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Abstract—The dynamical evolution of six open star cluster models is analyzed using the correlation and
spectral analysis of phase-space density fluctuations. The two-time and mutual correlation functions are
computed for the fluctuations of the phase-space density of cluster models. The data for two-time and
two-particle correlations are used to determine the correlation time for phase-space density fluctuations
((0.1=1)7y.r., where 7 . is the violent relaxation time of the model) and the average phase velocities of
the propagation of such fluctuations in cluster models. These velocities are 2—20 times smaller than the
root mean square velocities of the stars in the cluster core. The power spectra and dispersion curves of
phase-space density fluctuations are computed using the Fourier transform of mutual correlation functions.
The results confirm the presence of known unstable phase-space density fluctuations due to homologous
fluctuations of the cluster cores. The models are found to exhibit a number of new unstable phase-space
density fluctuations (up to 32—41 pairs of fluctuations with different complex conjugate frequencies in each
model; the e-folding time of the amplitude growth of such fluctuations is (0.4—10) 7y . and their phases are
distributed rather uniformly). Astrophysical applications of the obtained results (irregular structure of open

star clusters, formation and decay of quasi-stationary states in such clusters) are discussed.
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1. INTRODUCTION

Recently, Chavanis [1—3] derived theoretical es-
timates for the fluctuations of phase-space density
(PSD) and the corresponding correlation functions
for spatially uniform and nonuniform systems with
long-range interactions (including seli-gravitating
systems). To this end, the above author used kinetic
equations written with a number of simplifying as-
sumptions. The formulas for the correlation functions
derived by Chavanis[1—3] have a rather complex form
making them difficult to use for analyzing dynamic
processes in such systems. In our opinion, it is
more productive to compute the correlation functions
directly by numerically integrating the equations
of motion of gravitating particles in the problems
of clustering of galaxies and the evolution of the
Universe (see, e.g., [4—6]), and also when modeling
the dynamics of open star clusters (OCI) [7].

In one of our previous papers [7] we computed the
two-time correlation functions for r = |r|, v = |v]|,
and the energy ¢ per unit star mass, as well as two-
particle correlations of r, v, ¢, stellar number den-
sity n = n(r,t) and PSD f = f(r,v,t) for open star
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cluster models in the vicinity of these stars. Here r
and v are the star’s radius vector and velocity vector,
respectively. We used the correlation data to deter-
mine the correlation times 7. and radii .. in the above
parameter spaces and estimate the parameters of the
density, potential, and PSD waves in the star cluster
models. We also found evidence of the formation of
polarized clouds when interstellar distances reach a
certain value, and revealed the dominating flow of
PSD correlations from the region of strong corre-
lations to the region of weak correlations. Such a
flow results in the flow of kinetic energy 7" towards
the center of the cluster (from the region of large-
scale to the region of small-scale PSD fluctuations
(see [8]) with lower amplitudes and higher frequen-
cies). According to Danilov and Putkov [7], the rates
of heating of cluster models by this flow are equal to

T ~ (0.1-1.6) T'/ 7., where T'is the total kinetic en-
ergy of stars with clustercentric distances r < 0.5 Ry;
Tyr. 1S the initial time scale of violent relaxation of
the cluster model, which we set equal to 7, ;. >~ 2.6 ¢,
in accordance with the estimates of Aarseth [9]; tc,
is the average initial cluster crossing time, and R;
is the tidal radius of the cluster [10]. We determined
Ty.r. and t; from the initial parameters of OCI mod-
els. Danilov and Putkov [7] found evidence of weak
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turbulence in stellar motions in the core of cluster
model | with the highest T"and highest degree of non-
stationarity in the regular field (for the model consid-

ered, 7'~ (1.6 £0.2) T'/7y ., which is 8.1 4 1.5 times
greater than the rate of core heating due to stellar
encounters). Danilov and Putov [7] determined the
correlation functions using the results of numerical
simulations of dynamical OCl models [11].

Theoretical study of the turbulence of stellar mo-
tions in OCI (and in their models) is of obvious in-
terest. However, before undertaking such studies one
has to analyze the entire spectrum of fluctuations of
such systems and the instability of these fluctuations,
reveal all (or most of) the instabilities of fluctuations in
OCI models (for fluctuations in plasma, see [12, 13];
according to Volkov et al. [12], the main criterion of
plasma turbulence is the broadening of the fluctuation
spectrum, chaotization of fluctuation amplitudes and
phases, and energy flow across the spectrum). Cur-
rently, such detailed data are unavailable for the dy-
namics of OCl models. Note that the authors of theo-
retical studies[3, 14—17] and other investigations use
the differential equations for single-particle distribu-
tion functions and two-particle correlation functions
to analyze spatially nonuniform stellar systems. Such
equations are usually written with various simplifying
assumptions. So far, our study [7] has been the only
one to involve the computation of correlation func-
tions based on the results of numerical simulations
of dynamical OCI models. We believe that the lack
of such studies is due to the exponential instability
of stellar trajectories in such systems [18, 19] and the
low accuracy of integration of the equations of stellar
motion over sufficiently long time intervals [20]. Inte-
gration is usually performed using difference schemes
of order no greater than four (see [18—20]).

