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As is well known, the single-site anisotropy vanishes in the spin-1/2 compounds as a consequence
of fundamental Kramers degeneracy. We argue, rather generally, that similar property holds for the
magnetically induced electric polarization P, which should depend only on the relative orientation of
spins in the bonds but not on the direction of each individual spin. Thus, for insulating multiferroic
compounds, P can be decomposed in terms of pairwise isotropic, antisymmetric, and anisotropic
symmetric contributions, which can be rigorously derived in the framework of the superexchange
(SE) theory, in an analogy with the spin Hamiltonian. The SE theory also allows us to identify
the microscopic mechanism, which stands behind each contribution. The most controversial and
intriguing one — concerning the form, appearances, and implications to the properties of real com-
pounds — is antisymmetric or spin-current mechanism. In this work, we propose that, within the
SE theory, the disputed magnetoelectric (ME) properties of tetragonal BasCuGe2O7, representing
the lattice of magnetic Cu?* ions in the tetrahedral environment, can be explained solely by the
spin-current mechanism, while other contributions are either small or forbidden by symmetry. First,
after analysis of the symmetry properties of the SE Hamiltonian and corresponding parameters of
electric polarization, we explicitly show how the cycloidal spin order induces the experimentally
observed electric polarization in the direction perpendicular to the tetragonal plane, which can be
naturally explained by the spin-current mechanism operating in the out-of-plane bonds. Then, we
unveil previously overlooked ME effect, where the application of the magnetic field perpendicular to
the plane not only causes the incommensurate-commensurate transition, but also flips the electric
polarization into the plane due to the spin-current mechanism operating in the neighboring bonds
within this plane. In both cases, the magnitude and direction of P can be controlled by rotating
the spin pattern in the tetragonal plane. Our analysis is based on a realistic spin model, which was
rigorously derived from the first-principles electronic structure calculations and supplemented with
the new algorithm for the construction of localized Wannier functions obeying the crystallographic

symmetry of BasCuGezOr.

I. INTRODUCTION

The magnetoelectric (ME) effect, namely the ability
of certain antiferromagnetic (AFM) substances obeying
certain symmetry properties to become ferroelectric upon
applying the magnetic field and ferromagnetic upon ap-
plying the electric field [1], is the key fundamental phe-
nomenon opening a route for the creation of new-type
electronic devices utilizing such cross-control as the basic
principle of their functionality [2-44]. The broad interest
in this topic has revived again in early 2000s, after the
discovery of multiferroics [5]: the materials in which the
ferroelectricity coexists with a long-range magnetic or-
der without electric or magnetic field and in many cases
is driven by this order [6, [7]. Hence, the magnetic or-
der should break the inversion symmetry. The simplest
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spin pattern satisfying this requirement is the spin spi-
ral [8]. Although this choice is not unique, the materials
potentially possessing spin-spiral textures have attracted
a great deal of attention in a bid to search for new mul-
tiferroics |4, [9].

The microscopic understanding of the origins and driv-
ing forces responsible for the ME coupling is vitally im-
portant as it should serve as a guide for the analysis and
predictions of new such materials and phenomena. Then,
what do we know about the dependence of electric polar-
ization on the magnetization? Surprisingly still not much
in comparison with the progress achieved along the same
line for the description of energy in terms of magnetic
interactions, for which there is a long-established Heisen-
berg model [10-12], which can be further refined by in-
cluding the spin-orbit (SO) interaction related terms,
such as the single-site anisotropy, the antisymmetric
Dzyaloshinskii-Moriya (DM) exchange [13, [14], and the
bond-dependent symmetric anisotropic exchange [15].
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The symmetry principles for all these magnetic inter-
actions are well documented, including nonexistence of
the single-site anisotropy for the spin 1/2: one of basic
properties of spin systems resulting from the fundamen-
tal Kramers’ degeneracy. For localized spins in insulating
materials such model can be rigorously formulated in the
framework of superexchange (SE) theory [11]: the tech-
nique, which is also well established today [15-17)].

Can the same strategy be applied for the description of
electric polarization P? Indeed, already in 1968, Moriya,
on the basis of symmetry considerations, has proposed a
spin model for the polarization, which had all main in-
gredients including the single-site, isotropic, antisymmet-
ric, and symmetric anisotropic ones, in full analogy with
the magnetic energy [18]. However, the rigorous micro-
scopic theories behind this model were missing, so that
the behavior of electric polarization in multiferroics was
typically discussed [19] in terms of separate phenomeno-
logical rules expected for the exchange striction (of ei-
ther symmetric [20] or antisymmetric |21/] type), the spin
current in spiral magnets [22, 23], or the metal-ligand
hybridization change [24]. The ‘spin current’ in this con-
text means the noncollinear alignment of spins, which
can be related to the spin flows in the direction perpen-
dicular to the spins [25]. Therefore, many properties of
noncollinear magnets can be related to such spin cur-
rent [26]. Although each theory of magnetically induced
ferroelectricity has certain logic behind, the situation re-
mains very controversial as many experimental data can
be interpreted from completely different standpoints, in-
volving different scenaria of the ME coupling [27-34].
Furthermore, there is a growing understanding that the
phenomenological spin-curent theory of the ME coupling
needs to be revised as in the present form it fails to
capture many important phenomena, which have been
discovered afterwards, such as the multiferroicity in the
proper-screw spiral magnets |35, [36].

The story of BayCuGesOr; presents a typical example
of this controversy. It is a canonical spiral magnet, crys-
tallizing in the noncentrosymmetric but nonpolar P421m
structure, where the chiral magnetic order is driven by
DM interactions [37]. The material exhibits a number of
interesting phenomena originating from the interplay of
the DM interactions and the exchange anisotropy in the
external magnetic field and resulting in a complex phase
diagram [38-42]. Although ferroelectricity is not allowed
by the crystallographic symmetry, it can be induced by
the cycloidal spin order, so that BasCuGezO7 can po-
tentially become multiferroic. Such multiferroicity was
indeed observed in 2009 by Murakawa et al. [27]. Fur-
thermore, these authors have clearly demonstrated how
the ferroelectric single domains can be generated by an
application of magnetic field. Alternatively, the magnetic
domains with the given spin-spiral propagation vector q
can be switched by the electric field. Although the mea-
sured effect was small, it is of great fundamental impor-
tance.

The discovery of magnetically induced ferroelectric ac-

tivity in BaoCuGeyO7 was spurred by general search for
multiferroics with spiral magnetic texture [3, 9], which
was believed to be primarily responsible for this effect fol-
lowing suggestions of the phenomenological spin-current
theories 22, 123]. BaaCuGeoO7 was certainly a potential
candidate in this search. However, soon after discovery of
multiferroicity in BaoCuGesO7, somewhat similar behav-
ior was found in its sister materials, BagCoGe3O7 [43].
Unlike BasCuGesO7, BagsCoGesO7 forms a commensu-
rate AFM spin texture with no sign of the spin-spiral
order. Nevertheless, the electric polarization observed
in BayCoGesO7; was at least an order of magnitude
larger than in BasCuGesO7. This has led to the con-
clusion that the origin of the ferroelectric activity, both
in BasCoGesO7 and in BayCuGesO7, is not related to
the chiral order, but caused by another mechanism of the
spin-dependent metal-ligand hybridization [2&], which is
basically a single-site property as it depends on individual
directions of the localized spins but not on the correla-
tions between the spins.

Since the ferroelectricity is the property of insulat-
ing substances [44], we consider that it is natural to
extend the SE theory in order to deal, besides the ex-
change interactions, also with the magnetic dependen-
cies of P |36, 145], and start for these purposes with the
general theory of electric polarization in periodic sys-
tems [46-48]. In this work, we elaborate this strategy
for BagCuGezO7 and argue that it can indeed resolve
many controversial issues of Ba;CuGesO7 and other ma-
terials with the chiral magnetic order. First, by extend-
ing the analysis for the magnetocrystalline anisotropy en-
ergy, we show that there should be no single-site contri-
bution to the electric polarization for the spin 1/2. This
simple but fundamental principle basically excludes the
spin-dependent metal-ligand hybridization scenario from
the analysis of ferroelectric activity of magnetic com-
pounds built from the spin-1/2 ions, such as Cu?*, Ni**,
V4, and Ti**. Then, we argue that the antisymmet-
ric spin-current mechanism (provided that it is properly
defined [36]) is almost solely responsible for the ME prop-
erties in BagCuGeoO7, while other contributions (for in-
stance, due to the isotropic coupling) are either small or
forbidden by symmetry. Thus, BasCuGesO7 provides a
unique platform for realization and exploration of the ME
effects arising solely from the spin-current mechanism.
Finally, we predict a new ME effect in BasCuGezO7,
where the application of the magnetic field along the crys-
tallographic z axis not only causes the incommensurate-
commensurate transition, but also flips the polarization
from the z axis into the tetragonal xy plane.

It is worth mentioning that the interest in
BasCuGezO7 is not limited to its multiferroic prop-
erties.  Another interesting aspect of BayCuGeyOr
is the coexistence of chiral magnetic structures and
weak ferromagnetism, which are driven by two types
of DM interactions existing in the systems with the
P42;m symmetry [49]. In addition to the regular
spin-spiral state, this symmetry allows the formation of



antiskyrmion spin textures, which can play an important
role in future spintronic applications |50, [51).

Furthermore, the lattice of the Cu?t ions in the tetra-
hedral environment provides an interesting possibility for
the realization of the SO Mott state in 3d oxides [52].
Typically, such state is regarded to be a prerogative of
heavy-elements compounds with strong SO interaction.
However, for the one-hole systems composed of the Cu?*
ions, the 1st and 2nd Hund’s rules are no longer appli-
cable and the spin-orbital character of a single hole is
fully specified by the SO interaction competing with the
crystal field (which is comparatively weak in the tetra-
hedral environment). It gives us a possibility to speak
of such systems as 3d analogues of 5d iridates, which
have attracted a great deal of attention [15, 153]. Such
behavior was recently predicted in CuAlyO4 [52], and
BasCuGezO7 is another interesting candidate along this
line.

