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The sensitivity of material properties to the atomic and nanoscale morphology is most clearly demonstrated
in small gas-phase clusters. In particular, magnetism serves as an extremely sensitive probe of the smallest
modifications of atomic environment. This Rapid Communication demonstrates the drastic changes in both the
exchange mechanism and the atomic moments in iron oxide clusters as compared to the bulk. In particular, the
exchange is essentially non-Heisenberg and the exchange interactions are increased by an order of magnitude
compared to bulk hematite. In addition, very large atomic magnetic moments are observed on oxygen sites due
to strong spin polarization. As Fe3O+

4 and Fe5O+
7 are pure trivalent, double exchange is excluded and super

exchange is the dominant exchange mechanism in these iron oxide clusters. Therefore, the non-Heisenberg
behavior is attributed to covalent magnetism as the hybridization between Fe 3d and O 2p orbitals for clusters is
strongly enhanced compared to bulk hematite and becomes magnetic state dependent.

DOI: 10.1103/PhysRevMaterials.2.073001

For the past decades, the demand for further miniaturization
of magnetic storage and sensors increased tremendously. Such
continuous downscaling trends heavily depend on better under-
standing of electronic and magnetic properties at the atomic
scale. In magnetism, the Heisenberg model for exchange
interaction is currently the default model to describe both static
and dynamic magnetic properties. Therefore, fundamental
knowledge on the applicability of such a model is of utmost
importance. Surprisingly, we will show that the Heisenberg
model can even fail in classical localized superexchange
systems at the atomic scale.

Atomic clusters, with a typical size of 2–20 atoms, are well
known for their extraordinary behavior of physical properties
as a function of size. For example in magnetism, Rh clusters are
magnetic in contrast to nonmagnetic bulk Rh [1,2]. In contrast
to paramagnetic bulk phases of Mn, manganese clusters show
nonzero magnetic moments with clear oscillations as a function
of size [3]. In addition, the magnetic moments of Fe, Co, Ni
clusters are enhanced compared to the bulk [4–7]. However,
not only the magnetic moments vary as a function of size. In Tb
clusters, the exchange interaction strength drastically increases
compared to that of the bulk and shows irregular oscillations
as a function of the interatomic distances [8].

The Heisenberg exchange model is the most used one
to describe the behavior of magnetic systems. Its basic as-
sumptions, namely localized magnetic moment with fixed
magnitude and interaction strengths which are independent
on the magnetic configuration considered, appear strongly
restrictive. Nevertheless, the Heisenberg model is successfully
used for a wide range of physical bulk systems such as spin
wave excitations in metals [9] and the description of magnetic
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interactions in transition metal oxides [10–14]. Moreover, also
for finite systems such as molecular magnets [15,16], atomic
chains [17,18], or clusters on a surface [19], the Heisenberg
model has been used successfully.

In this Rapid Communication, we study the mechanisms
of exchange interaction, in particular the applicability of the
Heisenberg model in iron oxide clusters. Recent determination
of their structures [20] form a solid basis for this study. We show
that the exchange interactions in clusters drastically depend
on the magnetic configuration considered, resulting in strong
non-Heisenberg behavior. In particular, for the clusters Fe3O+

4

and Fe5O+
7 , we exclude the double exchange mechanism and

attribute the non-Heisenberg effects to covalent magnetism and
unusually strong oxygen spin polarization that unlike in bulk
oxides [21] is also present in the ground state.

In transition metal oxides, direct overlap between the 3d

orbitals is often negligible and indirect exchange mechanisms
like superexchange and double exchange are responsible for
the magnetic interactions. Superexchange, based on the (vir-
tual) hopping via O p orbitals between two sites with equal
valence, can be expressed as an effective exchange interaction
in the Heisenberg model [22]. In contrast, double exchange,
involving two states with different valence, is often associated
with non-Heisenberg behavior [23,24].

We first solve the electronic structure at the density func-
tional theory (DFT) level using the hybrid B3LYP exchange-
correlation functional [25,26]. For the DFT calculations we
used the Vienna ab initio simulation package (VASP) [27]
using the projector augmented wave (PAW) method [28,29].
A single k point (�) and an energy cutoff of 400 eV has been
used in the calculations. Previously, the geometric structures of
FexO+/0

y clusters were studied combining DFT with a genetic
algorithm and the cation clusters were verified using infrared
multiphoton dissociation spectroscopy [20].
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TABLE I. Magnetic moments of the clusters Fe3O+
4 , Fe3O4, and

Fe5O+
7 for both the FiM and FM configurations in μB , calculated by

Eq. (2) in their magnetic ground state geometry.

