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CROSS-CONNECTION STRUCTURE OF CONCORDANT SEMIGROUPS

P. A. AZEEF MUHAMMED, P. G. ROMEO, AND K. S. S. NAMBOORIPAD

ABSTRACT. Cross-connection theory provides the construction of a semigroup from its

ideal structure using small categories. A concordant semigroup is an idempotent-connected

abundant semigroup whose idempotents generate a regular subsemigroup. We character-

ize the categories arising from the generalised Green relations in the concordant semigroup

as consistent categories and describe their interrelationship using cross-connections. Con-

versely, given a pair of cross-connected consistent categories, we build a concordant semi-

group. We use this correspondence to prove a category equivalence between the category

of concordant semigroups and the category of cross-connected consistent categories. In the

process, we illustrate how our construction is a generalisation of the cross-connection anal-

ysis of regular semigroups. We also identify the inductive cancellative category associated

with a pair of cross-connected consistent categories.

1. BACKGROUND AND OVERVIEW

Semigroups are natural, yet rather general algebraic objects. Hence structure theorems

of semigroups are quite elusive and often provided using partially ordered sets, semilat-

tices, groups, groupoids, small categories etc. as the basic building blocks. Due to the

inherent generality of arbitrary semigroups, the historical development of structure theory

dealt with special classes of semigroups which admit a simpler structure. One of the first

structural results in semigroup theory known as the Rees-Sushkevich theorem described

the structure of completely 0-simple semigroups using groups and sets [33].

Later, the search of a breakthrough in more general classes of semigroups shifted the

focus onto fundamental semigroups. A semigroup is said to be fundamental if it cannot

be shrunk homomorphically without collapsing its idempotents; roughly speaking, a fun-

damental image of a semigroup will provide its ‘structural skeleton’. In 1970, Munn [25]

described the structure of fundamental inverse semigroups by exploring the semilattice of

idempotents of the semigroup. Inspired by Munn’s construction, two approaches to study

the structure of regular semigroups were established in the early seventies. The first ap-

proach initiated by the third author [26, 28] involved the characterisation of the structure

of the idempotents of a regular semigroup as a regular biordered set and building a fun-

damental regular semigroup as an exact generalisation of Munn’s construction. In [28],

the construction was extended to arbitrary regular semigroups using inductive groupoids

(specialised small groupoids whose identities form a regular biordered set) and, a category

equivalence between the category of regular semigroups and the category of the inductive
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groupoids was also proved. This work was a major milestone in the context of the so-

called Ehresmann-Schein-Nambooripad (ESN) theorem [21] and its later generalisations

in several directions [8–10, 17, 21].

The second approach initiated independently by Hall [15] relied on the idea that in-

stead of encoding the idempotent structure of a regular semigroup as a set equipped with

two orders, one can explore the ideal structure of the semigroup and use two partially

ordered sets (one each from the principal left and right ideals) to build the fundamental

semigroup. Grillet [11–13] clarified Hall’s ideas by characterising such partially ordered

sets as regular partially ordered sets (regular posets). Grillet also introduced the notion of

cross-connections to explicitly describe the relationship that must exist between the regular

posets so that they give rise to a fundamental regular semigroup.

In [27], the third author proved the equivalence of the two constructions in the funda-

mental case. Later, elaborating on that equivalence, he [30] successfully extended Gril-

let’s cross-connection construction to arbitrary regular semigroups (not only fundamental

ones) by replacing regular posets with what he called normal categories. These normal

categories are essentially small categories whose identities form a regular poset. In [30], a

category equivalence between the category of regular semigroups and the category of cross-

connected normal categories was also proved. Recently, the first author and Volkov [3, 4]

showed the direct equivalence of the above discussed approaches to arbitrary regular semi-

groups: the ESN approach and the cross-connection approach.

Recall that the structure of an arbitrary semigroup is naturally composed of two compo-

nents: left and right. The very fact that we need a ‘bi’-ordered set (each quasi-order coming

from each of the left and right Green relations), to characterise the idempotents of a semi-

group, is a reflection of this property. Hence, except for special classes of semigroups

(such as inverse semigroups) with additional ‘structural symmetry’, the natural approach

to a structural description should use two categories (and a cross-connection to connect

them) and not one (as in the ESN approach).

Several classes of semigroups (beyond inverse and regular) were studied using ‘ESN

like’ approaches in the last three decades [8–10,17,21,37–40]. But this literature is almost

reaching the saturation point, due to the obvious constraint of relying on a suitable set of

idempotents of the semigroup. One major advantage which the cross-connection approach

has over the ESN approach is that is not restricted to the ‘idempotent part’ of the semigroup

as it relies on the ideal structure of the semigroup. Hence, we can study more general

classes of semigroups using cross-connections. In this article, we use the cross-connection

theory to study a class of non-regular semigroups called concordant semigroups; thus, the

first success in the cross-connection theory, beyond the regular case.

Concordant semigroups were introduced and studied by Armstrong [2], as generalisa-

tions of regular semigroups. Concordant semigroups include all full subsemigroups of

regular semigroups, cancellative monoids and Rees matrix semigroups over a cancellative

monoid with the sandwich matrix entries coming from the group of units [2]. Using the

ESN approach, Armstrong proved a category equivalence of the category of concordant

semigroups with the category of inductive cancellative categories—which are generalisa-

tions of inductive groupoids. It must be mentioned here that, more recently, Armstrong’s

result has been further generalised to weakly U-regular semigroups by Wang [40].

The structure of the article is as follows. In Section 2, we discuss concordant semi-

groups and study the category of principal left (right) ideals generated by their idempo-

tents. In Section 3, we abstractly characterise this category as consistent category and

construct an intermediary concordant semigroup arising from it. In the next section, we
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introduce the notion of consistent dual and cross-connections, and show how a concordant

semigroup gives rise to a pair of consistent categories which are cross-connected. Section

5 describes the converse: how a pair of cross-connected consistent categories gives rise to

a concordant semigroup. In the next section, we prove the category equivalence between

the category of concordant semigroups and the category of cross-connected consistent cat-

egories. In the last section, we specialise our results to normal categories to obtain the

regular semigroup case. Also, we identify the inductive cancellative category ‘sitting in-

side’ the cross-connected consistent categories, thereby describing the interrelationship

between our approach and Armstrong’s one.

The article is structured in such a way that even a fresh reader (with no prior understand-

ing of the cross-connections of regular semigroups) would be able to follow the discussion.

Nevertheless, to place the results of this article in a proper context, we have included a brief

outline of the cross-connection construction of regular semigroups as Appendix A. The no-

tions undefined in the appendix shall be motivated and precisely defined in the due course

of the article.

Our results reaffirm the suitability of cross-connections to describe the structure of gen-

eral classes of semigroups. In fact, the third author has made the first step in general-

ising the cross-connection theory to arbitrary semigroups by introducing set based cate-

gories (SBCs) [31, 32]. Hence, the article is an invitation for the readers to employ cross-

connection theory to do what it was built for: to overcome the limitation of not having an

inbuilt left-right duality.

2. CONCORDANT SEMIGROUPS

In this section, first we introduce concordant semigroups and then with each concordant

semigroup S, we associate two categories L(S) and R(S) and study their properties. This

will lead us to their characterisation as abstract categories. We assume familiarity with

some basic notions from category theory and semigroup theory. For undefined notions,

we refer to [16, 23] for category theory and [5, 14, 18] for semigroups and biordered sets.

Since the construction is very much similar to that of regular semigroups, often when an

exact repetition of arguments suffices, we shall refer to [30]. In the sequel, all functions

and morphisms shall be written in the order of their composition, i.e., from left to right.

2.1. Generalised Green relations. Although concordant semigroups were formally in-

troduced and studied by Armstrong as generalisations of regular semigroups, the ideas

originated from the earlier works of Fountain, El-Qallali, Lawson et al. on generalised

Green relations [6, 7, 19] in the context of abundant semigroups.

The generalised Green relations L ∗ and R∗ on a semigroup S are defined as follows:

two elements a and b of a semigroup S are L ∗-related (R∗-related) if and only if they are

L -related (R-related) in some oversemigroup of S. Clearly, L ∗ and R∗ are right and left

congruences, respectively.

Lemma 2.1. [22, Section X.1.6] [24, Lemma 1.7] Let a and b be elements of a semigroup

S, then the following are equivalent:

(i) a L ∗ b;

(ii) for all x,y ∈ S1, ax = ay if and only if bx = by.

The above lemma shows that any idempotent acts as a right identity within its L ∗-class

and further, we have the following.
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Lemma 2.2. [7, Corollary 1.2] Let e be an idempotent in a semigroup S, then for an

arbitrary a ∈ S, the following are equivalent:

(i) a L ∗ e;

(ii) ae = a and for all x,y ∈ S1, ax = ay implies ex = ey.

Clearly, analogous dual results hold for the relation R∗. It can be easily seen that if a

semigroup is regular, then the generalised Green relations coincide with the original Green

relations.

Definition 2.1. [7] A semigroup S is said to be abundant if each L ∗-class and each R∗-

class of S contains an idempotent.

Let S be an abundant semigroup with the set of idempotents E(S). As in [28], we can

define quasi-orders ωr and ω l on E(S) as follows:

e ω l f ⇐⇒ e f = e ⇐⇒ Se⊆ S f ; and e ωr f ⇐⇒ f e = e ⇐⇒ eS⊆ f S

where e, f ∈ E(S). Then clearly the restrictions of the Green relations on the idempotents

of the semigroup are given by L = ω l ∩ (ω l)−1 and R = ωr ∩ (ωr)−1. Also the natural

partial order ω on E(S) is given by ω = ω l ∩ωr. For e ∈ E(S), we denote by 〈e〉 the

subsemigroup generated by the set

ω(e) = {g ∈ E(S) : ge = eg = g}.

Definition 2.2. [6] A semigroup S is idempotent-connected (IC) if for each element a ∈ S

and for some a† ∈ R∗a(S)∩E(S), a∗ ∈ L∗a(S)∩E(S), there is a bijection α : 〈a†〉 → 〈a∗〉
satisfying xa = a(xα) for all x ∈ 〈a†〉.

The above condition may be seen as a generalisation of the ample condition satisfied

by ample (also known as ‘type A’) semigroups [1]. It can be seen that α should in fact

be an isomorphism [6], which shall be called as a connecting isomorphism in the sequel.

Observe that any regular semigroup is idempotent-connected [6]. We shall require the

following lemma in the sequel, which will simplify the IC condition:

Lemma 2.3. [2, Corollary to Lemma 2.3] A semigroup is idempotent-connected if and

only if for each element a ∈ S and for some a† ∈ R∗a(S)∩E(S), a∗ ∈ L∗a(S)∩E(S), there is

a unique bijection α : ω(a†)→ ω(a∗) satisfying xa = a(xα) for all x ∈ ω(a†).