The rest of the paper is organized as follows. In Sec. [II
we briefly discuss the details of the electronic struc-
ture in the generalized gradient approximation (GGA),
which is used as the starting point for the construc-
tion of electronic and then spin models of BasCuGesO7.
A special attention is paid to calculations of Wannier
functions obeying the correct crystallographic symme-
try. The Wannier functions play a very important role
in the construction of the spin model, because both the
magnetic energy and the electric polarization in the SE
theory are formulated in terms of these functions, where
maintaining the correct crystallographic symmetry is one
of the crucial factors. The commonly used maximally
localized Wannier function (MLWF) technique [54, 155]
breaks this symmetry and we found the situation to be es-
pecially ill-behaved for non-centrosymmetric compounds
like BagsCuGesO7. Instead, we propose a simple, but
very efficient refinement of the MLWF method, which
allows us to properly tackle the symmetry issue. Then,
in Sec. [Tl we discuss the spin model for the exchange
energy and the electric polarization. Particularly, in
Sec. [T Alwe explain how both models can be formulated
and constructed in terms of the Wannier functions; in
Sec. [[ITB] we prove non-existence of single-site contribu-
tions for the spin 1/2; and in Secs. [ILC| and [ITD] we dis-
cuss symmetry properties of the parameters of exchange
interactions and electric polarization, respectively. In
Sec.[[Vlwe consider the exchange interactions as obtained
in the 1-orbital and more general 5-orbital models and
their relevance to the magnetic structure and properties
of BagCuGezO7. Although the 1-orbital model already
captures the behavior of the exchange interactions, the
orbital degrees of freedom are essential for the analysis of
P, which is considered in Sec. [Vl Particularly, Sec. [V Al
deals with the behavior of electric polarization induced by
the cycloidal spin order, while the reorientation of polar-
ization associated by the incommensurate-commensurate
transition in the magnetic field [38, [39] is considered in
Sec. VBl We unveil the microscopic origin of such mag-
netic state dependence of the polarization and show that

in both cases it is caused by the spin-current mechanism.
In Sec. V'Cl we will present some critical analysis by
considering other mechanisms and contributions to P in
connection with the phenomenological theories [21-23].
Finally, in Sec. [VIl we summarize our work.

II. ELECTRONIC BAND STRUCTURE AND
MODEL HAMILTONIANS

BaoCuGeyO7 crystallizes in the tetrahedral structure
(the space group is P42ym, No. 113). The building
blocks of BasCuGesO7 are the distorted CuOy4 tetrahe-
dra, which are interconnected by the GeO, tetrahedra,
as explained in Fig.[Il The experimental lattice parame-
ters are a = 8.466 and ¢ = 5.445 A. Other parameters of
the crystal structure can be found Ref. [56].

Most part of electronic structure calculations have
been performed using plane-wave Quantum ESPRESSO
(QE) method with ustrasoft pseudopotentials [57]. Some
test calculations have been also performed using the full-
potential linearized augmented-plane-wave method, as
implemented in the WIEN2k package [58], and the linear
muffin-tin orbital (LMT0) method |59, 60]. We employ the
Perdew-Burke-Ernzerhof exchange-correlation functional
within GGA [61] (except LMTO, where we use the Vosko-
Wilk-Nusair functional [62]). All calculations have been
performed on the mesh of 10 x 10 x 10 k-points in the
Brillouin zone and the kinetic energy cutoff in the QE
calculations is set to 90 Ry.

FIG. 1. Crystal structure of BaaCuGe2O7 in the tetragonal
plane. The Cu and O atoms are indicated by the medium red
and yellow spheres, respectively, the Ba atoms are indicated
by the big green spheres, and the Ge atoms are indicated by
the small blue spheres. The CuO4 and GeO4 tetrahedra are
colored red and green, respectively. The regular unit cell (zy,
with the lattice parameter a) containing two formula units,
is shown by blue line. The smaller unit cell (z'y’, with the
lattice parameter agp = %a), containing one formula unit and
describing the periodicity of the in-plane components of the
DM interactions, is shown by black line.
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FIG. 2. (Left panel) Electronic band structure of
BasCuGezO7 with the spin-orbit coupling calculated within
QE method as well as in the Wannier basis for the 1- and
5-orbital models. (Right panel) Total and partial Cu-3d den-
sities of states as obtained in the QE method. The Fermi
level (Er) is at zero energy. Notations of the high-symmetry
points of the Brillouin zone are taken from Ref. [64].

The electronic band structure obtained in the QE
method with the SO coupling is shown in Fig. 2] (more
accurate WIEN2k method provides essentially the same
picture, as discussed in Supplementary Materials [63]).
The electronic structure near the Fermi level features
20 bands (per two formula units) of predominantly Cu-
3d character, which are well isolated from other bands.
These Cu-3d bands can be used for the construction of
the more general 5-orbital model (referring to the to-
tal number of 3d orbitals per one Cu site without spin).
Furthermore, the Cu-3d bands are split into two groups
consisting of the 8 Cu-e4 and 12 Cu-ty, bands, which are
separated by the direct gap at around —0.8 eV Finally,
the Cu-ta4 bands are further split due to the tetragonal
distortion so that in the proximity of the Fermi level there
are 4 half-filled Cu-zy bands (which in the zy coordinate
frame have a large weight of the z2-y? states). These
bands are nearly separated from other Cu-ta, bands (by
only slightly touching them around Z point of the Bril-
louin zone) and can be used as the basis for the construc-
tion of the minimal 1-orbital model.

The effective Hubbard-type model for these magnetic
bands,
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is formulated in the basis of Wannier functions con-
structed from the Bloch waves for either all 20 Cu-3d
bands or 4 Cu-xy bands, which we will call the “target
bands” [54,165]. The operator & (145 ) in Eq. (@) stands
for the creation (annihilation) of an electron with the spin
o in the Wannier orbital a of the site ¢. The noninter-
acting one-electron part of the model, fij = [t;l]baa’], is
associated with the matrix elements of the Kohn-Sham
Hamiltonian in the Wannier basis. Since the latter is
complete in the subspace of target bands, these bands
are perfectly reproduced by the parameters f”, as il-
lustrated in Fig. The parameters of screened on-site
Coulomb interactions, U = [U*?], where evaluated in
the framework of constrained random-phase approxima-
tion (cRPA) [66].

Nowadays, the method of maximally localized Wan-
nier functions [67] is widely used in all kind of applica-
tions, which can be formulation in a small basis set of
atomic or similar to them Wannier orbitals [54]. There-
fore, as a first trial, we have employed for our purposes
the standard MLWF technique [54], as implemented in
the wannier90 package [55]. This procedure is based on
the minimization of the spread functional

Q=23 ((r—rowm)?), (2)

with the additional condition ry, = (r), = T,, which
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results in

Q=>" [ -] (3)

(...)n in Egs. @) and (@) denotes the expectation value
in the Wannier state n = (iao) and r, is the Wannier
center. The main obstacle with the use of the maximally
localized Wannier functions for the model () is that they
(and, therefore, the model Hamiltonian) do not neces-
sary obey the symmetry of the considered system. This
is the well-known problem of the MLWEF calculations,
which was encountered in many applications |68, 169].
We have found that the situation is particularly bad
for the non-centrosymmetric non-polar compounds like
BasCuGeyO7, where in the process of minimization of
Q, the Wannier centers are significantly shifted relative
to the atomic positions, thus completely destroying the
P42, m symmetry. The intuitive reason for it can be seen
from the form of Eq. (B, where the additional shift of r,,
will minimize . Furthermore, the second term in Eq. (3)
is not invariant under unitary transformation of the Wan-
nier functions belonging to the same atomic site, which
is clearly at odds with the fundamental requirement of
rotational invariance of the model () |70]. Several solu-
tions to circumvent this problem have been proposed in
the literature, including symmetry-adapted MLWF |69]
and selectively localized Wannier functions (SLWF) [71].



In this work, we propose a simple but very efficient
procedure, where instead of treating all rq, in Eq. (@)
as independent variables, we request them to be equal
for each atomic site: rg,, = rg;. Note that, in our case,
the Wannier functions serve as the basis of the model
Hamiltonian (), where the individual positions r,, are
less important as they do not explicitly enter the con-
struction of the model. More important is the subspace
formed by the Wannier functions, which should be of the
right symmetry. Therefore, to certain extent, it is wiser
to reduce the number of variational parameters (which
will inevitably lead to the increase of Q) for the sake of
keeping the right symmetry of the model.

Then, the vector rg; can be either a fixed input param-
eter (for instance, the position of the site ¢) or obtained
variationally to minimize Q: 0§2/0r¢; = 0, which natu-
rally leads to the requirement ro; = NL ZnGifn? where
N; is the number of the Wannier functions at the site
. In this case, € is still given by Eq. @), but with rg;
instead of r,,’s. For the non-polar Ba;CuGe;O7, the so
obtained rg; exactly coincides with the position R; of
the site . Moreover, r,, = rg; for all one-dimensional
representations of the point group (formed by the xy,
22-y%, and 32%-r? Wannier orbitals) and only for the
two-dimensional representation (formed by the yz and
zx orbitals), r,,’s are split around rg; along the z axis,
as required by the symmetry. The obtained 2 is only
slightly larger in comparison with the results of maximal
localization procedure (2 = 56.3 A2 for N = 20 Cu-3d
functions, including spin, in comparison with 54.7 A2 in
the MLWF method). However, the Wannier functions
and the Hamiltonian (I]) obey the P42;m symmetry of
the system, which is important improvement in compar-
ison with the standard MLWF calculations.

For comparison, in the MLWF method, rg;’s also co-
incide with R;. Nevertheless, the individual Wannier
centers r,, are shifted away from R;, even for the one-
dimensional representations, thus fully destroying the
point-group symmetry. We have also applied the SLWF
method by fixing all ¥,, in R; by the constraint condition.
As expected, such requirement restores the point-group
symmetry and also produces reasonable parameters of
the spin model. Yet, we believe that our procedure is
more natural and straightforward for these purposes as
it does not introduce any extra steps, such as the con-
straint. Furthermore, the SLWF method yields slightly
larger Q = 56.5 A2

Further details of implementation as well as the com-
parison with the MLWEF and SLWF techniques are given
in Supplementary Materials |63].

IIT. FORM AND SYMMETRY PROPERTIES
OF EXCHANGE INTERACTIONS AND
ELECTRIC POLARIZATION

A. General remarks

The analytical expression relating the electric polar-
ization with spin magnetization is a matter of contro-
versy [22-24, 129, [34-36]. We believe that the most logi-
cal approach, at least for the localized electron systems,
is the SE theory, which treats all transfer integrals as
a perturbation in the 1st order of #;;/U [L1]. Here, we
sketch the main ideas of this approach. All technical de-
tails can be found in Refs. |34, 136, 45, [72]. The situation
is schematically illustrated in Fig. Bl where for simplic-
ity we consider only average Coulomb repulsion U [73].
Nevertheless, in all numerical calculations we take into
account all necessary ingredients, including crystal-field
splitting, SO and Hund’s rule interactions |15, 17, [45].
Since ferroelectricity is the intrinsic property of insulat-
ing systems, the SE approximation is justified, at least
as the starting point for analysis of the spin dependence
of P. Although the canonical SE theory deals with the
energy [11], it can be naturally reformulated in terms
of the Wannier functions |w;) for the occupied states by
considering the perturbation theory expansion for these
Wannier functions.