Danilov and Dorogavtseva [11] computed the
phase space coordinates (PSCS) of stars in OCI
models by integrating the equations of stellar motion
over a time interval t € [0, ¢,,], where ¢, ~ 5.1 7y,
using 10th and 11th order difference schemes. Let
to be the time interval of the dynamic evolution
of an OCI model during which the system meets
the statistical criterion of the accuracy of the com-
putation of PSD [21]. In the vicinity of the cen-
ters of OCI models [11] to/7vy. =~ 3.0—3.9, and
to/Tv.r. =~ 3.6—5.1 at the periphery of the models. In
the models [11], the maximum fractional error of the
computed cluster energy over the time interval ¢,
is equal to (1—4) x 10713, and the accuracy of the
computed phase-space density function (PSDF) of
the cluster over the time interval ¢y can be considered
to be sufficiently high to allow conclusions about
the statistical properties of the PSDF to be made.
In the ¢ € [0,%p] time interval the accuracy of the
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correlation distributions determined by Danilov and
Putkov[7] proves to be sufficient to allow conclusions
about the properties of these distributions. According
to Danilov and Putkov [7], a comparison of the
studied distributions or dependences (e.g., fluctuation
spectra or dispersion curves) obtained using 10th and
11th order integration methods provides yet another
efficient tool to control the computation accuracy (see
below).

Of interest are estimates of the PSD correlation

time 1. = Tc(f) for OCl models[11]. No such estimates
are reported in [7], because the above study did not
involve the computation of two-time correlations of

PSD f. The correlation times Tc(f) can be used to
compute the average phase velocity vy of PSD fluc-
tuations in OCI models (see, e.g., [12, 13]). It is also
of interest to determine the average phase velocities
vy, Uy Of fluctuations in the r and v spaces for OCI
models from the 7, and r,. presented in [7]. So far, no
such estimates have been reported for OCI models.

After Miller’s paper [22], a number of authors an-
alyzed the motion instability in a many-body problem
(see, e.g., [23—25]). In the case of systems that are
close to stable dynamic equilibrium [18] the expo-
nential instability of stellar trajectories results in the
growth of the entropy of the system [26], p. 105;
[27], p. 506.

Kandrup [23—25], Gurzadyan and Savvidy [28],
Bocaletti et al. [29], and Danilov and Leskov [30]
used different methods to study the separation of close
trajectories in nonstationary stellar systems and the
influence of collective effects on stellar trajectories.
Kandrup [23—25] and Bocaletti et al. [29] estimated
the time 7, ~ t. for elliptical galaxies in terms of
the “geometric” approach. Bocaletti et al. [29] ob-
tained such estimates using the virial theorem as-
suming that the systems in question are close to
stable equilibrium. Numerical simulations by Kan-
drup and Smith [31, 32] and other authors confirmed
the theoretical estimates of 7y, ~ t. obtained by
Kandrup [23—25] and Bocaletti et al. [29]. Danilov
and Leskov [30] studied the maximum characteristic
Lyapunov exponents A for stellar trajectories in OCI
models with different degrees of non-stationarity, and
showed that the exponents X\ averaged over all stel-
lar trajectories decrease in passing from models with
intermediate to higher degrees of non-stationarity.
This pattern indicates the decrease of the degree of
stochasticity in highly nonstationary systems.

Kandrup [33] theoretically discussed the dynamics
of collisionless gravitating systems with PSD distri-
bution fy in the vicinity of a time-dependent state
of unstable equilibrium. Such systems should exhibit
PSD fluctuations § f about the distribution fy corre-
sponding to the saddle point associated with a local
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Table 1. Correlation time Tc(f)
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, initial time scale of violent relaxation 7 ., phase velocities of fluctuations, and the root

mean square velocity v, of stellar motions in the cores of OCI models

1 2 3 4 5 6
Tc(f)/Tv.r. 098+0.14 060+005 052+0.03 064+0.06 0.14+002 0.10+0.01
Tyr [11],
49.93 41.84 41.84 34.25 41.84 41.84
Myr
pc%c\/}yl‘ 0.027 £ 0.001 0.0561 £0.004 0.056 +0.003 0.053 +0.005 0.26 +£0.04 0.27 £0.03
pC%J\/’Xyr 0.012 +0.001 0.013+0.001 0.021 +0.005 0.063 +0.007 0.17 +£0.01  0.26 +0.02
pc;;\;Xyr 0.007 +£0.001 0.008 +0.001 0.001 +0.0001 0.011 4+0.002 0.009 + 0.002 0.010 4+ 0.001
ve: 0.56 £0.02 0.56+0.01 0.54 +£0.01 0.57+£0.01 0.584+0.01 0.55+0.01
pc/Myr
ve/Vf 20.7+ 1.0 10.9+0.9 9.7+0.6 10.8 £ 1.0 22403 20402

extremum of the energy H(fp) of the average field of
the system: in this case H(f) — H(fy) increases for
some Jf and decreases for other § f (see the analysis
of formula (18) from [33]).

In the OCl models with different degrees of close-
ness to unstable equilibrium [34] the correlations in
the phase-space positions of stars may increase with
time, and in these cases the entropy decreases [7]. Be-
cause of the low density of OCI models and the influ-
ence of the external Galactic gravitational field, they
are populated or even dominated by numerous poorly
studied instabilities of collective stellar motions (see
below). The only such instability theoretically stud-
ied so far is the one associated with homologous
fluctuations of OCI cores [35]. In the case of such
fluctuations the mass density p in a spherical stellar
system can be represented as p(r,t) = p1(r)p2(t). An
analysis of the instabilities of fluctuations of OCls and
their models will make it possible to identify the devel-
opment mechanisms and classify these instabilities
(Jeans, Non-Jeans, beam, gradient, and other insta-
bilities [36], which in some cases are similar to plasma
instabilities). Instabilities of collective stellar motions
determine both the irregular structure of OCls (which
is more irregular than that of globular clusters), and
the dynamic evolution of OCls (development of non-
stationarity in the regular field, development of turbu-
lence in stellar motions as a result of the interaction
of different fluctuation modes, formation and growth
of polarization clouds in OCI models, etc.). In view of
this, it is of interest to study PSD fluctuations in OCls
and analyze the instability of these fluctuations.