Fe3O+
4 Fe5O+

7

Atom FiM FM FiM FM

Fe1 − 3.84 3.89 3.84 3.93
Fe2 3.87 3.90 3.85 3.97
Fe3 3.87 3.90 3.87 3.97
Fe4 − 3.81 3.93
Fe5 − 3.78 3.97
O1 0.85 0.86 0.01 0.75
O2 − 0.01 0.86 0.17 0.76
O3 − 0.01 0.86 0.03 0.82
O4 0.28 0.75 0.74 0.77
O5 − 0.16 0.76
O6 0.08 0.77
O7 0.16 0.58

To obtain a localized basis, we map our DFT Hamiltonian
onto the basis of cubic harmonics represented by Wannier
functions (WF). To this end, the WANNIER90 code is employed
[30]. We use five d orbitals for the TM atoms and three p

orbitals for oxygen. The resulting tight-binding Hamiltonian
has the form,

Hσ =
∑

i

εσ
i nσ

i +
∑
i �=j

tσij c
σ†
i cσ

j , (1)

where σ labels spin up and down, εσ
i is the energy of the

ith WF and nσ
i its occupation number. tσij is the hopping

parameter between the ith and j th WF and c
σ†
i (cσ

j ) the creation
(annihilation) operator of electrons localized on the ith (j th)
WF. The local magnetic moment (Mi) can be obtained from
the density of states (DOS) gσ

i (ε) projected onto the ith WF:

Mi =
∫ EF

−∞
dε[g↑

i (ε) − g
↓
i (ε)]. (2)

Table I shows the magnetic moments for the clusters Fe3O+
4

and Fe5O+
7 for the ferrimagnetic (FiM) and ferromagnetic

(FM) configurations. Note that for all studied clusters except
neutral Fe3O4 the FiM configuration represents the lowest
energy state. The magnetic moments according to Eq. (2)
of all other considered cluster sizes can be found in the
Supplemental Material [31]. In general, FexO 0/+

y clusters
contain both divalent and trivalent Fe atoms [20]. However,
for Fe3O+

4 and Fe5O+
7 all Fe are trivalent and have a magnetic

moment in the range of 3.8 to 4.0 μB .
Whereas the size of the Fe moments is independent between

the FiM and FM configurations, the O atoms show unusually
strong spin polarization. This spin polarization is determined
by the magnetic orientation of the surrounding Fe atoms. In
Fe3O+

4 , the atoms O2 and O3 are nonmagnetic in the FiM
configuration due to the opposite magnetic moments of the two
Fe nearest neighbors. In the FM configuration O2 and O3 are
strongly spin polarized (M = 0.86 μB). Note that O1 is already
strongly spin polarized in the FiM ground state configuration.

This appearance of spin polarization in the magnetic ground
state results from the ferromagnetic alignment between its
nearest neighbors Fe2 and Fe3. O4 is special with its location
above the center and is bonded to all Fe atoms, resulting in
partial spin polarization.

In the FiM ground state of Fe5O+
7 , O4 has parallel alignment

with its nearest neighbors and is therefore strongly spin
polarized with 0.74 μB . In contrast, for the FM configuration
all O in Fe5O+

7 are strongly spin polarized between 0.6 and
0.8 μB . Although the spin polarization in FM Fe5O+

7 is still
strong, on average the spin polarization is reduced with 0.1 μB

compared to FM Fe3O+
4 .

For comparison, the magnetic moments in bulk hematite
using the same method are 4.09 and 4.20 μB for Fe in the AFM
and FM configuration, respectively [21]. Thus in clusters the
Fe moments are 0.2 μB lower compared to hematite. In the
ground state of hematite, spin polarization of the oxygen sites
is negligible (�0.6 × 10−3 μB). In contrast, here we observe
magnetic moments of more than 0.8 μB . Even in the fully
saturated FM configuration in hematite the oxygen magnetic
moment is twice smaller compared to the one in the ground
state of Fe3O+

4 and Fe5O+
7 clusters.

To calculate the magnetic interactions, we consider the
mapping onto the classical Heisenberg Hamiltonian:

H = −
∑
i>j

2Jij si · sj , (3)

where si (sj ) is the unit vector in the direction of the magnetic
moment on site i (j ). Jij is the corresponding exchange
interaction between site i and j .