Definition 2.3. A concordant semigroup is an idempotent-connected abundant semigroup

whose idempotents generate a regular subsemigroup.

The homomorphic image of an abundant semigroup is not necessarily abundant. So,

a homomorphism φ : S→ T of semigroups is defined to be a good homomorphism if for

any a,b ∈ S, a L ∗ b in S implies aφ L ∗ bφ in T and a R∗ b in S implies aφ R∗ bφ in

T [6]. Then as shown in [2, Theorem 2.5], a ‘good homomorphic’ image of a concordant

semigroup is concordant. Hence concordant semigroups with good homomorphisms as

morphisms form a category, say CS. It has been shown in [34, 35] that the category RS of

regular semigroups is a reflective subcategory of the category CS.

2.2. Categories from a concordant semigroup. To extend the cross-connection analysis

to concordant semigroups, we need to identify proper generalisations of normal categories

of the regular case. This quest leads us to the category L(S) that arises from the principal

left ideals generated by the idempotents of a concordant semigroup. In the sequel, S shall
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denote a concordant semigroup and E(S) its set of idempotents. The set of objects of the

category L(S) is given by

vL(S) = {Se : e ∈ E(S)}.

For each x∈ Se, a morphism from Se to S f is the function ρ(e,u, f ) : x 7→ xu where u∈ eS f .

Thus a morphism is a partial right translation (i.e. a right translation restricted to a prin-

cipal left ideal). Then, as in [30, Lemma III.12], we can easily see that the morphisms

ρ(e,u, f ) = ρ(g,v,h) if and only if e L g, f L h and v = gu. Also, given any two mor-

phisms, say ρ(e,u, f ) and ρ(g,v,h), they are composable if S f = Sg (i.e., if f L g) and

then

ρ(e,u, f )ρ(g,v,h) = ρ(e,uv,h).

It is clear that L(S) forms a small category such that ρ(e,e,e) is the identity morphism at

the vertex Se and L(S) is a subcategory of the category Set. Thus the set of all morphisms

in the category L(S) from the object Se to S f is given by the set {ρ(e,u, f ) : u ∈ eS f}.
Recall that a morphism in a category is called a monomorphism if it is right cancellable;

an epimorphism if it is left cancellable; and a bimorphism if it is both right and left can-

cellable. A morphism f : c→ d in a category C is said to be an isomorphism if there

exists a morphism g : d→ c in C such that f g = 1c and g f = 1d . Clearly, an isomorphism

is a bimorphism, but not conversely. The next lemma characterises the morphisms in the

category L(S).

Lemma 2.4. Let S be a concordant semigroup and ρ(e,u, f ) be an arbitrary morphism in

the category L(S). Then

(i) ρ(e,u, f ) is a monomorphism if and only if e R∗ u;

(ii) ρ(e,u, f ) is an epimorphism if and only if u L ∗ f ;

(iii) ρ(e,u, f ) is a bimorphism if and only if e R∗ u L ∗ f .

Proof. Let e R∗ u. Then suppose ρ(e′,x,e)ρ(e,u, f ) = ρ(e′′,y,e)ρ(e,u, f ), i.e., the mor-

phism ρ(e′,xu, f ) = ρ(e′′,yu, f ). Then e′L e′′ and xu= e′yu. Since S is concordant, using

the dual result of Lemma 2.2, we have xe = e′ye. But since the elements x,e′y ∈ Se, we get

x = e′y. So ρ(e′,x,e) = ρ(e′′,y,e) and hence ρ(e,u, f ) is right cancellable.

Conversely, if ρ(e,u, f ) is right cancellable, since S is concordant there exists g′ ∈ E(S)
such that g′ R u. Then g′u = u = eu will imply g′ = eg′ (by Lemma 2.2). That is g′ ωr e.

If we let g = g′e, then g′ R g ω e and g R g′ R∗ u, hence g R∗ u. Since the morphism

ρ(e,u, f ) = ρ(e,g,g)ρ(g,u, f ) is a monomorphism, we have ρ(e,g,g) is a monomorphism.

Therefore, from

ρ(e,g,e)ρ(e,g,g) = ρ(e,g,g) = ρ(e,e,e)ρ(e,g,g),

we have ρ(e,e,e) = ρ(e,g,e) which implies e = g. Hence e R∗ u.

Similarly, we can prove (ii); (iii) follows from (i) and (ii). �

Now, we define a subcategory PL of the category L(S) such that vPL = vL(S) and

whenever Se⊆ S f , there is a unique morphism j
S f
Se = ρ(e,e, f ) ∈PL. The morphisms of

the subcategory PL shall be called inclusions as they correspond to the inclusions of the

principal ideals. By definition, PL is a strict preorder category, i.e., a preorder category

in which the identity morphisms are the only isomorphisms. Clearly, every inclusion is

a monomorphism. Also for morphisms ρ(e,e, f ),ρ(g,g, f ) ∈PL such that ρ(e,e, f ) =
ρ(h,u,g)ρ(g,g, f ) in the category L(S), then ρ(e,e, f ) = ρ(h,u, f ) so that u = he = h;

hence the morphism ρ(h,u,g) = ρ(h,h,g) ∈PL.

This leads us to the following definition.
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Definition 2.4. Let C be a small category and P be a subcategory of C . Then the pair

(C ,P) (often denoted by just C ) is said to be a category with subobjects if:

(i) P is a strict preorder with vP = vC .

(ii) Every f ∈P is a monomorphism in C .

(iii) If f ,g ∈P and if f = hg for some h ∈ C , then h ∈P .

Since a small strict preorder is equivalent to a partially ordered set (poset), the above

definition characterises a category whose object set is a poset and with certain distinguished

morphisms arising from the comparability of the poset.

Observe that for an inclusion ρ(e,e, f ) ∈ L(S), since Se ⊆ S f , we have e f = e and

f e ∈ f Se so that

ρ(e,e, f )ρ( f , f e,e) = ρ(e,e( f e),e) = ρ(e,(e f )e,e) = ρ(e,e,e).

So, every inclusion in the category L(S) splits, i.e., has a right inverse. These right inverses

shall be called retractions. The following lemma characterises the retractions in L(S).

Lemma 2.5. Let ρ(e,e, f ) be an inclusion such that Se⊆ S f . Then ρ( f ,x,e) is a retraction

if and only if x ∈ E(Le)∩ω( f ).

Proof. Suppose the morphism ρ( f ,x,e) is a retraction such that x ∈ f Se ⊆ Se. Then we

have ρ(e,e, f )ρ( f ,x,e) = 1Se, so

x = xρ(e,e, f )ρ( f ,x,e) = xρ(e,ex,e) = x(ex) = (xe)x = x2
.

From above, we have ex = e and xe = e, so x ∈ E(Le). Also, since x ∈ Se ⊆ S f and

x ∈ f Se⊆ f S, we have x ∈ ω( f ). Hence x ∈ E(Le)∩ω( f ). The converse is clear. �

Now, we proceed to discuss a special factorisation property of the morphisms in the

category L(S). Let ρ(e,u, f ) be an arbitrary morphism in L(S), then since S is concordant,

there exist g′,h′ ∈ E(S) such that g′ R∗ u L ∗ h′. Since g′ R u, g′u = u = eu and so

g′g′ = eg′, i.e., g′ = eg′ or g′ ωr e. So g′e R g′ R∗ u and g′e ω e. If we let g = g′e, then

g R∗ u and g ω e. Then by Lemma 2.5, ρ(e,g,g) is a retraction from Se to Sg.

Similarly, since u L ∗ h′, uh′ = u = u f and if we let h = f h′, then h L h′ L ∗ u and

h ω f . So we have g R∗ u L ∗ h and by Lemma 2.4, ρ(g,u,h) is a bimorphism in L(S).
Also, ρ(h,h, f ) is clearly an inclusion. Also,

ρ(e,g,g,)ρ(g,u,h)ρ(h,h, f ) = ρ(e,guh, f ) = ρ(e,u, f ).

Hence any morphism in the category L(S) has a factorisation of the above form, composed

of a retraction, a bimorphism and an inclusion. This factorisation, which can be illustrated

using the following diagram, is indeed a characterising property.

e

ω f

ω

g
R

g′
R
∗
❴❴❴ u

L
∗ ✤

✤

h′

L

h
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Definition 2.5. Let C be a category with subobjects. Then a morphism f in C is said to

have a consistent factorisation if f = qu j, where q is a retraction, u is a bimorphism and j

is an inclusion, respectively in C .

Then the morphism qu is known as the epimorphic component of the morphism f and

shall be denoted in the sequel by f ◦. The codomain of f ◦ is called the image of f and shall

be denoted as im f . It can be seen that although a morphism can have different consistent

factorisations, the epimorphic component and hence the image is unique [30, Section II.2].

Thus, normal factorisation of a morphism as defined below can be seen as a specialised

consistent factorisation.

Definition 2.6. Let C be a category with subobjects. Then a morphism f in C is said to

have a normal factorisation if f = qu j, where q is a retraction, u is an isomorphism and j

is an inclusion, respectively in C .

Now, we shift our focus to the idempotent-connectedness property of S. But for that,

we need to extend the notion of an order ideal of a poset, to categories with subobjects, by

identifying certain special subcategories. Let C be a category with subobjects and c ∈ vC ,

we define an ideal (c) of C as the full subcategory of C whose objects are subobjects of c in

C . Also we shall denote by σC , the preorder of subobjects of C (i.e., the subcategory such

that vσC = vC and morphisms of σC are all inclusions in C ) and by corC the subcategory

of C generated by inclusions and retractions. In particular for an object c ∈ vC , σ(c)
will denote the preorder whose objects are subobjects of c and 〈c〉 shall denote the full

subcategory of corC generated by the inclusions and retractions among the subobjects of c.

Observe that for any c in C ,

σ(c)⊆ 〈c〉 ⊆ (c).

Suppose ρ = ρ(e,u, f ) is a bimorphism in L(S), then by Lemma 2.4, e R∗ u L ∗ f .

Then ρ defines a functor T ρ between the sub-preorders σ(Se) and σ(S f ) of the category

L(S) as follows. For each Sg⊆ Sh⊆ Se,

T ρ(Sg) = im( jSe
Sgρ) and T ρ( jSh

Sg) = j
T ρ (Sh)
T ρ (Sg)

.

Recall that σ(Se)⊆L(S) so that J = J(σ(Se),L(S)) is an inclusion functor. Since σ(S f )⊆
L(S), the functor T ρ can also be realised as a functor from σ(Se) to L(S). Now, for each

Sg⊆ Se, if we associate

ρ̄ : Sg 7→ ( jSe
Sgρ)◦

then we can see that the following diagram commutes for all Sg⊆ Sh⊆ Se:

Sh
ρ̄(Sh)

// T ρ(Sh)

Sg

jSh
Sg

OO

ρ̄(Sg)
// T ρ(Sg)

T ρ ( jSh
Sg)

OO

That means ρ̄ is a natural transformation between the functors J and T ρ .

