e, a, 0} very often pop up in the literature on semigroup varieties:

N1
2 , with e2 = e, ea = ae = a, and all other products equal 0;

Nℓ
2 , with e2 = e, ea = a, and all other products equal 0;

Nr
2, with e2 = e, ae = a, and all other products equal 0.

Each of these semigroups is obtained by adjoining an idempotent (denoted by e)
to the 2-element zero semigroup N2 := {a, 0}; the idempotent serves as a two-

sided identity in N1
2 , as a left identity in Nℓ

2 , and a right identity in Nr
2, hence the

notation.
Here we collect some known results involving the three semigroups that will

be used in the present paper. Notice that in the sources to which we refer, no-
tations for these semigroups vary; in particular, in [24–26, 37, 38] the semigroup

N1
2 was denoted by C and the semigroups Nℓ

2 and Nr
2 were denoted by P and P∗

respectively.
By a divisor of a semigroup S we mean any homomorphic image of a subsemi-

group of S, and by Gr S we denote the union of all subgroups of S. Observe that
Gr S contains all idempotents of S. The following result is a plain semigroup ver-

sion of [38, Theorem 3.2]¶. (The paper [38] deals with epigroups but every periodic
semigroup is an epigroup.) Since the proof of this result has been omitted in [38],
we provide it here for the sake of completeness.

Lemma 2.8. Let S be a periodic semigroup. The set Gr S is a right ideal of S if and only if

none of the semigroups N1
2 and Nℓ

2 are among the divisors of S.

Proof. Necessity. Each element s ∈ S has an idempotent power which we denote
by sω, following the convention adopted in the finite semigroup theory. We let

sω+1 := ssω . Then s ∈ Gr S if and only if s = sω+1, and sω+1 belongs to Gr S for
every s ∈ S. These observations readily imply that the set Gr S forms a right ideal
in S if and only if

(1) sω+1t = (sω+1t)ω+1

for all s, t ∈ S. The condition (1) is inherited by the divisors of S; on the other

hand, substituting e for s and a for t, we see that (1) fails in both N1
2 and Nℓ

2 . Hence

neither N1
2 nor Nℓ

2 divides S.

Sufficiency. Suppose that Gr S is not a right ideal of S. Then there exist s, t ∈ S
such that s ∈ Gr S and st /∈ Gr S. Let e := sω and a := st. Then ea = a. Consider
the subsemigroup T of S generated by e and a and let J := T \ {e, a}. It can be
routinely checked that J is an ideal in T. Consider the product ae. If ae = e, we

multiply through by a on the right and get a2 = a which is impossible since a is
not a group element. Thus, either ae = a or ae ∈ J. In the former case the Rees

quotient T/J is isomorphic to N1
2 while in the latter one the quotient is isomorphic

to Nℓ
2 . Hence either N1

2 or Nℓ
2 divides S. �

Combining Lemma 2.8 with its dual, we obtain a plain semigroup version of [38,
Corollary 3.3]:

Corollary 2.3. Let S be a periodic semigroup. The set Gr S is an ideal of S if and only if

none of the semigroups N1
2 , Nℓ

2 , and Nr
2 are among the divisors of S. �

¶There is a misprint in the formulation of this result in [38]: “left ideal” should read “right ideal”.
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Let R2 stand for the 2-element right zero semigroup.

Lemma 2.9 ( [25], Lemma 2.8). The direct product N1
2 × R2 has the semigroup Nℓ

2 as a
divisor. �

Let L2 denote the 2-element left zero semigroup. We say that a semigroup S is
a semigroup with central idempotents if es = se for all e ∈ E(S) and s ∈ S.

Lemma 2.10 ( [37], Lemma 2). Every semigroup that has neither Nℓ
2 nor Nr

2 among
its divisors and neither R2 nor L2 among its subsemigroups is a semigroup with central
idempotents. �

Combining Lemma 2.9 and its dual with Lemma 2.10, we obtain

Corollary 2.4. If a semigroup variety V contains the semigroup N1
2 but excludes the

semigroups Nℓ
2 and Nr

2, then V consists of semigroups with central idempotents. �

2.4. Completely regular semigroups. Recall that a semigroup S is called com-
pletely regular is S is a union of groups, in other words, if S = Gr S. Here we state
some classic facts about completely regular semigroups in the form convenient for
the usage in the present paper. The first of these facts is basically Clifford’s the-
orem (see [7, Theorem 4.6] or [12, Theorem 4.1.3]). Observe that completely simple
semigroups can be defined as completely regular semigroups on which the rela-
tion D coincides with the universal relation. By a semilattice we mean a semigroup

satisfying the identities xy = yx and x = x2.

Proposition 2.1. Let S be a completely regular semigroup.
(i) The relation D on S coincides with J and is a congruence on S.
(ii) The quotient S/D is a semilattice and the D-classes are completely simple semi-

groups (called completely simple components of S).
(iii) Green’s relations R and L on S are unions of the respective relations on the com-

pletely simple components of S. �

Corollary 2.5. Every finitely generated completely regular semigroup is J -finite.

Proof. Let S be a finitely generated completely regular semigroup. Then the semi-
lattice S/D is finitely generated and hence finite. Thus, S has only finitely many
D-classes, and since D = J on S, we see that S is J -finite. �

Proposition 2.2. (i) (Rees–Sushkevich’s Theorem, see [7, Theorem 3.5] or [12, The-
orem 3.3.1]) For every completely simple semigroup S, there exist non-empty sets I and
Λ (the index sets), a group G (the structure group), and a Λ × I-matrix P = (pλi)
with entries in G (the sandwich matrix) such that S is isomorphic to the Rees matrix
semigroup M(G; I, Λ; P) defined as the set I × G × Λ equipped with the multiplication

(i, g, λ)(j, h, µ) := (i, gpλjh, µ).

(ii) (See, e.g., [7, Lemma 3.2]) Green’s relations R and L on the Rees matrix semi-
group M(G; I, Λ; P) are characterized as follows:

(i, g, λ) R (j, h, µ) if and only if i = j;

(i, g, λ) L (j, h, µ) if and only if λ = µ. �

Even though representing completely simple semigroups as Rees matrix con-
structs has not been unavoidable for our proofs, we prefer to utilize Rees coordi-
nates wherever this may straighten and simplify technicalities.
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For every semigroup variety V, we denote by CR(V) the class of its completely
regular members. We need also the following folklore fact.

Lemma 2.11. If V is a periodic variety, the class CR(V) also forms a variety.

Proof. By Lemma 2.3, V satisfies an identity of the form xm = xm+k for some

m, k > 0. If a completely regular semigroup satisfies xm = xm+k, it satisfies also the

identity x = xk+1, and it is easy to see that every semigroup satisfying x = xk+1

is completely regular. Therefore the class CR(V) is exactly the subvariety of V

defined within V by the identity x = xk+1. �

2.5. Finitely generated semigroups and small extensions. Let S be a semigroup
and let T be a subsemigroup of S. If the set S \ T is finite, we say (following
Jura [15]) that T is a large subsemigroup of S, and S is a small extension of T. It is
known that many properties of semigroups are inherited by small extensions and
by large subsemigroups, see [6] for a comprehensive survey. We will need two
results of this sort.

Lemma 2.12 ( [15]). Every large subsemigroup of a finitely generated semigroup is finitely
generated. �

Lemma 2.13 ( [32], Sections 10 and 11). For each K ∈ {L , R, J }, every small
extension of a K -finite semigroup is K -finite. �

Since a semigroup is H -finite if and only if it is both L -finite and R-finite,
Lemma 2.13 implies a similar result for H -finiteness:

Corollary 2.6. Every small extension of a H -finite semigroup is H -finite. �

We also need two further properties of finitely generated semigroups. The first
of them comes from [30, Theorem 8.2]. It gives a sufficient (in fact, also necessary)
condition for the direct product of a finite semigroup with an infinite one to be
finitely generated.

Lemma 2.14. Let S be a finite semigroup with S2 = S. Then for every finitely generated
semigroup T, the direct product S × T is finitely generated. �

The second property is the following simple observation.

Lemma 2.15. Let S be a finitely generated semigroup and T a subsemigroup of S such
that the complement S \ T forms an ideal in S. Then T is finitely generated.

Proof. Let J := S \ T. If X is a finite generating set of S, then every product of
elements of X involving a factor from X ∩ J must belong to J. Therefore every
element of T is a product of factors from X ∩ T, that is, X ∩ T generates T. �

3. TWO CONSTRUCTIONS

As mentioned in Section 1, our characterization of locally K -finite varieties
uses the language of “forbidden objects”. In this subsection, we describe two con-
structions that yield our “forbidden objects” as special instances.

Our first construction is as follows. Let G be a group and let H be a subgroup
in G. Denote by LH(G) the union of G with the set GH = {gH | g ∈ G} of the left
cosets of H in G and define a multiplication on LH(G) by keeping products in G
and letting for all g1, g2 ∈ G,

g1(g2H) := g1g2H and (g1H)g2 = (g1H)(g2H) := g1H.



9

Note that we view the coset gH as different from g even if H is the trivial subgroup
E := {1}! It is easy to check that LH(G) becomes a semigroup in which G is the
group of units and GH is an ideal consisting of left zeros. In the dual way, for every
group G and its subgroup H, we define the semigroup RH(G) which is the union
of G, being the group of units, and the set HG = {Hg | g ∈ G} of the right cosets
of H in G, being an ideal that consists of right zeros. Thus, the multiplication on
RH(G) extends the multiplication in G and is such that for all g1, g2 ∈ G,

(Hg1)g2 := Hg1g2 and g1(Hg2) = (Hg1)(Hg2) := Hg2.

Semigroups of the form LH(G) and RH(G) first appeared in [29] for the special
case where G is a finite cyclic group and H = E; on the other hand, the semigroups
are one-sided instances of a more general “two-sided” construction from [23, Sec-
tion 1].

Our second construction looks similar to the first but in fact results in objects
with different properties. Let G be a group and let H be a subgroup in G. Denote

by L♭
H(G) the union of the set LH(G) with the set {0} where 0 is a fresh symbol

and define a multiplication on L♭
H(G) by keeping products in G, letting

g1(g2H) := g1g2H and (g1H)g2 := g1H

for all g1, g2 ∈ G, and setting all other products equal to 0. As above, we view the

coset gH as different from g even if H = E. It is easy to check that L♭
H(G) becomes

a semigroup in which G is the group of units and the union GH ∪ {0} forms an
ideal being a zero semigroup.