In principle, exchange interactions can be calculated by
consideration of multiple magnetic configurations and map-
ping of the corresponding energy differences onto Eq. (3).
For (Fe2O3)n (n = 1–5) such mapping has been achieved
and predominantly strong AFM exchange interactions were
obtained [32]. However, this method a priori assumes the
Heisenberg model and is unsuitable to determine any spin-
spin angle dependence of the exchange interactions in the
system and therefore the applicability of the Heisenberg model
in general. Using the magnetic force theorem (MFT) the
exchange interactions can be calculated via the second order
variations in total energy with respect to infinite small rotations
of the magnetic moments for a given magnetic configuration
[33]. Multiple magnetic configurations can be used and the
applicability of the Heisenberg model can be tested. The MFT
based on Wannier orbitals has been successfully used on a
variety of systems [13,21,34–38]. In the MFT method, the ex-
change interactions can be written in the following form [33]:

Jij = 1

4π

∫ EF

−∞
dε

∑
m,m′

m′′ ,m′′′

Im
[
�mm′

i Gm′m′′
ij↓ (ε)�m′′m′′′

j Gm′′′m
ji↑ (ε)

]
,

(4)

where �mm′
i = ∫

BZ
[Hmm′

ii,↑ (k) − Hmm′
ii,↓ (k)]dk is the exchange

splitting and Gmm′
ij↓ (ε) is the real-space Green’s function that

is calculated in reciprocal space by:

Gσ
k (ε) = [ε − Hσ (k) + iη]−1, (5)
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FIG. 1. The absolute value of the average exchange interactions
as a function of cluster size (x,y) for the neutral and cation FexO+/0

y

clusters. All average Fe-Fe interactions are negative; all average Fe-O
are positive.

where we used η = 0.001 eV, and Hσ (k) is the reciprocal
Hamiltonian whose elements are obtained from the DFT
calculations. The exchange integral calculations are done with
an in-house developed code [39].

The mapping of the electronic Hamiltonian onto the Heisen-
berg model is not uniquely defined due to the strong spin
polarization on oxygen, and two options exist to construct the
Heisenberg model. In the first model, based on the Anderson
principle only exchange interactions between the Fe sites are
considered, whereas oxygen atoms only mediate the magnetic
interactions via superexchange and/or double exchange. In the
second model, oxygen is also considered to be a magnetic
center provided it is sufficiently spin polarized. Consequently,
additional exchange interactions between Fe and O occur.
These Fe-O exchange interactions can be mapped onto an
effective model with only Fe-Fe exchange interactions. Both
models were systematically evaluated and compared for pro-
totype bulk transition metal (TM) oxides such as NiO, MnO,
and hematite [21]. Because in clusters oxygen spin polarization
already occurs in the magnetic ground state, we have to include
the Fe-O interactions and spin polarization effects into the
magnetic Hamiltonian.

Figure 1 shows the absolute value of the average exchange
interactions in clusters for both neutral and cation FexOy

clusters as a function of size for both the FiM and FM
configuration. The error bars indicate the standard deviation
around the average value. All average Fe-Fe exchange inter-
actions are negative and favor AFM alignment, whereas all
Fe-O interactions are positive. The difference in average Fe-Fe
exchange interactions between the FM and FiM configurations
decreases as a function of cluster size, for both neutrals and
cations.

Figure 1 clearly shows FexO+/0
y clusters show significant

non-Heisenberg behavior, in particular due to the large mag-
netic moment on the O atoms and the strong dependence on the
magnetic configuration considered for the Fe-O interactions.

To understand the origin of the non-Heisenberg behavior in
clusters, we highlight the Fe3O+

4 and Fe5O+
7 clusters. The in-

dividual exchange interactions of Fe3O+
4 are shown in Table II

and can be identified using Fig. 2 where J and J′ correspond

TABLE II. Exchange interactions of Fe3O+
4 for the FiM and FM

configurations. J and J′ are Fe-Fe and Fe-O exchange interactions,
respectively. Jeff

Fe1−Fe2 and Jeff
Fe2−Fe3 are the exchange interactions in the

effective Fe model. All exchange interactions can be identified using
Fig. 2.