According to Volkov et al. [12, 13], the mutual
correlation functions of the fluctuations of a number of
plasma properties at two points at a distance r apart
can be used to construct the dispersion curves and
analyze the instabilities of fluctuations in plasma. It
is of interest to use this method to construct the fre-
quency spectra (power spectra) and study a number
of instabilities of PSD fluctuations in OCI models.
So far, no such analyzes of OCI models have been
performed. The results of such a study can be used
both to discuss the dynamics of OCI models and
to theoretically describe the dynamical processes in
OCl.

The aim of this study is:

1) to compute and discuss Tc(f)

OCl models [11];

2) to compute the two-time and mutual correlation
functions for PSD fluctuations in OCI models;

, vf, v, and v, for

3) to compute the frequency spectra and dispersion
curves for PSD fluctuations in OCl models;

4) to use the obtained results to analyze the dynam-
ics of OCI.

2. ESTIMATES OF 7)., v, v,, v,
IN OCl MODELS

Danilov and Dorogavtseva[11]studied models of a
cluster consisting of N = 500 solar-mass stars mov-
ing in a circular orbit of radius Rg = 8200 pc in the
Galactic plane about the Galactic center (using the
Galactic potential model [37]). The initial parameters
of these numerical dynamical OCIl models are listed in

ASTROPHYSICAL BULLETIN Vol.68 No.2 2013
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Fig. 1. Dependence of héf) on 7 for OClmodel I at 7 > 0. The numbers 10 and 11 indicate the order of the integration schemes

employed to determine the PSCS used to compute these curves.

Table 1 in [38]; star cluster models 1—6in[11, 38] are
numbered in the order of decreasing degree of non-
stationarity in the regular field. Each model initially
consists of two spherical systems of uniform density
(core and halo) with coincident centers of mass.

Following Klimontovich [39] (p. 136), and the no-
tation adopted in [7], let us consider the following
two-time correlation function to determine the cor-

relation time Tc(f) in the space of f values:

g (4t = FOVF) = F() x f(), (1)

where the overline denotes averaging over all cluster
stars; f(t) and f(t') are the values of PSD f in the
vicinity of the same star at times ¢ and ¢'. Here we
drop the other arguments (r,v) of the functions f and

ggf) for the sake of brevity. Like in our earlier paper[7],
we estimate the PSD f in the neighborhood of each
star with the allowance for the phase-space coordi-
nates of this star and of its five closest neighbors. Let
t' =t+ 7and 7 > 0. We now insert ¢’ into (1) and av-
erage the function ggf)
t € [0,ty — 7| to determine the function hgf) (1) and

its errors (at 7 < 0 function géf) (t,t 4+ 7) has to be
averaged over time instants t € [—7,ty,]). Figure 1

(t,t + 7) over the time instants

shows the plot of function hgf) (1) for cluster model 1
at 7 > 0. We do not plot the part where 7 < 0, be-

cause the function is even: hgf) (1) = hgf)(—T); see

also Bendat and Piersol [40], p. 58.

ASTROPHYSICAL BULLETIN Vol.68 No.2 2013

Like in our previous paper [7], we define the

correlation time Tc(f) to be equal to the time 7 when

hgf) (1) = hgf) (0)/e, where e is the base of the natural
logarithm.

In this case we find for cluster model 1
7 =(0.98 £ 0.14)7, . and 7., = (1.09 £ 0.16) ...
using the PSCS determined with the 11th and

10th-order integration schemes, respectively. The

(f)

quoted error of 7.7’ is determined by the error of

the computation of function hgf) (1) atT = 7 The
estimates Tc(ﬁ)l and Tc(ﬁ)o do not differ statistically from

each other. Table 1 lists the estimates of Tc(f) for OCI
models 1—6 obtained using the PSCS determined
by the 11th order integration method. According to

Table 1 of this paper and Table 1 of [11], Tc(f)/v-v,r, and

79 decrease with increasing model number and with
decreasing degree of non-stationarity of the cluster
model. Thus the correlations in the space of f values
decay most rapidly in the process of the evolution of
model 6. Given the correlation times in the r space

(7Y reported in [7], we find: 7 < 7" for OCI
models 1—6. The ratio Tc(r)/Tc(f) = ¢ increases from
q ~ 2.1 in model 1 to ¢ ~ 17.0 in model 6.

According to Volkov et al. [12](p. 27), the average
estimate of the phase velocity of PSD fluctuations
can be determined from the relation between the cor-
relation time and correlation radius, vy ~ réf)/fc(f)
(the average phase velocities v, and v, in the spaces
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of r and v can be determined in a similar way).
Table 1 also lists the phase velocities vy, v, and v,
(in pc/Myr; 1 pc/Myr~ 1km/s) determined using
the PSCS computed with the 11th-order integration
method and with the allowance for the correlation
parameters in models 1—6 adopted from [7]. It is
evident from Table 1 that the phase velocities vy
and v, in cluster models 1—4 are substantially (by
a factor of 5—20) smaller than the corresponding
phase velocities for models 5 and 6. In the case
of v, the difference between the models is not
so pronounced. The differences between the phase
velocities vy and v, in models 1—4 and the cor-
responding phase velocities in models 5 and 6 are
possibly due to the longer wavelengths A of fluc-
tuations of f and v values in models 5, 6. Let us
now consider a radially propagating wave in the
cluster model: §f o< exp(—iy), where ¢ = wt — k,r,
and w and k, are the frequency of PSD fluctuations
and the corresponding wavenumber, respectively.
We then set ¢ = const, w = 2r/P = const, and
k, = 2w /X = const, and differentiate ¢ with respect
to time ¢ to obtain vy = fli; =w/k = \/P, where
P is the period of fluctuations. The periods of radial
fluctuations of models 1—6 differ little from each other
(see, e.g., Table 2 in [30]). Therefore the differences
of the wavelengths A of fluctuations of f and v in
models 1—4 and 5, 6 may be one of the factors causing
the differences between vy and v, in these models.
The high phase velocities v¢ and v, in models 5, 6
may be due to the more extended and massive cores
of these models compared to those of models 1—4.
Furthermore, during the periods of strongest com-
pression toward the Galactic plane model 6 develops
a toroidal structure with the equatorial plane close to
the mid-plane of the Galaxy and with increased stellar
number density inside the torus. This model also
exhibits compression waves that propagate across
the cluster core away from the { axis, passing through
the center of mass of the model and perpendicular to
the Galactic plane, at a velocity comparable to the
average velocity of peculiar motion of the stars [30].
Note that the low phase velocities vy and v, in
models 1—4 may be a result of the formation and
superposition of several counterpropagating radial
waves in these models (in this case the average phase
velocity of the radial waves in the cluster may be
small). Danilov and Ryazanov [41, 42] numerically
integrated the Vlasov equations to find and study
counterpropagating radial star flows that form in
a nonstationary isolated spherical system with a
constant PSD (a “water bag” type model). Such
flows form in the core of the system during the periods
of its compression and are due to the periodic motion
of the region of zero PSD inside the phase-space