Observe that even though L♭
H(G) is equal to LH(G) ∪ {0} as a set, the semi-

group L♭
H(G) is not the same as the semigroup LH(G) with 0 adjoined. For in-

stance, L♭
H(G) has only two idempotents, namely, 0 and 1 (the identity element of

the group G), in contrast to LH(G) with 0 adjoined since in the latter semigroup,
besides 0 and 1, the whole set GH consists of idempotents.

In the dual way, for every group G and its subgroup H, we define the semigroup

R♭
H(G) which is the union of G, being the group of units, the set HG of the right

cosets of H in G, and the singleton {0}, the union of the latter two being an ideal

and a zero semigroup. The multiplication on R♭
H(G) extends the multiplication in

G and is such that for all g1, g2 ∈ G,

(Hg1)g2 := Hg1g2 and g1(Hg2) := Hg2,

while all other products are equal to 0.

Semigroups of the form L♭
H(G) and R♭

H(G) first appeared in [25] (for the special
case where G is a finite cyclic group and H = E) under the names L1(G) and
respectively R1(G).

We need a few properties of semigroups LH(G) and L♭
H(G). The first of them

readily follows from the constructions.

Lemma 3.1. Each of the semigroups LH(G) and L♭
H(G) is generated by any generating

set of G together with the coset H and has the singletons {gH}, g ∈ G, as separate R-
classes. In particular, if G is a Novikov–Adian group and H is its subgroup of infinite

index, the semigroups LH(G) and L♭
H(G) are finitely generated and R-infinite. �

We denote the semigroups LE(G), RE(G), L♭
E(G), and R♭

E(G) where E is the

trivial subgroup by respectively L(G), R(G), L♭(G), and R♭(G).
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Now we are in a position to exhibit a locally D-finite variety which is neither
locally R-finite nor locally L -finite and a finitely generated D-finite semigroup
which is neither R-finite nor L -finite. (This is the example announced in Subsec-
tion 2.1: it shows that the converse of either of the claims of Lemma 2.1(ii) fails.)

Example 3.1. Let n ∈ N be such that the Burnside variety Bn is not locally finite
(for instance, any odd n ≥ 665 will work, cf. [1]). Then the variety CRn of the
completely regular semigroups being unions of groups from Bn is locally D-finite
by Corollary 2.5. On the other hand, if G ∈ Bn is a Novikov–Adian group, then the
semigroups L(G) and R(G) lie in CRn. By Lemma 3.1 L(G) is finitely generated
and R-infinite, and by the dual of this lemma R(G) is finitely generated and L -
infinite. Hence CRn is neither locally R-finite nor locally L -finite. Moreover,
the direct product L(G) × R(G) is easily seen to be a finitely generated D-finite
semigroup which is neither R-finite nor L -finite.

Lemma 3.2. Let G be a group and let H and K be subgroups in G with H ⊆ K. Then

LK(G) is a homomorphic image of LH(G) and L♭
K(G) is a homomorphic image of L♭

H(G).

Proof. Define the map ϕH,K : LH(G) → LK(G) by letting, for every g ∈ G,

ϕH,K(g) := g, ϕH,K(gH) := gK.

It is easy to see that ϕH,K is a homomorphism of LH(G) onto LK(G). In the “flat”

case, it suffices to extend ϕH,K to L♭
H(G) by letting ϕH,K(0) := 0. The so extended

map is then routinely verified to be a homomorphism of L♭
H(G) onto L♭

K(G). �

Lemma 3.3. Let G be a group and let H and K be conjugate subgroups in G. Then LH(G)

and LK(G) are isomorphic, and so are L♭
H(G) and L♭

K(G).

Proof. Let y ∈ G be such that K = yHy−1. Define a map ϕ : LH(G) → LK(G) as
follows: for all g ∈ G,

(2) ϕ(g) := ygy−1, ϕ(gH) := ygK.

Clearly, ϕ is a bijection. Take any g1, g2 ∈ G. Then we have

ϕ(g1g2) = yg1g2y−1 = yg1y−1yg2y−1 = ϕ(g1)ϕ(g2),

ϕ(g1(g2H)) = yg1g2K = yg1y−1(yg2K) = ϕ(g1)ϕ(g2H),

ϕ((g1H)g2) = yg1K = (yg1K)yg2y−1 = ϕ(g1H)ϕ(g2),

ϕ((g1H)(g2H)) = yg1K = (yg1K)(yg2K) = ϕ(g1H)ϕ(g2H).

Hence ϕ is an isomorphism.

For the “flat” case, we define ϕ : L♭
H(G) → L♭

K(G) keeping the rules (2) and
adding the rule ϕ(0) := 0. Again, ϕ is a bijection, and the verification that ϕ
respects the multiplication works the same, except the last line that should be sub-
stituted by the following two:

ϕ((g1H)(g2H)) = ϕ(0) = 0 = (yg1K)(yg2K) = ϕ(g1H)ϕ(g2H),

ϕ(xy) = ϕ(0) = 0 = ϕ(x)ϕ(y) whenever x = 0 or y = 0.

Hence ϕ is an isomorphism also in this case. �



11

Lemma 3.4. Let G be a group, let Hi, i ∈ I, be subgroups in G, and H :=
⋂

i∈I Hi. Then
the semigroup LH(G) is a subdirect product of the semigroups LHi

(G), i ∈ I, and the

semigroup L♭
H(G) is a subdirect product of the semigroups L♭

Hi
(G), i ∈ I.

Proof. For each i ∈ I, let ϕi := ϕH,Hi
where ϕH,Hi

: LH(G) → LHi
(G) is the homo-

morphism of LH(G) onto LHi
(G) defined in the proof of Lemma 3.2. In order to

show that the homomorphisms ϕi separate the elements of LH(G), it clearly suf-
fices to verify that the homomorphisms separate any two different left cosets of H

in G. If g1H 6= g2H, we have g−1
1 g2 /∈ H whence g−1

1 g2 /∈ Hi for some i ∈ I. Then
we get g1Hi 6= g2Hi, that is, ϕi(g1H) 6= ϕi(g2H).

In the “flat” case, the same argument works. �

Lemma 3.5. Let G be a group, let N be a normal subgroup in G, and G := G/N. Then

the semigroup L(G) is a homomorphic image of the semigroup LN(G), and the semigroup

L♭(G) is a homomorphic image of the semigroup L♭
N(G).

Proof. For g ∈ G let g stand for the image of g under the natural homomorphism

G → G. We extend this homomorphism to a map ϕ : LN(G) → L(G) by letting

ϕ(gN) = gE where E stands for the trivial subgroup of G. (Recall that we have
adopted the convention that the coset gE is viewed as different from g.) It is clear
that ϕ is onto, and it is easy to check that ϕ is a homomorphism.

For the “flat” case, we only have to extend ϕ by letting ϕ(0) := 0. �

We are ready to prove a reduction result that simplifies our characterization of
the locally K -finite varieties. Given a semigroup S, let var S stand for the variety
generated by S.

Proposition 3.1. Let G be a Novikov–Adian group and let H be its subgroup of infinite

index. Then the variety var LH(G) contains a semigroup of the form L(G) and the variety

var L♭
H(G) contains a semigroup of the form L♭(G) where G is a Novikov–Adian quotient

of the group G.

Proof. Let N :=
⋂

y∈G yHy−1. Obviously, the subgroup N is normal and of infinite

index in G. By Lemma 3.4, the semigroup LN(G) is a subdirect product of the
semigroups LyHy−1(G), y ∈ G, and by Lemma 3.3 each of these semigroups is iso-

morphic to the semigroup LH(G). Hence LN(G) belongs to the variety var LH(G).
If we denote the quotient group G/N by G, then G is a Novikov–Adian group and,

by Lemma 3.5, the semigroup L(G) is a homomorphic image of LN(G) whence

L(G) also belongs to var LH(G). The same argument applies to the “flat” case. �

We formulate and prove the next result for semigroups of the form L♭(G) only.
(Its analogue for semigroups of the form L(G) holds true but we do not need it.)

Lemma 3.6. If a variety V contains a semigroup of the form L♭(G0) where G0 is a

Novikov–Adian group, then V contains also a semigroup of the form L♭(G) where G is
a Novikov–Adian group such that some infinite finitely generated subgroup H of G and

some y ∈ G satisfy H ∩ y−1Hy = {1}.

Proof. Observe that, for any groups G1, G2, each onto homomorphism ϕ : G1 → G2

extends in an obvious way to an onto homomorphism ϕ : L♭(G1) → L♭(G2): we
let ϕ(g) := ϕ(g), ϕ(gE) := ϕ(g)E for every g ∈ G1, and ϕ(0) := 0.
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Now we follow the proof of Lemma 2.7. Let the group G0 be generated by
g1, . . . , gn. Denote by F the group freely generated by the elements x0, x1, . . . , xn

in the variety generated by G0. The group F is known to be approximated by G0

which means that there is a family Φ of homomorphisms from F onto G0 such
that, for every pair f1, f2 of distinct elements in F, there exists a homomorphism
ϕ ∈ Φ with ϕ( f1) 6= ϕ( f2). Each homomorphism ϕ ∈ Φ can be extended to an

onto homomorphism ϕ : L♭(F) → L♭(G0), and it is clear that the homomorphisms

ϕ where ϕ runs over Φ separate the elements of L♭(F). Thus, L♭(F) is a subdirect

power of the semigroup L♭(G0), whence L♭(F) lies in the variety V. As shown
in the proof of Lemma 2.7, if H0 is the subgroup of the group F generated by

x1, . . . , xn and K := H0 ∩ x−1
0 H0x0, then K is a normal subgroup of F, and the

quotient group G := F/K is a Novikov–Adian group that possesses an infinite
finitely generated subgroup H (namely, H0/K) and an element y (namely, x0K)

satisfying H ∩ y−1Hy = {1}. The natural homomorphism F → G extends to an

onto homomorphism L♭(F) → L♭(G), whence the semigroup L♭(G) lies in V. �

The next result, unlike the previous one, holds only for semigroups of the form

L♭(G) while its analogue for semigroups of the form L(G) does not hold in general.

Lemma 3.7. For every group G, the semigroup R♭(G) divides L♭(G)× L♭(G).

Proof. We adapt the proof of [24, Lemma 2.5].

Recall that L♭(G) has as base set the union of G with the set of the left cosets
of the trivial subgroup E := {1} in G and the singleton {0}. In the sequel we

denote the left coset gE by g and the set of all these cosets by G. In this notation

the multiplication in L♭(G) becomes as follows: it extends the multiplication in G,

gh := gh, gh := g,

for all g, h ∈ G, and all other products are equal to 0.
Similarly, by denoting the right coset Eg by ĝ, we can describe the base set

of R♭(G) as G ∪ {ĝ | g ∈ G} ∪ {0}. In this case the multiplication extends the
multiplication in G,

gĥ := ĥ, ĝh := ĝh,

for all g, h ∈ G, and all other products are equal to 0.