For the d° systems, like BayCuGezO7, the formulation
is especially simple: in the atomic limit, the single hole
resides in a Kramers doublet and is described by a pseu-
dospin, so that by knowing the hole state |«;) at site ¢ one
can automatically find the direction of the pseudospin at
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FIG. 3. Schematic view on the superexchange theory for
exchange interactions and electric polarization: in the atomic
limit, the hole is localized in the Wannier state o) of the
central site 0. Then, in the 1st order of perturbation theory
with respect to the transfer integrals, £0j7 this Wannier func-
tion acquires tails |ao— ;) spreading to the neighboring sites j.
By knowing the wavefunctions to the 1st order in £0j7 one can
evaluate the energy to the 2nd order in Zo;, which constitutes
the basis of the superexchange theory of the exchange inter-
actions. Equivalently, the electric polarization can be related
to the change of the Wannier density to the 2nd order in #o;.
T;; denotes the vector connecting the atomic site ¢ with the
site j.



the same site as

(ai]o|ai)

(4)
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where & is the vector of Pauli matrices. Hence, in the
atomic limit, |w;) = |a;) is nothing but the occupied
Wannier function associated with site . Then, to the 1st
order in fij, |w;) acquires tails spreading to the neighbor-
ing sites j (see Fig. B:

|wi) = |ai) + Z |tisj)- (5)

Furthermore, it is sufficient to consider only the transfer
integrals connecting the occupied and unoccupied states:
if both states are located in the occupied (or unoccupied)
part, the corresponding contributions to the exchange
interactions are cancelled out, being a general property of
perturbation theory for the energy [11]. Similar property
holds for the electric polarization, which should remain
invariant under unitary transformation of the occupied
hole states |a;) [46-48)].

Then, knowing |w;) to the 1st order in #;;, one can
find the kinetic energy to the 2nd order in fij for any
configuration of e; and e;, which are specified by |a;)
and |a;), respectively. This energy is further mapped
onto the model

M = Z (_Jijei rej+ Dij - lei x ej] + e 'f)ijej) ;

(ig)

(6)
formulated in terms of the isotropic exchange constants
Jij, antisymmetric DM vectors D,;, and the traceless

g

symmetric anisotropic tensors I';;.

A good aspect of the SE theory is that, by using
the same type of approximations for the Wannier func-
tion, one can also present P in the pairwise form, P =
> (i) P;;, and derive an analytical expression for P;j,
which is valid to the 2nd order in #;;. For these pur-
poses, it is convenient to start with the “Berry-phase
expression”

occ

P=-y > (wilr|w;) (7)

%

(where —e is the electron charge and V' is the unit cell
volume) and consider the asymmetric distribution of tails
of the Wannier function in Eq. (@), caused by the change
of the magnetic order. Furthermore, one can write (rel-
ative to some central site i) r = 7T, + Ar;, where
Tj; = R; — R;, and assume that |Ar;| < |7;;|, which is
equivalent to the statement that the weight of each Wan-
nier function is distributed between lattice points located
at R;. This is nothing but the standard requirement
of discretization, inherent to the lattice model, which
is widely used for the definition of the current opera-
tor and other physical quantities [74, [75]. For instance,

the characteristic average radius of the Wannier function
in BagCuGes 07 can be estimated as (|Ar;|) ~ /Q/N =
1.68 A, while |7 ;| for the nearest neighbors in the tetrag-
onal plane is about 6 A. Under this assumption, the inter-
site matrix elements, (a;|r|a;— ;) ~ Tji{e;|a;— ), vanish
because of the orthogonality condition. The matrix ele-
ments (@ ;|r|ai;) & Tji {0 ;| ) are proportional
to the Wannier density at the site 7 and parallel to the
bond. Since T;; = —7 i, the tail |o;_;) will contribute
to P;; with the opposite sign (see Fig. B). This is differ-
ent from the exchange energy, where the processes j — 4
and ¢ — j are additive. Particularly, this means that
the exchange interactions can be obtained already in the
simplest 1-orbital model, while the polarization vanishes
in the 1-orbital case and it is essential to work with the
multiorbital models. Altogether, this leads to the follow-
ing expression for the electric polarization |45, [72]:

<
P=> e (Pz'jei ej+Pij-lei x ej] +ei- Hz‘jea‘) ;

(i5)

(8)
where €j; = 7T;;/|7j| is the unit vector along the bond
1-j, P;; is the scalar, P;; is the vector, and ﬁij is the
traceless tensor, which appear, respectively, in the Oth,
1st, and 2nd order of the SO coupling. Thus, there is
a direct analogy with the form of isotropic (Heisenberg-
like), antisymmetric (DM-like) and anisotropic exchange
interactions in Eq. (@). However, unlike D;;, which is the
antisymmetric vector with respect to the permutation of
i and j, P;; is the symmetric one due to the additional
prefactor €;; in Eq. (8) [36, 45]. Similarly, P;; is the

e
antisymmetric scalar and II;; is the antisymmetric tensor.

Eq. @) has a clear physical meaning: each bond i-j
can be viewed as an electric dipole, in which the redis-
tribution of charge between the poles i and j depends on
the relative directions of spins. Therefore, it is natural
that the direction of polarization in each dipole is parallel
to the bond i-j. Furthermore, in such interpretation, the
solid of “electric dipoles” does not necessarily imply the
“charge order”: since each pole of the dipole participates
in several bonds (dipoles), the excess of the charge at
certain atomic site in some bond can be compensated by
its deficiency in another bond, being in line with the gen-
eral definition of the electric polarization in terms of the
macroscopic current flowing through the sample [46-48].
The formula (8]) does not explicitly include the contribu-
tions of the oxygen (and other non-magnetic) sites, which
seems to be at odds with phenomenological theories of
the electric polarization based on the inverse DM [21]
and spin-current mechanism [22]. This is of course an
approximation. However, absolutely the same level of
approximations is used for derivation of the SE interac-
tions in Eq. [@). Therefore, if the model for the SE inter-
actions is regarded to be acceptable, the same is expected
for the model (®) for the electric polarization. Below, we
will show that the ME properties of Ba;CuGe;O7 can be
indeed described by Eq. ). In Sec. VT we will briefly
discuss other mechanisms and contributions to P, which



are not included to Eq. (), and try to resolve some con-
troversies between our SE model and phenomenological

theories 23].

B. Nonexistence of the single-site polarization for
the spin 1/2

Eq. ([8) takes into account only intersite contributions
to the electric polarization, which depend on the rela-
tive orientation of spins in the bonds. Should it also
include the single-site contributions, depending only on
the directions of individual spins? Considering numer-
ous attempts to interpret the ME properties of the Cu?™
based spin-1/2 compounds in terms of such single-site ef-
fects ﬂﬁ@] the issue is indeed very controversial and
the answer to this question is of principal importance.

As is well known, the single-site contribution to the ex-
change energy vanishes for the spin 1/2, being one of fun-
damental consequences of Kramers degeneracy for sys-
tems with half-integer total spin @] Now we will prove
that a similar property holds for the single-site part of
the polarization. The latter can be also derived from
the general “Berry-phase formula” (@) and is given by
P = —£Tr{#D}, where t is the matrix of the position
operator in the basis of Kramers’ states |+) and |—),
forming the doublet and constructed from the Wannier
functions at the given site, and D is the density matrix
for the hole state |o) in the same basis [77]. This is a
rigorous “Berry-phase” analog of phenomenological term
for the electric polarization associated with the change
of the metal and d-p hybridization due to the SO cou-
pling [24 ]. Then, the hole state |@) is a linear com-
bination of |+> and |—), which also specifies the direction
of spin e via Eq. {@). Hence, D depends on e through
the SU(2) rotation matrices, describing the transforma-
tion of |a). Since the Kramers states are degenerate,
the energy does not depend on e and there is no single-
ion anisotropy term. Similar property holds for the po-
sition operator. Indeed, since |+) and |—) are related
to each other by the transformations T|+) = —|—) and
T|—) = |4), where T' = i, K is the time-reversal opera-
tion in terms of the spin Pauli matrix &, and the complex
conjugation operator K , we will have the following prop-
erties for any real spinless operator r: (+|r|+) = (—|r|-)
and (+|r|—) = 0 [78]. Therefore, ¢ is proportional to the
unity matrix, meaning that the single-site part of P does
not depend on e. This concludes our proof, which is one
of the central results of our work.

(_)The bond-dependent symmetric anisotropic tensors
II;; are formally allowed by the symmetry, but are of
the 2nd order in the SO coupling and can be neglected
for the purposes of our work @,%ﬁ

C. Exchange interactions

The non-polar space group P42;m includes 8 symme-
try elements, which can be obtained by CO{nbining 4 ro-
toinversion operations about z, S%, with C5 + (2, 2,0)
(the 2-fold rotation about z, followed by the shift in the
units of lattice parameter a). They impose a symmetry
constraint on the exchange interactions in Eq. (@). Par-
ticularly, the DM interactions between nearest neighbors
in the zy plane are given by

Doj = (_1)jdmy [Gjo X ’I’Lz] + dzbjo’n,z (9)
(see Fig. M for the notations), where n* is the unit vector
along the z-axis, so that [€;o X n?] describes the regular
4-fold rotations in the xy plane and the additional prefac-
tor (—1)7 arises from the rotoinversion symmetry trans-

formation of the axial vectors Dy;, and ¢;; = Iz ]‘ is the
antisymmetric scalar satisfying the conditions ¢;; = —¢j;
and |¢;;| = 1. The prefactor (—1)7 is responsible for a

number of interesting effects, including possible forma-
tion of antiskyrmion textures [49-151]

D. Electric polarization

Similar symmetry analysis can be performed for the
polarization. Yet, the main difference between the ex-
change interactions and parameters P;;, P;;, and H”
of the electric polarization is the symmetry properties
with respect to the permutation of the atomic indices,
which arise from the additional prefactor €;; in Eq. (8):
if the exchange interaction is symmetric, the correspond-
ing to it parameter of the electric polarization should

(a) &)

° ®
h 5

l?x
E/\‘

Z
: yv\T/)i
°

+ @

¢ ‘\\\ e, |©
OlEy o

~0 (@w

NN
./°'\ %"f

&\w
ﬂ ﬂa ©

A

[ 1%

FIG. 4. (a) Fragment of the crystal structure of
BazCuGezO7 in the tetragonal plane, explaining the envi-
ronment of the Cu sites 0-4. (b) The in-plane components
of Dzyaloshniskii-Moriya interactions Dg; operating in the
nearest-neighbor Cu-Cu bonds 0-j (the transfer integrals to;
in the l-orbital model obey the same symmetry rules). (c)
The vectors P describing the antisymmetric part of electric
polarization in the same bonds. (d) The symmetry properties
of vectors P in the next-nearest-neighbor bonds between the
plane.



be antisymmetric, and vice versa. Therefore, the bond-
dependence of these two groups of parameters will be
generally different.