Now, since S is a concordant semigroup, we know that there exists a connecting iso-

morphism α : 〈e〉→ 〈 f 〉. Using this connecting isomorphism, we can define a new functor

T α : 〈Se〉 → 〈S f 〉 as follows. For each Sg⊆ Sh⊆ Se and ρ(g,u,h) ∈ 〈Se〉,

T α(Sg) = S(gα) and T α(ρ(g,u,h)) = ρ(gα,uα,hα).
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Since α is a semigroup isomorphism, we can easily verify that T α is a category isomor-

phism. Then T α is an extension of T ρ and for each Sg⊆ Se, if we associate

ᾱ : Sg 7→ T α(Sg),

then we can see that the following diagram commutes for all Sg⊆ Sh⊆ Se:

Sh
ᾱ(Sh)

// T α(Sh)

Sg

ρ(g,u,h)

OO

ᾱ(Sg)
// T α(Sg)

T α (ρ(g,u,h))

OO

Since for each Sg ⊆ Se, the morphism ᾱ(Sg) is an isomorphism, we see that ᾱ is in

fact a natural isomorphism between the inclusion functor J(〈Se〉,L(S)) and the functor

T α : 〈Se〉 → 〈S f 〉 ⊆ L(S). Observe that since T α is an extension of T ρ , the inclusions

in categories σ(Se) and σ(S f ) split in the categories 〈Se〉 and 〈S f 〉, respectively. Hence,

we may also have an equivalent diagram as above with the vertical arrows pointing down-

wards, corresponding to the retractions in 〈Se〉 and 〈S f 〉.
Summarising the above discussion: given any bimorphism ρ(e,u, f ) in the category

L(S), the functor T ρ can be extended to an isomorphism T α : 〈Se〉 → 〈S f 〉 such that ᾱ is

a natural isomorphism.

Further, it can be seen that if T α and T α ′ are any two extensions of the functor T ρ with

ᾱ and ᾱ ′ natural isomorphisms, then T α = T α ′ . So, an extension of T ρ with the above

property is unique. Hence, we have the following definition.

Definition 2.7. A bimorphism u : c→ d in a category C is said to be consistent if the

functor T u : σ(c)→ σ(d) defined as:

T u(c′) = im( jc
c′u) and T u( jc′′

c′ ) = j
T u(c′′)
T u(c′)

for each c′ ⊆ c′′ ⊆ c,

can be extended uniquely to an isomorphism T : 〈c〉 → 〈d〉 such that the map given by

c′ 7→ T (c′) is a natural isomorphism between the functors J(〈c〉,C ) and T : 〈c〉 → C .

We know that the idempotents E(S) of a concordant semigroup S generate a regular

subsemigroup, i.e., the biordered set E(S) is regular [28]. Also recall from [28] that a

biordered set E(S) is regular if and only if the sandwich set

S (e, f ) = {h ∈ E(S) : eh f = e f and f he = h}

is non empty for each pair of idempotents e, f ∈ E(S).
Now, consider a morphism ρ in the categoryL(S) such that it is a product of an inclusion

and a retraction. So,

ρ = ρ(e,e, f )ρ( f ,g,g) = ρ(e,eg,g)
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such that Se⊆ S f and g ω f . Then let h∈S (e,g) so that in the regular biordered set E(S),
we have eh L h R hg L eg R eh with eh ω e and hg ω g, as shown below.

f

ω l ω

e

ω

g

ω

h
R

L

hg

L

eh
R

eg

Hence,

ρ(e,eg,g) =ρ(e,ehg,g)

=ρ(e,e(he)(gh)g,g)

=ρ(e,(eh)(eg)(hg),g)

=ρ(e,eh,eh)ρ(eh,eg,hg)ρ(hg,hg,g).

(1)

Also since

ρ(eh,eg,hg)ρ(hg,h,eh) = ρ(eh,eh,eh) and ρ(hg,h,eh)ρ(eh,eg,hg) = ρ(hg,hg,hg),

the morphism ρ(eh,eg,hg) is an isomorphism and so the morphism ρ = ρ(e,eg,g) has a

normal factorisation of the above form (1). Thus, every morphism in the category L(S),
which is a product of an inclusion and a retraction, admits a normal factorisation.

Now, let a be an arbitrary element of S, and for each Se ∈ vL(S), define a function

ρa : vL(S)→ L(S) as follows:

(2) ρa(Se) = ρ(e,ea, f ) where f ∈ E(L∗a).

Then for Se′ ⊆ Se, the inclusion morphism jSe
Se′

= ρ(e′,e′,e) and so

jSe
Se′ρ

a(Se) = ρ(e′,e′,e)ρ(e,ea, f ) = ρ(e′,e′a, f ) = ρa(Se′).

Further, since S is abundant, there exists g ∈ E(R∗a) such that ρa(Sg) = ρ(g,ga, f ) =
ρ(g,a, f ) is a bimorphism (by Lemma 2.4). Hence we define the following:

Definition 2.8. Let C be a category with subobjects and d ∈ vC . Then for each c ∈ vC , a

function γ : a 7→ γ(a) ∈ C (a,d) from vC to C is said to be a consistent cone (respectively

normal cone) with apex d if:

(1) whenever a⊆ b, jb
aγ(b) = γ(a);

(2) there exists at least one c∈ vC such that γ(c) : c→ d is a bimorphism (respectively

isomorphism).
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Then for a consistent cone γ , we denote by cγ the apex of γ and the morphism γ(c) is

called the component of the cone γ at the apex c. Since every isomorphism is a bimorphism,

observe that every normal cone is a consistent cone.

Hence, from the above discussion, we can see that ρa is a consistent cone with apex

S f . In the sequel, the consistent cone ρa shall be called the principal cone determined by

the element a. In particular, observe that, for an idempotent e ∈ E(S), we have a principal

cone ρe(Se) = ρ(e,e,e) = 1Se. Hence for each object Se ∈ vL(S), there exists a consistent

cone such that its component at Se is the identity morphism. This is a reflection of the

abundance condition.

3. CONSISTENT CATEGORIES

Now, we proceed to define consistent categories as the abstractions of the categoryL(S)
of the principal left ideals generated by the idempotents of a concordant semigroup S.

Definition 3.1. A category C is said to be a consistent category if:

(CC 1) C is a category with subobjects;

(CC 2) every inclusion in C splits;

(CC 3) every morphism in C admits a consistent factorisation;

(CC 4) every bimorphism is consistent;

(CC 5) if f ∈ C such that f = jq where j is an inclusion and q is a retraction, then f

admits a normal factorisation;

(CC 6) for each c ∈ vC there exists a consistent cone ε such that ε(c) = 1c.

Also recall the following definition of a normal category which is an abstraction of the

principal (left) ideals of a regular semigroup. Notice that the term ‘normal category’ has

been used in several other non-related senses in the literature. Nevertheless, we keep this

term as introduced in [30].

Definition 3.2. [30, Section III.1.3] A category C is said to be a normal category if:

(NC 1) C is a category with subobjects;

(NC 2) every inclusion in C splits;

(NC 3) every morphism in C admits a normal factorisation;

(NC 4) for each c ∈ vC there exists a normal cone ε such that ε(c) = 1c.

Observe that by [30, Corollary II.8], in a given normal category C , every bimorphism

f : c→ d is an isomorphism. Then T f : 〈c〉 → 〈d〉 is an isomorphism in corC . So every

bimorphism in C is consistent and thus every normal category is a consistent category.

The discussion is Section 2 shows that L(S) is indeed a consistent category when S

is a concordant semigroup. Now, we proceed to show that in fact every consistent cate-

gory arises as L(S) for some concordant semigroup S. For this end, we need to associate

a concordant semigroup with a given consistent category C ; naturally we look for that

semigroup in the set of all consistent cones in C .

Let C be a consistent category and let γ be a consistent (normal) cone in C , if f ∈
C (cγ ,d) be an epimorphism, then as in [30, Lemma I.1], we can easily see that the map

γ ∗ f : c 7→ γ(c) f for all c ∈ vC

is a consistent (respectively normal) cone such that cγ∗ f = d. Hence for γ(1),γ(2) ∈ Ĉ ,

(3) γ(1) · γ(2) = γ(1) ∗ (γ(2)(cγ(1)))
◦
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where (γ(2)(cγ(1)))
◦ is the epimorphic component of the morphism γ(2)(cγ(1)), defines a

binary composition on the set of all consistent cones in C . The following lemma directly

follows from [30, Theorem I.2].

Lemma 3.1. Let C be a consistent category. Then the set of all consistent cones forms

a semigroup under the binary composition defined in (3). A consistent cone ε in C is an

idempotent if and only if ε(cε ) = 1cε .

Although the set of all consistent cones forms a semigroup, it need not necessarily be

concordant. But it has a suitable subsemigroup Ĉ which will serve our purpose.

Proposition 3.2. Let C be a consistent category and let Ĉ denote the set of all consistent

cones γ in C such that γ = ε ∗ u where ε is an idempotent cone and u is a bimorphism in

C . Then the set Ĉ is a semigroup under the binary composition defined in (3).

Proof. In the light of Lemma 3.1, we just need to show that Ĉ is closed. Let γ(1) = ε(1)∗u1

and γ(2) = ε(2) ∗u2 where ε(1),ε(2) are idempotent cones and u1 : cε(1)→ c1, u2 : cε(2)→ c2

are bimorphisms. Then

γ(1) · γ(2) = (ε(1) ∗ u1)(ε
(2) ∗ u2)

= (ε(1) ∗ u1)∗ ((ε
(2) ∗ u2)(c1))

◦

= ε(1) ∗ (u1ε(2)(c1)u2)
◦
.

Let qu be the consistent factorisation of the epimorphism (u1ε(2)(c1)u2)
◦ and so

γ(1) · γ(2) = ε ∗ qu = (ε ∗ q)∗ u.

Now, let the codomain of the retraction q be c so that c⊆ cε(1) and ε(c) = j
c

ε(1)
c ε(cε(1)) =

j
c

ε(1)
c 1c

ε(1)
= j

c
ε(1)

c . Then the component ε ∗ q(c) = ε(c)q = j
c

ε(1)
c q = 1c. Hence the con-

sistent cone ε ∗ q is an idempotent. Also since u is a bimorphism, Ĉ is closed. �

To show that Ĉ is concordant, we need to first show that the idempotents of Ĉ gen-

erate a regular subsemigroup or equivalently, identify a full regular subsemigroup of the

semigroup Ĉ , such that the biordered sets of Ĉ and its subsemigroup, are isomorphic.

Lemma 3.3. Let C denote the set of all morphisms with normal factorisations in the

consistent category C . Then C forms a normal subcategory of the category C .