Let T ⊂ L♭(G)× L♭(G) be defined by

T := {(g, g) | g ∈ G} ∪ (G × G) ∪ ({0} × G).

It is straightforward to check that T is a subsemigroup of L♭(G)× L♭(G).

Let the map ϕ : T → R♭(G) be defined by

ϕ((g, g)) := g, ϕ((g, h)) := ĝ−1h, ϕ((0, g)) := 0

for g, h ∈ G. Obviously, ϕ is onto. It it easy to check that ϕ is a homomorphism.
Indeed, we have

ϕ((g, g)(h, k)) = ϕ((gh, gk)) = ĥ−1k = gĥ−1k = ϕ((g, g))ϕ((h, k)),

ϕ((h, k)(g, g)) = ϕ((h, kg)) = ĥ−1kg = ĥ−1kg = ϕ((h, k))ϕ((g, g)),

ϕ((g, h)(k, ℓ)) = ϕ((0, hℓ)) = 0 = ĝ−1hk̂−1ℓ = ϕ((g, h))ϕ((k, ℓ))
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for all g, h, k, ℓ ∈ G, and the remaining cases are immediate. Hence ϕ is an onto

homomorphism whence R♭(G) is a homomorphic image of L♭(G)× L♭(G). �

The following result now follows immediately from Lemma 3.7 and its dual.

Corollary 3.1. The equality var R♭(G) = var L♭(G) holds for every group G. �

Note however that the equality var R(G) = var L(G) fails even for groups with
a very simple structure such as groups of prime order (see [25]).

The final result of this section compares varieties of the form var L(G) (or those

of the form var L♭(G)) when G varies.

Lemma 3.8. Let G1 and G2 be groups of finite exponent such that var G1 6= var G2.

Then var L(G1) 6= var L(G2) and var L♭(G1) 6= var L♭(G2).

Proof. Since var G1 6= var G2, there is an identity u = v which holds in one of
the groups and fails in the other. For certainty, let u = v hold in G1 and fail in G2.
Denote by n the least common multiple of the exponents of G1 and G2 and observe
that n > 1 since the group G2 is non-trivial. The identity xn = 1 holds in both G1

and G2. Using this identity, one can rewrite the group words u and v such that
they will contain only positive powers of their letters, that is, we may (and will)
assume that u and v are semigroup words. Let {x1, . . . , xm} be set of all letters that
occur in either u or v and consider the identity

(3) (x1 · · · xm)
nu = (x1 · · · xm)

nv.

Clearly, this identity fails in each of the semigroups L(G2) and L♭(G2) as G2 is a
subgroup in each of them and (3) is equivalent to u = v in every group of ex-

ponent dividing n. We claim that (3) holds in both L(G1) and L♭(G1). Indeed,
suppose that the letters x1, . . . , xm are evaluated in one of these semigroups. If all
their values belong to G1, the values of u and v are equal, and hence, so are the
values of (x1 · · · xm)nu and (x1 · · · xm)nv. If some letter is evaluated at an element
beyond G1, the value of the word (x1 · · · xm)n will be a left zero in the case of L(G1)

and 0 in the case of L♭(G1) — the latter conclusion relies on the facts that n > 1 and

L♭(G1) \ G1 is an ideal being a zero semigroup. In either of the cases, the values of
(x1 · · · xm)nu and (x1 · · · xm)nv coincide with that of (x1 · · · xm)n. Thus, the iden-

tity (3) separates var L(G1) from var L(G2) and var L♭(G1) from var L♭(G2). �

4. LOCALLY K -FINITE VARIETIES FOR K ∈ {L , R, H }

4.1. Reduction to varieties of completely regular semigroups. The first, rela-
tively easy, step in our characterization of locally K -finite varieties for K being
one of the relations L , R, H reduces the problem to the completely regular case.

Proposition 4.1. Let K ∈ {L , R, H } and let V be a locally K -finite variety that

contains a Novikov–Adian group. Then V excludes the semigroup N1
2 .

Proof. Arguing by contradiction, assume that V contains the semigroup N1
2 . By

Lemma 2.7 V contains a group G such that some infinite finitely generated sub-

group H of G and some y ∈ G satisfy H ∩ y−1Hy = {1}. Let g1, . . . , gn generate

the subgroup H. Consider the direct product N1
2 × G ∈ V and let S be the sub-

semigroup of N1
2 × G generated by the pairs (e, gi), i = 1, . . . , n, and (a, y). It is

easy to see that
S = ({e} × H) ∪ ({a} × HyH) ∪ J,
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where J stands for the set of all pairs from S whose first entry is equal to 0. Suppose
that two pairs (a, h1y) and (a, h2y), where h1, h2 ∈ H, happen to be R-related in S.
Then

(a, h1y) = (a, h2y)(e, h3) = (a, h2yh3)

for some h3 ∈ H. Hence h1y = h2yh3, and therefore, y−1h−1
2 h1y = h3. Since

H ∩ y−1Hy = {1}, we conclude that h3 = 1 whence h1 = h2. This means that
(a, h1y) and (a, h2y) cannot be R-related in S whenever h1 6= h2. We see that S has
at least |H| different R-classes. Since the group H is infinite, the variety V fails
to be locally R-finite. Similarly, S has at least |H| different L -classes whence V is
not locally L -finite as well. We have thus reached the desired contradiction. �

Proposition 4.2. Let K ∈ {R, H } and let V be a locally K -finite variety that contains

a Novikov–Adian group. Then V excludes the semigroup Nℓ
2 .

Proof. Let G be a Novikov–Adian group in V. Arguing by contradiction, assume

that V contains the semigroup Nℓ
2 . The direct product S := Nℓ

2 × G ∈ V is finitely
generated by Lemma 2.14. Since (a, g)x ∈ {0} × G for every x ∈ S, no pairs (a, g)
and (a, h) with g 6= h can be R-related in S. Thus, S has at least |G| different
R-classes whence V is not locally R-finite, a contradiction. �

The following result gives the desired reduction to the completely regular case
for the problem of classifying locally H -finite semigroup varieties provided they
contain Novikov–Adian groups.

Proposition 4.3. Let V be a variety that contains a Novikov–Adian group. The variety
V is locally H -finite if and only if so is the variety CR(V) and every semigroup in V is
a locally finite extension of a periodic completely regular ideal.

Proof. Necessity. By Lemma 2.4, V is periodic. Thus, the variety CR(V) is well de-
fined by Lemma 2.11; clearly, CR(V) must be locally H -finite. Combining Propo-
sition 4.1, Proposition 4.2, and the dual of Proposition 4.2, we see that V contains

none of the semigroups N1
2 , Nℓ

2 , and Nr
2. Now Corollary 2.3 implies that in every

semigroup S ∈ V, the set Gr S forms an ideal. The ideal Gr S is a periodic com-
pletely regular semigroup and contains all idempotents of S. Invoking Lemma 2.6,
we see that S is a locally finite extension of a periodic completely regular ideal.

Sufficiency. Let S be a finitely generated semigroup in V. Denote by J a periodic
completely regular ideal of S such that the Rees quotient S/J is locally finite. Since
the semigroup S/J is finitely generated, it is finite whence J is a large subsemi-
group of S. By Lemma 2.12, J is a finitely generated semigroup. Since J ∈ CR(V)
and CR(V) is locally H -finite, we conclude that J is H -finite. Now Lemma 2.13
applies, showing that S also is H -finite. Hence V is locally H -finite. �

Similar (though somewhat more involved) reductions hold for locally R-finite
and locally L -finite semigroup varieties. We formulate only the result for locally
R-finite varieties as its version for locally L -finite varieties can be obtained by a
straightforward dualization.

Proposition 4.4. Let V be a variety that contains a Novikov–Adian group. The variety V
is locally R-finite if and only if so is the variety CR(V) and every semigroup S ∈ V is a
locally finite extension of an ideal of the form SR, where R is a periodic completely regular
right ideal in S.
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Proof. Necessity. By Lemma 2.4, V is periodic whence the variety CR(V) is well
defined by Lemma 2.11. Clearly, CR(V) is locally R-finite. Combining Propo-

sitions 4.1 and 4.2, we see that V contains none of the semigroups N1
2 and Nℓ

2 .
Lemma 2.8 ensures that in every semigroup S ∈ V, the set R := Gr S is a right
ideal. Clearly, R is periodic and completely regular and SR is an ideal in S which
contains all idempotents of S. By Lemma 2.6 S is a locally finite extension of SR.

Sufficiency. Let S be a finitely generated semigroup in V being a locally finite
extension of its ideal SR where R is a periodic completely regular right ideal. Since
the semigroup S/SR is finitely generated, it is finite whence S is a small extension
of SR. By Lemma 2.13, if SR is R-finite, then so is S. Thus, it suffices to show that
SR is an R-finite semigroup.

Lemma 2.12 implies that the semigroup SR is finitely generated. Let s1, . . . , sn

generate SR. There exist r1, . . . , rn ∈ R such that for some t1, . . . , tn ∈ S we have
si = tiri for each i = 1, . . . , n. Denote by Q the subsemigroup of R generated by
r1, . . . , rn and all products ritj for i, j = 1, . . . , n. Each s = si1si2 · · · sik

∈ SR can be
rewritten as

s = ti1(ri1ti2)(ri2ti3) · · · (rik−1
tik
)rik

∈ ti1Q,

whence we conclude that SR ⊆ ∪n
i=1tiQ. If J is a right ideal in SR, we let

Ji := {q ∈ Q | tiq ∈ J}.

It is clear that

(4) J = J ∩
(
∪n

i=1tiQ
)
= ∪n

i=1(J ∩ tiQ) = ∪n
i=1ti Ji,

and it is easy to see that each Ji forms a right ideal in Q. Since Q ⊆ R is a com-
pletely regular semigroup in V, it belongs to the variety CR(V) which is locally
R-finite, and since Q is finitely generated, we conclude that Q is R-finite. By
Lemma 2.2 Q has only finitely many right ideals, and therefore, there are only
finitely many possibilities to choose the right ideals Ji of Q in the decomposi-
tion (4). Hence, SR has only finitely many right ideals and, by Lemma 2.2, SR
is R-finite. �

4.2. Locally K -finite varieties of periodic completely regular semigroups for
K ∈ {L , R, H }. In view of Corollary 2.2, the reductions provided by Proposi-
tion 4.3, Proposition 4.4 and the dual of the latter imply that, to complete the classi-
fication of locally K -finite varieties of finite axiomatic rank with K ∈ {H , R, L },
we have to characterize locally K -finite varieties of periodic completely regular
semigroups. Our next result provides characterizations of the latter varieties in
the language of “forbidden objects”. Observe that these characterizations do not
require that varieties under consideration are of finite axiomatic rank.