For the nearest-neighbor (nn) bonds in and between
the tetragonal xy planes, P;; vanishes due to the symme-
try constraints imposed by the P42;m space group. We
have found that the only sizable isotropic contributions
come from the next-nn bonds (+a/2, +a/2, +¢) between
the planes (see Fig. @ for the notations of atomic sites).
They are given by

Pij = (=1)jop].- (10)

As for the antisymmetric part of P in the zy plane,
the nn contributions are allowed by the symmetry. The
corresponding parameters P;; are given by

Po; = (=1)p; " tjo€50. (11)

In addition to them, we have found sizable contributions
operating in the next-nn bonds between the planes (see
Fig. @d). Neglecting small difference between a- and y-
components of P;;, which are formally allowed by the
symmetry, these parameters can be presented as

Poj ~ 1 jolejo x n*] + (—1)/pin®. (12)

IV. MODEL ANALYSIS
A. 1l-orbital model

In the 1-orbital case, we have two Wannier functions
per each Cu site, which can be obtained by choosing the
trial orbitals so that they correspond to the pure major-
ity (1) and minority () spin states and then applying
the regular procedure of the maximal localization [54].
This procedure should specify the phases of the Wannier
functions and the Hamiltonian itself. The corresponding
transfer integrals have the following form:

tiy = 19,1+ ity;6, (13)

where 1 is the 2x2 unit matrix and & = (6., G, 5,) is the
vector of Pauli matrices. To the lowest orders, t?j does
not depends on the SO coupling, while ¢;; emerges in
the 1st order of it. Thus, in the 1-orbital model, the SO
coupling contributes solely to the transfer integrals. With
the proper choice of the phases, all the coefficients t?j
and t;; = (tf;,t};,17;) become real. In the following, we
will call it a “real representation”. Then, the Hermitian
property of ¢;; imposes the conditions: t =t3; and t; =
—t;;. The vectors t;; have the same form as D;; (see
Fig. @b) and for the nearest bonds in the zy plane are
given by

to; = (—1)'t"[ejo x 0] + t*1jom". (14)

The corresponding parameters can be evaluated within
QE method as: t*Y = 5.4, t* = —30.8, and t° = —37.0
meV.

The electron-electron interactions in the 1-orbital
model are specified by the single parameter U of the on-
site Coulomb repulsion between electrons with the oppo-
site projections of spins, which can be evaluated within
cRPA as U =~ 3.74 eV [66].

In the atomic limit, the single hole resides in the high-
est Kramers doublet, which is obtained after the diago-
nalization of the crystal field and the SO interaction, and
the corresponding hole state |«;) specifies the direction of
spin at site i, as was explained above. Then, one can for-
mulate the SE theory by considering the virtual hoppings
of electrons from all occupied states to |a;) (and back)
as a perturbation |11]. In the 1-orbital model this can be
done analytically to obtain the following expressions for
the exchange interactions [63]:

1 1
Jij = —g ((t?j)z - ng{tij ® tz‘j}> ; (15)
2t9;
D;; = Ttij, (16)
and
Y 2 1
I = E (tij Rt — ng“{tij ®tij}i>> , (17)

with ® denoting the direct product of two vectors and 1
being the 3 x 3 unit tensor.

Since all exchange interactions in the bond are ex-
pressed in terms of (maximum) four parameters (t7;, t;;),

<
they are not independent. Particularly, the tensor I';; is
fully expressed in terms of the DM interactions and the
isotropic exchange as |79]:

“ 1 1 <
Fij = - <D” ® Dij — -Tr {D” ® DZJ} ]l> 5 (18)
2J;; 3

which means that the 1-orbital model (I3)) is subjected
to hidden symmetries [79, 180] (see also Supplementary
Materials [63] for the discussion of how the indepen-
dent parameters of the transfer integrals can be gener-
ally found irrespectively of the phases of the Wannier
functions). Even more generally, one can argue that by
means of unitary transformations (corresponding to ro-
tations of the spin variables) the Hamiltonian (3] in

each separate bond can be reduced to t;; = f?jfl [80], so
that the bond would be totally described by an isotropic
exchange coupling only. However, whether this can be
done simultaneously for all bond depends on the sym-
metry of the system. In our case, the only possibility is
to use different unitary transformations at two Cu sites
in the unit cell: Cul (corresponding to i = 0 in Fig. [))
and Cu2 (i = 1-4). In this case, one can eliminate ¢
(and therefore d*), which is the same for all nn bonds
0-j [see Eq. (I4)]. On the contrary, the contributions
of t*¥ enter Eq. ([4) with different signs and cannot



be eliminated. The corresponding unitary transforma-
tion is given by Ug = diag(e¥™¥/2, e*¥/2), where the
upper (lower) sign stands for the site Cul (Cu2) and

1 = —tan~! (to)g“% Then, in the new coordinate

frame we have t© = —/(t9)2 + (¢#)2, while t* = 0. Fur-
thermore, it is straightforward to see that the remaining
to; = (—1)7t*[ejo x m?] is translationally invariant on
the lattice with only one Cu site in unit cell (see Fig. [I):
for instance, the translation of the bond 3-0 (4-0) to the
bond 0-1 (0-2) does not change t;;. The correspond-
ing parameters of isotropic and DM nn interactions in
the plane can be evaluated using Eqs. (I3]) and (I6]) as
J = —0.616 and d*¥ = 0.140 meV, respectively.

Considering only J and d*¥, the classical magnetic
ground state corresponds to a spiral with spins rotat-
ing in the plane, which can be specified by the vec-
tor nt = (—sin@,cos®,0) being perpendicular to the
plane. The corresponding propagation vector can be eas-
ily found by considering the symmetry properties of Dy;,
which yield [63]:

q=q,+9q, (19)

where g, = (27,0,0) (in the units of 1/a) corresponds
to the two-sublattice AFM order in the plane, while
5q = (dgsin ¢, dq cos ¢,0) with dg = —v/2d*¥ /.J describes
its modulation caused by the spin spiral. Furthermore,
the classical spin-spiral energy does not depend on ¢,
which can be arbitrary [63]. Nevertheless, it is very im-
portant that not only n*, but also dg depends on ¢.
For instance, by varying ¢ one can change the type of
the spin spiral from cycloidal (g L n™), realized for
nt = %(:l:l, +1,0), to proper screw (dq || nt), realized

for nt = (£1,0,0) and (0,41,0). Such behavior is due
to the rotoinversion symmetry: for instance, if instead of
the rotoinversion we dealt with the regular 4-fold rota-
tion around z, the spin spiral would be cycloidal for all
¢. This symmetry is also crucially important for the be-
havior of electric polarization, which will be considered
in Sec. [VAl

The nonvanishing matrix elements of the anisotropy
tensor ﬁj satisfy the following properties: I'** = I'VY =
—%Fzz = 0.003 meV, which holds for all nn bonds, and
IgY = (—=1)T*¥ for j = 1-4 in Fig. @ where I'*¥ = 0.008
meV. The compass-type anisotropy, ['*¥, does not con-
tribute to the classical ground state energy. Then, pos-
itive I'** = I'% in combination with the antiferromag-
netic J would lead to the easy-plane AFM configuration,
which can be indeed stabilized by applying the external
magnetic field along z [38,142]. For the classical spins, the
configuration remains degenerate with respect to the in-
plane rotations of the magnetization. However, the zero-
point motion, which is the first quantum correction to the
classical ground state energy to the 1st order in 1/.5, lifts
this degeneracy and stabilizes the magnetization parallel
to one of the square diagonals in the zy plane [81]. This

corresponds to nt = \%(:I:l,:l:l,O). The quantitative

estimates of this effect, following the work of Yildirim et

al. [81], can be found in Supplementary Materials [63].
Similar strategy has been applied recently for the anal-
ysis of SO interaction driven magnetic properties of iri-
date BagIrOy4 [82]. Thus, in view of these arguments, the
ground state is expected to be cycloidal with 6g L n'’,
in agreement with the experimental situation [39]. Due
to the DM interaction, the spins at the neighboring sites
along dq are additionally rotated relative to each other
by the angle ¢ = |d*¥/J| ~ 13.0°, which is close to the
experimental value of 9.7° [39].

Furthermore, ?ij is responsible for anharmonic mod-
ulations in the spiral structure. This purely classical ef-
fect, which is driven by I'*#, is described by sine-Gordon
equations [39], quantifying the preferential grouping of
spins closer to the easy plane (also known as “bunch-
ing” |83, 184]). The quantitative analysis is given in Sup-
plementary Materials [63]: the anisotropy I'** indeed
leads to the visible anharmonicity of the spin-spiral pat-
tern, but has little effect on its periodicity.

In fact, the model (@) with the additional constraint
([I®) has been intensively studied in the literature. Fur-
ther details for BaaCuGez07 can be found in Ref. [42].

Thus, the simple 1-orbital model is very useful for un-
veiling basic magnetic properties of BaoCuGesO7: in this
case all exchange interactions can be obtained analyti-
cally, which allows an easy and transparent interpreta-
tion. However, from the viewpoint of quantitative analy-
sis, the abilities of the 1-orbital model are quite limited,
while more general 5-orbital model is believed to be more
appropriate for these purposes. Even more importantly,
the orbital degrees of freedom are indispensable for the
magnetic part of P: since the polarization is antisym-
metric with the site indices in #;; (see Fig.[3)), it vanishes
in the 1-orbital case [34, [45]. It can be paraphrased dif-
ferently: because of this antisymmetry, P appears to be
proportional to intra-atomic Hund’s coupling Jy (in an
analogy with compass-type exchange interactions in iri-
dates [15]), which is absent in the 1-orbital model. There-
fore, in the next Section we turn to the analysis of the
5-orbital model.

B. 5-orbital model

The one-electron part of the model Hamiltonian (IJ)
was constructed from the electronic structure obtained
in the QE calculations with the SO coupling, which con-
tributes to both site-diagonal and off-diagonal elements
of t?}’"",. Other options are discussed in the Supplemen-
tary Materials [63]. The crystal field splits the atomic
3d level in four groups located at —0.36, —0.34, 0.08,
and 0.55 eV. The first two are the e, levels of the 32%-r?
and z?-y? symmetry, which are followed by two to, lev-
els standing, respectively, for the degenerate yz/zz and
nondegenerate zy states (also having large weight of the
x2-y? states in the xy coordinate frame shown in Fig. [I]).
The SO interaction constant is about 0.12 eV, which is
comparable with the splitting of the ty4 levels.



The matrices of screened Coulomb interactions ob-
tained within cRPA [66] were fitted in terms of three in-
dependent parameters, specifying the interactions among
3d electrons in the spherical case [65]: the Coulomb re-
pulsion U = F° ~ 4.05 eV, the intra-atomic (Hund’s)
exchange coupling Jy = (F? 4+ F*)/14 ~ 0.97 eV, and
the nonsphericity B = (9F% — 5F%) /441 ~ 0.1 eV, where
FO F2 and F* are the screened radial Slater’s integrals.
Quite expectedly, the value of U is larger than in the 1-
orbital case due to the reduced number of channels avail-
able for the screening in cRPA. This screening is not par-
ticularly strong in the case of cuprates: the Cu 3d band
is nearly filled, thus leaving only a small number of holes
available for the screening, which explains relatively large
values of U [52]. In order to fulfil the symmetry require-
ments of BagCuGezO7 in our SE calculations, we have
uses the simplified form of U = [U%%**], which was given
by only U and Jy as U%" = U and U = Jy (for
a#b).