DANILOV, PUTKOV

domain occupied by the system. In the process, a
density perturbation (a low-density region) develops
periodically near the center of the system and is then
carried by the flow of stars to the boundary of the
cluster core. It is possible that such star flows develop
more actively in the OCI models 1—4 with a higher
degree of non-stationarity compared to models 5, 6,
and this circumstance affects the estimates of the
correlation parameters rgf) and Tc(f), as well as those
of vy for models 1—4.

Table 1 lists the root mean square velocities v,
(in pc/Myr) of the core stars with clustercentric
distances r < 0.5R; adopted from our previous pa-
per [7]. According to this table, the velocities v, are
10—20 times greater than the phase velocities vy for
models 1—4 and about two times greater than vy
for models 5, 6. Thus the average phase velocities
of the fluctuations of f, v, r in OCI models 1—6 are
sufficiently small compared to the root mean squared
velocities v, of the stars in the core.

3. MUTUAL CORRELATION FUNCTION

Let X(t,r) = f(t,r) — f(t,r), where f is deter-
mined by ng stars in the neighborhood of the point
with coordinates r in the cluster model, and the over-
line denotes averaging over time interval ¢ € [0, ]
(the origin of the r coordinate system coincides with
the center of mass of the cluster and t,, is the max-
imum value of ¢ used to compute the correlations).
For the sake of brevity, here we drop the argument
v in functions f and X. The quantity X is usually
referred to as the deviation or fluctuation (see 12, 13])
and is assumed to be a random variable that forms
a stationary random process. Following [12, 13], we
write the mutual correlation function

tm
Cou(r,1) = tjn /X(t,r)X(t—i-T, v, (2)
0

and the mutual correlation function of PSD fluctua-
tions

tm

/X(t,r)X(t—i—T,r—i—Ar)dt.
0

1
Cypz(T,r,Ar) = ;

(3)
In the general case these functions can be written in
the form of limits over ¢,, at t,, — oo of the right-hand
sides of formulas (2) and (3). Here, like in the previous
section of this paper, 7 is the time delay.

Let r =0, |Ar| =r. In this case, the cluster-
centric distances of two points 1 and 2 are equal to
0 and r, respectively. Following [13], we denote the
functions (2) determined by ng closest stars to each

ASTROPHYSICAL BULLETIN Vol.68 No.2 2013
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Fig. 2. Mutual correlation function in OCI model 1 for r = 1 pc, ns, = 30, and n, = 27. Panels (a) and (b) show the plots
computed using the PSCS determined by the 11th and 10th order integration methods, respectively.

of the points 1 and 2 as C11(7) and Cas(7), respec-
tively. In this case we denote function (3) as Cia(7, 7).
We now follow the technique proposed in [13]to con-
sider the fluctuation X as a wave packet propagating
in a radial direction relative to the cluster center:

X(t,r)= /A(w) exp(i(rk(w) —wt))dw.  (4)
0

Here the amplitude A(w) and wavenumber k(w) of
the waves that constitute the packet depend on the
frequency w of these waves. In the case (4) the Fourier
transform of function C11(7) (or Caa(7)) is equal to
function F(w), and the Fourier transform of function
C1a(T,7) is equal to:

Fi(w) = F(w) exp(irk(w)),

(see also formulas (3.41) or (4.8)—(4.11) in the book
by Bendat and Piersol [40]). Thus an analysis of the
Fourier transform of function C2(7, ) can be used to
determine |F}(w)| = F(w) (the frequency spectrum)
and },Arg(Fl(w)) = k(w) (the dispersion relation).
Here rk(w) € [—7/2,7/2] is the phase of fluctuations
of PSD f with the frequency of w.

In this paper we consider a number of positions
of point 2 on the sphere of radius r centered at the
center of mass of the cluster. To this end, we compute
the coordinates of these points in the spherical coordi-
nate system (r,0,¢) with a step of A = A¢p = 7 /(4k)
for k =1,2,4, and transform them to the right-hand
Cartesian coordinate system (&, n, () with the origin
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at the center of mass of the cluster (the ¢ axis is di-
rected perpendicularly to the mid-plane of the Galaxy;
the £ axis lies in the midplane of the Galaxy, directed
away from the Galactic center, and the n axis points in
the direction of the motion of the cluster in the Galac-
tic plane). Together with point 1, the total number
of points n, in whose neighborhood we consider the
fluctuations X is equal to n, = 27,115, and 483 for
k =1,2,and 4, respectively.