Theorem 4.1. Let V be a variety of periodic completely regular semigroups.
(r) V is locally R-finite if and only if V contains none of the semigroups L(G) where

G is a Novikov–Adian group.
(ℓ) V is locally L -finite if and only if V contains none of the semigroups R(G) where

G is a Novikov–Adian group.
(h) V is locally H -finite if and only if V contains none of the semigroups L(G), R(G)

where G is a Novikov–Adian group.

Proof. Necessity readily follows from Lemma 3.1 and its dual.
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Sufficiency. We are going to verify that if V contains a finitely generated R-
infinite semigroup S, say, then V contains a semigroup of the form LH(G), where
G is a Novikov–Adian group and H is its subgroup of infinite index. By Proposi-
tion 3.1, we conclude that V contains also a semigroup of the form L(G), where G
is a Novikov–Adian group. This (by contraposition) will prove sufficiency in the
claim (r). Sufficiency in the claim (ℓ) then follows by duality, and sufficiency in
the claim (h) follows too since every H -infinite semigroup is either R-infinite or
L -infinite.

By Proposition 2.1(i) the relation D is a congruence on S. Let Y := S/D and let
Sα, α ∈ Y, be the completely simple components of S. The semilattice Y, being a
homomorphic image of S, is finitely generated, and therefore, Y is finite. We will
induct on |Y|, but before we start the inductive proof, we need three preparatory
steps. In the first two of them, we “improve” our semigroup S keeping its key
properties of being finitely generated and R-infinite.

Step 1. Here we will show that it may be assumed that the kernel (the least
ideal) of S is R-infinite. By Proposition 2.1(iii) there exists an R-infinite completely
simple component of S. We order Y with the usual semilattice order in which
α ≤ β if and only if αβ = α. Since Y is finite, we can choose a maximal γ ∈ Y
with the property that Sγ is R-infinite. Consider T := ∪α≥γSα. It is easy to see
that T is a subsemigroup of S while its complement S \ T forms an ideal in S.
By Lemma 2.15 T is a finitely generated semigroup in V in which Sγ is the least
completely simple component, and hence, the kernel. Thus, without any loss, we
can make the subsemigroup T play the role of S in the rest of the proof; in other
words, we may assume that γ ≤ α for all α ∈ Y and Sγ is R-infinite.

Step 2. Now we aim to show that Sγ may be assumed to consist of left zeros.
Indeed, let ρ be the relation on S defined as the intersection of the Rees congruence
corresponding to the ideal Sγ and the relation R; in other words, for s, t ∈ S we
have s ρ t if and only if either s = t or s, t ∈ Sγ and s R t. It is known and
easy to verify that ρ is a congruence on S; we include a verification for the sake
of completeness. It suffices to verify that if s, t ∈ Sγ and s R t, then sx R tx and
xs R xt for every x ∈ S. The latter relation holds because R is known to be a left
congruence on every semigroup, see, e.g., [7, Section 2.1] or [12, Proposition 2.1.2].

Let M(G; I, Λ; P) be a Rees matrix semigroup isomorphic to Sγ. If s, t ∈ Sγ and
s R t, then s = (i, g, λ) and t = (i, h, µ) for some i ∈ I, g, h ∈ G, and λ, µ ∈ Λ,

see Proposition 2.2(ii). Take e := (i, p−1
λi , λ) ∈ Sγ; we have e2 = e and se = s.

Similarly, if f := (i, p−1
µi , µ) ∈ Sγ, then f 2 = f and t f = t. For every x ∈ S we have

sx = sex and tx = t f x. The products ex and f x belong to the ideal Sγ whence
ex = e(ex) = (i, b, ν) and f x = f ( f x) = (i, c, κ) for some b, c ∈ G and ν, κ ∈ Λ.
Therefore we see that sx = (i, gpλib, ν) and tx = (i, hpµic, κ). This implies not only
that sx R tx but also that sx R s for every s ∈ Sγ and every x ∈ S.

The quotient semigroup S/ρ is finitely generated and its kernel Sγ/ρ consists of
left zeros because sx ρ s for every s ∈ Sγ and every x ∈ S as we have just observed.
Notice also that since Sγ is R-infinite, so is Sγ/ρ. Therefore we can use S/ρ in the
role of S in the sequel; in other words, we may assume that Sγ is an infinite left
zero semigroup.

Step 3. Our final preparatory step deals with maximal (with respect to the order
on Y) completely simple components of S. Let Sδ be such a maximal component.
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It is easy to see the complement S \ Sδ forms an ideal of S, and hence Sδ is finitely
generated by Lemma 2.15. Let M(G; I, Λ; P) be a Rees matrix semigroup isomor-
phic to Sδ and let the set X = {(i1, g1, λ1), . . . , (ik, gk, λk)} generate M(G; I, Λ; P).
Since any product of triples from X inherits the first coordinate from its first factor
and the last coordinate from its last factor, we conclude that I = {i1, . . . , ik} and
Λ = {λ1, . . . , λk}. In particular, the index sets I and Λ are finite and hence the
sandwich matrix P = (pλi) has only finitely many entries. The middle coordi-
nate of any product of triples from X is an alternating product of some elements
from the set Z := {g1, . . . , gk} with the entries of P. Hence the structure group
G is generated by the finite set Z ∪ {pλi}. Thus, each maximal completely simple
component of S is the union of finitely many copies of a finitely generated group.

We are ready to start the inductive proof. Recall that we consider a finitely
generated semigroup S ∈ V being a semilattice of completely simple semigroups
Sα, α ∈ Y, and such that its least completely simple component Sγ is an infinite left
zero semigroup. We aim to show, by induction on |Y|, that V contains a semigroup
of the form LH(G), where G is a Novikov–Adian group and H is its subgroup of
infinite index. Observe that the case |Y| = 1 is impossible: indeed, in this case
S = Sγ but no infinite left zero semigroup can be finitely generated. Thus, the
induction basis should be |Y| = 2.

Basis. Suppose that |Y| = 2, that is, Y = {γ, δ} with γ < δ. The component Sδ is
then maximal and by Step 3 it is the union of finitely many copies of a finitely
generated group G. If G is finite, then Sδ is finite, and using Lemma 2.12 we
conclude that Sγ is a finitely generated semigroup, a contradiction. Hence the
group G is infinite whence it is a Novikov–Adian group.

Fix a finite generating set X of S and represent an arbitrary element s ∈ Sγ as a
product of generators from X. Clearly, such a product should contain a generator
from the intersection X ∩ Sγ. Let z be the generator from X ∩ Sγ that occurs in the
product first from the left. Taking into account that z is a left zero in S, we see that

s ∈ S1
δz. Hence Sγ = ∪z∈X∩Sγ

S1
δz. The set Sγ is infinite whence at least one of

the finitely many sets of the form S1
δz, where z ∈ X ∩ Sγ, must be infinite. Fix an

element z ∈ X ∩ Sγ such that S1
δz is infinite; the set Sδz is then infinite too. Since

Sδ is the union of finitely many copies G1, . . . , Gn of the group G, we conclude that
the set Giz is infinite for some i ∈ {1, . . . , n}.

The set T = Gi ∪ Giz is easily seen to be a subsemigroup of S in which Giz is an
infinite ideal consisting of left zeros. Let e stand for the identity element of Gi and
let H := {h ∈ Gi | hz = ez}. It is easy to see that H is a subgroup of Gi. Given

g1, g2 ∈ Gi, the equality g1z = g2z is equivalent to the inclusion g−1
2 g1 ∈ H which

in turn is equivalent to the equality g1H = g2H between left cosets of H in Gi.
Hence the elements of Giz are in a 1-1 correspondence with the left cosets of H in Gi

which implies that H has infinite index in Gi. Combining the 1-1 correspondence
with the identical map of Gi onto itself, we obtain an isomorphism between T and
the semigroup LH(Gi). Thus, LH(Gi) ∈ V.

Inductive step. Suppose that |Y| > 2. Let δ be a maximal element of Y and Sδ the
corresponding completely simple component. If Sδ is finite, Lemma 2.12 implies
that the subsemigroup J := ∪α 6=δSα is finitely generated. Thus, J is a finitely gener-
ated semigroup in V which is a semilattice of fewer completely simple semigroups
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and still has the infinite left zero semigroup Sγ as its least completely simple com-
ponent. Therefore we are in a position to apply the induction assumption to J.

Now suppose that the component Sδ is infinite. First consider the situation

when for some z ∈ Sγ, the set Sδz is infinite. Then the set T := Sδ ∪ S1
δz is a

subsemigroup in S generated by z together with any generating set of Sδ. Since
Sδ is finitely generated (see Step 3), T is finitely generated too. The semigroup
T belongs to V and is a semilattice of the two completely simple semigroups Sδ

and S1
δz of which the latter is an infinite left zero semigroup. Thus, the induction

assumption applies to T.
Next consider the “semi-infinite” situation when all sets of the form Sδz, where

z ∈ Sγ, are finite but there is no uniform upper bound on the sizes of these sets.
This means that for every n ∈ N, there exists an element zn ∈ Sγ with |Sδzn| > n.