Then, by applying the SE theory for the exchange
interactions [17, [45], one obtains the following param-
eters of the spin model: J = —0.430, d*¥ = 0.109, and
d* = —0.007 meV. The obtained J exceeds the experi-
mental value nearly by a factor of 2 [40,185]. Nevertheless,
¥ = |d*¥/J| ~ 14.5° is consistent with the experimental
value of 9.7° [39], meaning that our d*¥ is also overes-
timated. Yet, we would like to emphasize that in com-
parison with the 1-orbital model, the Coulomb U rises
by only 8%, while the AFM J drops by more than 30%.
This means that, beside the AFM contribution to J (be-
ing proportional to 1/U [16]), in the 5-orbital model there
is also the ferromagnetic (FM) one (~ Jy/U?), which
substantially improves the quantitative description.

The DM interaction d?, which is responsible for the
spin canting and net magnetic moment in the xy plane,
is small and does not play a decisive rolg. The param-

eters of the exchange anisotropy tensor I';; are compa-
rable with those of the 1l-orbital model: I'** = 'Y =
—3T% = 0.003 meV and T = 0.005 meV. There-
fore, the anisotropic properties in the zy plane as well
as the anharmonicity of the spin-spiral pattern are ex-
pected to be similar to the ones for the 1-orbital model
and we do not consider them here. Furthermore, there
are small matrix elements I'G¥ = ['§7 = \/QefoF“ and
Fg; = Fg? = \/QE?OF“, where I'*# = 0.003 meV. How-
ever, they do not play a major role.

The next important isotropic interaction after J is that
between the 2nd neighbors in the adjacent layers (or
next-nn), J? = —0.010 meV. This interaction is AFM
and, in combination with J, stabilizes the ferromagnetic
alignment between the layers, in agreement with the ex-
periment [39]. The coupling between the 1st neighbors is
weakly ferromagnetic (J1 ~ 107* meV). Thus, without
SO coupling, the magnetic structure would be C-type
AFM, in which the AFM spin ordering in the zy plane
coexists with the FM stacking along z. The correspond-
ing Néel temperature can be estimated in the framework
of random phase approximation [86, 87] as Ty ~ 12 K,
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which exceeds the experimental value of 3.2 K [39], prob-
ably due to the overestimation of J and J% . Similar prob-
lem was encountered for BagCoGeoO7 [77]. Formally, the
quantitative description can be improved by decreasing
the value of U and thus increasing the FM contribution
to J via the change of the ratio Ji/U? [16]. Similar ten-
dency was found for the electric polarization, which will

be discussed in Sec. [V Al

V. MAGNETISM AND ELECTRIC
POLARIZATION

A. Spontaneous polarization induced by cycloidal
order

First, let us consider the behavior of electric polariza-
tion P* induced by the spin-spiral order |27, 28]. Ac-
cording to Eq. (8, only those bonds, which are directed
out of the zy plane and have finite projection on z, can
contribute to P?. We have found that the main such con-
tributions are associated with the next-nn bonds between
adjacent tetragonal planes (see Fig. ). Other contribu-
tions are either small or not effective: for instance, the
atoms in the nn bonds (0,0, £¢) are always ferromagnet-
ically coupled and these bonds do not contribute to the
magnetic dependence of P.

In fact, P? is a combining effect: P* = P+ Pf, where
both contributions are induced by the spiral spin order.
The first one is driven by the antisymmetric (A) mecha-
nism, which is described by Eq. (I2)), in combination with
the main Eq. (§). This is an analog of the DM interac-
tion for the exchange energy, which can be related to the
intrinsic spin current flowing in the system [26]. Then,
considering the ideal spin spiral, specified by the rotation
plane with nt = (—sin @, cos ¢,0) and the propagation
vector ([[9), it is straightforward to find that [63]

. 4 2ac d*Y oy

BTN, Yoty o ) sin 2¢. (20)
We would like to emphasize here that the sin2¢ depen-
dence of Pj is the combination of two, multiplying each
other, factors [63]: quite naturally, [e; X e;] depends on ¢,
specifying the orientation of the spin-rotation plane, and
alone would result in the regular sin¢ (or cos¢) depen-
dence of P} (apart from a phase). However, in addition
to that, the spin-spiral propagation vector q also depends
on ¢ via sin ¢ and cos ¢, being the result of the rotoinver-
sion symmetry (see discussions in Sec. [V A]). Altogether,
they yield sin2¢ in Eq. (20).

The second mechanism is isotropic and described by
Eq. (I0), again in combination with Eq. (§). The key
point here is that the spin spiral breaks the tetragonal
symmetry so that the angles between spins in the direc-
tion of propagation g and the perpendicular to it direc-
tion are different. Therefore, the cancellation of contri-
butions coming from these two types of bonds does not



P>0

FIG. 5. (a) Side view and (b,c) top views on cycloids with
the propagation vectors g (b) and g* (c). By applying the
magnetic field perpendicular to the spin rotation plane, one
can switch between magnetic domains with g and ¢*, and
thus reverse the electric polarization PZ.

occur, leading to finite total polarization, which can be
evaluated as [63]

2v/2¢ dwv\ 2
Pf=——=——(—) pYsin2¢. 21

One can find some analogy with the skyrmion com-
pounds, like GaV4Sg, where the DM interactions give rise
to either cycloidal or skyrmion order. These magnetic or-
ders are manifested in the change of P originating from
the competition of antisymmetric and isotropic mecha-
nisms [45, [72]. The main difference is that GaV4Sg is a
polar compound, where the spontaneous electric polar-
ization emerges below certain structural transition point
and is further modulated by the magnetic order, while
in BagCuGe2O7 the polarization is solely induced by the
spin-spiral order.

The sin2¢ dependence of both P; and P; nicely re-
produces the experimental behavior of BaaCuGe2 07 [27].
Namely, rotating the helical spin plane by the mag-
netic field, one can switch the direction of propaga-

tion of the spin spiral from ¢ = (27 + %, 7‘%,0) to

g = (27 — %, %, ), which leads to the reversal of

P* (see Fig. [). Alternatively, one can control the di-
rection of P* by applying the external electric field and
thus switch the direction of propagation of spins between
q and g* [21].

Another important question is whether the proposed
SE theory is able to reproduce the experimental value of
|P?| ~ 0.3 uC/m? [|27] and what is the relative strength
of P3 and P;? Using the numerical values of the parame-
ters, one can obtain the following estimates (at ¢ = 7/4):
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P% ~ 0.505p7Y and Pf ~ —0.086p%. The values of the
parameters p’” and pY appear to be sensitive to the de-
tails of calculations. The upper estimate was found in the
LMTO method yielding p¥ = 0.217 and pJ = —0.036
uC/m? [63], which correspond to P* = 0.11 uC/m?, be-
ing in reasonable agreement with the experimental value.
The QE estimate is considerably lower: p¥ = 0.046 and
p? = 0.037 uC/m? [63], corresponding to P* = 0.02
uC/m?, which is an order of magnitude smaller than the
experimental value.

This comparison may be viewed as somewhat discour-
aging, especially because QE is typically regarded as
more reliable method in comparison with LMTO [63].
Nevertheless, one should keep in mind that, at least for-
mally, this discrepancy can be easily cured by consider-
ing rather modest correction of the model parameters.
For instance, in the first approximation, p(j_ is propor-
tional to Ji/U? |45). Similar behavior is expected for
p'1Y. While Jy is typically well defined (and close to the
atomic value), U is frequently treated as an adjustable
parameter on the semi-empirical level [70]. Then, if we
wanted to reproduce the experimental value of P? in the
QE method simply by adjusting the value of U, we would
have to decrease it by factor 105 = 2 (i.e., to about 2 V),
which is quite a normal practice in the electronic struc-
ture calculations, for instance the ones based on the local
density approximation +U method [70]. Of course, there
may be other factors, hampering the agreement with the
experimental data, including validity of the SE approx-
imation and necessity to consider the effects of higher
orders in the #;;/U expansion [17]. Furthermore, there
are lattice effects |21, I8]], which can dominate over the
electronic ones considered in the present study.

In any case, the inequality P; > |Pf| means that
the electric polarization induced by the spiral order in
BasCuGezO7 stems from the antisymmetric spin-current
mechanism. This naturally explains the difference be-
tween BasCoGesO7 and BasCuGeyOr. In the former
case, the polarization is substantially larger as it is driven
by the single-site mechanism, which is permitted for the
spin-3/2 and typically dominates in comparison with the
intersite contributions [43,[77]. In the spin-1/2 compound
BasCuGezO7, the single-site term vanishes resulting in
the drop of the polarization. Nevertheless, it is important
that even in BayCuGesO7 the experimental polarization
remains finite, thus indicating that there is another mech-
anism of the ME coupling besides the single-site one.
Similar arguments apply for the magnetic ground state
of BagCuGesO7 and BasCoGesOr7: the latter is C-type
antiferromagnet in spite of DM interactions operating in
this compound similar to BasCuGesO7. However, the
effect of DM interactions is suppressed by large single-
site anisotropy, driving this system into the commensu-
rate C-type AFM state. In BayCuGesO7, the single-site
anisotropy is absent and the DM interactions start to
dominate. Therefore, the regular ground state will be
the incommensurate spin spiral, while the C-type AFM
order is stabilized only in the external magnetic field.



The behavior of electric polarization, accompanying this
transition, will be considered in the next section.

B. Reorientation of polarization associated with
the incommensurate-commensurate transition

The application of the magnetic field H along the z
axis in BagCuGezO7 gives rise to the incommensurate-
commensurate (IC-C) transition from cycloidal to C-type
AFM phase |38] (Fig. [). In the C' phase, the magnetic
moments lie in the zy plane, as requested by the exchange
anisotropy, while the magnetic field leads to the small
FM canting of spins along z. The latter is specified by
the component e* of the spin direction vector, which is
proportional to H and can be found from the equilibrium
condition as e* = —”gf.