Proof. By Definition 3.2, it is clear that if we show C is closed under composition of

morphisms, then we are done. Let f ,g be morphisms of the consistent category C such

that f = q1u1 j1 and g = q2u2 j2 are normal factorisations. Then by axiom (CC 5), the

morphism j1q2 has a normal factorisation such that j1q2 = q3u3 j3. So,

f g = q1u1 j1 q2u2 j2 = q1(u1q3)u3( j3u2) j2.

Now, using [30, Corollary II.11], [30, Corollary II.10] and [30, Proposition II.9] sequen-

tially, we see that the epimorphism u1q3 and the monomorphism j3u2 have normal factori-

sations u1q3 = q4u4 and j3u2 = u5 j5 so that

f g = q1(q4u4)u3(u4 j4) j2 = (q1q4)(u4u3u5)( j5 j2).

Hence f g has a normal factorisation of the above form where q1q4 is a retraction u4u3u5 is

an isomorphism and j5 j2 is an inclusion. Hence the lemma. �
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Observe that every consistent cone in C is normal and every idempotent cone in C is

also normal. Then by [30, Theorem III.2], we have the following.

Proposition 3.4. The semigroup Ĉ of all normal cones in C is a full regular subsemigroup

of the semigroup Ĉ .

The following lemma regarding the biorder relations in Ĉ can be easily verified.

Lemma 3.5. Let ε(1),ε(2) be idempotents in the semigroup Ĉ . Then

ε(1) ω l ε(2) if and only if cε(1) ⊆ cε(2) ;

ε(1) ωr ε(2) if and only if ε(1)(cε(2)) is an epimorphism such that ε(1) = ε(2) ∗ ε(1)(cε(2)).

Observe that the set of idempotents E(Ĉ ) = E(Ĉ ). Also by [30, Proposition III.5]

and [30, Proposition III.7], we can see that the quasi orders coincide. Hence the biordered

sets of E(Ĉ ) and E(Ĉ ) are equal. In particular, E(Ĉ ) is a regular biordered set with quasi

orders defined as above.

Now, we proceed to show that Ĉ is an abundant semigroup.

Lemma 3.6. Let C be a consistent category and let γ = ε ∗ u ∈ Ĉ . If δ is an idempotent

cone in C such that cγ = cδ , then ε R∗ γ L ∗ δ .

Proof. Since γ = ε ∗ u, we have ε · γ = γ . Let γ(1),γ(2) ∈ Ĉ be such that γ(1)γ = γ(2)γ .

Then

γ(1) · ε ∗ u = γ(2) · ε ∗ u

γ(1) ∗ (ε(cγ(1)))
◦u = γ(2) ∗ (ε(cγ(2)))

◦u

γ(1) ∗ (ε(cγ(1)))
◦ = γ(2) ∗ (ε(cγ(2)))

◦ (since u is a bimorphism)

γ(1) · ε = γ(2) · ε.

Hence by Lemma 2.2, we have γ R∗ ε .

Now, since δ is an idempotent cone (such a δ exists in C by axiom (CC 6)) and cγ = cδ ,

we have δ (cγ) = 1cγ . For any c ∈ C , we have γ · δ (c) = γ(c)(δ (cγ ))
◦ = γ(c). Hence

γ · δ = γ . Now, if γ(1),γ(2) ∈ Ĉ with γγ(1) = γγ(2), then for any c ∈ vC , we have that

γ(c)(γ(1)(cγ))
◦ = γ(c)(γ(2)(cγ ))

◦. In particular, since γ is consistent, there exists d ∈ vC

such that γ(d) is a bimorphism. By cancellation, we obtain (γ(1)(cγ))
◦ = (γ(2)(cγ ))

◦. Fur-

ther, since cγ = cδ , we have δ ∗ (γ(1)(cδ ))
◦ = δ ∗ (γ(2)(cδ ))

◦, i.e., δ · γ(1) = δ · γ(2). Thus

by Lemma 2.2, we obtain δ L ∗ γ . Hence the lemma. �

Lemma 3.7. Ĉ is idempotent-connected.

Proof. Let γ = ε ∗ u be an arbitrary element in the semigroup Ĉ . By Lemma 3.6, there

exist idempotents ε,δ such that ε R∗ γ L ∗ δ . Then since u is a bimorphism, the axiom

(CC 4) implies that u is consistent. Hence T u : σ(cε)→ σ(cδ ) has a unique extension

T : 〈cε 〉→ 〈cδ 〉 which is an isomorphism such that for each cε i ⊆ cε , the map cε i 7→ T (cε i)
is a natural isomorphism. In particular, the inclusions jcε

c
εi

and j
cδ
T (c

εi )
split in 〈cε〉 and 〈cδ 〉,

respectively. This is illustrated by the following commutative diagrams in the categories
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σ(C ) and 〈C 〉, respectively.

cε
u

// cδ cε

hi

��

T (cε )
// cδ

ki

��

cε i

j
cε
c
εi

OO

( j
cε
c
εi

u)◦

// T u(cε i)

j
cδ
T u(c

εi )

OO

cε i

T (c
εi )

// T (cε i)

Now, to show that Ĉ is idempotent-connected, by Lemma 2.3, it suffices to build a bi-

jection β : ω(ε)→ ω(δ ) satisfying ε iγ = γ(ε iβ ) for all ε i ∈ ω(ε). So, define a function

β : ω(ε)→ ω(δ ) as follows:

(4) β : ε i 7→ δ ∗ ki for all ε i ∈ ω(ε)

where ki is the retraction in 〈cδ 〉 such that j
cδ
T (c

εi )
ki = 1T (c

εi ). Since T is an isomorphism,

β is well-defined and is a bijection. Now, for ε i ∈ ω(ε),

ε i · γ = ε i · (ε ∗ u)

= ε i ∗ (ε(cε i)u)◦ (by (3))

= (ε · ε i)∗ ( jcε
c

εi
u)◦ (since ε i ω ε)

= ε ∗ ε i(cε )( jcε
c

εi
u)◦ (by (3))

= ε ∗ hi( jcε
c

εi
u)◦

= ε ∗ uki (from the above commutative diagram)

= γ ∗ ki.

Also

γ(ε iβ ) = γ · (δ ∗ ki) = γ ∗ (δ (cγ)ki)
◦ = γ ∗ ki.

Hence the lemma. �

Theorem 3.8. The semigroup Ĉ is concordant.

Proof. By Proposition 3.4, Lemma 3.6 and Lemma 3.7, the semigroup Ĉ is an idempotent-

connected abundant semigroup whose idempotents generate a regular subsemigroup. Hence

the theorem. �

As in [30], a functor F : C → D is said to be v-surjective, v-injective or v-bijective if

the object map vF has the corresponding property. A functor F : C → D is said to be

an isomorphism if it is v-bijective and fully-faithful. Two consistent (normal) categories

are said to be isomorphic if there is an inclusion preserving isomorphism between them.

The following theorem follows from the similar result [30, Theorem III.19] for normal

categories.

Theorem 3.9. Let C be a consistent category and Ĉ be its associated concordant semi-

group of consistent cones. Define F : C → L(Ĉ ) as follows:

vF(c) = Ĉ ε and F( f ) = ρ(ε,ε ∗ f ◦,ε ′)

where ε,ε ′ ∈ E(Ĉ ) such that cε = c,cε ′ = d and f : c→ d. Then F is an isomorphism of

consistent categories.

The above theorem and the discussion in Section 2 gives the following corollary.
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Corollary 3.10. A category is consistent if and only if it is isomorphic to the categoryL(S)
for some concordant semigroup S.

Recall from [5] that a right regular representation of a semigroup S is a homomorphism

ρ : a 7→ ρa of S into the full transformation semigroup TS. Then ρ : S→ Sρ is a surjec-

tive homomorphism where Sρ is the image of ρ . The following proposition is a direct

generalisation of [30, Theorem III.16].

Proposition 3.11. Let S be a concordant semigroup. Then the map a 7→ ρa (where ρa is

the principal cone determined by a) defines a homomorphism ρ̃ : S→ L̂(S). Also the map

ρa 7→ ρa defines an injective homomorphism φ : Sρ → L̂(S) such that the diagram below

commutes.

S

ρ̃

��
✾✾

✾✾
✾✾

✾✾
✾✾

ρ

��✟✟
✟✟
✟✟
✟✟
✟✟

Sρ
φ

// L̂(S)

In particular S is isomorphic to a subsemigroup of L̂(S) via ρ̃ if and only if ρ is injective.

Remark 3.1. Dually, we can define the consistent category R(S) of principal right ideals

generated by the idempotents of a concordant semigroup S as follows:

vR(S) = {eS : e ∈ E(S)}

R(S)(eS, f S) = {λ (e,u, f ) : u ∈ f Se}.

It can be easily shown that the dual properties regarding the category L(S) hold for the

category R(S).

4. CONSISTENT DUAL AND CROSS-CONNECTIONS OF A CONCORDANT SEMIGROUP

We have seen in the previous sections that given a concordant semigroup S, the cat-

egories L(S) and R(S) are consistent categories. So a natural converse question arises:

given two consistent categories C and D , under what conditions can we assert the exis-

tence of a concordant semigroup S such that C and D are isomorphic to L(S) and R(S),
respectively. To answer this question, we first need to understand the relationship the con-

sistent categories L(S) and R(S). This relationship will be described in this section using

a pair of functors ΓS and ∆S, which shall be called a cross-connection.

To this end, we need to introduce the notion of a dual category associated with a con-

sistent category. This will generalise the notion of a normal dual of a normal category [30]

and also help us characterise the consistent category R(Ĉ ) associated with the concordant

semigroup Ĉ . Recall that (see [23]) given a category C , the class of all functors from C to

the category Set with natural transformations as morphisms forms a category [C ,Set].
The consistent dual C ∗ of a consistent category C is defined as a subcategory of the

category [C ,Set] such that the objects of C ∗ are certain special set-valued functors called

H-functors.

4.1. H-functor. Let ε be an idempotent consistent cone in a consistent category. Then for

each c ∈ vC and g : c→ c′, we define an H-functor H(ε;−) : C → Set as follows:

H(ε;c) = {ε ∗ f ◦ : f ∈ C (cε ,c)} and

H(ε;g) : H(ε;c)→ H(ε;d) given by ε ∗ f ◦ 7→ ε ∗ ( f g)◦
(5)
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It can be shown (as in [30, Lemma III.6]) that given an H-functor H(ε;−) in a consistent

category C , for every pair (d,δ ) such that δ ∈ H(ε;d), there exists a unique morphism

f : cε → d such that H(ε; f ) : ε 7→ δ . Hence the consistent cone ε (or the pair (cε ,ε), to

be precise) will be a universal element for the functor H(ε;−) in H(ε;cε ). This implies

that the functor H(ε;−) is a representable functor, i.e., there exists a natural isomorphism

ηε : H(ε;−)→ C (cε ,−) where C (cε ,−) is the covariant hom-functor determined by the

object cε . Observe that the natural isomorphism may be explicitly defined by ηε : c 7→
(ε ∗ f ◦ 7→ f ◦) for an arbitrary object c ∈ vC . Now, using Lemma 3.5 and [30, Proposition

III.7], we have the following proposition.