Consider the direct power D := SN ∈ V which elements we represent as functions
N → S. Let s1, . . . , sk generate Sδ (recall that Sδ is finitely generated, see Step 3)
and denote by si ∈ D the constant function taking value si at each n ∈ N. Clearly,

the subsemigroup Sδ of D generated by the functions si, i = 1, . . . , k, is isomorphic

to Sδ. Consider the set T := Sδ ∪ S
1
δz, where the function z ∈ D is defined by

the rule z(n) := zn for each n ∈ N. Clearly, T is a subsemigroup of D whence T

belongs to V. Further, it is easy to see that S
1
δz is an infinite left zero semigroup

and T is a semilattice of the two completely simple semigroups Sδ and S
1
δz. Again,

we can apply the induction assumption, this time to T.
Finally, consider the situation when there exists a number n ∈ N such that

|Sδz| ≤ n for all z ∈ Sγ. Let s1, . . . , sk, t1, . . . , tm generate S and be such that
s1, . . . , sk generate Sδ and t1, . . . , tm belong to J := ∪α 6=δSα. (We do not claim that
t1, . . . , tm generate J nor that J is finitely generated!) Fix z ∈ Sγ and for each s ∈ Sδ,
consider a word w of minimum length in the free monoid {x1, . . . , xk}

∗ such that
sz = w(s1, . . . , sk)z. Take two decompositions w = uv and w = u′v′ of the word w
in which v is longer than v′ and assume that v(s1, . . . , sk)z = v′(s1, . . . , sk)z. Then
we have

sz = w(s1, . . . , sk)z = u(s1, . . . , sk)v(s1, . . . , sk)z = u(s1, . . . , sk)v
′(s1, . . . , sk)z

but the word uv′ is shorter than w which contradicts the choice of w. Thus, all
elements of the form v(s1, . . . , sk)z where v is a non-empty suffix of w are different.
The number of these elements is equal to the length of w and they all belong to the
set Sδz whose cardinality does not exceed n. Thus, the length of the word w also
is less than or equal to n. The set Wn of all words of length ≤ n in the free monoid
{x1, . . . , xk}

∗ is finite. Hence the set C := {w(s1, . . . , sk) | w ∈ Wn} is finite too,
and for every z ∈ Sγ and every s ∈ Sδ, there exists c ∈ C such that sz = cz. We
will refer to the latter conclusion as the contraction argument.

If the generator tj, j = 1, . . . , m, lies in the completely simple component Sαj
and

β := δα1 · · · αm, then clearly the product z0 := s1t1t2 · · · tm belongs to Sβ. Since the
elements δ, α1, . . . , αm generate the semilattice Y, we have βγ = β, i.e., β ≤ γ. As
γ is the least element of Y, we conclude that β = γ, and thus, we have z0 ∈ Sγ.

For an arbitrary element t ∈ Sγ, there exists a word u in the free monoid
{x1, . . . , xk, y1, . . . , ym}∗ such that t = u(s1, . . . , sk, t1, . . . , tm). Collecting factors
from Sδ, we can represent t as an alternating product p1q1 · · · pℓ−1qℓ−1 pℓqℓ where
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p1, . . . , pℓ ∈ Sδ (p1 may be empty) and q1, . . . , qℓ lie in the subsemigroup of J gen-
erated by t1, . . . , tm (qℓ may be empty). Since t is a left zero, t = tt1z0. Applying
the contraction argument to the elements qℓt1z0 ∈ Sγ and pℓ ∈ Sδ, we find an
element cℓ ∈ C such that pℓqℓt1z0 = cℓqℓt1z0. Then, applying the contraction ar-
gument to qℓ−1cℓqℓt1z0 ∈ Sγ and pℓ−1 ∈ Sδ, we find an element cℓ−1 ∈ C such
that pℓ−1qℓ−1cℓqℓt1z0 = cℓ−1qℓ−1cℓqℓt1z0. Continuing in the same fashion, we find
elements cℓ−2, . . . , c1 ∈ C such that

t = tt1z0 = p1q1 · · · pℓ−1qℓ−1 pℓqℓt1z0

= p1q1 · · · pℓ−1qℓ−1cℓqℓt1z0

= p1q1 · · · cℓ−1qℓ−1cℓqℓt1z0(5)

. . . . . . . . . . . . . . . . . . . . . .

= c1q1 · · · cℓ−1qℓ−1cℓqℓt1z0.

Consider the set {ctj, tj | c ∈ C, j = 1, . . . , m}. It is finite since the set C is finite
and is contained in J since tj ∈ J and J is an ideal in S. Hence the subsemigroup U
generated by this set is a finitely generated subsemigroup of J. We have

U = U ∩ J = U ∩
(
∪α 6=δSα

)
= ∪α 6=δ(U ∩ Sα),

and each non-empty U ∩ Sα is a completely simple semigroup since the class of
periodic completely simple semigroups is closed under taking subsemigroups.
Hence U is a semilattice of fewer than |Y| completely simple semigroups. The
decomposition (5) ensures that every t ∈ Sγ can be written as a product of factors
of the form ctj with c ∈ C and tj, and hence, t belongs to U. (Here one has to
take into account that the generator s1 belongs to C as the value of the word x1 of
length 1, whence z0 = s1t1t2 · · · tm can also be decomposed into a product of gen-
erators of U.) We see that Sγ ⊂ U whence the least completely simple component
of U is an infinite left zero semigroup. Thus, U satisfies all the conditions we need
to apply the induction assumption. This completes the proof. �

Remark 4.1. Return for a moment to the situation named “semi-infinite” in the
proof of Theorem 4.1, see third paragraph in the inductive step. It is the situation
when the chosen maximal completely simple component Sδ is infinite, all sets of
the form Sδz, where z ∈ Sγ, are finite but there is no uniform upper bound on the
sizes of these sets. By Step 3 Sδ is the union of finitely many copies of a finitely
generated group G which must be infinite and hence is a Novikov–Adian group.
It is easy to verify that the condition that the sets Sδz are finite for all z ∈ Sγ but can
be arbitrarily large implies that the group G contains subgroups of arbitrarily large
finite index. Since by a classical fact of group theory [31, p.36] every subgroup of
finite index contains a normal subgroup of finite index, G contains normal sub-
groups of arbitrarily large finite index, and hence, G has finite quotient groups of
arbitrarily large order. Since each of these finite groups has no more generators
than G (as the groups are generated by the images of the generators of G) and
has exponent dividing the exponent of G, we arrive at a negative answer to the
question known as the Restricted Burnside Problem: is the set of finite groups with
a given number of generators and given exponent finite?

Zelmanov [39, 40], however, has answered the Restricted Burnside Problem in
the affirmative for the case of any prime-power exponent. Long before that, Hall
and Higman [10] proved a reduction theorem showing that a positive answer for
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the case of an arbitrary exponent follows from the prime-power case modulo the
conjecture that there are only finitely many finite simple groups of given exponent.
In turn, this conjecture is known to follow from the Classification of the Finite
Simple Groups (CFSG), which at present is considered as having been completed,
see, e.g., an overview in [2]. We conclude that modulo CFSG the “semi-infinite”
situation described above turns out to be impossible.

Why is this observation important in spite of the fact that we were able to han-
dle the “semi-infinite” situation by quite elementary tools? If we analyze the above
proof of sufficiency of Theorem 4.1, we see that in all other cases we have proved
more, namely, that the semigroup S under consideration has a divisor of the form
LH(G) where G is a Novikov–Adian group and H is its subgroup of infinite index.
Thus, modulo CFSG our proof yields sufficiency in the following result which can
be considered as a more precise form of Theorem 4.1(r):

Corollary 4.1. A finitely generated semigroup S belonging to a periodic completely regu-
lar variety is R-finite if and only if none of the semigroups LH(G) where G is a Novikov–
Adian group and H is its subgroup of infinite index divide S. �

Necessity of the condition of Corollary 4.1 readily follows from the observa-
tion that the property of being R-finite is inherited by divisors within the class of
periodic completely regular semigroups.

Of course, characterizations similar to Corollary 4.1 can also be formulated for
L -finite and H -finite completely regular semigroups.

4.3. Characterizations. Back to the problem of characterizing locally H -finite va-
rieties of finite axiomatic rank, we are ready to state and to prove our ultimate
result in this direction.

Theorem 4.2. A semigroup variety V of finite axiomatic rank is locally H -finite if and
only V either is locally finite or it consists of locally finite extensions of some periodic
completely regular ideal and contains none of the semigroups L(G), R(G) where G is a
Novikov–Adian group.

Proof. Necessity. If V excludes Novikov–Adian groups, then V is locally finite
by Corollary 2.2. If V contains a Novikov–Adian group, Proposition 4.3 applies,
yielding that V consists of locally finite extensions of some periodic completely
regular ideal. The fact that V contains none of the semigroups L(G), R(G) where
G is a Novikov–Adian group follows from Lemma 3.1 and its dual.

Sufficiency. If V is locally finite, nothing is to prove. Suppose that V is not lo-
cally finite. Then V consists of locally finite extensions of a periodic completely
regular ideal. In particular, V is periodic. By Lemma 2.11 the class CR(V) of
completely regular semigroups in V forms a variety, and this variety is locally H -
finite by Theorem 4.1(h). The only completely regular ideal of a nilsemigroup is
{0} whence every nilsemigroup being a locally finite extension of a completely
regular ideal is locally finite. Thus, all nilsemigroups in V are locally finite, and
Proposition 1.1 implies that V must contain a Novikov–Adian group. Now Propo-
sition 4.3 guarantees that V is locally H -finite. �

The very same arguments, with Proposition 4.4 and Theorem 4.1(r) used in-
stead of Proposition 4.3 and respectively Theorem 4.1(h), lead to the following
characterization of locally R-finite semigroup varieties of finite axiomatic rank.
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Theorem 4.3. A semigroup variety V of finite axiomatic rank is locally R-finite if and
only if V either is locally finite or it consists of locally finite extensions of an ideal generated
by a periodic completely regular right ideal and contains none of the semigroups L(G),
where G is a Novikov–Adian group. �

Of course, a characterization of locally L -finite semigroup varieties of finite
axiomatic rank is given by the dual of Theorem 4.3.

5. LOCALLY K -FINITE VARIETIES FOR K ∈ {D , J }

5.1. Reduction to varieties of semigroups with central idempotents. By Corol-
lary 2.1 local D-finiteness and local J -finiteness define the same class of varieties.
Taking this into account, we will consider only locally J -finite varieties in this
section. Similarly to the trajectory of Section 4, our journey towards a characteri-
zation of locally J -finite semigroup varieties of finite axiomatic rank starts with a
reduction step, but this time we aim to reduce the problem to the case of varieties
of semigroups with central idempotents.

Proposition 5.1. Let V be a locally J -finite variety that contains a Novikov–Adian

group. Then at least one of the semigroups Nℓ
2 and N1

2 does not belong to V.

Proof. Arguing by contradiction, assume that V contains both Nℓ
2 and N1

2 . Re-
call that in Subsection 2.3 we defined both these semigroups on the same set

{e, a, 0}; here in order to improve readability, we consider a copy of N1
2 with the

base set { f , b, 0} in which f 2 = f , f b = b f = b, and all other products equal 0.
By Lemma 2.7 the variety V contains a group G such that some infinite finitely

generated subgroup H of G and some y ∈ G satisfy H ∩ y−1Hy = {1}. Let
the elements g1, . . . , gn generate the subgroup H. Consider the direct product

Nℓ
2 × N1

2 × G ∈ V and let S be its subsemigroup generated by the triples (a, f , 1),
(e, b, y), and (e, f , gi) for all i = 1, . . . , n. It is not hard to verify that

S = ((e, f )× H) ∪ ((a, f )× H) ∪ ((e, b)× HyH) ∪ ((a, b)× HyH) ∪ J,

where (e, f )× H etc. serves as an abbreviation for {e}× { f}× H etc., and J stands
for the set of all triples from S whose first or second entries are equal to 0.