Below, we will argue that the IC-C transition should
be accompanied by the reorientation of the polarization
from the z direction (P?) into the zy plane (P*¥), which
was overlooked in previous studies. These two compo-
nents of the electric polarizations, P?* and P®Y, have
rather different origins and are associated with different
bonds. As we have seen in the previous section, the po-
larization P? is the multiferroic feature, which is induced
solely by the cycloidal order without external field. On

z
Xy

0
H|z Pl:z

FIG. 6. Summary of incommensurate-commensurate tran-
sition in BazCuGe207 induced by the magnetic field H || z:
the incommensurate cycloidal phase (a) is transformed into
the C-type antiferromagnetic phase, which is illustrated in
the inset of (b). The magnetic field leads to the canting of
spins as explained in (b) and (c). The transition is accompa-
nied by the flip of electric polarization from P || z to P L z,
which is driven the spin-current mechanism. The magnetic
sites surrounding the central atom 0, which contribute to the
electric polarization in the cycloidal and C-type antiferromag-
netic phases are denoted by the cyan and green colors, respec-
tively. dq specifies the direction of propagation vector.
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FIG. 7. Magnetoelectric effect in BaaCuGe2O7: absolute
value of electric polarization in the xy-plane versus magnetic
field.

the contrary, P*Y is the manifestation of more conven-
tional ME effect in BayCuGeyO7, which is induced by
the magnetic field H and proportional to this field. In
this case, H not only stabilizes the C-type AFM state,
but also breaks the symmetry of this state, similar to
the conventional ME effect [1]. Indeed, the in-plane ori-
entation of spins lowers the point-group symmetry of
BayCuGea 07 from S5 (the 4-fold rotoinversion axis) to
TC"QZ (time reversal times 2-fold rotation about z). Then,
the FM canting of spins along z further breaks the TC’QZ
symmetry, thus allowing for the electric polarization in
the zy plane.

If P# originates from the next-nn Cu-Cu bonds, con-
necting adjacent xy planes and therefore having finite 2
component, the main contribution to P*Y is associated
with the nn bonds in the plane (Fig.[6). Assuming that,
to the 1st order in e* ~ H, the direction of spin at the
central site is eg = (cos ¢, sin ¢, e?) and the one at the
neighboring sites is e; = (—cos¢, —sin ¢, e?), P*Y can
be easily evaluated using Eq. (8) as [63]:

psHp)”

P =
2.7

(COS ¢7 - Sin¢7 0)7 (22)

where pﬁy is estimated within the QE method as 0.597

uC/m? (other methods provide rather consistent descrip-
tion and the results are summarized in the Supplemen-
tary Materials [63]). The obtained dependence of |P*Y]
on H is shown in Fig.[7l Then, in the ground state config-
uration, ¢ = w/4 (modulo 7/2) [63], P®? is perpendicular
to the directions of spins. The reversal of all spins in the
C state, e — —e, also reverses the direction of the po-
larization P*¥ — —P*. Alternatively, by applying the
electric field, one can change the direction of polarization
P*Y and thus switch between different AFM domains as
illustrated in Fig. B This provides the possibility to con-
trol the directions of the antiferromagnetically coupled
moments by the electric field.



FIG. 8. Magnetoelectric effect in BapCuGe2O7: directions
of electric polarization in the zy-plane, P*Y, corresponding
to different types of antiferromagnetic domains for the same
direction of the external magnetic field H = (0,0, H). The
directions of spin moments are shown by cyan arrows.

C. Other mechanisms and controversies

In this section, we briefly discuss other contributions to
the magnetically induced polarization () and try to re-
solve some controversies between the SE theory, that we
propose, and phenomenological theories [21-23], which
are frequently used for the interpretation of the experi-
mental data. There is a widespread believe that a non-
collinear alignment of spins induces the polarization per-
pendicular to the bond [4, 16, [7, [21-23]. Certainly, this is
very different from the conclusion of our SE theory, where
the polarization is expected to be parallel to the bond.
Apparently, we are dealing we different mechanisms and
each of the theories, including ours, is still incomplete for
describing the behavior of the electric polarization.

For instance, the inverse DM mechanism [21] was pro-
posed to explain the emergence of electric polarization in
response to the cycloidal spin order — the only experimen-
tal possibility, which was known at that time. Then, the
intermediate oxygen atoms are expected to move perpen-
dicular to the bonds to acquire the energy gain associated
with the so-induced DM interactions. Hence, P should
be perpendicular to the bond. Nevertheless, similar ar-
guments apply for the proper-screw spiral, where spins
rotate in the plane perpendicular to the bonds. Then,
the oxygen atoms are expected to move parallel to the
bonds, which should be also the new direction of P.

The electronic mechanism by Katsura, Nagaosa, and
Balatsky (KNB) is based on the analysis of simple cluster
model consisting of two transition-metal sites and inter-
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mediate oxygen site [22]. In this case, one can apply
the symmetry arguments, similar to the ones considered
by Dzyaloshinskii for CroOs5 [1], and argue that there
should be both transversal and longitudinal ME effect.
In fact, the relative strength of these two effects in CroOg3
strongly depends on the temperature and magnetic field,
controlling the spin-flop transition [89)].

The key assumption of our work is (|Ar;|) < |7,
which was necessary for the discretization and construc-
tion of the lattice model for P (see Sec.[[IIA]). Of course,
this is an approximation and the ratio (|Ar;|)/|7;;| for
the nearest neighbors in the plane of BasCuGesO7 is 0.28
(i.e., quite large). Under this assumption we were able
to get rid of the r-dependence in all matrix elements, in-
cluding the intersite ones, (a;|r|a;—;), which is relevant
to the KNB mechanism, but vanishes in our case.

One can draw again an analogy with the exchange in-
teractions in insulators: the SE theory accounts only for
kinetic contributions to Eq. (B). However, the exchange
interactions are not limited by the SE processes and there
is still an ongoing discussion on whether and how these
SE interactions should be combined with other contri-
butions, for instance - the direct exchange interactions,
which can be responsible for the ferromagnetism [90-92].
In our case, the FM direct exchange could indeed improve
the agreement with experimental data for J and other pa-
rameters of exchange interactions [77]. By knowing the
Wannier functions at the transition-metal sites, one can
evaluate the direct exchange integral [90, 91], which can
be additionally screened by the oxygen band [92]. Similar
situation is realized here: Eq. ([B) can be viewed as the
magnetic part of the polarization induced by the SE pro-
cesses, while (c|r|a;—,;) are the direct contributions, as-
sociated with the overlap of the Wannier functions. Note
that Wannier functions have tails, spreading to the oxy-
gen and other intermediate sites, and these tails mainly
contribute to (c;|r|a;— ;). Formally, these contributions
are of the order of (|Ar;|)/|7;;| and, from this point of
view, can be regarded as small corrections to our SE the-
ory. However, they appear in the 1st order of £;; /U (while
the SE contributions — only in 2nd) and, therefore, can be
large. Nevertheless, one should also keep in mind that,
similar to the direct exchange interactions, the integrals
(aj|r|ai— ;) can be additionally screened by the oxygen
band (as the polarization in this band will be also af-
fected by the magnetic order), while the bare values of
(ai|r|oyi— ;) are probably overestimates.

Below, we evaluate the change of P? caused by bare in-
tegrals (;|r|a;— ), which were calculated in the 5-orbital
model between neighboring sites in the tetragonal plane.
Neglecting small symmetric anisotropic part, P? in this
case is given by P* ~ - .., (Pije; - e; + Py; - [e; X €j]),
where POj = (—1)Jpﬁ and ]POj = pﬁy[ﬁjo X nz] +
(1) pj¢jon®. The parameters of this model can be esti-

mated within the QE method as pﬁ = 1.382, pﬁy = 0.454,

and pf = 0.039 pnC/m?2. We note that this pﬁy is com-
parable with the parameter pﬁy obtained in the SE ap-



proximation and describing the behavior of electric po-
larization in the same bonds. However, pﬁy and pr‘y are
responsible for completely different effects, and it is im-
portant that pﬁy can contribute to P?, which was ob-
served experimentally. Then, the spin-spiral order gives
rise to the polarization P?* = P} + P} (i.e., the isotropic
and antisymmetric contributions, both induced perpen-
dicular to the bonds). The analytical expressions for Pf
and Pj can be obtained along the same line as described
in Supplementary Materials [63], which yields Pf =
—(d™v/J)? pﬁ sin2¢ and P; = —2(d"¥/J) pﬁy sin 2.
The origin of PJ is similar to the KNB theory, but obey-
ing the symmetry properties of BasCuGesO7. The sin 2¢
dependence of Pj and Pf is consistent with the experi-
mental behavior for BagCuGesO7, similar to the SE con-
tribution given by Eq. (20).

Using bare pﬁy, P% can be estimated (at ¢ = 7/4) as
0.23 uC/m?, which alone is consistent with the experi-
mental value of P* and could improve the relatively poor
agreement with the experiment in the QE method (see
Sec. [VA)). Nevertheless, P is not the only multiferroic
effect originating from (a;|r|o;—;): in addition to Pj3,
there is also isotropic contribution Pf, which obeys the
same symmetry properties. If P§ was anticipated by the
KNB theory, Pf was not considered before in any model
of electric polarization induced by the magnetic order.
Pf has the opposite sign and can be estimated (again at
¢ = /4 and using bare pﬁ) as —0.09 uC/m?. Thus, there
will be a strong cancellation of isotropic and antisymmet-
ric contributions, leading again to relatively small total
value of P* = 0.14 uC/m?. Furthermore, we believe that
bare pﬂ and pﬁy should be additionally screened by the
oxygen band, which we do not consider in our model.

Thus, the superexchange, as any model approach, does
not necessarily include all possible contributions to the
magnetic state dependence of P. The main advantage
of the SE theory, that we propose [34, 136, 45], over
other existing models [6, |7, [19, [21H23] is that (i) it al-
lows us to treat isotropic, antisymmetric, and symmet-
ric anisotropic contributions on an equal footing; (ii) all
these contributions obey the symmetry rules and, thus,
can be applied for the semi-quantitative analysis of prop-
erties of the real materials; and (iii) all contributions can
be easily evaluated using the same set of parameters as
for the interatomic SE interactions. Nevertheless, this is
basically a toy-model, which is helpful for understanding
the behavior of P, but does not substitute brute-force
numerical calculations based on the Berry-phase formal-
ism |46-48], where all the contributions and ingredients
are automatically taken into account.

VI. CONCLUSIONS

We have considered general principles for construct-
ing the spin models for the electric polarization in solids,
which can be applied for the analysis of magnetoelec-
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tric coupling in the wide class of multiferroic compounds.
One of crucial findings of our study is nonexistence of
single-site contributions to the magnetic dependence of P
for the spin 1/2. This is an analog of the well-known the-
orem for the magnetic energy, which allows us to rule out
the theories, where P at a certain magnetic site is solely
determined by the direction of magnetization at the same
site, from the interpretation of properties of multiferroic
materials hosting one unpaired electron or hole in their
magnetic building block. The principle should apply for
all kind of lattices of Cu?™, Ni3*, V4*+ and Ti®T ions [28-
33], as well as the molecular complexes like the (M;S4)5*
clusters in the lacunar spinel compounds GaMS, (M =
V or Mo), which attracted a great deal of attention due
ability to control the electric polarization by manipulat-
ing the skyrmionic texture [45, 72, [93]. Another ma-
jor breakthrough is the SE theory of electric polarization
that we propose [45, [72]. Contrary to phenomenolog-
ical theories [21H23], this is the first systematic strat-
egy for deriving microscopic models aiming to describe
spin dependencies of the P. Over the years, the SE the-
ory had enormous success in various applications for the
analysis of interatomic magnetic interactions in insula-
tors 11,114, 115] and, thus, well suits for the description of
magnetically induced ferroelectricity — yet another prop-
erty, which is inherent to insulating compounds. The
theory has been successfully applied for the analysis of
electric polarization induced by complex magnetic orders
in BagCuGezO7. We have argued that this and simi-
lar spin-1/2 materials can be used as testbed systems
for exploration of spin-current driven ME phenomena
as other mechanisms in them are either weak or forbid-
den by the symmetry. Particularly, the cycloidal order
in BagCuGe;O7 yields spontaneous electric polarization
along the crystallographic z axis, which can be inverted
by rotating the propagation vector ¢ within the tetrago-
nal plane [27]. In addition to that, we have predicted the
flip of the polarization into the xy-plane in the course
of the incommensurate-commensurate (cycloidal-AFM)
transition in the magnetic field, where the direction of
polarization in the plane can be further controlled by
rotating the antiferromagnetically coupled spins in the
same plane. Moreover, the origin of in-plane and out-
off-plane polarizations is ultimately related to the spin-
current mechanism operating in two groups of magnetic
bonds situated, respectively, in and between the planes.
Finally, we have proposed simple but efficient procedure
for calculating the Wannier functions with proper point-
group symmetry, which is crucially important for appli-
cations of this technique for the construction and analy-
sis of microscopic models on the basis of first-principles
electronic structure calculations.