FiM (meV) FM (meV)

JFe1−Fe2 − 42.3 − 24.6

JFe2−Fe3 − 20.6 − 22.1

J′
Fe2−O1 70.1 72.3

J′
Fe3−O4 23.8 48.2

J′
Fe1−O4 4.9 46.1

J′
Fe1−O2 4.0 74.8

J′
Fe2−O3 − 2.6 73.1

Jeff
Fe1−Fe2 − 40.6 54.1

Jeff
Fe2−Fe3 99.8 55.7

to Fe-Fe and Fe-O exchange interactions, respectively. The
individual exchange interactions of the other cluster sizes can
be found in the Supplemental Material [31]. Note that no
O-O exchange interactions are present within the calculated
clusters. Therefore, we map the Fe-O exchange interactions
onto an effective model with only Fe-Fe exchange interactions
using [21]:

J eff
ij = Jij +

∑
k J ′

ikJ
′
kj

| ∑l J
′
li |

+
∑

k J ′
ikJ

′
kj

| ∑l J
′
lj |

, (6)

where i and j (k and l) label Fe (O) sites, respectively. J ′
ik is

the Fe-O exchange interaction between Fe site i and O site k.
As is shown in Table II, the effective exchange interactions

heavily depend on the local magnetic configuration. In the
FiM configuration, the effective exchange interactions differ
by a factor of two and have an opposite sign despite the
fact that their local geometric structure is very similar. In the
FM configuration Jeff

Fe1−Fe2 and Jeff
Fe2−Fe3 are very similar with

54.1 and 55.7 meV, respectively. Yet the individual differences
with the FiM configuration are profound. Whereas Jeff

Fe1−Fe2

has an opposite sign, Jeff
Fe2−Fe3 is reduced by 56% between the

FiM and FM configurations. Therefore, Fe3O+
4 exhibits strong

non-Heisenberg behavior.
Furthermore, the optimized geometric structure of FM

Fe3O4+ shows similar non-Heisenberg behavior to FiM
Fe3O4+. Moreover, the difference in effective exchange inter-
actions between these two structures is smaller than 4.3 meV.

FIG. 2. The geometric structure of the Fe3O+
4 (left) and Fe5O+

7

(right) clusters. Orange and green indicate Fe atoms with ground state
magnetic moments up and down, respectively. Red corresponds to O.
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TABLE III. Effective exchange interactions of Fe5O+
7 for the FiM

and FM configurations. All exchange interactions can be identified
using Fig. 2.

FiM (meV) FM (meV)

Jeff
Fe1−Fe3 − 7.4 − 6.5

Jeff
Fe1−Fe4 − 39.7 38.2

Jeff
Fe1−Fe5 − 25.7 9.0

Jeff
Fe2−Fe3 71.4 17.2

Jeff
Fe2−Fe4 − 40.4 9.5

Jeff
Fe2−Fe5 − 56.9 10.7

Jeff
Fe3−Fe4 − 19.0 − 6.6

Jeff
Fe3−Fe5 − 62.1 13.0

Also larger cluster sizes show strong non-Heisenberg behavior
as can be seen for Fe5O+

7 in Table III. All effective exchange
interactions in the AFM ground state except Jeff

Fe2−Fe3 favor
AFM ordering. Jeff

Fe2−Fe3 = 71.4 meV corresponds to the single
FM bond in the FiM ground state. In contrast to the exchange
interactions in the FiM configuration, in the FM configura-
tion the six largest exchange interactions favor FM order.
Furthermore, Jeff

4 is reduced by 76% to 17.2 meV in the FM
configuration compared to the FiM configuration. A similar
reduction in strength between the FiM and FM interactions
is observed for Jeff

3 , Jeff
5 , Jeff

6 , and Jeff
8 , which not only have an

opposite sign but also are reduced by 65%, 76%, 81%, and
79%, respectively.

Figure 3 shows the individual and average effective ex-
change interactions for neutral and cation FexO+

y clusters as a
function of cluster size for both the FiM and FM configurations.
Note that the difference between exchange interactions in the
FM clusters is significantly reduced compared to the FiM
configuration. This can be understood since all the oxygen
atoms are similarly spin polarized in the FM configuration
and every exchange interaction experiences approximately
the same contribution due to spin polarization. Furthermore,
note that on average the exchange interactions for the FiM

FIG. 3. The average (circles and lines) and individual (diamonds)
effective exchange interactions for the neutral and cation FexOy

clusters as a function of size (x,y).

configuration favor antiferromagnetic (AFM) alignment more
compared to the FM exchange interactions.