If two triples (a, b, yh1) and (a, b, yh2), where h1, h2 ∈ H, are J -related in S,
then

(6) (a, b, yh1) = p(a, b, yh2)q for some p, q ∈ S1.

Since ax = 0 for every x ∈ Nℓ
2 , we conclude that (a, b, yh2)t ∈ J for all t ∈ S

whence q = 1 in (6). Further, since a2 = 0 in Nℓ
2 and b2 = 0 in N1

2 , we see that
s(a, b, yh2) ∈ J for every s ∈ S \ ((e, f )× H). Hence p = (e, f , h3) for some h3 ∈ H.

From (6) we deduce that yh1 = h3yh2, and therefore, y−1h3y = h1h−1
2 . Since

H ∩ y−1Hy = {1}, we conclude that h1h−1
2 = 1 whence h1 = h2. This means that

(a, b, yh1) and (a, b, yh2) cannot be J -related in S whenever h1 6= h2. We see that
S has at least |H| different J -classes. Since the subgroup H is infinite, the variety
V is not locally J -finite, a contradiction. �

Recall that Nr
2 is the dual of the semigroup Nℓ

2 . In the proof of Propositions 5.2

and 5.3, it is convenient to assume that Nr
2 has { f , b, 0} as the base set and f 2 = f ,

b f = b, while all other products equal 0.
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Proposition 5.2. Let V be a locally J -finite variety that contains a Novikov–Adian

group. Then at least one of the semigroups Nℓ
2 and Nr

2 does not belong to V.

Proof. Arguing by contradiction, assume that V contains both Nℓ
2 and Nr

2. Let G be

a Novikov–Adian group in V. The direct product S := Nℓ
2 × Nr

2 × G ∈ V is finitely
generated by Lemma 2.14. Denote by J the ideal of S consisting of all triples whose
first or second entries are equal to 0. As ax = 0 for all x ∈ P and yb = 0 for all
y ∈ Nr

2, we conclude that s(a, b, g)t ∈ J for all g ∈ G and all s, t ∈ S. Hence, no
triples (a, b, g) and (a, b, h) with g 6= h are J -related in S. Thus, S has at least |G|
different J -classes whence V is not locally J -finite, a contradiction. �

From Corollary 2.2, Proposition 5.1 and its dual, along with Proposition 5.2, we
immediately obtain

Corollary 5.1. If a semigroup variety V of finite axiomatic rank is locally J -finite, then

either V is locally finite or it contains at most one of the semigroups N1
2 , Nℓ

2 , and Nr
2.

In our next result we meet again semigroups of the form L(G) where G is a
group. Recall that L(G) was introduced in Section 3 as a sort of “duplication” of
the group G: it is the union of G with the set of the left cosets of the trivial subgroup
E := {1} in G. Following the convention adopted in the proof of Lemma 3.7 for the

semigroup L♭(G), we simplify our notation for the elements of L(G) by denoting
the coset gE by g. In this notation the multiplication in L(G) becomes as follows:
it extends the multiplication in G and for all g1, g2 ∈ G,

g1g2 := g1g2 and g1g2 = g1g2 := g1.

Proposition 5.3. Let a locally J -finite variety V contain the semigroup Nr
2. Then V

contains none of the semigroups L(G) with G being a Novikov–Adian group.

Proof. Arguing by contradiction, assume that V contains some L(G) where G is a
Novikov–Adian group. Consider the direct product S := Nr

2 × L(G) ∈ V; it is
finitely generated by Lemma 2.14. Denote by J the ideal of S consisting of all pairs
whose first entry is equal to 0. Since yb = 0 for all y ∈ Nr

2, we see that s(b, g) ∈ J

for all g ∈ G and all s ∈ S. Hence, if (b, g) and (b, h) are J -related in S, then either

(b, g) = (b, h) or (b, g) = (b, h)t for some t ∈ S. Since hx = h for every x ∈ L(G),

we see that either (b, h)t ∈ J or (b, h)t = (b, h). Thus, (b, g) and (b, h) can only be

J -related provided that g = h, whence S has at least |G| different J -classes and
V is not locally J -finite, a contradiction. �

Proposition 5.4. Let V be a semigroup variety.

(o) If V excludes the semigroups N1
2 , Nℓ

2 , and Nr
2, then V is locally J -finite if and

only if V consists of locally finite extensions of a completely regular ideal.

(r) If V contains the semigroup Nr
2, but none of Nℓ

2 and N1
2 and has finite axiomatic

rank, then V is locally J -finite if and only if V is locally R-finite.

(ℓ) If V contains the semigroup Nℓ
2 , but none of Nr

2 and N1
2 and has finite axiomatic

rank, then V is locally J -finite if and only if V is locally L -finite.

Proof. (o) If V excludes N1
2 , Nℓ

2 , and Nr
2, then Corollary 2.3 applies to each semi-

group S ∈ V whence the set Gr S forms a completely regular ideal in S. If V is
locally J -finite, S is a locally finite extension of Gr S by Lemma 2.6.
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Conversely, suppose that every member of V is a locally finite extension of a
completely regular ideal. We take an arbitrary finitely generated semigroup S in V
and let J be a completely regular ideal of S such that the Rees quotient S/J is locally
finite. Since the semigroup S/J is finitely generated, it is finite. By Lemma 2.12,
J is a finitely generated semigroup, and by Corollary 2.5 J is J -finite. Since S is a
small extension of J, Lemma 2.13 ensures that S is J -finite as well.

(r) If V contains neither Nℓ
2 nor N1

2 , Lemma 2.8 applies to each semigroup S ∈ V
whence the set R := Gr S is a a right ideal in S. Then SR is an ideal of S that
contains every idempotent of S. Now assume that V is locally J -finite. Then
Lemma 2.6 applies, yielding that S is a locally finite extension of SR. Since V
contains the semigroup Nr

2, by Proposition 5.3 V contains none of the semigroups
L(G) with G being a Novikov–Adian group. We see that all conditions of Theo-
rem 4.3 are satisfied, and therefore V is locally R-finite.

The converse statement follows from Lemma 2.1.

(ℓ) Dual to (r). �

5.2. Locally J -finite varieties of periodic semigroups with central idempotents.
In view of Corollary 5.1, Proposition 5.4 provides characterizations of all locally
J -finite varieties of finite axiomatic rank, except those containing the semigroup

N1
2 but none of the semigroups Nℓ

2 and Nr
2. By Corollary 2.4 varieties with the

latter property consist of semigroups with central idempotents. Thus, it remains
to characterize locally J -finite varieties of semigroups with central idempotents.
Such a characterization is provided by the next theorem, which, like Theorem 4.1,
applies to varieties of arbitrary rank.

Theorem 5.1. A variety V of periodic semigroups with central idempotents is locally J -
finite if and only if all nilsemigroups in V are locally finite and V contains none of the

semigroups L♭(G), R♭(G) where G is a Novikov–Adian group.

Proof. Necessity. Local finiteness of nilsemigroups in V follows from Lemma 2.5.

Suppose that for some Novikov-Adian group G, the semigroup L♭(G) lies in V. We

denote the elements of L♭(G) according the convention of the proof of Lemma 3.7.

We need also the semigroup L♭
G(G). By the construction, it is the union of G with

the singletons {G} (which is the set of the (left) cosets of G in G) and {0}. We

write c instead of {G} to improve readability. Then L♭
G(G) = G ∪ {c, 0} and the

multiplication in L♭
G(G) extends that in G and is such that gc = cg = c for all

g ∈ G while all other products are equal to 0. Observe that by Lemma 3.2 L♭
G(G)

is a homomorphic image of L♭(G), and therefore, L♭
G(G) belongs to the variety V.

By Lemma 3.6 we may (and will) assume that G has an infinite finitely gener-

ated subgroup H and an element y such that H ∩ y−1Hy = {1}. Let h1, . . . , hn

generate H. Consider in the direct product L♭(G)× L♭
G(G), the subsemigroup S

generated by the pairs (hi, hi), i = 1, . . . , n, (1, 1), and (y, c). Clearly, S lies in V. It
is easy to calculate that

S = {(h, h), (g, h), (gyh, c), (gyh, c) | g, h ∈ H} ∪ J,

where J is the ideal of S consisting of all pairs having a zero entry. Since g1 g2 = 0

in L♭(G) for all g1, g2 ∈ G and c2 = 0 in L♭
G(G), we conclude that x(gyh, c) ∈ J

and (gyh, c)x ∈ J for every x ∈ S \ {(h, h) | h ∈ H}. Therefore, if for some
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p1, p2, q1, q2 ∈ H, the pairs (p1yp2, c) and (q1yq2, c) are J -related in S, there must
exist some g1, g2 ∈ H such that

(g1, g1)(p1yp2, c)(g2, g2) = (q1yq2, c).

This implies that g1 p1yp2g2 = q1yq2 in L♭(G). By the multiplication rules in L♭(G),
the left hand side of the latter equality is just g1 p1yp2. Thus, g1 p1yp2 = q1yq2,

whence g1 p1yp2 = q1yq2 in G. This can be rewritten as q2 p−1
2 = y−1q−1

1 g1 p1y. By

the choice of the group G, we have H ∩ y−1Hy = {1}, and therefore, q2 p−1
2 = 1,

that is, p2 = q2. This means that (p1yp2, c) and (q1yq2, c) cannot be J -related in S
whenever p2 6= q2. We see that S has at least |H| different J -classes, and since the
subgroup H is infinite, the finitely generated semigroup S ∈ V fails to be J -finite,
a contradiction.

A dual argument shows that semigroups of the form R♭(G) with G being a
Novikov–Adian group cannot lie in V.

Sufficiency. Take an arbitrary finitely semigroup S ∈ V. Denote by I the ideal
of S generated by the set E(S) of all idempotents of S. Since each element in S
has an idempotent power, the Rees quotient S/I is a nilsemigroup. Clearly, S/I is
finitely generated, and since all nilsemigroups in V are locally finite, S/I is finite.
By Lemma 2.12 I is a finitely generated semigroup, and by Lemma 2.13 S is J -
finite whenever I is. Thus, it suffices to show that I is J -finite; in other words,
we may assume that S = I, that is, S is generated by the set E(S) as an ideal. Since
idempotents of S lie in its center, we then have S =

⋃
e∈E(S) eS. Observe that the

map x 7→ ex is a homomorphism of S onto eS whence each subsemigroup eS is
finitely generated.