ACKNOWLEDGEMENT

We are grateful to Professor Peter Kriiger for valuable
discussions and careful reading of our manuscript. I.S.



was supported by program AAAA-A18-118020190095-4

15

(Quantum).

[1] 1. E. Dzyaloshinskii, On the Magneto-Electrical Effect in
Antiferromagnets, Zh. Eksp. Teor. Fiz. 37, 881 (1960)
[JETP (USSR) 10, 628 (1960)].

[2] W. Eerenstein, N. D. Mathur, and J. F. Scott, Multi-
ferroic and magnetoelectric materials, Nature 442, 760
(2006);

[3] Y. Tokura, Multiferroics as Quantum Electromagnets,
Science 312, 1481 (2006).

[4] T. Kimura, Spiral Magnets as Magnetoelectrics, Annu.
Rev. Mater. Res. 37, 387 (2007).

[5] T. Kimura, T. Goto, H. Shintani, K. Ishizaka, T. Arima,
and Y. Tokura, Magnetic control of ferroelectric polariza-
tion, Nature 426, 55 (2003).

[6] S.-W. Cheong and M. Mostovoy, Multiferroics: a mag-
netic twist for ferroelectricity, Nature Materials 6, 13
(2007).

[7] D. Khomskii, Trend: Classifying multiferroics: Mecha-
nisms and effects, Physics 2, 20 (2009).

[8] L. M. Sandratskii, Noncollinear magnetism in itinerant-
electron systems: Theory and applications, Adv. Phys.
47, 91 (1998).

[9] Y. Tokura and S. Seki, Multiferroics with Spiral Spin Or-
ders, Adv. Mater. 22, 1554 (2010).

[10] W. Heisenberg, Zur Theorie des Ferromagnetismus,
Zeits. f. Physik 49, 619 (1928).

[11] P. W. Anderson, New Approach to the Theory of Superex-
change Interactions, Phys. Rev. 115, 2 (1959).

[12] A.I. Liechtenstein, M. I. Katsnelson, V. P. Antropov, and
V. A. Gubanov, Local spin density functional approach
to the theory of exchange interactions in ferromagnetic
metals and alloys, J. Magn. Magn. Mater. 67, 65 (1987).

[13] 1. Dzyaloshinsky, A thermodynamic theory of weak ferro-
magnetism of antiferromagnetics, J. Chem. Phys. Solids
4, 241 (1958).

[14] T. Moriya, Anisotropic Superexchange Interaction and
Weak Ferromagnetism, Phys. Rev. 120, 91 (1960).

[15] G. Jackeli and G. Khaliullin, Mott Insulators in the
Strong Spin-Orbit Coupling Limit: From Heisenberg to a
Quantum Compass and Kitaev Models, Phys. Rev. Lett.
102, 017205 (2009).

[16] K. I. Kugel and D. I. Khomskii, The Jahn-Teller effect
and magnetism: transition metal compounds, Sov. Phys.
Usp. 25, 231 (1982).

[17] 1. V. Solovyev, V. V. Mazurenko, and A. A. Katanin,
Validity and limitations of the superexchange model for
the magnetic properties of Sr2IrOs and Bag IrO4 mediated
by the strong spin-orbit coupling, Phys. Rev. B 92, 235109
(2015).

[18] T. Moriya, Theory of Absorption and Scattering of Light
by Magnetic Crystals, J. Appl. Phys. 39 1042 (1968).

[19] Y. Tokura, S. Seki, and N. Nagaosa, Multiferroics of spin
origin, Rep. Prog. Phys. 77, 076501 (2014).

[20] Y. J. Choi, H. T. Yi, S. Lee, Q. Huang, V. Kiryukhin, and
S.-W. Cheong, Ferroelectricity in an Ising Chain Magnet,
Phys. Rev. Lett. 100, 047601 (2008).

[21] I. A. Sergienko and E. Dagotto, Role of the
Dzyaloshinskii-Moriya interaction in multiferroic per-
ovskites, Phys. Rev. B 73, 094434 (2006).

[22] H. Katsura, N. Nagaosa, and A. V. Balatsky, Spin Cur-
rent and Magnetoelectric Effect in Noncollinear Magnets,
Phys. Rev. Lett. 95, 057205 (2005).

[23] M. Mostovoy, Ferroelectricity in Spiral Magnets, Phys.
Rev. Lett. 96, 067601 (2006).

[24] T. Arima, Ferroelectricity Induced by Proper-Screw Type
Magnetic Order, J. Phys. Soc. Jpn. 76, 073702 (2007).

[25] P. Bruno and V. K. Dugaev, Equilibrium spin currents
and the magnetoelectric effect in magnetic nanostruc-
tures, Phys. Rev. B 72, 241302(R) (2005).

[26] T. Kikuchi, T. Koretsune, R. Arita, and G. Tatara,
Dzyaloshinskii-Moriya Interaction as a Consequence of
a Doppler Shift due to Spin-Orbit-Induced Intrinsic Spin
Current, Phys. Rev. Lett. 116, 247201 (2016).

[27] H. Murakawa, Y. Onose, and Y. Tokura, Electric-Field
Switching of a Magnetic Propagation Vector in a Heli-
magnet, Phys. Rev. Lett. 103, 147201 (2009).

[28] H. Murakawa, Y. Onose, S. Miyahara, N. Furukawa, and
Y. Tokura, Comprehensive study of the ferroelectricity
induced by the spin-dependent d-p hybridization mecha-
nism in Baz XGex O7 (X = Mn, Co, and Cu), Phys. Rev.
B 85, 174106 (2012).

[29] J. H. Yang, Z. L. Li, X. Z. Lu, M.-H. Whangbo,
Su-Huai Wei, X. G. Gong, and H. J. Xiang, Strong
Dzyaloshinskii-Moriya Interaction and Origin of Ferro-
electricity in Cuz OSeOs, Phys. Rev. Lett. 109, 107203
(2012).

[30] S. Seki, S. Ishiwata, and Y. Tokura, Magnetoelec-
tric nature of skyrmions in a chiral magnetic insulator
Cuz OSeOs, Phys. Rev. B 86, 060403(R) (2012).

[31] Y.-W. Lee, T.-H. Jang, S. E. Dissanayake, S. Lee, and
Y. H. Jeong, Magnetism and magnetoelectricity in the
polar ozide a-Cug Vo O7, EPL 113, 27007 (2016).

[32] J. T. Zhang, J. L. Wang, C. Ji, B. X. Guo, W. S. Xia,
X. M. Lu, and J. S. Zhu, Magnetism and spin-driven
ferroelectricity in the multiferroic material o-Cuz V2 Oz,
Phys. Rev. B 96, 165132 (2017).

[33] Y. Nii, R. Sasaki, Y. Iguchi, and Y. Onose, Microwave
Magnetochiral Effect in the Non-centrosymmetric Magnet
CuB3 Oy, J. Phys. Soc. Jpn 86, 024707 (2017).

[34] 1. V. Solovyev and S. A. Nikolaev, Spin dependence of
ferroelectric polarization in the double exchange model for
manganites, Phys. Rev. B 90, 184425 (2014).

[35] H. J. Xiang, E. J. Kan, Y. Zhang, M.-H. Whangbo, and
X. G. Gong, General Theory for the Ferroelectric Polar-
ization Induced by Spin-Spiral Order, Phys. Rev. Lett.
107, 157202 (2011).

[36] 1. V. Solovyev, Superezchange theory of electronic polar-
ization driven by relativistic spin-orbit interaction at half
filling, Phys. Rev. B 95, 214406 (2017).

[37] A. Zheludev, G. Shirane, Y. Sasago, N. Koide, and K.
Uchinokura, Spiral phase and spin waves in the quasi-
two-dimensional antiferromagnet Baz CuGez Oz, Phys.
Rev. B 54, 15 163 (1996).

[38] A. Zheludev, S. Maslov, G. Shirane, Y. Sasago, N. Koide,
and K. Uchinokura, Field-Induced Commensurate-
Incommensurate Phase Transition in a Dzyaloshinskii-
Moriya Spiral Antiferromagnet, Phys. Rev. Lett. T8,



[52]

(53]

4857 (1997).

A. Zheludev, S. Maslov, G. Shirane, Y. Sasago, N. Koide,
and K. Uchinokura, Field-induced incommensurate-to-
commensurate transition in Baz CuGez O7, Phys. Rev. B
57, 2968 (1998).

A. Zheludev, S. Maslov, G. Shirane, I. Tsukada, T.
Masuda, K. Uchinokura, I. Zaliznyak, R. Erwin, and
L. P. Regnault, Magnetic anisotropy and low-energy
spin waves in the Dzyaloshinskii-Moriya spiral magnet
Baz CuGez O7. Phys. Rev. B 59, 11432 (1999).

S. Miihlbauer, S. Gvasaliya, E. Ressouche, E. Pom-
jakushina, and A. Zheludev, Phase diagram of
the Dzyaloshinskii-Moriya helimagnet Baz CuGez O7 in
canted magnetic fields, Phys. Rev. B 86, 024417 (2012).

J. Chovan, M. Marder, and N. Papanicolaou,
Field-induced phase transitions 1in the helimagnet
Baz CuGez O7, Phys. Rev. B 88, 064421 (2013).

H. Murakawa, Y. Onose, S. Miyahara, N. Furukawa, and
Y. Tokura, Ferroelectricity Induced by Spin-Dependent
Metal-Ligand Hybridization in Baz CoGez Oz, Phys. Rev.
Lett. 105, 137202 (2010).

Note that in metals the polarization is completely
screened by free electrons.

S. A. Nikolaev and I. V. Solovyev, Microscopic theory
of electric polarization induced by skyrmionic order in
GaV4Ss, Phys. Rev. B 99, 100401(R) (2019).