Proposition 4.1. Let ε,ε ′ be idempotent consistent cones in the semigroup Ĉ . Then

(1) ε L ε ′ if and only if cε = cε ′ .

(2) ε R ε ′ if and only if H(ε;−) = H(ε ′;−).

Hence given a consistent category C , we define the consistent dual C ∗ (often referred

to as just dual in the sequel) as the full subcategory of [C ,Set] such that

vC ∗ = {H(ε;−) : ε ∈ E(Ĉ )}.

Then C ∗ is a category with subobjects in which the inclusion relation among the functors

is defined as follows. Let H(ε;−),H(ε ′;−) : C → Set, we say H(ε;−) is a sub functor of

H(ε ′;−) (and write H(ε;−)⊆ H(ε ′;−)) if for all c ∈ vC , the sets H(ε;c) ⊆ H(ε ′;c) and

the map c 7→ j
H(ε ′ ;c)
H(ε;c)

is a natural transformation from H(ε;−) to H(ε ′;−).

Note that for ε,ε ′ ∈ E(Ĉ ) and γ ∈ ε ′Ĉ ε , exactly as in [30, Lemma III.22], the map

λ (ε,γ,ε ′) 7→ γ̃ where

(6) γ̃ = γ(cε ′) jcε
cγ

is a bijection from R(Ĉ )(εĈ ,ε ′Ĉ ) onto C (cε ′ ,cε). Then the following theorem is a

straightforward generalisation of [30, Theorem III.25].

Theorem 4.2. Let C be a consistent category. Define G : R(Ĉ )→ C ∗ as follows:

vG(εĈ ) = H(ε;−) for each ε ∈ E(Ĉ )

and for each λ = λ (ε,γ,ε ′) : εĈ → ε ′Ĉ , let G(λ ) be the natural transformation between

the functors H(ε;−) and H(ε ′;−) making the following diagram commutative where γ̃ is

defined by (6).

H(ε;−)

G(λ )

��

ηε
// C (cε ,−)

C (γ̃,−)

��

H(ε ′;−)
ηε ′

// C (cε ′ ,−)

Then the functor G : R(Ĉ )→ C ∗ is an isomorphism of consistent categories.

Since Ĉ is a concordant semigroup, using Remark 3.1, the categoryR(Ĉ ) is a consistent

category. So, we have the following corollary.

Corollary 4.3. Given a consistent category C , its consistent dual C ∗ is also a consistent

category.
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4.2. Cross-connections. Now, we proceed to describe how the consistent categories L(S)
and R(S) arising from a concordant semigroup S are interrelated. To that end, first consider

the following functor FSρ : R(S)→R(L̂(S)). For each eS∈ vR(S) and for each morphism

λ (e,u, f ) ∈ R(S),

(7) vFSρ(eS) = ρe(L̂(S)) and FSρ(λ (e,u, f )) = λ (ρe
,ρu

,ρ f ).

Exactly as shown in [30, Proposition IV.1], we can prove that FSρ is a well defined

covariant functor which is inclusion preserving, fully-faithful and for each eS ∈ vR(S), the

restriction functor FSρ |(eS) to the ideal (eS) in R(S) is an isomorphism. This motivates us

to define the following notion which will be very crucial in the sequel.

Definition 4.1. A functor F between two consistent categories C and D is said to be a

local isomorphism if F is inclusion preserving, fully faithful and for each c ∈ vC , F|(c) is

an isomorphism of the ideal (c) onto (F(c)).

Dually as defined in (7), we can define another functor FSλ : L(S)→ R(R̂(S)) as fol-

lows. For each Se ∈ vL(S) and for each morphism ρ(e,u, f ) ∈ L(S),

(8) vFSλ (Se) = λ e(R̂(S)) and FSλ (ρ(e,u, f )) = λ (λ e
,λ u

,λ f ).

Summarising the above discussion, we have the following proposition which generalises

[30, Proposition IV.1].

Proposition 4.4. The functors FSρ : R(S)→ R(L̂(S)) and FSλ : L(S)→ R(R̂(S)) as de-

fined in (7) and (8) respectively, are local isomorphisms.

Remark 4.1. Observe that the local isomorphisms FSρ and FSλ arise from the homomor-

phism ρ̃ : S→ L̂(S) (see Proposition 3.11) and its dual anti-homomorphism λ̃ : S→ R̂(S),
respectively.

Now, given a concordant semigroup S, we define a pair of functors ΓS and ∆S as follows.

The functor ΓS : R(S)→ L(S)∗ is given by

(9) vΓS(eS) = H(ρe;−) and ΓS(λ (e,u, f )) = ηρeL(S)(ρ( f ,u,e),−)η−1

ρ f

and the functor ∆S : L(S)→R(S)∗ is defined as follows:

(10) v∆S(Se) = H(λ e;−) and ∆S(ρ(e,u, f )) = ηλ eR(S)(λ ( f ,u,e),−)η−1

λ f .

First observe that by Theorem 4.2, the category R(L̂(S)) is isomorphic to L(S)∗ as

consistent categories, via the functor say
−→
G . Similarly, the categoryR(R̂(S)) is isomorphic

to R(S)∗ via the functor, say
←−
G . Comparing the functors ΓS and ∆S with definitions in (7),

(8) and Theorem 4.2, we see that

ΓS = FSρ ◦
−→
G and ∆S = FSλ ◦

←−
G .

Now, since the functor FSρ : R(S)→ R(L̂(S)) is a local isomorphism and the functor
−→
G : R(L̂(S))→L(S)∗ is an isomorphism, the functor ΓS : R(S)→L(S)∗ is a local isomor-

phism. Arguing similarly for the functor ∆S, we have the following theorem:

Theorem 4.5. The functor ΓS : R(S)→ L(S)∗ and the functor ∆S : L(S)→ R(S)∗ as de-

fined in (9) and (10) respectively, are local isomorphisms.
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Given an ε ∈ E(Ĉ ), we define as follows, the set MH(ε;−), called as the M-set of the

idempotent cone ε and denoted in the sequel by just Mε .

(11) MH(ε;−) = Mε = {c ∈ vC : ε(c) is an isomorphism}.

Further, observe the following interrelationship of the functors ΓS and ∆S. For objects

Se ∈ vL(S) and eS ∈ vR(S),

(12) Se ∈MΓS(eS) if and only if eS ∈M∆S(Se).

The above discussion leads us to the definition of a cross-connection.

Definition 4.2. Let C and D be consistent categories. A cross-connection between C and

D is a quadruplet (C ,D ;Γ,∆) where Γ : D→C ∗ and ∆ : C →D∗ are local isomorphisms

such that for c ∈ vC and d ∈ vD

(13) c ∈MΓ(d) ⇐⇒ d ∈M∆(c).

Remark 4.2. Observe that we define a cross-connection using two functors emulating Gril-

let’s [12] original definition using two maps, unlike in [29,30,34] where a cross-connection

is defined using a single functor. One can easily observe that our definition is equivalent to

the definition using a single functor and as shown in [30], the second functor is uniquely

determined by the first. But our formulation although being less economical, will help us

recover the semigroup from a cross-connection in a much easier manner (see next section).

Summarising the above discussion, we have proved the following theorem.

Theorem 4.6. Let S be a concordant semigroup with consistent categories L(S) and R(S).
Define functors ΓS and ∆S as in (9) and (10). Then ΩS = (L(S),R(S);ΓS,∆S) is a cross-

connection between L(S) and R(S).

5. CONCORDANT SEMIGROUP OF A CROSS-CONNECTION

In the previous section, we showed how a concordant semigroup gives rise to a cross-

connection. In this section, we describe the converse: the concordant semigroup arising

from a cross-connection between two consistent categories. Recall from Section 3 that

given a consistent category, we have an associated concordant semigroup. Naturally, we

shall be identifying the concordant semigroup associated with a cross-connection as a sub-

direct product of the concordant semigroups arising from the two consistent categories, i.e.,

as a semigroup of ordered pairs of consistent cones which ‘respect’ the cross-connection.

But for this, we need a deeper analysis of the cross-connection functors and their interre-

lationship.

5.1. The idempotent cones γ(c,d) and δ (c,d). First, observe that for small categories

C , D and the category Set, we have the following isomorphism [23]:

[C , [D ,Set]]∼= [C ×D ,Set].

This implies that any functor from C to D∗ (or from D to C ∗) will uniquely determine

a bifunctor from C ×D to Set.

Hence, given a cross-connection Ω=(C ,D ;Γ,∆), it gives rise to two bifunctors Γ(−,−)
and ∆(−,−) from C ×D to Set defined as follows. For all (c,d)∈ vC ×vD and ( f ,g) : (c,d)→
(c′,d′),

vΓ(c,d) = Γ(d)(c), Γ( f ,g) = Γ(g)(c)Γ(d′)( f ) = Γ(d)( f )Γ(g)(c′);

v∆(c,d) = ∆(c)(d) and ∆( f ,g) = ∆(c)(g)∆( f )(d′) = ∆( f )(d)∆(c′)(g).
(14)
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Now, given a cross-connection Ω = (C ,D ;Γ,∆), define a set:

(15) EΩ = {(c,d) ∈ vC × vD : c ∈MΓ(d)}

We shall show later that the above defined set is in fact the regular biordered set associated

with the cross-connection Ω. As a beginning, we identify the idempotent cones associated

with an element (c,d) ∈ EΩ. For that, we gather the following lemma from [30].

Lemma 5.1. Let ε be an idempotent cone in a consistent category C . Then c ∈MH(ε;−)
if and only if there exists a unique idempotent cone ξ in C such that H(ξ ;−) = H(ε;−)
and cξ = c.

Proof. Given an idempotent cone ξ in C such that H(ξ ;−) = H(ε;−) and cξ = c, by

Proposition 4.1, we have ξ R ε and using Lemma 3.5 there exist unique epimorphisms

ε(cξ ) = h : cξ → cε and ξ (cε) = k : cε → cξ such that

ε = ξ ∗ h and ξ = ε ∗ k.

Since ε(cε ) = 1cε and ξcξ
= 1cξ

, we have hk = 1cξ
and kh = 1cε so that h = ε(cξ ) is an

isomorphism. Hence c = cξ ∈MH(ε;−).

Conversely, if ε(c) is an isomorphism, say u, then define ξ = ε ∗ u−1. Now,

ξ (c) = ε ∗ u−1(c) = ε(c)u−1 = uu−1 = 1c

and so ξ is an idempotent cone with apex c. Using Lemma 3.5 and Proposition 4.1, we see

that H(ξ ;−) = H(ε;−) and hence the lemma. �

Suppose (c,d) ∈ EΩ and Γ(d) = H(ε;−) for some ε ∈ Ĉ so that c ∈MH(ε;−). Then

by Lemma 5.1, there is a uniquely defined idempotent cone ξ in C such that

(16) cξ = c and H(ξ ;−) = H(ε;−) = Γ(d).