Clearly, the set E(S) forms a semilattice. As shown by Kolibiarová [18, Poznám-
ka 1], the map that assigns to each element s of a given periodic semigroup with
central idempotents its idempotent power sω is a homomorphism. Hence the
semilattice E(S) is a homomorphic image of S. Since S is finitely generated, so
is E(S), and, clearly, every finitely generated semilattice is finite. Thus, the set
E(S) is finite. We will show that S =

⋃
e∈E(S) eS is J -finite by induction on |E(S)|.

If |E(S)| = 1, then it is easy to see that S is a group, and hence, S has only one
J -class.

Suppose that |E(S)| > 1, and let e be a maximal element of the semilattice E(S).
Consider T :=

⋃
f∈E(S)\{e} f S. Clearly, T is an ideal of S, and the Rees quotient

S/T has only two idempotents: e, which is the identity element of S/T, and {T},
which is the zero of S/T. On the other hand, T is a finitely generated semigroup
(since it is the union of finitely many finitely generated semigroups f S); besides
that, it is easy to see that T =

⋃
f∈E(S)\{e} f T and E(T) = E(S) \ {e} whence the

induction assumption applies to T. Hence T is J -finite. Suppose for a moment

that the semigroup S/T is J -finite as well‖. If J is an arbitrary ideal of S, we can
decompose it as

(7) J = (J ∩ (S \ T)) ∪ (J ∩ T).

Clearly, J ∩ T is an ideal of T and (J ∩ (S \ T)) ∪ {{T}} is an ideal of S/T. By
Lemma 2.2, if T and S/T are J -finite, each of these semigroups has finitely many
ideals whence there are only finitely many possibilities to choose the parts in the

‖Observe that we are not in a position to apply the induction assumption to S/T.
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right hand side of the decomposition (7), whence S has finitely many ideals and
so S is J -finite by Lemma 2.2.

The argument of the preceding paragraph shows that it remains to verify that
the semigroup S/T is J -finite; observe that S/T is finitely generated. Thus, we
may assume that S = S/T; in other words, for the rest of the proof we assume
that S is a finitely generated periodic semigroup with exactly two idempotents: 1
(identity element) and 0 (zero). Clearly, the semigroup S is the union of the group
G := {s ∈ S | sω = 1} with the nilsemigroup N := {s ∈ S | sω = 0}, the
latter being an ideal of S. By Lemma 2.15 the group G is finitely generated. If G
is finite, then by Lemma 2.12 N is a finitely generated semigroup, and since all
nilsemigroups in V are locally finite, N is finite. Thus, in this case S = G ∪ N is
finite, and hence, J -finite. Therefore we may assume that G is infinite, that is, G
is a Novikov-Adian group.

Let X be a finite generating set of S. Each element s ∈ N can be represented as
an alternating product

s = g0a1g1a2 · · · gn−1angn,

for certain g0, g1, . . . , gn ∈ G and a1, . . . , an ∈ X ∩ N. Therefore, N is generated as
a subsemigroup by the union of all sets of the form Ga and aG where a runs over
X ∩ N. If each of these sets is finite, N is a finitely generated semigroup, and since
all nilsemigroups in V are locally finite, N is finite. Clearly, the group G forms a
J -class of S while all other J -classes are contained in N. Hence, finiteness of N
implies J -finiteness of S.

Now we analyze the remaining option: there exists an element a ∈ X ∩ N such
that at least one on the sets Ga and aG is infinite. We aim to show that in this
situation V would contain one of the semigroups L♭(G) or R♭(G) where G is a
Novikov-Adian group. This would contradict the condition of our theorem, and
therefore, the option cannot occur.

Consider the case when Ga is infinite; the case when aG is infinite follows by
duality. Our tactics is similar to the one used in the proof of Theorem 4.1: we grad-
ually “improve” our semigroup by passing to its suitable divisors until we reach

a semigroup isomorphic to a semigroup of the form L♭
H(G) where H is an infinite

index subgroup of G. The desired conclusion then follows from Proposition 3.1.
Let S1 be the subsemigroup of S generated by G and a. Clearly, S1 = G ∪ N1,

where N1 ⊆ N consists of alternating products of the form

(8) s = g0ag1a · · · gn−1agn,

where g0, g1, . . . , gn ∈ G. Denote by J2 the set of all elements that are representable
as products of the form (8) with n ≥ 2. Obviously, J2 is an ideal of S1. Suppose
that a ∈ J2, that is, a = xayaz for some x, y, z ∈ S1. Substituting the expression in
the right hand side of this equality for the first occurrence of a in this expression,

we obtain a = x(xayaz)yaz = x2a(yaz)2. Repeating the trick, we get

a = x(xayaz)yaz = x2a(yaz)2 = · · · = xka(yaz)k

for every k, whence a = 0 as (yaz)k = 0 for k large enough (recall that N is a
nilsemigroup). This contradicts the assumption that the set Ga is infinite. Thus,
a /∈ J2, and we can pass to the Rees quotient S2 := S1/J2 = G ∪ N2, where N2 :=
N1/J2. Since a 6= 0 in S2 while every product in which a occurs twice equals 0 in
S2, we conclude that N2 = GaG ∪ {0} is an infinite zero semigroup.
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Now consider the equivalence ρ on the semigroup S2 such that ρ-classes are the
singletons {0}, {g} for g ∈ G, and the sets of the form gaG where g ∈ G. It is
routine to verify that ρ is a congruence on S2. We denote the image of a in the
quotient semigroup S3 := S2/ρ by a and identify the singleton ρ-classes with their
elements. Then S3 = G ∪ N3, where N3 = Ga ∪ {0} is an infinite zero semigroup
and ag = a for every g ∈ G. Let H := {h ∈ G | ha = a}. Clearly, H is a subgroup
of G and, for g1, g2 ∈ G, the equality g1a = g2a is equivalent to the inclusion

g−1
2 g1 ∈ H which in turn is equivalent to the equality g1H = g2H between left

cosets of H in G. Hence the elements of Ga are in a 1-1 correspondence with the
left cosets of H in G which implies that H has infinite index in G. Combining the
1-1 correspondence with the identical map of G ∪ {0} onto itself, we obtain an

isomorphism between S3 and the semigroup L♭
H(G). Thus, L♭

H(G) ∈ V, and this
completes the proof. �

Remark 5.1. Corollary 3.1 shows that one could have halved the set of “forbidden

objects” in Theorem 5.1 by restricting it to the semigroups L♭(G), where G is a

Novikov–Adian group. We also observe that even though L♭(G) and R♭(G) serve
as “forbidden objects” for locally J -finite varieties, these semigroups themselves
are J -finite (actually, each of these semigroups has only three J -classes). That is
why the proof of necessity becomes non-trivial in this case.

5.3. Characterization. Summing up the preparatory results obtained so far, we
arrive at our ultimate characterization of locally J -finite semigroup varieties of
finite axiomatic rank.

Theorem 5.2. A semigroup variety V of finite axiomatic rank is locally J -finite if and
only if V is either locally finite or satisfies one of the following conditions:

(o) V consists of locally finite extensions of periodic completely regular semigroups;
(r) every semigroup S ∈ V is a locally finite extension of an ideal of the form SR, where

R is a periodic completely regular right ideal in S, and V contains none of the semigroups
L(G), where G is a Novikov–Adian group;

(ℓ) every semigroup S ∈ V is a locally finite extension of an ideal of the form LS, where
L is a periodic completely regular left ideal in S, and V contains none of the semigroups
R(G), where G is a Novikov–Adian group;

(c) V consists of periodic semigroups with central idempotents, all nilsemigroups in

V are locally finite, and V contains none of the semigroups L♭(G), R♭(G) where G is a
Novikov–Adian group.

Proof. Necessity. Suppose that V is locally J -finite but not locally finite. By Corol-

lary 2.4, V then contains at most one of the semigroups N1
2 , Nℓ

2 , and Nr
2.

If V contains none of these semigroups, then V consists of locally finite exten-
sions of a completely regular ideal by Proposition 5.4(o).

If V contains the semigroup Nr
2, but none of Nℓ

2 and N1
2 , then Proposition 5.4(r)

applies whence V is locally R-finite. Using the characterization of the locally R-
finite varieties of finite axiomatic rank provided by Theorem 4.3, we obtain that
every semigroup S ∈ V is a locally finite extension of an ideal of the form SR,
where R is a periodic completely regular right ideal in S, and V contains none of
the semigroups L(G), where G is a Novikov–Adian group.

Dually, if V contains the semigroup Nℓ
2 , but none of Nr

2 and N1
2 , then Propo-

sition 5.4(ℓ) and the dual of Theorem 4.3 imply that every semigroup S ∈ V is a
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locally finite extension of an ideal of the form LS, where L is a periodic completely
regular left ideal in S, and V contains none of the semigroups R(G), where G is a
Novikov–Adian group.

Finally, if V contains the semigroup N1
2 , but none of Nr

2 and Nℓ
2 , then V consists

of semigroups with central idempotents, and Theorem 5.1 applies.

Sufficiency. If V is locally finite, nothing is to prove. If V satisfies one of the
conditions (o), (r), (ℓ), its local J -finiteness readily follows from Proposition 5.4,
Theorem 4.3, and the dual of the latter. If V satisfies the condition (c), V is locally
J -finite by Theorem 5.1. �

6. CONCLUDING REMARKS

6.1. The role of finiteness of axiomatic rank. Our main results (Theorems 4.2, 4.3,
and 5.2) deal with varieties of finite axiomatic rank. A more careful analysis of the
proofs shows that finiteness of axiomatic rank has only been used in the “only if”
parts of the reduction steps of these results, that is, in the reduction of the problem
of characterizing locally H -finite, locally R-finite and locally L -finite varieties to
the case of varieties of periodic completely regular semigroups as well as in the
reduction of the problem of characterizing locally J -finite varieties to the case of
varieties of periodic semigroups with central idempotents. Neither our characteri-
zation of locally H -finite, locally R-finite and locally L -finite varieties of periodic
completely regular semigroups (Theorem 4.1) nor our characterization of locally
J -finite varieties of periodic semigroups with central idempotents (Theorem 5.1)
requires varieties under consideration to be of finite axiomatic rank.