Compared to bulk hematite, in clusters the exchange in-
teractions are increased by an order of magnitude. With this,
the interactions become strongly non-Heisenberg and are
accompanied by a strong spin polarization of oxygen sites.
It would be interesting to estimate the transition size where the
cluster-to-bulk transition occurs. However, as the trend of the
average effective exchange in Fig. 3 is not monotonous such
an estimation requires ab initio calculations for larger cluster
sizes and is beyond the scope of this Rapid Communication.

In bulk TM oxides super and double exchange mediate
the indirect exchange interactions as direct TM-TM overlap
is negligible. In the considered Fe3O+

4 and Fe5O+
7 clusters

only trivalent Fe atoms are present as can be seen from
Table I. Double exchange, often associated to strong non-
Heisenberg behavior, requires different valence states between
atoms and can therefore be excluded leaving superexchange as
the dominant exchange mechanism. In superexchange, virtual
hopping between the Fe 3d and O 2p levels is responsible for
the magnetic order. Usually the energy involved is assumed to
be small and considered a perturbation to the ionic picture [22].
In some cases however, such as cuprates, the covalency plays a
more fundamental role, where the strong 3d-2p hybridization
of Cu and O states results in unusually strong AFM exchange
interactions [40–42]. In Heusler alloys, covalent magnetism is
responsible for the observed non-Heisenberg behavior [43]. In
clusters, hybridization effects play an important role even in
determining their morphology [44,45]. We therefore calculate
the hybridization index Hdp, which determines the overlap in
DOS between the Fe-d and O-p orbitals:

Hdp = 1

NeNb

Ne∑
i=1

∑
j ∈ Fe,
k ∈ O

S
(
wi

d,j ,w
i
p,k

)
, (7)

where Ne and Nb are the number of bonds and number of
electrons, respectively, j and k label the Fe and O sites, S is
the overlap function, and wi

l,j is the sum of the projections of

the ith Kohn-Sham orbital on the spherical harmonics [Y j

l,m(r)]

FIG. 4. The hybridization function (Hdp) as a function of cluster
size for neutral and cation clusters and hematite. The absolute
difference in hybridization between FM and FiM is shown in green
as a function of cluster size.
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at site j :

wi
l,j =

∑
m

∫
|Yl,m(rj )φi(r)|2dr. (8)

The integration is performed within an atomic sphere with a
radius of 1.32 Å and 0.82 Å for Fe and O, respectively.

Figure 4 shows Hdp as a function of cluster size for both the
neutral and cation clusters. The purple dashed lines indicate
the hybridization for AFM and FM hematite. Note that for
clusters Hdp is twice as large compared to bulk hematite,
and the hybridization difference between the FiM and FM
configuration is more pronounced. Furthermore, the difference
in hybridization between the FiM and FM configuration is
significantly larger for smaller cluster sizes.

In covalent magnetism, molecular orbitals (MO) between
atoms are considered as the source of magnetic order. As the
occupation of a MO is inversely proportional to the energy
difference of the MO and the atomic level, a shift in spectral
weight occurs [46,47]. This is shown schematically in Fig. 5(a),
where the length of the arrows indicates the contribution of
spectral weight to that MO. Note that as the atomic O level is
below the atomic Fe level, a ferromagnetic spin polarization
on oxygen occurs. The MO’s in Fig. 5(a) match very well with
the projected DOS of the FM Fe3O+

4 cluster shown in Fig. 5(b),
in full support of this picture.

As the hopping parameters tσij depend on the orbital overlap
and hence hybridization, the difference in hybridization can
therefore explain the observed changes in exchange inter-
actions. We therefore attribute the strong non-Heisenberg
behavior in these clusters to covalent magnetism, in particular
to the change of hybridization between the Fe 3d and O 2p

levels and oxygen spin polarization between different magnetic
configurations.

In conclusion, we have shown that the magnetic moments
of O in FexO 0/+

y clusters show unusually strong spin po-
larization depending on the magnetic configuration of the

FIG. 5. A schematic MO diagram (a) between Fe and O. The
arrows indicate the contribution of spectral weight to the MO. As the
atomic O level is lower in energy than that of Fe, spin polarization
on oxygen occurs. The projected DOS of the FM Fe3O+

4 cluster (b)
where green corresponds to O p and black to Fe d .

cluster compared to magnetite, where only moderate spin
polarization in the FM configuration is observed. The exchange
interactions in clusters show non-Heisenberg behavior and
depend strongly on the magnetic configuration considered. The
non-Heisenberg behavior is attributed to covalent magnetism
since the hybridization between Fe 3d and O 2p orbitals
for clusters is stronger than in hematite and depends on the
magnetic configuration.
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