We shall denote this idempotent cone by γ(c,d) in the sequel. Similarly, for each pair

(c,d) ∈ EΩ, there is a unique idempotent cone δ (c,d) ∈ D̂ such that

(17) cδ (c,d) = c and H(δ (c,d);−) = ∆(c).

5.2. Transpose. Observe that if c′ ∈MΓ(d), then (c′,d) ∈ EΩ. Then for the idempotent

cone δ (c′,d) in the category D , since H(δ (c′,d);−) is a representable functor, there is a

natural isomorphism ηδ (c′,d) : ∆(c′)→D(d,−). Similarly, we have a natural isomorphism

ηδ (c,d′) : ∆(c)→ D(d′,−). So for a morphism f : c′ → c in C , we see that µ = η−1
δ (c′,d) ◦

∆( f ) ◦ηδ (c,d′) is a natural transformation from D(d,−) to D(d′,−). Now, using Yoneda

Lemma [23], there is a unique morphism from g : d′ → d in the category D such that

µ = D(g,−), as shown in the following commutative diagram.

c′

f

��

∆(c′)

∆( f )

��

ηδ (c′ ,d)
// D(d,−)

D(g,−)

��

d

c ∆(c)
ηδ (c,d′)

// D(d′,−) d′

g

OO

Then the unique morphism g ∈ D(d′,d) is known as the transpose of f ∈ C (c′,c) and

will be denoted by f ‡ in the sequel.



CROSS-CONNECTION STRUCTURE OF CONCORDANT SEMIGROUPS 19

Remark 5.1. Observe that the transpose of a given morphism f ∈ C (c′,c) is not unique, in

general. For each d′ ∈M∆(c) and d ∈M∆(c′), there is a unique transpose f ‡ ∈D(d′,d).

Remark 5.2. Dually, given a morphism g ∈ D(d′,d), we can define the tranpose g‡ as the

unique morphism in C (c′,c) such that C (g‡
,−) = η−1

γ(c,d′)
◦Γ(g)◦ηγ(c′,d).

Using the above notations and the definitions of the H-functor in (5) and of the bifunc-

tors Γ(−,−) and ∆(−,−) in (14), we can see that

Γ(c,d) = {γ(c′,d)∗ f ◦ : c′ ∈MΓ(d) and f ∈ C (c′,c)},

∆(c,d) = {δ (c,d′)∗ g◦ : d′ ∈M∆(c) and g ∈D(d′,d)}.

Then we have the following theorem which is an exact generalisation of [30, Theorem

IV.16], in the notation introduced above.

Theorem 5.2. Given a cross-connection Ω = (C ,D ;Γ,∆) with bifunctors Γ(−,−) and

∆(−,−), for each (c,d) ∈ vC × vD , the map χ(c,d) : Γ(c,d)→ ∆(c,d) given by

χ(c,d) : γ(c′,d)∗ f ◦ 7→ δ (c,d′)∗ g◦

is a bijection, where c′ ∈ MΓ(d) and d′ ∈ M∆(c) and g ∈ D(d′,d) is the transpose of

the morphism f ∈ C (c′,c). Also the map (c,d) 7→ χ(c,d) defines a natural isomorphism

between the bifunctors Γ(−,−) and ∆(−,−).

5.3. Linked pairs. Now, consider the following subsets of the semigroups Ĉ and D̂ we

obtain from the bifunctors Γ(−,−) and ∆(−,−).

Γ̂ =
⋃
{Γ(c,d) : (c,d) ∈ vC × vD}(18a)

∆̂ =
⋃
{∆(c,d) : (c,d) ∈ vC × vD}(18b)

One can easily verify that Γ̂ and ∆̂ are subsemigroups of Ĉ and D̂ , respectively. We pro-

ceed to show that Γ̂ and ∆̂ are in fact concordant semigroups. We begin with the following

lemma.

Lemma 5.3. Let Ω = (Γ,∆;C ,D) be a cross-connection. Then a cone γ ∈ Γ̂ if and only if

γ = γ(c1,d1)∗ u, where u is bimorphism in C and (c1,d1) ∈ EΩ.

Proof. Suppose γ ∈ Γ̂ so that γ = γ(c′,d)∗ f ◦ where f : c′→ c. Let f ◦ = eu be the consis-

tent factorisation of f ◦, so that u is a bimorphism. Then γ = γ(c′,d)∗eu = (γ(c′,d)∗e)∗u.

Let ε = γ(c′,d)∗ e, then since e is a retraction, ε is an idempotent and c1 = cε ⊆ c′. Also

by [30, Proposition III.9], we have H(ε;−) ⊆ H(γ(c′,d);−) = Γ(d). Since Γ is a local

isomorphism, there exists a unique d1 ⊆ d such that Γ(d1) = H(ε;−). So ε = γ(c1,d1) and

hence γ = γ(c1,d1)∗ u. The converse is clear. �

Dually, we can prove that a cone δ ∈ ∆̂ if and only if δ = δ (c1,d1) ∗ u where u is

bimorphism in D .

Lemma 5.4. The set of idempotents E(Γ̂) is given by

E(Γ̂) = {γ(c,d) : (c,d) ∈ vC × vD}.

Proof. If γ = γ(c,d), then clearly γ ∈ E(Γ̂). Conversely, let γ ∈ E(Γ̂), then by the above

lemma γ = γ(c′,d) ∗ u, for a bimorphism u : c′→ c. Now, since γ is an idempotent cone,

γ(c) = γ(c′,d)∗ u (c) = γ(c′,d)(c) u = 1c. Also,

1c′ u = u = u 1c = u(γ(c′,d)(c) u) = (uγ(c′,d)(c))u.
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From cancellation, we get 1c′ = uγ(c′,d)(c). Therefore γ(c′,d)(c) is an isomorphism with

the morphism u as the inverse. So, c ∈ MΓ(d) = H(γ(c′,d);−) and γ R γ(c′,d). So

by Proposition 4.1, the functor H(γ;−) = H(γ(c′,d);−). Now, using the uniqueness in

Lemma 5.1 and (16), we have γ = γ(c,d). �

To show that Γ̂ is concordant, we need to first show that the regular elements in Γ̂ form

a subsemigroup. Or equivalently as in Proposition 3.4, we need to identify a full regular

subsemigroup of Γ̂ such that their biordered sets are isomorphic.

Recall that every idempotent cone in a consistent category is normal and the cross-

connection definition depends only on the idempotents. Also observe that the inclusion

functor J(C ,C ) is v-surjective for any consistent category C and its corresponding normal

category C as defined in Lemma 3.3. Further, the biorder quasi orders in the sets E(Ĉ )

and E(Ĉ ) of idempotents, coincide by the discussion following Lemma 3.5. Hence the

following lemma can be easily verified.

Lemma 5.5. Let Ω = (Γ,∆;C ,D) be a cross-connection between consistent categories C

and D . If C and D be normal categories as defined in Lemma 3.3, then Ω = (Γ,∆;C ,D)
is a cross-connection between normal categories where Γ = Γ|D and ∆ = ∆|C . Further, if

Γ̂ is the semigroup as defined above in (18) and the set Γ̂ =
⋃
{Γ(c,d) : (c,d) ∈ vC ×vD},

then

Γ̂ = {γ ∈ Γ̂ : γ is a normal cone in C }

and Γ̂ is a full regular subsemigroup of Γ̂ such that their biordered sets coincide.

To see the details of the regular semigroup Γ̂ (denoted in [30] as UΓ), please refer

to [30, Section IV.5.1].

Remark 5.3. The above lemma reflects the fact that the cross-connection definitions of

consistent categories of this article, normal categories in [30] and even regular partially

ordered sets in [12] are all equivalent. This is because in all the three cases, we are building

the same underlying object: a regular biordered set.

Now, we proceed to show that the semigroup Γ̂ is concordant.

Proposition 5.6. Let Ω = (Γ,∆;C ,D) be a cross-connection and Γ̂ be the semigroup

defined in (18). Then Γ̂ is a concordant semigroup.

Proof. By Lemma 5.5, the regular elements in Γ̂ form a subsemigroup Γ̂.

Let γ ∈ Γ̂ then γ = γ(c,d) ∗ u where u : c→ c′ is a bimorphism in C . Now, define

γ† = γ(c,d) and γ∗ = γ(c′,d′) where d′ ∈ M∆(c′). Then similar to the proof of Lemma

3.6, we can verify that γ† R∗ γ L ∗ γ∗. Hence Γ̂ is an abundant semigroup.

Finally, since C is consistent, the bimorphism u is consistent. So, arguing similarly as

in the proof of Lemma 3.7, we can show that Γ̂ is idempotent-connected. Hence Γ̂ is a

concordant semigroup. �

Further, we have the following exact generalisation of [30, Proposition IV.31].

Proposition 5.7. Let Ω = (Γ,∆;C ,D) be a cross-connection and Γ̂ be the semigroup

defined in (18) with the set of idempotents E(Γ̂) as defined in Lemma 5.4. Then F̂ : C →

L(Γ̂) defined by:

vF̂(c) = Γ̂γ(c,d) and F̂( f ) = ρ(γ(c,d),γ(c,d)∗ f ◦,γ(c′,d′))|Γ̂
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for all c ∈ vC and f ∈ C (c,c′), is an isomorphism.

Remark 5.4. Dually we can show that ∆̂ is also a concordant semigroup such that L(∆̂) is

isomorphic to D .

Now, we proceed to build the cross-connection semigroup associated with the cross-

connection as a subdirect product of the concordant semigroups Γ̂ and ∆̂. Recall that χ
as defined in Theorem 5.2 is a natural isomorphism between the bifunctors Γ(−,−) and

∆(−,−). This give rise to a ‘linking’ between the concordant semigroups Γ̂ and ∆̂.

Definition 5.1. Given a cross-connection Ω = (Γ,∆;C ,D), a consistent cone γ ∈ Γ̂ is said

to be linked to δ ∈ ∆̂ if there is a (c,d)∈ vC ×vD such that γ ∈ Γ(c,d) and δ = χ(c,d)(γ);
we then say that the pair (γ,δ ) is a linked pair.

5.4. The cross-connection semigroup. Given a cross-connection Ω = (Γ,∆;C ,D) of

consistent categories C and D , define the set

(19) SΩ = {(γ,δ ) ∈ Γ̂× ∆̂ : (γ,δ ) is linked }.

Define an operation on SΩ as follows:

(γ,δ )◦ (γ ′,δ ′) = (γ · γ ′,δ ′ ·δ ) for all (γ,δ ),(γ ′,δ ′) ∈ SΩ.

Suppose (γ,δ ),(γ ′,δ ′) ∈ SΩ, then as in the [30, Lemma IV.30], we have γ · γ ′ is linked

to δ ′ · δ . Hence SΩ is a semigroup and it will be called the cross-connection semigroup

determined by Ω.