It would be tempting to get rid of the restriction to axiomatic rank also in the
“only if” parts of the reduction steps but this task does not seem feasible with the
present proof techniques. Indeed, these parts depend on Sapir’s characterization
of locally finite varieties of finite axiomatic rank (Proposition 1.1), for which proof
finiteness of axiomatic rank is crucially essential. It is an open problem whether or
not Sapir’s characterization extends to arbitrary varieties of periodic semigroups;
if it does, so do also the main results of the present paper.

We conclude this subsection with an example demonstrating that the above
discussion is non-void, so to speak; that is, we show that locally K -finite va-
rieties of infinite axiomatic rank which are not locally finite do exist for every
K ∈ {J , D , L , R, H }. Recall that the product of two group varieties is defined
as the class of all groups G possessing a normal subgroup N from the first fac-
tor such that the quotient group G/N lies in the second factor. The product of
group varieties V and W is denoted by VW and is known to be a variety, see,
e.g., [21, Chapter 2].

Example 6.1. Let p be a sufficiently large prime number, say, p > 1010. It is shown
in [4, Theorem 1.2] that the square BpBp of the Burnside variety Bp has infinite
axiomatic rank and is not locally finite. On the other hand, since BpBp consists
of groups, this variety is locally K -finite for every K ∈ {J , D , L , R, H }. If
one wants to have a “proper” semigroup variety (that is, not consisting entirely
of groups) with the same properties, one can consider the join of the variety BpBp

with the variety of zero semigroups. It can be easily verified that this join also is a
locally K -finite but not locally finite variety of infinite axiomatic rank.
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6.2. Pure “forbidden objects” characterizations. All of our main results have
been stated in a mixed language: we have listed some “forbidden objects” but
also added a few structural restrictions. In fact, it is possible to express our results
in terms of “forbidden objects” only. For this, we need, first of all, to exhibit “for-
bidden objects” for the property which is — explicitly or implicitly — present in
a majority of the characterizations above, namely, the property that the nilsemi-
groups in a given variety are locally finite. We derive such objects from a core
combinatorial construction used by Sapir [33], see also [34, Sections 2.5 and 3.3].

Fix a positive integer k and let r = 6k + 2. Consider the r2 × r-matrix M shown
in the left hand part of Figure 2. All odd columns of M are identical and equal to

M :=




1 1 · · · 1 1
...

...
. . .

...
...

1 r · · · 1 r
2 1 · · · 2 1
...

...
. . .

...
...

2 r · · · 2 r
...

...
. . .

...
...

r 1 · · · r 1
...

...
. . .

...
...

r r · · · r r




MA :=




a11 a12 · · · a1r−1 a1r
...

...
. . .

...
...

a11 ar2 · · · a1r−1 arr

a21 a12 · · · a2r−1 a1r
...

...
. . .

...
...

a21 ar2 · · · a2r−1 arr
...

...
. . .

...
...

ar1 a12 · · · arr−1 a1r
...

...
. . .

...
...

ar1 ar2 · · · arr−1 arr




FIGURE 2. The matrices M and MA

the transpose of the row (1, . . . , 1, 2, . . . , 2, . . . , r, . . . , r) where each number occurs
r times. All even columns of M are identical and equal to the transpose of the row
(1, 2, . . . , r, . . . , 1, 2, . . . , r) in which the block 1, 2, . . . , r occurs r times.

Now consider the alphabet A = {aij | 1 ≤ i, j ≤ r} of cardinality r2. We
convert the matrix M to the matrix MA (shown in the right hand part of Figure 2)
by replacing numbers with letters according to the following rule: whenever the
number i occurs in the column j of M, we substitute it with the letter aij.

Let vt be the word in the tth row of the matrix MA. Consider the endomorphism
γ of the free semigroup A+ over the alphabet A defined by

γ(aij) := v(i−1)r+j.

Let Vk be the set of all factors of the words in the sequence {γm(a11)}m=1,2,... and
let 0 be a fresh symbol beyond Vk. We define a multiplication · on the set Vk ∪ {0}
as follows:

u · v :=

{
uv if uv ∈ Vk,

0 otherwise.

Clearly, the set V0
k := Vk ∪ {0} becomes a semigroup under this multiplication.

This semigroup has been introduced in [3] for a different purpose.
Let V be a variety of finite axiomatic rank. We say that the rank of V is equal

to k and write rk V = k if k is the least number such that V can be given by a
set of identities involving at most k letters. The following is a reformulation of
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Sapir’s characterization of locally finite varieties of finite axiomatic rank consist-
ing of nilsemigroups (that we mentioned in the introduction) in the language of
“forbidden objects”.

Proposition 6.1. Let V be a semigroup variety with rk V = k. All nilsemigroups in V
are locally finite if and only if V excludes the semigroup Vk.

Proof. Necessity. By the construction, the semigroup V0
k is infinite and is generated

by the finite set A. It follows from [34, Theorem 2.5.19] that no word in the se-
quence {γm(a11)}m=1,2,... contains a factor of the form uu, where u ∈ A+. This

implies that u · u = 0 in V0
k for every u ∈ Vk whence Vk is a nilsemigroup. Thus,

V0
k cannot belong to any variety whose finitely generated nilsemigroups are finite.

Sufficiency. Recall that the sequence {Zn}n=1,2,... of Zimin words is defined induc-
tively by Z1 := x1, Zn+1 := Znxn+1Zn. The contrapositive of [34, Lemma 3.3.34]
implies that if rk V = k and V excludes the semigroup Vk, then V satisfies an
identity of the form Zk+1 = z, where z is a word different from Zk+1. By [34, The-
orem 3.3.4], this ensures that all nilsemigroups in V are locally finite. �

Now we are ready to characterize locally K -finite semigroup varieties of finite
axiomatic rank exclusively in terms of “forbidden objects”. In Table 1 we collect
such characterizations for an arbitrary variety V with rk V = k. The acronym
NAG stands for “Novikov–Adian group”.

TABLE 1. Characterizations of locally K -finite varieties of rank k

Property “Forbidden objects”

Local H -finiteness V0
k , N1

2 , Nℓ
2 , Nr

2, L(G), R(G), where G is a NAG

Local R-finiteness V0
k , N1

2 , Nℓ
2 , L(G), where G is a NAG

Local L -finiteness V0
k , N1

2 , Nr
2, R(G), where G is a NAG

Local J -finiteness Either V0
k , N1

2 , Nℓ
2 , Nr

2,

or V0
k , N1

2 , Nℓ
2 , L(G), where G is a NAG,

or V0
k , N1

2 , Nr
2, R(G), where G is a NAG,

or V0
k , N, Nℓ

2 , Nr
2, L♭(G), R♭(G), where G is a NAG

The results gathered in Table 1 readily follow from the proofs of the main the-
orems of the present paper (Theorems 4.2, 4.3, and 5.2), combined with Proposi-
tion 6.1 and lemmas in Subsection 2.3 that clarify the role of the 3-element semi-

groups N1
2 , Nℓ

2 , and Nr
2. Therefore we include no proofs of these results here.

Perhaps, a word of comment is needed to explain the sudden appearance of N,
the additive semigroup of positive integers, in the last line of Table 1: one has to
exclude N in order to guarantee that the variety under consideration is periodic.

(In all other cases, periodicity follows from the condition that the semigroup N1
2 is

excluded and from the obvious fact that N1
2 lies in the variety var N.)

What can be said about the size of the lists of “forbidden objects” in Table 1?
It is known [19] that the variety Bp where p is a sufficiently large prime number
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contains uncountably many subvarieties each of which is generated by a Novikov–
Adian group. Combining this result with Lemma 3.8 and its dual, we see that the
lists of “forbidden objects” in Table 1 are uncountable except for the first list in the
cell corresponding to locally J -finite varieties.

6.3. Local K -finiteness vs. K -compatibility. The reader acquainted with the cy-
cle of papers [24–26] devoted to the study of varieties consisting of K -compatible
semigroups, i.e., semigroups in which Green’s relations are congruences, may
have observed that the present paper has borrowed several ideas and technical
tools from this cycle. We did not emphasize the relation of our results to those
in [24–26] wherever it would be in place as we did not want to deviate from the
main topic of the present paper and aimed to make our proofs as self-contained as
possible. Here we only want to register a corollary that looks a bit surprising but
in fact readily follows from a comparison between the main results of the present
paper and the characterizations of K -compatible varieties found in [24–26].

Corollary 6.1. Let K be any of the Green relations J , D , L , R, H . If all nilsemi-
groups in a periodic semigroup variety V are locally finite and K is a congruence on
every semigroup in V, then the variety V is locally K -finite. �

It should be noticed that, in general, a variety consisting of K -compatible semi-
groups need not be periodic nor need its nilsemigroups be locally finite. The con-
verse of Corollary 6.1 also does not hold true in general.

6.4. Further developments and open questions. We plan to extend the studies
initiated in this paper to several important species of semigroups that are naturally
equipped with a unary operation: completely regular semigroups, inverse semi-
groups, epigroups. In each of these cases, the varietal approach is well established
(see respectively the monographs [28] and [27], and the survey [35]) and Green’s
relations are of immense importance so that looking for characterizations of locally
K -finite varieties of completely regular semigroups, inverse semigroups, and epi-
groups appears to be worthwhile. A more general problem is to characterize lo-
cally K -finite e-varieties of regular semigroups. (Recall that a class of regular
semigroups is said to be an existence variety (or e-variety) if it is closed under tak-
ing direct products, regular subsemigroups and homomorphic images; this notion
was introduced by Hall [11] and, independently, by Kadóurek and Szendrei [16]
for the class of orthodox semigroups.) The interconnections between local K -
finiteness and K -compatibility mentioned in Subsection 6.3 give some hope that
a characterization might be possible even in such an extremely general setting: we
mean here that there exists rather a transparent characterization of H -compatible
e-varieties of regular semigroups in the language of “forbidden objects”, see [23].

Finally, a challenging open problem is to characterize varieties whose finitely
generated semigroups have only finitely many regular K -classes. This condition
imposes no restriction to nilsemigroups, nor it implies periodicity. For K = H ,
it amounts to saying that each finitely generated semigroup in the variety under
consideration has only finitely many idempotents which is a fairly natural finite-
ness condition, certainly deserving being explored. It is interesting to notice that
this condition has recently been studied for varieties of associative rings, see [9].
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[16] J. KADÓUREK, M. B. SZENDREI, A new approach in the theory of orthodox semigroups, Semigroup

Forum 40 (1990) 257–296.
[17] R. J. KOCH, A. D. WALLACE, Stability in semigroups, Duke Math. J. 24 (1957), 193–195.
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