R. D. King-Smith and D. Vanderbilt, Theory of polar-
ization of crystalline solids, Phys. Rev. B 47, 1651(R)
(1993).

D. Vanderbilt and R. D. King-Smith, Electric polariza-
tion as a bulk quantity and its relation to surface charge,
Phys. Rev. B 48, 4442 (1993).

FElectrical polarization and orbital magnetization: the
modern theories, R. Resta, J. Phys.: Condens. Matter
22, 123201 (2010).

A. N. Bogdanov, U. K. RoBler, M. Wolf, and K.-H.
Miiller, Magnetic structures and reorientation transitions
in noncentrosymmetric uniaxial antiferromagnets, Phys.
Rev. B 66, 214410 (2002).

A. K. Nayak, V. Kumar, T. Ma, P. Werner, E. Pippel, R.
Sahoo, F. Damay, U. K. Rof8ler, C. Felser, and S. S. P.
Parkin, Magnetic antiskyrmions above room temperature
in tetragonal Heusler materials, Nature 548, 561 (2017).
S. Huang, C. Zhou, G. Chen, H. Shen, A. K. Schmid,
K. Liu, and Y. Wu, Stabilization and current-induced
motion of antiskyrmion in the presence of anisotropic
Dzyaloshinskii-Moriya interaction, Phys. Rev. B 96,
144412 (2017).

S. A. Nikolaev, I. V. Solovyev, A. N. Ignatenko, V. Yu.
Irkhin, and S. V. Streltsov, Realization of the anisotropic
compass model on the diamond lattice of Cu®T in
CuAly Oy, Phys. Rev. B 98, 201106(R) (2018).

B. Kim, H. Jin, S. Moon, J.-Y. Kim, B.-G. Park, C.
Leem, J. Yu, T. Noh, C. Kim, S.-J. Oh, J.-H. Park, V.
Durairaj, G. Cao, and E. Rotenberg, Novel Jeg = 1/2
Mott State Induced by Relativistic Spin-Orbit Coupling
in Sr2IrOs, Phys. Rev. Lett. 101, 076402 (2008).

N. Marzari, A. A. Mostofi, J. R. Yates, I. Souza, and D.
Vanderbilt, Mazimally localized Wannier functions: The-
ory and applications, Rev. Mod. Phys. 84, 1419 (2012).

A. A. Mostofi, J. R. Yates, G. Pizzi, Y. S. Lee, 1. Souza,
D. Vanderbilt, and N. Marzari, wannier90: A tool for ob-
taining maximally-localised Wannier functions, Comput.
Phys. Commun. 185, 2309 (2014).

[56]

[57]

(58]

[59]

(60]

(61]

(62]

(63]

(64]

(65]

16

M. Tovar, R. E. Dinnebier, and W. Eysel, The Cu(II) O4
tetrahedron in the akermanite structure, Materials Sci-
ence Forum 278, 750 (1998).

P. Giannozzi, S. Baroni, N. Bonini et. al, QUANTUM
ESPRESSO: a modular and open-source software project
for quantum simulations of materials, J. Phys.: Condens.
Matter 21, 395502 (2009).

P. Blaha, K. Schwarz, G. K. H. Madsen, D. Kvasnicka, J.
Luitz, R. Laskowski, F. Tran, and L. D. Marks, WIEN2k,
An Augmented Plane Wave + Local Orbitals Program-
for Calculating Crystal Properties (Karlheinz Schwarz,
Techn. Universitiat Wien, Austria, 2018).

O. K. Andersen, Linear methods in band theory, Phys.
Rev. B 12, 3060 (1975).

O. Gunnarsson, O. Jepsen, and O. K. Andersen, Self-
consistent impurity calculations in the atomic-spheres ap-
prozimation, Phys. Rev. B 27, 7144 (1983).

J. P. Perdew, K. Burke, and M. Ernzerhof, Generalized
Gradient Approximation Made Simple Phys. Rev. Lett.
77, 3865 (1996); ibid. 78, 1396 (1997).

S. H. Vosko, L. Wilk, and M. Nusair, Accurate spin-
dependent electron liquid correlation energies for local
spin density calculations: a critical analysis, Canadian
Journal of Physics 58, 1200 (1980).

See Supplementary Material at ... for the comparison of
QE, WIEN2k, and LMTO methods, details of calcula-
tions of the Wannier functions satisfying the point-group
symmetry, derivation of SE interactions and parame-
ters of the electric polarization, the analysis of in-plane
anisotropy due to zero-point motion, and anaharmonicity
of the spin-spiral order.

C. J. Bradley and A. P. Cracknell, The Mathematical
Theory of Symmetry in Solids (Clarendon Press, Oxford,
1972).

1. V. Solovyev, Combining DF'T and many-body methods
to understand correlated materials, J. Phys.: Condens.
Matter 20, 293201 (2008).

F. Aryasetiawan, M. Imada, A. Georges, G. Kotliar, S.
Biermann, and A. I. Lichtenstein, Frequency-dependent
local interactions and low-enerqy effective models from
electronic structure calculations, Phys. Rev. B 70,
195104 (2004). The practical calculations of the screened
Coulomb and exchange interactions have been performed
using the LMTO method as explained in Ref. |65].

N. Marzari and D. Vanderbilt, Mazimally localized gen-
eralized Wannier functions for composite energy bands,
Phys. Rev. B 56, 12847 (1997).

I. Souza, N. Marzari, and D. Vanderbilt, Mazimally local-
ized Wannier functions for entangled energy bands, Phys.
Rev. B 65, 035109 (2001).

Symmetry-adapted Wannier functions in the mazimal lo-
calization procedure, R. Sakuma, Phys. Rev. B 87, 235109
(2013).

A. 1. Liechtenstein, V. I. Anisimov, and J. Zaanen,
Density-functional theory and strong interactions: Or-
bital ordering in Mott-Hubbard insulators, Phys. Rev. B
52, R5467 (1995).

R. Wang, E. A. Lazar, H. Park, A. J. Millis, and
C. A. Marianetti, Selectively localized Wannier functions,
Phys. Rev. B 90, 165125 (2014).

S. A. Nikolaev and I. V. Solovyev, Skyrmionic order
and magnetically induced polarization change in lacunar
spinel compounds GaVaSs and GaMosSs: Comparative
theoretical study, Phys. Rev. B 102, 014414 (2020).



(73]

(74]

[75]

[76]

(77]

(78]

(79]

(80]

(81]

(82]

U=+ SM SM Uett where M = N; /2 is the num-
ber of orbitals at the atomic site ¢ without spin.

R. A. Bari, D. Adler, and R. V. Lange, Electrical Con-
ductivity in Narrow Energy Bands, Phys. Rev. B 2, 2898
(1970).

K. Kubo, Optical Absorption in a Narrow Band, J. Phys.
Soc. Jpn. 31, 30 (1971).

H. A. Kramers, Théorie générale de la rotation param-
agnétique dans les cristauz, Proceedings of the Royal
Netherlands Academy of Arts and Sciences 33, 959
(1930).

I. V. Solovyev, Magnetization-induced local electric
dipoles and multiferroic properties of BazCoGez O,
Phys. Rev. B 91, 224423 (2015).

The state of the Kramers doublet can be presented as
|£) = |£1) @ |£]), explicitely referring two parts of the
vector with the spins 1 and |, which leads to the identity
(+lr|=) = (+4lr|—4) + (+1]r|—1). Then, |=) = —7+)
yields |[—1) = —K|+]) and |—|) = K|+7), and therefore
(+]r|=) = (+LrK|+1) — (+1|rK|+]), which is zero.

L. Shekhtman, O. Entin-Wohlman, and A. Aharony,
Moriyas anisotropic superexchange interaction, frustra-
tion, and Dzyaloshinskys weak ferromagnetism, Phys.
Rev. Lett. 69, 836 (1992).

T. A. Kaplan, Single-Band Hubbard Model with Spin-
Orbit Coupling, Z. Phys. B 49, 313 (1983).

T. Yildirim, A. B. Harris, A. Aharony, and O. Entin-
Wohlman, Anisotropic spin Hamiltonians due to spin-
orbit and Coulomb exchange interactions, Phys. Rev. B
52, 10239 (1995).

V. M. Katukuri, V. Yushankhai, L. Siurakshina, J. van
den Brink, L. Hozoi, and I. Rousochatzakis, Mecha-
nism of Basal-Plane Antiferromagnetism in the Spin-
Orbit Driven Iridate BazIrOs, Phys. Rev. X 4, 021051
(2014).

(83]

(84]

(88]

(89]

(90]

(91]

(92]

(93]

17

W. C. Koehler, J. W. Cable, M. K. Wilkinson, and E. O.
Wollan, Magnetic Structures of Holmium. I. The Virgin
State, Phys. Rev. 151, 414 (1966).

G. P. Felcher, G. H. Lander, T. Arai, S. K. Sinha, and
F. H. Spedding, Asphericity in the magnetization distri-
bution of holmium, Phys. Rev. B 13, 3034 (1976).

To be consistent with our definition, Eq. (@), the ex-
perimental J should be additionally multiplied by factor
—8% = —1/4, which yields J = —0.24 meV.

S. V. Tyablikov, Methods of Quantum Theory of Mag-
netism, Nauka, Moscow, (1975).

J. Rusz, 1. Turek, and M. Divi§, Random-phase approxi-
mation for critical temperatures of collinear magnets with
multiple sublattices: GdX compounds (X=Mg,Rh,Ni,Pd),
Phys. Rev. B 71, 174408 (2005).

A. Malashevich, S. Coh, I. Souza, and D. Vanderbilt, Full
magnetoelectric response of CraOsz from first principles,
Phys. Rev. B 86, 094430 (2012).

H. Wiegelmann, A. G. M. Jansen, P. Wyder, J.-P. Rivera,
and H. Schmid Magnetoelectric effect of CraOs in strong
static magnetic fields, Ferroelectrics 162, 141 (1994).
W. Ku, H. Rosner, W. E. Pickett, and R. T. Scalettar, In-
sulating Ferromagnetism in Las Baz Cuz O10: An Ab Initio
Wannier Function Analysis, Phys. Rev. Lett. 89, 167204
(2002).

D. I. Badrtdinov, S. A. Nikolaev, M. I. Katsnelson,
and V. V. Mazurenko, Spin-orbit coupling and magnetic
interactions in Si(111):C,Si,Sn,Pb, Phys. Rev. B 94,
224418 (2016).

I. V. Solovyev, I. V. Kashin, and V. V. Mazurenko, Mech-
anisms and origins of half-metallic ferromagnetism in
CrO2, Phys. Rev. B 92, 144407 (2015).

E. Ruff, S. Widmann, P. Lunkenheimer, V. Tsurkan, S.
Bordécs, 1. Kézsmarki, and A. Loidl, Multiferroicity and
skyrmions carrying electric polarization in GaVaSs, Sci-
ence Advances 10, 1500916 (2015).