Lemma 5.8. Let Ω = (Γ,∆;C ,D) be a cross-connection with SΩ as the cross-connection

semigroup, then the set of idempotents of SΩ is given by:

E(SΩ) = {(γ(c,d),δ (c,d)) : (c,d) ∈ EΩ}

Proof. Clearly, since γ(c,d) and δ (c,d) are idempotents and δ (c,d) = χΓ(c,d)(γ(c,d)),
we see that (γ(c,d),δ (c,d)) ∈ EΩ. Conversely, if (γ,δ ) is an idempotent, then γ2 = γ .

So, by Lemma 5.4 we have γ ∈ E(Γ̂) and hence γ = γ(c,d) for some (c,d) ∈ EΩ. Then

χΓ(c,d)(γ(c,d)) = δ (c,d). Then by the well-definedness of χ(c,d), we have δ = δ (c,d).
Hence the lemma. �

Emulating the discussion in [30, Section V.1.2], we can see that the set EΩ is bijective

with the set E(SΩ) under the map

(c,d) 7→ (γ(c,d),δ (c,d)).

As outlined in Lemma 5.5, the set of idempotents of E(SΩ) and E(SΩ) are equal. Further,

as in [30, Section V.1.2], we can show that biorder quasi orders in the set E(SΩ) = EΩ is

given by:

(c,d) ω l (c′,d′) ⇐⇒ c⊆ c′ and (c,d) ωr (c′,d′) ⇐⇒ d ⊆ d′.

Then EΩ forms a regular biordered set with the basic products and sandwich sets as de-

scribed in [30, Section V.1.2].

Theorem 5.9. Given a cross-connection Ω = (Γ,∆;C ,D) of consistent categories C and

D , the cross-connection semigroup SΩ is concordant.
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Proof. First, as discussed above E(SΩ) is a regular biordered set and hence the regular

elements in SΩ form a regular subsemigroup.

Now, given (γ,δ ) ∈ SΩ, suppose γ = γ(c,d)∗ u where u : c→ c′ is a bimorphism, then

δ = χ(c′,d)(γ) = χ(c′,d)(γ(c,d)∗ u) = δ (c′,d′)∗ u‡

where d′ ∈M∆(c′) and u‡ : d′→ d is the transpose of u. Now, define the idempotent cones

γ† = γ(c,d), γ∗ = γ(c′,d′), δ † = δ (c′,d′) and δ ∗ = δ (c,d). Then as in Lemma 3.6 and

Proposition 5.6, we can verify that γ† R∗ γ L ∗ γ∗ and δ † R∗ δ L ∗ δ ∗. Hence we

have (γ†
,δ ∗) R∗ (γ,δ ) L ∗ (γ∗,δ †). Thus SΩ is abundant.

Finally, as described in Lemma 3.7 and Proposition 5.6, there are connecting isomor-

phisms α : 〈γ†〉 → 〈γ∗〉 and β : 〈δ †〉 → 〈δ ∗〉 in the concordant semigroups Γ̂ and ∆̂, re-

spectively. Then we can easily verify that the map υ : (ι,κ) 7→ ((ι)α,(κ)β−1) for each

(ι,κ) ∈ 〈(γ†
,δ ∗)〉 is a connecting isomorphism between 〈(γ†

,δ ∗)〉 and 〈(γ∗,δ †)〉. Thus

the semigroup SΩ is concordant. �

Now, given a cross-connection Ω = (Γ,∆;C ,D) with the cross-connection semigroup

SΩ, define a functor FΩ : C → L(SΩ) as follows. For an arbitrary c ∈ vC and a morphism

f ∈ C (c,c′),

vFΩ(c) =SΩ(γ(c,d),δ (c,d)) for some d ∈M∆(c);

FΩ( f ) = ρ((γ(c,d),δ (c,d)),(γ(c,d)∗ f ◦,δ ),(γ(c′,d′),δ (c′,d′)))
(20)

where d′ ∈M∆(c′) and δ is any consistent cone in ∆̂ with apex d′ such that it is linked to

the cone γ(c,d)∗ f ◦. Also, define a functor GΩ : D → R(SΩ) as follows. For an arbitrary

d ∈ vD and a morphism g ∈D(d,d′),

vGΩ(d) =(γ(c,d),δ (c,d))SΩ for some c ∈MΓ(d);

GΩ(g) = λ ((γ(c,d),δ (c,d)),(γ,δ (c,d)∗ g◦),(γ(c′,d′),δ (c′,d′)))
(21)

where c′ ∈MΓ(d′) and γ is any consistent cone in Γ̂ with apex c′ such that it is linked to

the cone δ (c,d)∗g◦. Then, emulating the proof of [30, Theorem IV.35], we can show that

FΩ and GΩ are consistent category isomorphisms. Hence we have the following theorem.

Theorem 5.10. For a cross-connection Ω = (Γ,∆;C ,D) with the cross-connection semi-

group SΩ, the consistent categories L(SΩ) and R(SΩ) are isomorphic to the categories

C and D , respectively.

6. CATEGORY EQUIVALENCE

In Section 4, we have seen how a concordant semigroup gives rise to a cross-connection

and in Section 5, we have constructed the concordant semigroup which arises from an

abstract cross-connection of consistent categories. In this section, we proceed to extend

this correspondence to a category equivalence between the category CS of concordant

semigroups and the category CC of cross-connections of consistent categories. For this

end, first we introduce morphisms in the category CC of cross-connections.

Definition 6.1. Let Ω = (Γ,∆;C ,D) and Ω′ = (Γ′,∆′;C ′,D ′) be two cross-connections

with biordered sets EΩ and EΩ′ , respectively. A CC-morphism m : Ω→ Ω′ is a pair m =
(Fm,Gm) of functors Fm : C → C ′ and Gm : D →D ′ which satisfies the following axioms:

(M1) The functors Fm and Gm preserve inclusions and bimorphisms.

(M2) If (c,d) ∈ EΩ, then (Fm(c),Gm(d)) ∈ EΩ′ and

Fm(γ(c,d)(c
′)) = γ(Fm(c),Gm(d))(Fm(c

′)) for all c′ ∈ vC .



CROSS-CONNECTION STRUCTURE OF CONCORDANT SEMIGROUPS 23

(M3) If f ‡ : d′→ d is the transpose of f : c→ c′, then Gm( f ‡) = (Fm( f ))‡.

Given a CC-morphism m = (Fm,Gm) : Ω→ Ω′, for an arbitrary element (γ,δ ) ∈ SΩ
such that γ = γ(c′,d)∗u∈ Γ(c,d) for a bimorphism u and δ = χ(c,d)(γ) = δ (c,d′)∗u‡ ∈
∆(c,d), define a mapping Sm : SΩ→ SΩ′ as follows:

(22) ((γ,δ ))Sm = (γ(Fm(c
′),Gm(d))∗Fm(u),δ (Fm(c),Gm(d

′))∗Gm(u
‡)).

Theorem 6.1. Sm : SΩ→ SΩ′ as defined above is a good homomorphism.

Proof. First, exactly as shown in the proof of [30, Theorem V.11], we can show that Sm

is a homomorphism of semigroups SΩ and SΩ′ such that Sm is injective [surjective] if

and only if m is injective [surjective]. Further, let (γ,δ ) ∈ SΩ such that γ = γ(c,d)∗ u for

a bimorphism u : c→ c′ and δ = χ(c′,d)(γ). Then as in the proof of Theorem 5.9, we

can find idempotents (γ†
,δ ∗),(γ∗,δ †) ∈ SΩ such that (γ†

,δ ∗) R∗ (γ,δ ) L ∗ (γ∗,δ †).
Then since Fm and Gm preserve bimorphisms, we have Fm(u) and Gm(u

‡) are bimorphisms.

Then we can easily verify that ((γ†
,δ ∗))Sm R∗ ((γ,δ ))Sm L ∗ ((γ∗,δ †))Sm. �

Theorem 6.2. Further, the assignments

vS : Ω 7→ SΩ S : m 7→ Sm

is a functor S : CC→ CS from the category CC of cross-connections of consistent cate-

gories to the category CS of concordant semigroups.

The proof is a straightforward generalisation of the proof of [30, Theorem V.13] and

hence we omit it.

Theorem 6.3. Given a good homomorphism h : S→ S′ of concordant semigroups, define

functors Fh : L(S)→ L(S′) and Gh : R(S)→R(S′) as follows:

vFh(Se) = S′(eh), Fh(ρ(e,u, f )) = ρ(eh,uh, f h),

vGh(eS) = (eh)S′ and Gh(λ (e,u, f )) = λ (eh,uh, f h).
(23)

Then the pair of functors Ωh = (Fh,Gh) is a CC-morphism between the cross-connections

ΩS = (L(S),R(S);ΓS,∆S) and ΩS′ = (L(S′),R(S′);ΓS′ ,∆S′).

The proof of [30, Theorem V.14] gives the routine verification of the above theorem and

further describes a functor from the category CS of concordant semigroups to the category

CC of cross-connections of consistent categories.

Theorem 6.4. The assignments

vC : S 7→ΩS C : h 7→ΩS

define a functor C : CS→CC.

Thus we have built two functors S : CC→CS and C : CS→CC between the categories

of cross-connections and concordant semigroups. Now, we proceed to prove an adjoint

equivalence between the categories using these functors.

For this end, we require the following proposition whose proof carries over to the more

general class of weakly U-abundant (also called U-semiabundant) semigroups [20, 40].

The proof is due to Victoria Gould (in a personal communication) and this may be helpful

in the future generalisations of this article.

Proposition 6.5. An abundant semigroup is weakly reductive.
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Proof. Recall that a semigroup S is weakly reductive if the map a 7→ (ρa,λa) is injective

where ρa is the right regular representation of S as defined in Proposition 3.11 and λa is

the dual left regular representation. Let S be an abundant semigroup. Suppose (ρa,λa) =
(ρb,λb) for a,b ∈ S. Since S is abundant, there exists idempotents a†

,a∗ ∈ S such that

a† R∗ a L ∗ a∗. So,

a = a†a = a†ρa = a†ρb = a†b and a = aa∗ = λaa∗ = λba∗ = ba∗.

Hence a = a†b = ba∗. Similarly, b = b†a = ab∗ for idempotents b†
,b∗ ∈ S such that b† R∗

b L ∗ b∗. Then

a = ba∗ = (b†a)a∗ = b†(aa∗) = b†a = b.

Hence S is weakly reductive. �

Theorem 6.6. For each concordant semigroup S, define ϕ(S) : S→CS(S) as

ϕ(S) : a 7→ (ρa
,λ a)

where ρa and λ a are principal cones determined by a in the categories L(S) and R(S)
defined by (2) and its dual, respectively. Then ϕ(S) is an isomorphism and the assignment

S 7→ ϕ(S) is a natural isomorphism between the functors 1CS and CS.