Figure 2 shows the plots of the mean values of
function Cy2(7,r) in model 1 for » =1 pc, ng = 30,
and np = 27 in the case of ¢, = o, where ¢ty ~ 37y ;..
Here the mean C1o(7, 7) are averaged over 26 Cyo(7, 1)
values corresponding to different positions of point 2
on the sphere of radius » =1 pc. The vertical bars
in Fig. 2 show the errors of the corresponding mean
Ca(T,r) values. Figures 2a and 2b show the plots
computed using the PSCS determined by the 11th
and 10th order integration methods, respectively. The
differences between the Cia(7,7) curves obtained
using the 11th and 10th order integration methods
in Fig. 2 are less noticeable than the corresponding

differences between the plots of hgf) shown in Fig. 1.

The smaller difference between the curves in Fig. 2
is due to the use of smaller ¢, compared to those
used for Fig. 1 (the curves in Fig. 2 were computed
using only the PSCS at t <tp; the averaging of
f and X(t,r)X(t+ 7,r+ Ar) in (3) over t was
performed in the intervals: ¢ € [0,¢y — 7] at 7 > 0 and
t € [-7,to] at 7 < 0). The differences between the
curves Cho(7, r) obtained using the 11th and 10th or-
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Fig. 3. Dependence of S, on v for OCl model 1; 7 = 1 pe, ngt = 30, and np, = 27.

der integration methods are usually smaller or much
smaller than the errors of Ci2(7, ) shown in Fig. 2,
and these differences decrease with decreasing |7|.
Note the significant asymmetry of function Co(7,7)
relative to 7 = 0: the frequency spectrum is therefore
not determined solely by the real part of the Fourier
transform of function Cia(7,7), see [40]. In Fig. 2
a number of local extrema of function Cj2(7,r) can
be seen beyond the error bars of Cia(7,7) at points
7j = P;. Such extrema are indicative of the higher
mutual correlations (of different signs) between the
fluctuations of f with periods P; in the vicinities of
points 1 and 2.

4. FREQUENCY SPECTRA AND
DISPERSION CURVES

We use the program of fast Fourier transform
(FFT) from the book by Gray [43] to compute the
frequency spectra and dispersion curves of fluctu-
ations of PSD f in OCI models 1-6. In our case
cyclic frequencies v = w/(2m) are more convenient
to use than circular frequencies w. In this case the
period Pj =1/, and the e-folding time scale
tj = 1/(2mV4n, ;) of the instability of PSD fluctua-
tions can be determined from the complex conjugate
pairs of the roots v; = v £ vy, ; of equation

k,(,o) = 0. We separately computed the Fourier trans-
forms Fi(v) and ox(v) of the mean Cia(7,r) and
their errors oc(7,7). We then computed the relative

phases (wavenumbers) of PSD fluctuations:

K = lag(Fw)),
K = LArg(F(v) £orv).

We use the functions k&%)

cies v and their errors.

Figure 3 shows a plot of function
Sy, = |F1(v)|/7yr. Tor model 1 based on the mean
values of Cia(r,7) and the errors of these mean
values. In this figure the S, values are in the units

of Myr®/pc!?; hereafter v is equal to the number of
cycles of PSD f during time 7 ;.. The S, dependence
shows a number of local maxima exceeding the
errors of S, and associated with the local extrema of
function Cy2(7, 7). In the v € [0.5, 2.4] interval (low-
frequency domain) the values of function S, are two to
three times greater than in the v € [2.6,5.2] interval
(intermediate frequencies). Function S, decreases at
higher frequencies v. It is evident from Fig. 3 that
the low frequencies v € [0.5,2.4] corresponding to
the fluctuations of the core and the entire cluster as
a whole are the most important contributors to the
average power of the fluctuations of PSD f (see,
e.g., [12]). The frequencies of the local maxima of
S, in the intermediate-frequency domain are ap-
proximately two (sometimes three) times higher than
those of the corresponding local maxima of S, in the
low-frequency domain. This is indicative of the onset
of resonances between the PSD fluctuations with
different frequencies v in response to the formation of
S, in model 1 (the transfer of energy of the PSD fluc-
tuations from low to high frequencies, to the domain

to estimate the frequen-
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of low-amplitude fluctuations, is possibly of resonant
nature). The points of local maxima of S,, correspond
both to the stable (e.g., v ~ 1.85, 3.35 in Figs. 3, 4)
and unstable fluctuations of PSD f (v ~ 1.13, 1.36,
4.41, in Figs. 3, 4). The local maxima on the curve S,
indicate the elevated power and intensity of excitation
of PSD fluctuations with frequencies in the vicinity
of the points of these local maxima in model 1.

The curves S, = Sl(,lo) and S, = Sﬁll) determined at
tm = to for OCI models based on PSCS computed
using the 10th and 11th order integration methods,
respectively, are practically indistinguishable. The
frequencies v of the corresponding local maxima

5510) and 5511) coincide with each other and the

mean ‘51510) - S,Sll)|/5£11) values averaged over all
v are approximately 1.9 times smaller than the mean

U(SV)/SZ(,H) values averaged over all v, where o(S,)

are the errors of S,(,H) shown by the vertical error bars
in Fig. 3. We may therefore consider the accuracy of
the PSCS employed to be sufficient for constructing
and analyzing the curves S,.