Proof. First, observe that for a concordant semigroup S with the cross-connection ΩS =
(L(S),R(S);ΓS,∆S), as argued in [30, Proposition IV.37], any idempotent of the concor-

dant semigroup Γ̂S is of the form ρe = γ(Se,eS). Then using Lemma 5.3, we can see that

any consistent cone in Γ̂S is of the form γ(Se,eS) ∗ρ(e,a, f ) where ρ(e,a, f ) is a bimor-

phism in L(S). Similarly, any consistent cone in ∆̂S is of the form δ (S f , f S) ∗ λ ( f ,a,e)
where λ ( f ,a,e) is a bimorphism in R(S). Then as shown in [30, Proposition IV.37], we

can see that the concordant semigroups Γ̂S and ∆̂S defined by (18) are given by:

Γ̂S = {ρ
a : a ∈ S} and ∆̂S = {λ

a : a ∈ S}.

Further, as in [30, Theorem IV.38], the cross-connection semigroup SΩS is given by:

SΩS = {(ρa
,λ a) : a ∈ S}.

This implies that ϕ(S) is surjective. By Proposition 3.11 and its dual, we see that the map

ϕ(S) is a homomorphism. By Proposition 6.5, a concordant semigroup is weakly reductive.

So the last statement of Proposition 3.11 and its dual imply that a 7→ (ρa
,λ a) is injective.

Hence ϕ(S) is an isomorphism.

Now, to show that ϕ : S 7→ ϕ(S) is a natural transformation, i.e., for a good homomor-

phism h : S→ S′ of concordant semigroups, we have to show that the following diagram

commutes:

S

h

��

ϕ(S)
// SΩS

SΩh

��

S′
ϕ(S′)

// SΩS′

For a ∈ S, we have

ahϕ(S′) = (ρah
,λ ah).
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Also,

aϕ(S)SΩh = (ρa
,λ a)SΩh

= (γ(Se,eS)∗ρ(e,a, f ),δ (S f , f S)∗λ ( f ,a,e))SΩh (as discussed above)

= (γ(S′eh,ehS′)∗ρ(eh,ah, f h),δ (S′ f h, f hS′)∗λ ( f h,ah,eh)) (by (22) and (23))

= (ρeh ∗ρ(eh,ah, f h),λ f h ∗λ ( f h,ah,eh))

= (ρehah
,λ ah f h)

= (ρ (ea)h
,λ (a f )h) (since h is a good homomorphism)

= (ρah
,λ ah).

So, the above diagram commutes and hence ϕ is a natural isomorphism. �

Theorem 6.7. For each cross-connection Ω = (Γ,∆;C ,D), let

ψ(Ω) = (FΩ,GΩ)

where FΩ : C → L(SΩ) and GΩ : D → R(SΩ) are isomorphisms as defined in (20) and

(21), respectively. Then ψ(Ω) is an isomorphism of cross-connections and the mapping

Ω 7→ ψ(Ω)

is a natural isomorphism ψ : 1CC→ SC.

We omit the proof as an exact adaptation of the proof of [30, Theorem V.17] suffices.

Theorem 6.8. The category CS of concordant semigroups is equivalent to the category

CC of cross-connections of consistent categories.

Proof. By Theorem 6.6 and Theorem 6.7, it is clear that (C,S,ϕ ,ψ) : CS→ CC is an

adjoint equivalence. Hence the theorem. �

7. CONSISTENT CATEGORIES, NORMAL CATEGORIES AND INDUCTIVE

CANCELLATIVE CATEGORIES

Recall from Lemma 5.5 that if we specialise our discussion in Section 3-5 to normal

categories, we obtain a cross-connection Ω = (Γ,∆;C ,D) of normal categories C and D .

Further, extending the discussion, by Theorem 5.9 we can obtain a regular cross-connection

semigroup SΩ and using Theorem 6.8 we have the following result of [30, Theorem V.18]:

Theorem 7.1. The category RS of regular semigroups is equivalent to the category Cr of

cross-connections of normal categories.

Now, we proceed to describe the relationship between our approach and Armstrong’s

approach using inductive cancellative categories [2]. We refer the reader to [28] for the

formal definitions of regular biordered set, E-paths, singular E-squares etc. We begin by

recalling the definition of an ordered cancellative category.

Definition 7.1. Let I be a small category and ≤ a partial order on I . Let e, f ∈ vI

and x,y etc denote arbitrary morphisms of I such that d(x) and r(x) is the domain and

codomain, respectively of an arbitrary morphism x. Then (I ,≤) is called an ordered

cancellative category if the following hold.

(OCC1) Every morphism in I is a bimorphism.

(OCC2) If u≤ x, v≤ y and r(u) = d(v), r(x) = d(y), then uv≤ xy.

(OCC3) If x≤ y, then 1d(x) ≤ 1d(y) and 1r(x) ≤ 1r(y).
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(OCC4) If 1e ≤ 1d(x), then there exists a unique element e⇃x (called the restriction of x to

e) in I such that e⇃x≤ x and d(e⇃x) = e.

(OCC5) If 1 f ≤ 1r(x), then there exists a unique element x⇂ f (called the corestriction of x

to f ) in I such that x⇂ f ≤ x and r(x⇂ f ) = f .

Definition 7.2. Let (I ,≤) be an ordered cancellative category with vI = E a regular

biordered set such that ω coincides with ≤ on E. Suppose for e, f ∈ E satisfying e R f

and e L f , there is a distinguished morphism [e, f ] from e to f such that

(i) [e,e] = 1e;

(ii) if e R f R g or e L f L g then [e, f ][ f ,g] = [e,g];
(iii) if [g,h] exists and e ω g then [e, f ] exists with f = heh and [e, f ]≤ [g,h].

Then (I ,≤) is an inductive cancellative category if the following axioms and their duals

hold.

(ICC1) Let x ∈I and for i = 1,2, let ei, fi ∈ E such that ei ≤ d(x) and fi = r(1ei
⇃x). If

e1 ωr e2, then f1 ωr f2, and

[e1,e1e2](e1e2⇃x) = (e1⇃x)[ f1, f1 f2].

(ICC2) If
[ e f

g h

]
is a singular E-square, then [e, f ][ f ,h] = [e,g][g,h].

Let Ω = (C ,D ;Γ,∆) be a cross-connection of consistent categories. We proceed to

identify the inductive cancellative category I (Ω) associated with the cross-connection Ω.

Clearly, vI (Ω) is the regular biordered set EΩ as described in Lemma 5.8. In the

sequel, as in the lemma, we shall identify the idempotent cone (γ(c,d),δ (c,d)) (and hence

the identity morphisms of the category I (Ω)) with the pair of objects (c,d) ∈ vC × vD .

Hence,

EΩ = {(c,d) ∈ vC × vD : c ∈MΓ(d)}.

Given two objects (c,d),(c′,d′) ∈ vI (Ω), any bimorphism u : c→ c′ in the category C

is defined as a morphism in the category I (Ω) from (c,d) to (c′,d′). Then, corresponding

to the bimorphism u, as in Theorem 5.9, there is a connecting isomorphism υ : 〈(c,d)〉 →
〈(c′,d′)〉.

Given any two morphisms u1 : (c1,d1)→ (c′1,d
′
1) and u2 : (c2,d2)→ (c′2,d

′
2) in the

category I (Ω) with connecting isomorphisms υ1 and υ2, respectively, we define a relation

≤Ω as follows:

u1 ≤Ω u2 ⇐⇒ (c1,d1)⊆ (c2,d2), u1 = ( j(c1,c2)u2)
◦ and (c′1,d

′
1) = (c1,d1)υ2

where ( j(c1,c2)u2)
◦ is the epimorphic component of the monomorphism j(c1,c2)u2. It

can be easily verified that ≤Ω is a partial order on I (Ω).
Further, given a morphism u : (c,d) → (c′,d′) in I (Ω) such that (c1,d1) ⊆ (c,d),

then we define the restriction (c1,d1)⇃u (of the morphism u to (c1,d1)) as the morphism

( j(c1,c)u)
◦. Similarly, for the morphism u : (c,d)→ (c′,d′) in I (Ω) with connecting iso-

morphism υ such that (c′1,d
′
1)⊆ (c′,d′), we define (c1,d1) = (c′1,d

′
1)υ
−1. Then, the core-

striction u⇂(c′1,d
′
1) (of the morphism u to (c′1,d

′
1)) is defined as the morphism ( j(c1,c)u)

◦.

Then we can easily verify that (I (Ω),≤Ω) is an ordered cancellative category.

Finally, for (c,d),(c′,d′) ∈ vI (Ω) such that (c,d) R (c′,d′) or (c,d) L (c′,d′), we

define the isomorphism γ(c′,d′)(c) as the distinguished morphism in I (Ω) from (c,d) to

(c′,d′). Hence, we can verify the following theorem:

Theorem 7.2. (I (Ω),≤Ω) is an inductive cancellative category.
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Further, given a CC-morphism m : Ω→Ω′ between cross-connections Ω=(Γ,∆;C ,D)
and Ω′=(Γ′,∆′;C ′,D ′), we can easily verify that m|I (Ω) : I (Ω)→I (Ω′) is an inductive

functor in the sense of [2]. Thus we obtain a functor I from the category CC of cross-

connections to the category ICC of inductive cancellative categories.

Further, generalising the discussion in [4, Section IV], we can construct an adjoint in-

verse functor I′ : ICC→ CC. Using these functors, we can prove the following direct

equivalence, whose proof we omit.

Theorem 7.3. The category CC of cross-connections of consistent categories is equivalent

to the category ICC of inductive cancellative categories.

APPENDIX A. CROSS-CONNECTION STRUCTURE OF REGULAR SEMIGROUPS

As mentioned in Section 1, in [30], a regular semigroup was constructed from a pair

of cross-connected normal categories. The construction is as follows: given an abstractly

defined normal category C , we first associate with it an intermediary regular semigroup

called the semigroup Ĉ of normal cones.

It can be seen that given a regular semigroup S, its principal left ideals with partial

right translations as morphisms and principal right ideals with partial left translations as

morphisms, form normal categories L(S) and R(S), respectively. Then their correspond-

ing semigroups of normal cones, namely L̂(S) and R̂(S), will give representations of the

regular semigroup we started with.

The interrelationship of the categories L(S) and R(S) is abstracted using the notion of

a cross-connection. Via the cross-connection, certain normal cones of the semigroup L̂(S)

can be ‘linked’ with those of the semigroup R̂(S). The collection of all such linked normal

cones will form a regular semigroup called the cross-connection semigroup.

Thus, starting with a pair of abstractly defined cross-connected normal categories C

and D , we can construct a regular cross-connection semigroup as a subdirect product of

the regular semigroups Ĉ and D̂ . Conversely, given any regular semigroup, we obtain a

pair of cross-connected normal categories: namely L(S) and R(S). This correspondence is

shown to be a category equivalence.
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