Let S, be the mean Sl(,ll) value averaged over the
domain of low v corresponding to the frequencies
of the fluctuations of the cluster core, and AS,, the
average difference between the maximum and min-

imum values of S,SH) in this domain of frequencies

v. The initial core-to-halo radius ratios are the same
for cluster models 1, 2, and 4; the number of stars in
the cores of these models is equal to N7 = 100, and
the density of these models increases from model 1
to model 4 (the initial number of stars is the same
in these models, and the initial radii of models 1, 2,
and 4 decrease with the increasing number of the
model). In cluster models 2, 3, 5, and 6 the initial
number of stars inside the core and the core size
increase from model 2 to model 6 (N7 = 400), while
the initial halo radius is the same for all these mod-
els (see, e.g., Table I in [38]). The inferred quanti-

ties S, = S,7vr and AS!, = AS, 7y, (in Myr” /pcl?)
for models 1, 2, and 4 are equal to S:, = 5.8+04,
2.3+0.7, 3.3 +£0.7 and ASL =294+0.3, 2.0£0.6,

2.3 £ 0.6, respectively. The S; and AS!, quantities
decrease by a factor of about 15 and 14, respectively,
with increasing core size and mass in models 2, 3,
5, and 6 (in passing from model 2 to model 6). Thus
a change of the initial cluster model density has lit-
tle effect on S;, and AS],, and the increase of the
core size and mass of the cluster model decreases
substantially the quantities SZ, and AS),. Let Av; be
the mean distance between the points of neighboring

local maxima of function Sl(,ll)

frequencies v corresponding to the highest S$ and

in the domain of low
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Fig. 4. Dispersion curves of PSD fluctuations for OCI
model 1, r =1 pc, and ne = 30. (a) The curve was
computed with n, = 27, (b) same with n, = 483.

frequencies of the core fluctuations in cluster model i.
The quantities Av; in models 1, 2, and 4 increase with
increasing cluster density: Avy/Avy = 1.71 £0.13,

Avy/Avy = 2.80 £ 0.65. The number of local max-

(11)

ima of functions S,/ in the low-frequency domains

of the spectra with high Sﬁll) decreases (by a factor

of two) with increasing density of OCI models (in
passing from model 1 to model 4). The greater degree
of non-stationarity of model 1 compared to the other

models must be due to the higher S:,, greater number

of local maxima of function 51(111)’ and a higher density

of these maxima in the low-frequency part of the
spectrum.

Figure 4 shows the dependences of k, = kl(,o) onv

for model 1 obtained for the function Cya(7, r) plotted
in Fig. 2a. We used the values nj, = 27,483. Varying
ng, and n, over a wide range allows the effect of
random noise on the form of the dependence of k,
on v to be reduced in different intervals of frequencies
v (see, e.g., the almost vertical lines near v ~ 2.5 in
Figs. 4a and 4b). Note that the form and position
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of the “sinusoidal” portions of the k, dependences
associated with the instabilities of PSD fluctuations
remain practically unchanged. The farther such por-
tions are from the k,, = 0line, the higher is the growth
rate of such instabilities (in these cases the roots
of the equation k, = 0 are complex conjugate). For
example, two pairs of complex conjugate frequencies
v correspond to the “sinusoidal” portion of the curve
k, in the vicinity of v ~ 1.1-1.5 (fluctuation periods
Ps, Ps and the instability e-folding times t5, tg for
these roots are listed in Table 2; the pair of complex
conjugate frequencies corresponding to Py and tg
for model 1 was found in terms of a linear analysis
of the instability of PSD fluctuations in the cluster
core [35]). The intersection of the curve k, and the
line k, = 0 corresponds to the real frequencies v of
PSD fluctuations (if it does not involve an abrupt
change of phase rk, from Fr/2 to £7/2; in this
case the real part of the Fourier transform of function
C12(T, r) attains the zero value in the neighborhood of
the corresponding frequency v; such phase changes
may be due to both the regular (non-random) varia-
tions of Cyo(7,r) with increasing v, and the random
noise in the estimated Cia(7,7)). Table 2 lists the
periods P; and e-folding times ¢; (in fractions of 7y ;)
for the PSD fluctuations with the highest instability
growth increments in the intervals of frequencies v
considered for OClI models 1—6. The P; and ¢; values
listed in Table 2 of this paper were determined using
the PSCS computed by the 11th order integration
method. For model 1 we list the data for 17 pairs of
such roots for r = 1 pc. The total number n. of root
pairs in this model for r = 1 pc reaches 41—42. The
value n. in model 1 varies with increasing r. We find
it to be equal to n. = 32—33, n. = 42, n. = 32, and
ne = 22 forr =2, 3,5, and 9 pc, respectively. To de-
termine the P; and ¢; values listed for models 1—6 in
Table 2, we fitted third-to-seventh order polynomials
to the portion of the dispersion curve corresponding to
the given root v;; we then numerically found the roots
of the resulting polynomial, and used the complex
conjugate roots to compute P; and ¢;.

The degree of instability of OCI models at dif-
ferent clustercentric distances may be related to the
number of complex conjugate pairs of roots of equa-
tion k, = 0. In this case the resonances between the
frequency of the orbital motion of the cluster in the
Galaxy and the eigenfrequencies of the PSD in cluster
models may play a certain part in the formation of
instabilities at different clustercentric distances (see
also [34]).

We use the following notation when writing down
the values P; and t; in Table 2. If the period P; deter-

(0)

mined from k&, is at the boundary of the interval of

the P; values inferred from k&o’l’z), we list it in Table 2

in parentheses with a prime on the side corresponding
to the side of the interval where the period value is

(0)

located. If the period P; determined from k" lies

inside the interval of P; values determined from /-cl(,l’2),

we list it in Table 2 as P; £+ o(P;), where o(F;) is

the standard deviation of P; determined from kY
In the intervals of frequencies v where the effect of

random noise on k) due to random fluctuations of
the mean Ca(7,r) values cannot be suppressed by
varying n, and ng, we use the method of locally
weighted regression [44] to smooth the dependences
k, to identify the signal at the noise level. The dashed
lines in Fig. 4 show the &, curves for v > 5 smoothed
in such a way. In Table 2 the *“:” sign indicates the
periods P; and e-folding times ¢; determined using
such smoothed &, curves.

The dispersion curves obtained at ¢,,, = ¢o for OCI
models using the PSCS computed by the 10th and
11th order integration methods are practically indis-
tinguishable. The P; and t; values determined using

the 10th and 1 1th order dispersion curves (Pj(w), tg-lo)

and Pj(n), tg.u)) agree well with each other. To com-

pare Pj(lo) and Pj(ll) and t§10) and t§-11) formodel 1, we
selected several frequencies v; of unstable PSD fluc-
tuations from different parts of the frequency interval
considered in Fig. 4 (the adopted j = 5, 6, 10, 14, 16
correspond to the P; and t; values for model 1 listed

in Table 2). Let AP = AP; and At = At; be the
mean AP = |Pj(11) - Pj-(10)| and At; = |t§-11) - t§10)|
values averaged over the above j, and op and oy, the

mean errors o(P;) and o(t;) of the P; and ¢; values
from Table 2 averaged over the same j. We then have

AP ~0.680p, At ~ 0.850¢, (AP;)/P; ~ 0.002, and

(Atj)/t; ~0.04. Thus the I1th and 10th order P;
and t; estimates agree well with each other, and the
accuracy of the PSCS employed can be considered
to be sufficiently high to allow the construction and
analysis of the dispersion curves.

According to Table 2, Py = (36.4—36.9)" Myr
and tg = 81.3 = 2.5 Myr for model | (here we use
Tyr. = 49.9 Myr in accordance with [11]). For this
model the period P, and the e-folding time ¢, of the
instability of PSD fluctuations determined in terms
of a linear collisionless approximation by analyz-
ing the PSD fluctuations associated with homol-
ogous fluctuations of the cluster core are equal to
P, =374+18Myr and t) = 53.7 2.9 Myr (see
columns 5 and 6 in Table 2 in [34]). Hence the
estimates of Ps and P, agree well with each other. The
e-folding time t¢ is about one and a half times longer
than ¢y, which is most likely due to the nonlinear
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Fig. 5. Histograms of N(k, ) for OCl model 1 for r = 1 pc, ng = 30: (a) np, = 27 and (b) np, = 483. The dashed-and-dotted

lines show the histograms for frequencies v < 7.72.

nature of PSD fluctuations and the effect of stellar en-
counters on PSD fluctuations in the core of model 1.
The point is that the time intervals At ~ ¢, and t¢ are
long enough for stellar encounters to somewhat “heat
up” the instability development region, thereby re-
ducing the rate of the instability development; the ini-
tial relaxation time due to stellar encounters is equal
to Ty = 121.9 £ 12.2 Myr and 7y = 72.6 £ 7.2 Myr
for models 1 and 6, respectively [45] (Table 3), and
therefore At < 74 for model 1. The asterisk subscript
“,”in Table 2 is used to mark the P}, t; pairs that are
closest to the theoretical estimates P, t) for models
1—6 (see columns 4 and 5 in Table 2 in [34]). The
mean asterisk (“,”) marked P; and ¢; values averaged
over models 1—6 are equal to P; = (1.09 & 0.06) P,

and t; = (1.56 £ 0.18)t,, respectively.

According to Table 2, the periods of unstable
fluctuations in model 1 range from P; ~ 345 Myr to
P17 ~ 5.3 Myr. Hence P, > Pg ~ 222.1 Myr, where
Pg is the orbital period of the cluster model about
the Galactic center (see, e.g., Table 3 for models 1, 6
from [45]). The external gravitational field of the
Galaxy appears to play an appreciable part in the
development of fluctuations of model 1 with the
periods of P; and Ps; the regular gravitational field
of the cluster plays a major part in the development
of large-scale fluctuations with the periods of P3—F5.
Fluctuations with periods Pr—Ps may be due to the
nonhomologous nature of fluctuations of model 1
and its core (see [35] for estimates of the frequencies
of homologous and nonhomologous fluctuations of

ASTROPHYSICAL BULLETIN Vol.68 No.2 2013

elliptical models of cluster halos). Low-amplitude
fluctuations with periods Py—Py7 may be due to the
formation of polarization clouds as a response of
the system to the passage of a star, development of
resonances between the fluctuations of f at different
frequencies (see above), or the turbulence in stellar
motions in cluster model 1 (see [7]).

Note that the phases rk,, of unstable PSD fluctua-
tions shown in Fig. 4 are distributed rather uniformly
along the k, axis. Multiple reversals of the sign of
k, in the frequency interval considered in Fig. 4 indi-
cate the formation of a number of counterpropagating
running radial waves of PSD fluctuations in model I.
Similar reversals of the sign of k,, can also be seen on
the dispersion curves of cluster models 2—6.

Figures 5a and 5b show the histograms of the
distributions N (k,) of k,, used to construct the plots
in Figs. 4a and 4b, respectively. The dotted lines in
Fig. 5 show the histograms for frequencies v < 7.72
(this excludes the parts of the dispersion curves that

are highly distorted by random noise in k:,(jo) due to
random variations of the mean Ciao(7,7)). The his-
tograms N (k,) for OCl models 1—6 show a rather
uniform distribution of the phases of PSD fluctu-
ations, and this fact also indicates that a number
of counterpropagating running radial waves of PSD
fluctuations form in the models and account for the
low average phase velocities of such waves.

The large number of unstable fluctuations and the
high excitation intensity and power of such fluctua-
tions in model 1 (see the text above and [12]) can be
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viewed as evidence for turbulence developing in the
core of this cluster model.

Collective motions in the OCI and the instabilities
of these motions determine the irregularity of the
structure of such clusters. A number of structural
OCl features (irregular core shapes inconsistent with
the equilibrium state of the cluster, steplike features in
the radial density profiles, etc. [46—49]) are known to
be indicative of the non-stationarity of these clusters
in the regular field. The instabilities of collective mo-
tions in these features may explain the structures and
dynamical processes observed in OCl and their mod-
els (see [7, 34, 49] for a discussion of the dynamical
evolution of such clusters).

The phenomena of incomplete violent relaxation
and metastable equilibrium (QSS—quasi-stationary
states) observed in the models of the systems with
long-range interactions have been discussed exten-
sively in the recent studies dedicated to such systems
(see [2, 3, 50, 51]). According to these studies, it is
not yet entirely clear what causes the development of
these states in such systems. In the case of OCI the
development of metastable equilibrium states may be
due, among other factors, to temporary suppression
of the instability of radial fluctuations of the core of
the system resulting from its “heating” by fluctua-
tions of the regular field of the cluster. The ensuing
temporary expansion of the cluster core and of the
entire cluster (after the decay of collective fluctuations
and the transformation of the thermal energy of col-
lective fluctuations into the thermal energy of stellar
motions) results in the cooling of the core and the
development of gravitational instability over the time
t < T4, Where 7 is the relaxation time due to stellar
encounters (see [34] for a discussion about the stages
of temporary virialization, which last up to 10® yr in
OCI models, and the subsequent development of the
cluster core fluctuations). The existence and instabil-
ity of such fluctuations in OCI models were studied
theoretically by Danilov[34, 35], and confirmed in this
paper using yet another method.

5. CONCLUSIONS

1. We estimated the correlation times Tc(f) in the
space of PSD (f) values in OCI models 1—6. The
correlations in the space of PSD values disrupt most
rapidly in the process of the evolution of model 6.

A comparison of the correlation times TC(T) in the r

space with the results obtained in our earlier paper|[7]
showed that Tc(f) < Tc(r) for all six considered OCI
models. The Tc(r)/Tc(f) ratio increases from about 2.1
in model 1 to about 17.0 in model 6.

2. We estimated the mean phase velocities vy, vy,
v, of the fluctuations of f, r, and v in OCl models 1—6.

DANILOV, PUTKOV

The phase velocities vy and v, in models 1—4 are
5 to 20 times higher than the corresponding phase
velocities in models 5 and 6, possibly due to the longer
wavelengths of fluctuations of f and v in models 5
and 6. The small vy and v, values in models 1—4
may be due to the formation and superposition of sev-
eral counterpropagating running radial waves in these
models. Phase velocities vy are 10—20 and about
2 times smaller than the mean squared velocities v,
of stellar motions in the cores of models 1—4 and 5, 6,
respectively.

3. We computed for the first time the mutual cor-
relation functions of PSD fluctuations of OCI mod-
els. We found a number of local extrema of function
C12(7,7) that are beyond the Cya(7, ) error limits at
points 7; = P;. These extrema are indicative of the
elevated mutual correlations (of either sign) between
the PSD fluctuations with periods P; at the cluster
center and at the clustercentric distance r. We com-
puted the frequency spectrum of the PSD fluctuations
corresponding to function C2(7, 7). Low frequencies
v € [0.5,2.4] corresponding to the fluctuations of the
core and the entire cluster as a whole are the major
contributors to the average power of the PSD fluc-
tuations. We found a number of local maxima in the
frequency spectrum that are outside the errors of the
computed spectrum, and these maxima are indicative
of the elevated excitation power and intensity of PSD
fluctuations with frequencies v emerging from the
neighborhood of the points of the local maxima of
S,. We point out that resonances may play a certain
role in the formation of different parts of the frequency
spectrum. A comparative analysis of the spectra of
models 1—6 suggests that the higher non-stationarity
degree of model 1 compared to the other models is due

to the greater S:/ values, the greater number of local
maxima of function S, and the higher density of these
maxima in the low-frequency part of the spectrum.

4. We computed for the first time the dispersion
curves for PSD fluctuations in numerical dynami-
cal OCI models. We confirmed the presence of the
known unstable PSD fluctuations in the cores of
the cluster models that are associated with homol-
ogous fluctuations of the cores. We found several
dozen new unstable PSD fluctuations in each of the
models considered. The number of such fluctuations
decreases nonmonotonically with clustercentric dis-
tance r. We discuss the possible development mech-
anisms of such fluctuations in OCI models. Unstable
high-frequency PSD fluctuations may well be due to
the development of polarization clouds resulting from
the passage of stars through OCl models, the onset of
resonances between the PSD fluctuations at different
frequencies, or the turbulence in stellar motions in
cluster model 1.
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5. The phases 7k, of unstable PSD fluctuations
are distributed sufficiently uniformly along the k,, axis.
The histograms N (k,) also show a sufficiently uni-
form distribution of k, values. Multiple reversals of
the sign of &, in the considered frequency interval on
the dispersion curves show that counterpropagating
running radial waves of fluctuations of f formin clus-
ter models 1—6.

6. We consider the large number of unstable PSD
fluctuations and the elevated power, and hence inten-
sity, of excitation of such fluctuations in model 1 as
evidence for the development of turbulence in cluster
model 1.

7. A detailed study of stellar velocities in OCls from

the list [52] may provide further data (in
addition to  those already obtained by
Danilov and Putkov [49], which are avail-

able at http://cdsarc.u-strasbg.fr/cgi-bin/
/Vizier?-source=J/AZh/89/674) on the non-sta-
tionarity of these clusters and the instability of
PSD fluctuations marked by the “.” subscript in
Table 2. Such a study may use the radial variations
of the stellar velocity dispersion in the cluster and
the dispersions of tangential and radial velocities of
the stars in the extended neighborhoods of these
clusters (the increase of stellar velocity dispersion
with clustercentric distance is an important kinematic
indicator of OCI nonstationarity [34]).
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